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Since its conception, the FLRW cosmological solution has been used extensively to model the dynam-
ics of our universe. With the advent of accelerated expansion of the physical universe, a cosmological
constant (the simplest form of the dark energy) is often included in the model and such a model is
designated as the ACDM model. This model is developed based on the assumption of global homo-
geneity and isotropy of the physical universe, the so-called cosmological principle. One important
question that arises in the context of FLRW cosmology is whether these models are predicted by
general relativity? To conclude that they are would seem to hinge on a proof that the purely theo-
retical variants of FLRW models (spatially compact models foliated by compact hyperbolic spaces)
are dynamically stable. In other words, if one were to perturb these solutions in a suitable function
space setting, then the natural question would be whether the perturbed spacetimes exist for all
time as solutions of Einstein’s field equations. Moreover one would like to understand whether all
small data solutions (in suitable function space settings after subtracting the background solutions
of the Einstein’s field equations remain bounded for all time in terms of a suitable norm of the initial
data and whether they exhibit asymptotic decay. There are other important physical motivations
such as large-scale structure formation in the universe through cosmological perturbations. In order
to understand the global evolution problem in the context of mathematical cosmology, one ought to
address the interaction of the topology and geometry with the matter (or radiation) present in the
spacetime. Since gravity is a highly non-linear theory, the interaction can possibly focus energy and
generate singularities in finite time. Of course such singularities in the spacetime are well known in
the context of black holes. However, they are hidden behind a horizon and therefore inaccessible by
any observer in the domain of outer communication. In a sense these do not really imply a break-
down of the general theory of relativity. The singularities that can cause pathological breakdown of
general relativity are the so called naked singularities and as such they are ruled out by Penrose’s
cosmic censorship conjecture. In order to even make a quantum jump towards proving such a con-
jecture would require a rigorous analysis of the dynamics of spacetime topology and geometry. In
this thesis, we address a collection of such studies for a class of spacetimes in the regime of both

241 and n 4+ 1 (n > 3) gravity in the presence and absence of matter source. We prove a series of



stability theorems and in the process also discover several implications of non-trivial topology on

the dynamics of the spacetimes.
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Introduction

Viewed on a sufficiently coarse-grained scale the portion of our universe that is accessible to observa-
tion appears to be spatially homogeneous and isotropic. If; as is usually imagined, one should be able
to extrapolate these features to (a suitably coarse-grained model of ) the universe as a whole then only
a handful of spatial manifolds need be considered in cosmology- the familiar Friedmann-Lematre-
Robertson-Walker (FLRW) archetypes of constant positive, vanishing or negative curvature [3,107].
These geometries consist, up to an overall, time-dependent scale factor, of the 3-sphere, S3, with
its canonical ?round? metric, Euclidean 3-space, E3, hyperbolic 3-space, H? and the quotient space
RP(3) = S?/Z, obtainable from S® by the identification of antipodal points [4]. Of these possibilities
only the sphere and its 2-fold quotient RP® are closed and thus compatible with a universe model
of finite extent. It is not known of course whether the actual universe is spatially closed or not
but, to simplify the present discussion, we shall limit our attention herein to models that are. More
precisely we shall focus on spacetimes admitting Cauchy hypersurfaces that are each diffeomorphic
to a smooth, connected 3-manifold that is compact, orientable and without boundary.

On the other hand if one takes literally the cosmological principle that only manifolds supporting
a globally homogeneous and isotropic metric should be considered in models for the actual universe
then, within the spatially compact setting considered here, only the 3-sphere and RP® would remain.
But the astronomical observations which motivate this principle are necessarily limited to a (possibly
quite small) fraction of the entire universe and are compatible with models admitting metrics that are
only locally, but not necessarily globally, spatially homogeneous and isotropic. As is well-known there
are spatially compact variants of all of the basic Friedmann-Lematre- Robertson-Walker cosmological
models, mathematically constructable (in the cases of vanishing or negative curvature) by taking
suitable compact quotients of Euclidean 3-space E3 or of hyperbolic 3-space H?. One can also take
infinitely many possible quotients of S? to obtain the so-called spherical space forms that are locally
compatible with the FLRW constant positive curvature geometry but are no longer diffeomorphic
to the 3-sphere.

Still more generally though we shall find that there is a dynamical mechanism at work within the
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Einstein ‘flow’, suitably viewed in terms of the evolution of 3-manifolds to develop 4-dimensional,
globally hyperbolic spacetimes, and extended to include suitable matter sources and a positive
cosmological constant A, that strongly suggests that even manifolds that do not admit a locally
homogeneous and isotropic metric at all will nevertheless evolve in such a way as to be asymptoti-
cally compatible with the observed homogeniety and isotropy. This reflects an argument which we
shall sketch that, under Einsteinian evolution, the summands making up M (in a connected sum
decomposition) that do support locally homogeneous and isotropic metrics will tend to overwhelm-
ingly dominate the spatial volume asymptotically as the universe model continues to expand and
furthermore that the actual evolving (inhomogeneous, non-isotropic) metric on M will naturally tend
to flow towards a homogeneous, isotropic one on each of these asymptotically volume-dominating
summands.

We do not claim that this mechanism is yet so compelling, either mathematically or physically, as
to convince one that the actual universe has a more exotic topology but only that such a possibility is
not strictly excluded by current observations. However, it is intriguing to investigate the possibility
that there may be a dynamical reason, provided by Einstein?s equations, for the observed fact that
the universe seems to be at least locally homogeneous and isotropic and that this mechanism may
therefore allow an attractive logical alternative to simply extrapolating observations of necessarily
limited scope to the universe as a whole.

But what are the (compact, connected, orientable) 3-manifolds available for consideration? This
question has been profoundly clarified in recent years by the dramatic progress on lower dimensional
topology made possible through the advancements in Ricci flow [5,64]. One now knows for example
that, since the Poincar conjecture has finally been proven, any such 3-manifold M that is in fact
simply connected must be diffeomorphic to the ordinary 3-sphere S3. Setting aside this so-called
7trivial? manifold the remaining possibilities consist of an infinite list of nontrivial manifolds, each

of which is diffeomorphic (designated herein by =) to a finite connected sum of the following form:

M =~ (1)

S?/T1#. #8% Ty #(S? x S')1#. #(S? x S')i#K (m, 1)1 #. #K (7, 1) .-
Here k,1 and m are integers > 0,k 4+ m > 1 and if either k, [ or m is 0 then terms of that type do
not occur. The connected sum M#N of two closed connected, oriented n-manifolds is constructed

by removing the interiors of an embedded closed n-ball in each of M and N and then identifying

the resulting S*~! boundary components by an orientation-reversing diffeomorphism. The resulting
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n—manifold will be smooth, connected, closed and consistently oriented with the original orientations
of M and N. The above decomposition of M is only uniquely defined provided we set aside S? since
M#S? =~ M for any 3-manifold M.

In the above formula if £ > 1, then each I';, 1 < i < k is a finite, nontrivial (I'; # I) subgroup
of SO(4) acting freely and orthogonally on S®. The individual summands S3/I"; are the spherical
space forms alluded to previously and, by construction, each is compatible with an FLRW metric
of constant positive spatial curvature (i.e., k = +1 models in the usual notation). The individual
?handle? summands S? x S' admit metrics of the Kantowski-Sachs type that are homogeneous but
not isotropic and so not even locally of FLRW type.

The remaining summands in the above ‘prime decomposition’ theorem [6] are the K (m, 1) man-
ifolds of Eilenberg-MacLane type wherein, by definition # = (M), the fundamental group of M
and all of the higher homotopy groups are trivial, that is 7;(M) = 0 for ¢ > 1. Equivalently, the
universal covering space of M is contractible and, in this case, known to be diffeomorphic to R? [6].
Since the higher homotopy groups, m;(M) for ¢ > 1 can be interpreted as the homotopy classes of
continuous maps S — M, each such map must be homotopic to a constant map. For this reason
K (m,1) manifolds are said to be aspherical.

This general class of K(7,1) manifolds includes, as special cases, the 3-torus and five additional
manifolds, finitely covered by the torus, that are said to be of ‘flat type’ since they are the only
compact, connected, orientable 3-manifolds that each, individually, admits a flat metric and thus
supports spatially compactified versions of the FLRW spaces of flat type (i.e., & = 0 models).

Other K (m,1) spaces include the vast set of compact hyperbolic manifolds H?/T', where here T
is a discrete torsion-free (i.e., no nontrivial element has finite order) co-compact subgroup of the Lie
group Isom™ (H?) of orientation preserving isometries of H?® that, in fact, is Lie-group isomorphic to
the proper orthochronous Lorentz group SO* (3, 1). Each of these, individually, supports spatially
compactified versions of the FLRW spacetimes of constant negative (spatial) curvature (i.e., k = —1
models).

Additional K (m,1) manifolds include the trivial circle bundles over higher genus surfaces ¥, for
p > 2 (where ¥, designates a compact, connected, orientable surface of genus p) and nontrivial circle
bundles over %, for p > 1. Note that the trivial circle bundles S? x S! and T? x S ~ T? are already
included among the previous prime factors discussed and that nontrivial circle bundles over S? are
included among the spherical space forms S3/T" for suitable choices of I'. Still further examples of
K (m,1) manifolds are compact 3-manifolds that fiber nontrivially over the circle with fiber ¥, for

p > 1. Any such manifold is obtained by identifying the boundary components of [0,1] x 3, with a
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(nontrivial) orientation-reversing diffeomorphism of 3,,.

It is known however that every prime K (m,1) manifold is decomposible into a (possibly trivial
but always finite) collection of (complete, finite volume) hyperbolic and graph manifold compo-
nents. The possibility of such a (nontrivial) decomposition arises whenever the K (m,1) manifold
under study admits a nonempty family {7;} of disjoint embedded incompressible two-tori. An em-
bedded two-torus T? is said to be incompressible if every incontractible loop in the torus remains
incontractible when viewed as a loop in the ambient manifold. A closed oriented 3-manifold G (pos-
sibly with boundary) is a graph manifold if there exists a finite collection {Ti,} of disjoint embedded
incompressible tori {T; } CG such that each component G of G — UT; is a Seifert-fibered space (A
Seifert-fibered space is a 3-manifold foliated by circular fibers in such a way that each fiber has a
tubular neighborhood (characterized by a pair of co-prime integers) of the special type known as a
standard fibered torus). Thus a graph manifold is a union of Seifert-fibered spaces glued together
by toral automorphisms along toral boundary components. The collection of tori is allowed to be
empty so that, in particular, a Seifert-fibered manifold itself is a graph manifold. Decomposing a
3-manifold by cutting along essential two-spheres (to yield its prime factors) and then along in-
compressible tori, when present, are the basic operations that reduce a manifold to its 7geometric?
constituents [6]. The Thurston conjecture that every such 3-manifold can be reduced in this way
has now been established via arguments employing Ricci flow [5,64].

It may seem entirely academic to consider such general, ‘exotic’ 3-manifolds as the composite (i.e.,
nontrivial connected sum) ones described above as arenas for general relativity when essentially all of
the explicitly known solutions of Einstein‘s equations (in this spatially compact setting) involve only
individual, ‘prime factors’. As we shall see however some rather general conclusions are derivable
concerning the behaviors of solutions to the field equations on such ezotic manifolds and astronomical
observations do not logically exclude the possibility that the actual universe could have such a global
topological structure. It is furthermore conceivable that the validity of central open issues in general
relativity like the cosmic censorship conjecture could depend crucially upon the spatial topology of

the spacetime under study.
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Chapter 1

Asymptotic behavior of a matter filled universe with exotic topology

The ADM formalism together with a constant mean curvature (CMC) temporal gauge is used to
derive the monotonic decay of a weak Lyapunov function of the Einstein dynamical equations in
an expanding universe with a positive cosmological constant and matter sources satisfying suitable
energy conditions. While such a Lyapunov function does not, in general, represent a true Hamil-
tonian of the matter-coupled gravity dynamics (unlike in the vacuum case when it does), it can
nevertheless be used to study the asymptotic behavior of the spacetimes. The Lyapunov function
attains its infimum only in the limit that the matter sources be ‘turned off‘ or, at least, become
asymptotically negligible provided that the universe model does not re-collapse and form singular-
ities. Later we specialize our result to the case of a perfect fluid which satisfies the desired energy
conditions. However, even in this special case, we show using Shutz’s velocity potential formalism
cast into Hamiltonian form that unlike the vacuum spacetimes (with or without a positive cosmo-
logical constant), construction of a true Hamiltonian for the dynamics in constant mean curvature
temporal gauge is difficult and therefore the Lyapunov function does not have a straightforward
physical interpretation. Nevertheless, we show, for the fluid with equation of state P = (y — 1)p
(1 < 7 < 2), that the general results obtained hold true and the infimum of the weak Lyapunov
function can be related to the Sigma constant, a topological invariant of the manifold. Utilizing
these results, some general conclusions are drawn regarding the asymptotic state of the universe and
the dynamical control of the allowed spatial topologies in the cosmological models.

Construction of a complete cosmological model of the universe entails the study of the full Einstein
equations with suitable matter sources. The so-called FLRW models are rather very special examples
of cosmological models, where one takes the cosmological principle literally that the universe ap-
pears spatially isotropic and homogeneous if viewed on a sufficiently coarse-grained scale [46,47,48].
However, the astronomical observations that motivate the cosmological principle are necessarily lim-

ited to a fraction (possibly small) of the entire universe and such observations are compatible with



spatial metrics being locally but not globally homogeneous and isotropic. Once the restriction on
the ‘global’ topology is removed, there are compact variants of all of the basic FLRW cosmological
models, mathematically constructible by taking suitable compact quotients of the basic topologies
i.e., Euclidean 3-space E3, Hyperbolic 3-space H?, and 3-sphere S2. A natural question that then
arises is whether the governing principle of general relativity does indeed support such cosmologi-
cal models allowing ‘exotic’ topologies. Recent studies [107,229] uncovered a surprising dynamical
mechanism at work within the framework of the vacuum Einstein flow (with and without a positive
cosmological constant A) that strongly suggests that many closed 3-manifolds that do not admit
a locally homogeneous and isotropic metric at all will nevertheless evolve in such a way as to be
asymptotically compatible with the observed homogeneity and isotropy of the universe. Such a strik-
ing result naturally necessitates the inclusion of suitable matter sources in the Einsteinian evolution
and the deduction of whether such a matter-filled universe does exhibit the asymptotic behavior
compatible with the cosmological observations. Numerous matter models such as dust [51], perfect
fluid [53], and Vlasov type matter [54], have been suggested for the cosmological models. In this
study, we will consider matter models in the ADM Einstein equations satisfying suitable energy
conditions.

The ADM formulation of the Einstein equations, developed by Arnowitt, Deser, and Misner [55],
was originally restricted to vacuum space-times. Taub [56] developed a gauge fixed Lagrangian
variational principle for the relativistic perfect fluid. Later Schutz [52] used velocity potential for-
mulation to construct a gauge free variational formalism which was still Lagrangian. Afterwards
Moncrief [131] and Moncrief & Demaret [132] developed the Hamiltonian formalism for a perfect
fluid and Moncrief & Demaret [132] used Taub’s co-moving gauge to derive a reduced Hamiltonian (a
true Hamiltonian of the dynamics) and it was applied for canonical quantization of general relativis-
tic configurations filled with perfect fluid using Dirac’s technique [59]. However, these studies do not
address the topology and the future stability of the universe filled with perfect fluid, and, in partic-
ular, do not focus on constructing a suitable cosmological model. On the other hand, [107,161,229)
constructed a reduced Hamiltonian (respecting the topological restriction) and showed its monotonic
decay in the expanding direction in a suitably chosen constant mean curvature gauge. The reduced
Hamiltonian (also a weak Lyapunov function), in these studies, seeks to attain its infimum and can
achieve its infimum asymptotically, yielding spacetimes admitting spatial slices locally compatible
with the cosmological principle. However, such studies are devoid of matter sources i.e., only vacuum
spacetimes (with and without cosmological constant) are considered.

It, therefore, seems necessary to focus on the construction of a suitable Lyapunov function and



study its temporal behavior in a general framework which includes a matter source along with a
positive cosmological constant. We start with the ADM formalism including a general matter source
and later fix a temporal gauge namely the constant mean curvature gauge. Thereafter we study
several aspects of dynamical behavior associated with matter sources and assert that the obtained
results hold provided that the matter satisfies physically ‘reasonable’ energy conditions. Later on,
we specialize our results to a perfect fluid source (which satisfies the required energy conditions) and
obtain the asymptotic solutions for which the Lyapunov function stays constant in the limit where
the baryon density becomes negligible. Finally, we relate the asymptotic behavior of this Lyapunov
function to a topological property of the manifold thereby drawing some general conclusions regard-
ing possible ‘exotic’ topologies of the physical ‘341’ universe compatible asymptotically with the

cosmological principle.

1.1 ADM formalism with a Matter source

The ADM formalism splits the spacetime described by an ‘n+1’ dimensional Lorentzian manifold
M into R x M with each level set {t} x M of the time function ¢ being an orientable n-manifold
diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a Cauchy hypersurface) and
equipped with a Riemannian metric. Such a split may be executed by introducing a lapse function

N and shift vector field X belonging to suitable function spaces and defined such that

8 = Ni+X (1.1)

with ¢ and n being time and a hypersurface orthogonal future directed timelike unit vector i.e.,
g(n,n) = —1, respectively. The above splitting writes the spacetime metric g in local coordinates

{z9yn_o = {t, 2, 22, ....,2"} as

g = —N?dt®@dt+ g;j(dz’ + X'dt) @ (da? + X7 dt) (1.2)

and the stress-energy tensor as

T = En®n+JOn+S, (1.3)

where J € X(M), S € S3(M), and A®B = $(A®Q B+B®A). Here, X(M) and S (M) are the space

of vector fields and the space of symmetric covariant 2-tensors, respectively. The choice of a spatial



slice in the spacetime leads to consideration of the second fundamental form k;; which describes how
the slice is curved in the spacetime. The trace of the second fundamental form (trgk = 7) is the
mean extrinsic curvature of the slice, which will play an important role in the analysis. Under such

decomposition, the Einstein equations

1
Ry — iRng +Ag = T (1.4)
take the form (87G =c=1)
Ogi; = —2Nkij + Lxgij, (1.5)
8tkij = *ViVjN -+ N{R” -+ Tkij — kakkf

1
1(2A — S + E)gij — S”} + LXk'ij

n —

along with the constraints (Gauss and Codazzi equations)

R(g) — [k +7% = 2A+2E, (1.6)

Vikl = Vit = i, (1.7)

where S = ¢/ S;;. The vanishing of the covariant divergence of the stress energy tensor i.e., V, TH" =

0 is equivalent to the continuity equation and equations of motions of the matter

%f = LxE+ NET—NV,;J' —2J'V;N + NS7k;;, (1.8)
a.J' i i ij i 77 i
57 = LxJ +NTJ — V;(NSY) 4+ 2NFkiJ) — EV'N.

Note that there are no evolution equations for the lapse function and the shift vector field as a
consequence of gauge freedom. In a sense, the original Einstein equations (before the ADM split)
consists of 6 evolution equations and 4 constraints and therefore the equations for lapse and shift
should be obtained by fixing the gauge. In order to choose a time coordinate and assign uniqueness
to the spatial slice, gauge fixing is required. Here we choose ‘constant mean extrinsic curvature’
(CMC) as the temporal gauge which yields an elliptic equation for the lapse function. Later on, we

will select a suitable spatial gauge. CMC gauge reads

T = trgk = monotonic function of t alone (1.9)



so T is thus constant throughout the hypersurface and therefore can play the role of time. Using the

evolution and constraint equations, one may obtain the following equation for the lapse function

or
ot

S n—2 2A
_ 2 o
= AN +{|k| +n_1 +n_1E n_l}N+LxT (1.10)

which after implementing CMC gauge (9;7 = 0) yields

or

S n—2 2A
— E
ot

- AgN—i_{|k|2—~_n—l+n—1 T n—1

IN,

where |k|* = k;jk¥ and the Laplacian is defined as A, = —V([g]'V[g]; and therefore has positive
spectrum on compact connected manifolds.

The evolution and constraint equations derived here are purely geometric and therefore one has
the freedom to choose the topology of the spatial slice M. Different choices would lead to different
cosmological models. Of course, not all topologies admit metrics that satisfy the cosmological princi-
ple. Nevertheless, we will consider a general topology to start with so that the universe may not have
been isotropic and homogeneous (locally) throughout its complete course of evolution. Thurston’s
geometrization conjecture [61,62,63] and its subsequent proof together with the Poincaré conjec-
ture [61,64,65] and its proof allow one a complete classification of compact, orientable 3-manifolds.
Leaving aside the so-called ‘trivial’ manifolds diffeomorphic to S2, the remaining possibilities consist
of an infinite list of nontrivial manifolds, each of which is diffeomorphic to a finite connected sum of

the following form [107,187,229]

S3 /T 4. #S% /T #(S? x S1)1#..#(S? x SY)#K (7, 1)1 #.. #K (7, 1), (1.11)

where k, [, and m are non-negative integers satisfying k + 7+ m > 1 and if either k,[ or m equals to
zero, then terms of that type do not occur. Here each I'y, (for k£ > 1) is a nontrivial ( I) subgroup of
SO(4) acting freely and properly discontinuously on S? and the resulting manifold is S3 /T’ (see [66]
and [67] for free and properly discontinuous actions). S?xS* denotes the wormhole and supports only
anisotropic (even locally) homogeneous metrics and therefore is not compatible with the cosmological
observations. The remaining K(7, 1) manifolds are of interest to us and defined to have non-trivial
fundamental group while the rest of their higher homotopy groups vanish [67,68]. A vast set of
compact hyperbolic manifolds (and therefore supporting locally homogeneous and isotropic metrics)
fall under this category. In this article, we will focus on manifolds of negative Yamabe type i.e., the

scalar curvature R(g) of every Riemannian metric g on M is negative somewhere (for details about



negative Yamabe manifolds, the reader is referred to [107,187,229]). Note that non-flat type K (7, 1)
manifolds are of negative Yamabe type and presence of a single negative Yamabe type manifold in
the connected sum decomposition written as (1.11) turns the whole manifold into one of negative
Yamabe type. It is also known that every prime K(m, 1) manifold is decomposable into a (finite)
collection of (complete, finite volume) hyperbolic and graph manifolds (see introduction of [229] for
the detailed description of a graph manifold). This property of K(m, 1) manifold will turn out to be
important later in our discussion. We will, throughout our analysis, consider an ‘n+1’ dimensional
universe and only later specialize our results to the physical ‘341’ universe.

Utilizing the ‘CMC’ condition, the momentum constraint reduces to

Viglikl = i (1.12)

the solution of which may be written as
K= K4 %5;1 (1.13)
with K'" being traceless with respect to g i.e., Kf;’gij = 0 (and so with respect to any metric

conformal to g). Note that K'" is obtained by solving the following equation

Vg K;Y = i (1.14)

7

The Hamiltonian constraint (4.19) may be written using the solution of momentum constraint (3.23)

as follows

n—l(2 2nA
2

Rg) = |K"|]*+2E - )-

n—1

_ 2nA

Since we are primarily interested in the case A > 0, it might appear that 72 pra

could be negative.
But then the Hamiltonian constraint would imply that if the energy density E is non-negative,
then R(g) > 0 everywhere on M which is impossible for a manifold of negative Yamabe type.

Let’s consider the energy condition and establish an allowed range for the constant extrinsic mean

curvature 7 which is now playing the role of time. The weak energy condition yields

T(n,n) >0, (1.15)

E>0 (1.16)



that is to any time-like observer the energy density is nonnegative and as such physically relevant
classical matter sources are expected to satisfy this energy condition. We will only consider matter
sources with point-wise nonnegative energy density throughout the spacetimes. Therefore a universe

filled with matter satisfying the weak energy condition shall always have

5 2nA

1.1
— >0 (1.17)

and for expanding models (% > 0),

2nA

—o< T < — .
n—1

(1.18)

Since we are primarily interested in the asymptotic behavior of the ‘expanding’ universe model
(the physically relevant case), we set the range of 7 to be (—oo, —y/224) once and for all. We turn

our attention to the Lapse equation in an expanding universe model by setting

or n

a 2(n—1)(727n—1)%>0 (1.19)

whose solution 7 = 7(t) plays the role of time from now onwards. Note that (1.19) is a valid ‘choice’
of a time function since 7(¢) is monotonic and chosen to be constant on a Cauchy hypersurface

(CMC gauge). The lapse equation is explicitly written in this time co-ordinate as

2
12 T 2A 1
_ )+ — — 1.
AgN + (|K™| +(n n71)+n71(5+(n 2)E))N (1.20)
n 2nA

Q(nfl)(#—nfl)

|3

In order for this equation to have a unique positive solution, the kernel of the elliptic operator

7_2
{8 + (K" + (= - %Hﬁ(anﬂ)Em} (1.21)

defined between suitable function spaces, must be trivial. Here I denotes the identity operator. If

¢ belongs to the kernel i.e., it satisfies

. 2 2A 1
{Ay + (K |2+(;—j)+

(S+(n-2)E)I}¢ = 0,

n—1

then after multiplying both sides with ¢, integration over the closed orientable manifold M and



applying Stokes’ theorem one gets

i tr)2 7 2A
[ ¥lahovialio + (K + (4 - 2) (122
F (S + (= 2E)6 g =0,

where p, = \/det(g)dz! A dz? Adx3 A ... Adz™ is the volume form on M. Existence of a trivial

kernel i.e., ¢ = 0 throughout the whole of M, is implied by
(n—2)E+S5>0. (1.23)

Therefore, for a universe filled with matter sources of everywhere non-negative energy density, an
additional energy condition needs to be satisfied in order to obtain a unique solution for the lapse

equation. Note that matter satisfying the strong energy condition

1
(Tuu - iTguV)n#nV Z 07 (124)

E+S5>0

falls under this category. In a sense the ‘weak+strong energy condition’C {E > 0,5+ (n — 2)E >
0,n > 3} and therefore such sources are allowed for our analysis. Of course, most physically relevant
sources do satisfy the property of non-negative energy density (weak energy condition) and the
attractive nature of gravity (strong energy condition). Several known sources of physical interest
satisfy weak and strong energy conditions. These include for example perfect fluid and Vlasov matter
(see [54,70,71,72,73] for details about Vlasov matter).

We have established the existence of a unique solution of the lapse equation provided that the
matter sources in the universe satisfy a suitable energy condition. A standard maximum principle

argument for the elliptic equation yields the following estimate of the lapse function

n 7_2 _ 2nA\%
0 < 2 _ 2(n71)( nfll) <N< (1.25)
(2 = 2 + sup(| K2 + 55 (S + (n — 2)B)) )
n? (7% — 2nA )%71
2(n—1) n—1 '

The important thing here is to note that the lapse function is positive for an expanding universe
model. The results obtained so far will be sufficient to study the dynamical behavior in terms of a

weak Lyapunov function.



1.2 A weak Lyapunov function and its monotonic decay

[187,229] constructed a reduced phase space as the cotangent bundle of the higher dimensional
analogue of the Teichmiiller space and obtained the following true Hamiltonian of the dynamics
through a conformal technique

2(n—1) or

Hcqvced = ——-F —Ug. 1.26
duced n Matﬂg ( )

In that particular case of a vacuum limit, it is indeed possible to construct such a reduced Hamil-
tonian in ‘CMC’ gauge, which also acts as a weak Lyapunov function. However, as will be shown
in the case of a simple matter source, the perfect fluid, the construction of a reduced Hamiltonian
using a conformal diffeomorphism is restricted by certain conditions described later. However, for
the purpose of the Einsteinian dynamics, we do not need to construct a reduced phase space (and
associated Hamiltonian) but rather a suitable Lyapunov function and study its dynamical behavior.
Let us consider the rescaled volume functional as the weak Lyapunov function and call it L(g, k)

2(n—1) or

Ligk) = = [ T, (1.27)

We call L(g,k) a weak Lyapunov function because, following the expression of ‘Z—:, it controls the

H' x L? norm of the data (g,k) while the desired norm would be H* x H*71, s > 5 +p for some p > 1.
Note that we do not, at this point, have a local existence theorem of the Cauchy problem of the
Einstein system in exotic spatial topologies (negative Yamabe manifolds in this case) with arbitrary
matter source satisfying the desired energy conditions. For the vacuum case, Bel-Robinson energy is
used by [151], which controls the H? x H! norm of the data. Recently, [79] proved nonlinear stability
results for small data perturbations of FLRW background cosmological model, which of course deals
only with special topologies (S?, T, and H?). At the moment, let us focus on the time evolution of
the weak Lyapunov function namely the rescaled volume functional. Due to its weak property, we
would not be able to state a theorem concerning the stability (either Lyapunov or asymptotic) of
the spacetime on the basis of its time evolution. Nevertheless, we will be able to obtain important
physical results related to the asymptotic behavior of the spacetime (in the expanding direction)

utilizing the limiting behavior of the Lyapunov function. The time evolution of this function may



be obtained as

dL(g,k) 6L(g, k) /5L(g,k)
dt oy 09T Tar Ok

o 2(n - 1) 327 107 ij 3g,-j
N n /M ((9152+2(’9zﬁg at ) 1o
2nA

2nA (n_ .
— /MT(T2—n_1) l(nAg+n|Kt |2+(T2—n_1)

N

MmA 4
F S+ (= DENN + (2= )t [ (N7 Vi),
n—1 n—1 M
o 2nA 2—1/ tr|2 o 2nA
— — 2 K _
et = 2ya [ e+ (2 - 22
n _ 2 2nA
b (s 2B - (- 2N,
2nA  » 1
_ m(TZ_L)a—l/ (K" + —— (S + (n — 2)E)) Ny, (1.28)
1 " n—1

where we have used the identity

02t n 2nA

o2~ 2n-— 1)7(72 - 1)%71("Ag + K (1.29)
2nA n
2 _
TP = )+ 7 (S+ (n = 2)E))N,

obtained using the lapse equation and the CMC gauge condition (9;7 = 0). We have also used

the Stokes’ theorem to eliminate the covariant divergence terms in the integral. Along the solution

2nA

=12, therefore, the Lyapunov function

curve in the expanding direction (% >0and —oco <7< —

monotonically decays i.e.,

dL(g, k)
dt

<0 (1.30)

dL __

and only attains its infimum (i.e., G = 0) precisely when the following conditions are met

K" = 0, (1.31)

S+((n—-2E = 0. (1.32)

Substitution of the first condition into the momentum constraint (3.23) immediately yields

J'=0 (1.33)
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as well as Y = 0 everywhere on M. In addition to satisfying E,S + (n — 2)E > 0, if the matter
sources also satisfy the strong energy condition i.e., (S+ F) > 0, then for n > 3 (the cases of primary

interest), the second condition for the infimum of the Lyapunov function translates to

S+FE=0, (1.34)
E=0 (1.35)

and therefore
S =0. (1.36)

This result, therefore, states that the weak Lyapunov function namely the rescaled volume is mono-
tonically decaying in the direction of cosmological expansion and approaches its nfimum only in the
limit that the matter sources be ‘turned off’ or at least become asymptotically negligible. In the
limit of turned off matter, one may utilize the evolution and constraint equations by substituting

ETT = 9,kTT = 0 to obtain the background warped product spacetimes

n n o
ds® = — dr? + vijdz'dz? (1.37)
e e =
with R(vy) = —1. The vital question is whether the Lyapunov function L ever attains its infimum.

In the expanding universe model, if the matter sources do not re-collapse to form a singularity,
then the matter density falls off and in the limiting case, may be considered to be negligible. We
will indeed show such asymptotic decay of the matter density in case of a perfect fluid. Observing
the monotonic decay of the Lyapunov function along a solution curve, one may be tempted to
conjecture the asymptotic stability of the matter filled spacetimes. However, we remind the reader
again that such property only provides a weak notion of stability if the matter sources do not develop
singularities. Even a vacuum spacetime might be able to go singular that is the pure gravity can
collapse to form singularity before the spatial volume of the universe reaches infinity. As of now,
we do not yet have a global existence theorem for even a vacuum spacetime. Now we specialize our

results to the perfect fluid matter source.

11



1.3 Perfect Fluid

The perfect fluid stress-energy tensor

™ = (P+pu'u”+ Pg"” (1.38)
yields
E = T(n,n)=(P+p)(glu,n))?—P (1.39)
= (P+p)(Nu’)2-~P>0 (1.40)
assuming the equation of state P = (v — 1)p, 1 <~ < 2, normalization §(u,u) = —1, and a positive

energy density p. The strong energy condition requires
(nP+p)>0 (1.41)

which is clearly satisfied as well. Therefore, satisfying both of these energy conditions, a perfect fluid
falls under the category for which our analysis holds true. Through a conformal technique, we will
obtain the infimum of the weak Lyapunov function described in the previous section. The conformal
technique may not be applied to any matter source in a unique way in general as the conformal
rescaling of at least the energy density would be different for a different choice of sources. As a
consequence, the resulting nonlinear elliptic equation namely the Lichnerowicz equation arising from
the rescaling of Hamiltonian constraint, which will play the central role in obtaining the infimum
of the Lyapunov function, may not have a unique positive solution. Nevertheless, as we will see
shortly, one may obtain a suitable conformal rescaling of matter variables in the case of a perfect
fluid and therefore, the subsequent analysis will follow. Using the momentum constraint, the second

fundamental form may be written as follows (1.13)
ij trijg | T ij
K = Kt 4 Ty (1.42)
n

where g;; K" = 0, but V; K% = J* under ths CMC condition (8;7 = 0). We use the conformal
transformation as described in [107,161,229] only replacing the momenta conjugate to the metric

g by the second fundamental form through a Legendre transformation m = —pg(k — (trgk)g). The

12



conformal transformation reads

2(n+2)

iJ 4 — 1]
(9i, K'™) = (p7=2 35,9~ "n=2 k'), (1.43)

where  and &' are the scale-free fields satisfying v/} = 0 with v € M_; and ¢ : M — Rs.
Here M_; is defined as M_; = {v is a Riemannian metric on M |R(vy) = —1}. In reality, the true
dynamics assumes a metric lying in the orbit space M _1/Dg, Dg being the group of diffeomorphisms
(of M) isotopic to identity. This is a consequence of the fact that if v € M_1,k, N, and X solve
the Einstein equations, so do (¢=1)*v, (¢~ 1)k, (¢71)*N = N o ¢!, and ¢, X, where ¢ € Dy and
* and , denote the pullback and push-forward operations on the cotangent and tangent bundles
of M, respectively. To avoid technical complexities, the calculations may be restricted to M_; as
the entities we are interested in (such as p, = \/(del Adxz?... Adx™) are Dy invariant yielding

equivalence between M_; and M_;/Dy (only in this particular occasion). Note that K*" may be

decomposed into a transverse-traceless part (with respect to g) and a Conformal Killing tensor part
g g Con ) g
K" = KT 4 7% (Lyg = SV, Y "g), (1.44)
n

where Y € X(M). Under this conformal transformation, the components of the conformal Killing

tensor (LyY — 2V,,Y™g) transforms as follows
2 "N =4 2 m .\t
(LgY — ~VmY 9) =2 (LY — ~VmY 7)Y (1.45)

yielding a consistent transformation of the transverse-traceless tensor K77, that is, K174 =

_2(n+2)

n—2 K/TT'L] .

Therefore, we may write

.. 2 ..
Ktrzg — KTT + (L'YY _ ﬁvmym,y)z] (146)

The Hamiltonian constraint, under this conformal transformation, yields the Lichnerowicz equa-

tion

n—2 (TL — 2) 7371;2 T 2 . )
A'Y¢ 4(” - 1)w 4(77/ - 1)¢ |H + (LWY nvmy 7)| (147)
n=22 A s (0-2)Blg] as

n—1 2(n—1)

where E[g] denotes the energy density without conformal scaling. Note that we can not analyze the

13



Lichnerowicz equation without performing suitable scaling of E[g] which we will precisely do in the

case of a perfect fluid. But first, the momentum constraint after the rescaling reads

trij _ o, 2d2) i
Ve = =" Jlg", (1.48)
where J[g]’ is the momentum density without conformal scaling. Now of course, if one chooses the

following scaling for the momentum density (York scaling [223])

—2(n+2)
n—2

Jlg) === IR, (1.49)
the momentum constraint becomes decoupled from the Lichnerowicz equation i.e.,
Vs = T, (1.50)

Now upon substituting ! from equation (1.46) into equation (1.50) yields an elliptic equation for

Y
SAYT 4 R Y™ 4 (1= VRI(VRlY™) = TR (151)

The vector field Y (not a vector density) therefore soley depends on the metric v and the matter
source J[y], not on the conformal function t. Analysis completed up to now holds for any general
matter source, however, in order to obtain a rescaling of the energy density, we need to know the
matter type. In the case of a perfect fluid, the momentum density is expressible in terms of the
basic variables P and p which in turn yields the energy density E. Let us split the n + 1-velocity

vector (u*) of the fluid into a hypersurface parallel component

v=u+ "Ttg(u,n)n, (1.52)

—"*lg(u,n)n. Here "*'g and n denote the spacetime metric and

and its orthogonal complement
hypersurface orthogonal future directed unit vector, respectively. Note that v; = u;, but v* # u’. In

the ADM language, the unscaled matter momentum density and energy density may be written as

(P + p)Nuv', (1.53)

=
=)
[

(P+p)(Nu")? - P. (1.54)

&
S
[
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Now, utilizing the normalization condition g,,u*u” = —1 in conjunction with the spliting (1.52),

we obtain
—(Nu®)? + gjjv'vd = —1. (1.55)

Since, the right hand side of this equation is a constant (and therefore conformally invariant), each
term in the left hand side has to be conformally invariant leading to the following scaling of Nu®

and v’

(Nu®), = (Nu°),, (1.56)

vio= TRy (1.57)

which together with the expressions of matter energy and momentum density (1.53-1.54) yields the

scaling for P, p, and E[g]

2(n+1)

(P+p)y = v 72 (P+p)y, (1.58)
Elg] = v "7 B[ (1.59)

Rescaling of the matter energy density E[g] now leads to the proper Lichnerowicz equation

n=2 , (=2 = oo 25 ym
oDl iy e Ay VY 7P (1.60)

_(n—=2)E[] n—2

2(n—1) v dn (r* -

Ay —

2nA n+2
it =

a solution of which may be obtained by the standard sub and super solution technique [223,224].

(n=2)E[y]

—__n . . . . .
S—1) 1~ »=2 is crucial in proving the uniqueness and

Note that the exponent of v in the term
existence of solutions to the Lichnerowicz equation and therefore, the rescaling of the energy density
El[g] is vital. Now that we have obtained a Lichnerowicz equation for the gravity coupled fluid
dynamics, we may explicitly obtain the infimum of the weak Lyapunov function. A straightforward

maximum principle argument, applied to the Lichnerowicz equation, shows that the unique positive

solution ¢ = (7,7, k7T Y) satisfies

itz > — (1.61)
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with equality holding everywhere on M iff

2
KT = KTT 4 {Lyy — ngYm'y} = 0, (1.62)

E[y] = 0 (1.63)

on M. Therefore the asymptotic analysis becomes straightforward as the infimum of the Lyapunov
function is attained precisely when the previous two conditions are met. In the limit of negligible
matter (matter turned off condition), the Lyapunov function may be written in terms of the rescaled

variables as follows

2nA

Lrynt” = 0) = [ (72 = /gm0 = O (1.64)

The infimum of the Lyapunov function over the space M_1/Dqg x SY(M) (S9(M) being the space

of symmetric covariant 2-tensors) may be computed as

inf L(7,~, K" 1.65
JORE A (1,7, £"") (1.65)

2nA n n/(n— T
7) /211[}2 / 2)(7_’75 KJt ):u”Ya

n—1

(r* -

inf /
M_1/DoxS(M) J pmp
n

_ n/2 inf
S DL /M o

= ()" o ()2,

n—1

where o(M)(< 0) is a topological invariant (higher dimensional analog of the Euler characteristics of
a higher genus surfaces) of the manifold M (of negative Yamabe type considered here). For extensive
details about the o—constant (also known as Yamabe invariant) see [82,83,161]. For the purpose
here, it suffices to know that it is a topological invariant.

The most interesting case here is the physical universe i.e., 3 + 1 case. Utilizing Ricci-flow
techniques, the o constant (and therefore the infimum of the weak Lyapunov function) of the most

general compact 3-manifolds of negative Yamabe type has been computed and as such is given by
lo(M)| = (vol_1H)*/?, (1.66)

where vol_1 H is the volume of the hyperbolic part of M computed with respect to the hyperbolic
metric normalized to have scalar curvature —1 [84,85]. Therefore, apart from the hyperbolic family of

K (7, 1) manifolds, the remaining parts of M i.e., wormholes (S? x S!), spherical space forms (S3/T;,),
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and the graph manifolds (non-hyperbolic part of K(m,1) manifold) do not contribute to the o
constant. Hence, they do not contribute to the infimum of the weak Lyapunov function as well. Since
the weak Lyapunov function is geometrically the rescaled volume of M (1.27), following its monotonic
decay towards an infimum dominated only by the hyperbolic component of the spatial manifold, one
is led to the natural conclusion that the Einstein flow in the presence of a suitable matter sources
and positive cosmological constant drives the universe towards an asymptotic state that is volume
dominated by the hyperbolic components equipped with a locally homogeneous and isotropic metric.
Such results while seeming innocuous may have tremendous cosmological significance. For example,
let us consider the case discussed below. A well-known result in topology is that the presence of a
single negative Yamabe type component in the connected sum makes the whole manifold negative
Yamabe (one may find a unique solution to the Yamabe problem) and thus the asymptotic analysis
described previously holds (except stand alone flat types which are zero Yamabe type). Spaces like
de-sitter (S® with a positive cosmological constant) or the spherical space forms (S3/I',T' C SO(4))
or the Schwarchild-deSitter spaces (S? x S!) may individually expand to infinity (proven results, see
e.g., [88,223]), however, while present in a connected sum with a negative Yamabe type summand,
may be asymptotically volume dominated by hyperbolic parts. Let’s consider the spherical space
form case, for example. The spatial topology is S?/T' and the connected sum with a negative
Yamabe manifold M is still topologically a negative Yamabe manifold. As a consequence, the
individual ‘expansion to infinity’ property of the de-Sitter spaces (or its quotients) is sort of ‘killed’
by the hyperbolic parts present in M and therefore becomes asymptotically negligible. [93] showed
that spherical space forms (S?/T') and handle (S? x S!) topologies re-collapse through formation
of maximal hypersurfaces provided a number of conditions on matter sources and spatial geometry
are satisfied (without a cosmological constant; see their theorem 3). Later [94] studied the closed
universe re-collapse conjecture with the same spatial topologies. This provides a rough notion that
these topologies may not contribute to the asymptotic state of the universe. However, in the presence
of a positive cosmological constant, spherical space forms (generalized de-Sitter spaces) may avoid
formation of a maximal hypersurface and continue to expand. Our result, in this particular aspect,
becomes interesting in a sense that even if S3/T" or S? x S! individually may expand forever (with
a positive cosmological constant present), while present in a connected sum decomposition with
hyperbolic manifolds, do not contribute to the asymptotic volume of the spatial universe due to the
reason discussed previously. Now, compact quotients of hyperbolic space H? by faithful and discrete
subgroups of SO (3,1) provide an ample supply of compact hyperbolic manifolds equipped with

locally homogeneous and isotropic metric. Therefore, the cosmological model is potentially enriched
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(and generalized in a certain sense) by including such rather exotic topologies capable of assuring
that the cosmological principle holds.

Following the previous analysis, two natural questions arise. Firstly, whether, as in the vacuum
case (with or without a positive cosmological constant), the Lyapunov function has a physical in-
terpretation as a Hamiltonian of the reduced dynamics that is, can one cast the problem in such a
way that the reduced Hamiltonian of the dynamics naturally turns out to be the rescaled volume
functional. Secondly, how does one justify the matter being asymptotically negligible? We will try
to answer both of these question by invoking the variational formulation of the gravity coupled fluid
dynamics developed by [52], [132], [131]. A reduced Hamiltonian was constructed by [132] in co-
moving spatial gauge and a time coordinate condition, where the lapse function and shift vector field
were obtained through algebraic equations. Here, however, we explicitly worked in constant mean
curvature gauge and derived the monotonic decay of the weak Lyapunov function and therefore the
existence of a reduced Hamiltonian in this gauge remains to be checked. Later utilizing the CMC
temporal gauge together with a co-moving gauge, we will show that indeed the matter density falls
off asymptotically in an expanding universe model. We will explicitly work in a ‘341’ dimensional
universe.

Using Schutz’s velocity potential technique [52], we will attempt to construct a reduced Hamil-
tonian in CMC gauge. We just provide a very brief description of the Schutz’s velocity potential
formulation, which is necessary for our purpose. For complete details, the reader is referred to [52].

The 4-velocity of the fluid u* may be written in terms of the five velocity potentials ¢, «, 3,0,

and S as

(0,6 + a0, B + 00,5), (1.67)

Uy =

S

where h is the specific enthalpy of the fluid

h = , (1.68)

n being the baryon number density. From the equation of state

P = P(h,S), (1.69)
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we have

dP = ndh—nTdS, (1.70)

T being the temperature. The equations of motions are obtained as

w6 = —h, (1.71)
uo,a = 0, (1.72)
uwo,f = 0, (1.73)
0,0 = T, (1.74)
oS = 0 (1.75)
along with the continuity equation
V(nut) =0, (1.76)

where the covariant derivative is with respect to the spacetime metric (e.o.m along with continuity
equation are equivalent to the vanishing of the covariant divergence of the stress energy tensor).The

conjugate momenta corresponding to the scalar fields ¢" = (¢, o, 5,6, S) are as follows [52]

p® = —nNu°, (1.77)
p* = 0, (1.78)
p’ =0, (1.79)
P’ = ap?, (1.80)
p° = 0p°. (1.81)

Here, note that only a, 3, and p? are independent. Using Dirac’s technique (for the degenerate case
as the one presented here) the fluid Hamiltonian density #Hy is calculated, which together with the

gravitational Hamiltonian density provide the total Hamiltonian density of the dynamics

Htotal = Hg'r’avity + ﬂng (182)

The lapse function N and shift vector field X are included in the total Hamiltonian density, which
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will act as Lagrange multipliers in the ADM action. Using the total Hamiltonian density, the fluid-

ADM action may be written in the following form

i+ 093 .
Sapm = / dt/ (7 =22+ pdy — Hiotar)d"
IcR JM ot ; ! ot

where 7%/, the gravitational momentum conjugate to g;;, is obtained from the second fundamental
form k% through the legendre transformation 7 = —pu, (k" — (tryk)g™), and ¢, and p” are defined
before. Varying the acting with respect to the Lagrange multipliers the lapse N and the shift X7,
one immediately obtains the Hamiltonian and momentum constraints of the fluid coupled gravity
dynamics.

When, both of these constraints are satisfied, the term H totally disappears yielding the following

reduced action

1 03ij .
S’r‘educed = / dt/ (7_{_1]7] + pnq )d3$
icr JMm ot Zn: !

Now we peform the Hamiltonian reduction via conformal transformation. Following the conventional

scaling of the metric and the momenta [107,161,229],

(9,7") = (Why, ™", (1.83)

the conformal Killing tensor (Lyg)” — 2(V,,Y™)g" transforms as

9 g g
(Lyg)"? = 5 (VmY™)g" = o (Lyy)” (1.84)
2 m\.,iJ
—3 (VDY ™)),
Using the Legendre transformation 7% = —p (k% — (tryk)g*) and the equations (1.42-1.44), the

gravitational momenta 7% may be written as follows

g Lt g 9 g
w = AT SR O, [(Lyg) Y — (VY ™)gY) (1.85)
where 777 is transverse-traceless with respect to g i.e., w7 7% gij = 0=V|g] j7TTTij .
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Using these conformal transformations, the reduced action becomes

— TTij J _ g ="
Sreduced /]CR dt /M(p 8? 3 ot (186)
2 By
~((Ly2)7 = SVRwY ")

ot 1
+anqn)d3x,
n

where we have left the fluid variables unscaled intentionally for reasons which will be discussed
now. Note that even though Schutz’s formalism is only true for ‘3+1’ spacetimes, the result we
are about to state holds for any higher dimension irrespective of the fluid source. That is any
non-vanishing momentum flux density .J? leads to the following problem while trying to construct
an unconstrained Hamiltonian. Following the conformally scaled reduced action, one immediately
observes that in order to obtain a reduced Hamiltonian, one must reduce the action to the form

similar to [ IxM dtd3z (77T Oy + Zn PGy — Hreduceda) and therefore, one need to somehow make the

term [, ((Ly7)? =2V [y]mY™y") ag;]- p disappear. In order to do so, we must work in a slice of the

. R A . .
Dy action on M_; i.e., gt] = %r = ZZ;TT, for some y—transverse-traceless covariant 2-tensor [ and

co-ordinates {r®} on some local chart of M_;/Dy. However, for dimension n > 2, such procedure is
restricted as a consequence of the absence of a globally integrable distribution i.e., a slice of the Dy
action is not a submanifold of M_; in general (and therefore is not integrable). For 2 dimensions, the
Teichmiiller space has a nice global manifold structure (as a submanifold of M _;) and thus is globally
integrable. Of course, in the absence of a matter source (with or without cosmological constant), the
vector field Y, the generator of the diffeomorphism of M vanishes due to the momentum constraint
and the weak Lyapunov function % / v % ttg becomes a reduced Hamiltonian.

Even though we could not obtain a reduced Hamiltonian in CMC gauge, we may show using CMC
time gauge and a co-moving gauge, that the matter sources (perfect fluid), in an expanding universe,
becomes asymptotically negligible. Let us write the time and spatial slice gauge explicitly first. In

‘3417 CMC gauge, a time coordinate is chosen as (consistent throughout the study)

or 3 3
% = 1(2_3/\)% (1.87)

along with the co-moving spatial gauge condition

W= 0, (1.88)
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which through the normalization condition g,,u"u” = —1 yields

1
T — (1.89)
VNZ =X, X

with N2 > X;X*. Noting that both E and S are nonnegative for perfect fluids, an estimate of N

follows immediately from (1.25)

9(r2 —3A)z
(14 st sup(K 2 + 5(5 + 2E)) )

Nl

0 <

<N < = (72 =3A)2.

=}

Since the condition N2 > X; X has to be satisfied point-wise through the spacetime, X; X may be
written in terms of N? as CN? for a suitable 1 > C > 0. Finally, the continuity equation (1.76)

may be written in the chosen gauge as

%(Mnuo) = 0, (1.90)

which upon substituting ©° and X; X? yields

n~ Cy, N (1.91)
Hg

where Cy > 0 is a suitable constant. In an expanding universe (if initially expanding, it will only
continue to expand, because, the formation of a maximal hypersurface and subsequent re-collapse
are strictly prohibited; 7 can never vanish by virtue of the Hamiltonian constraint) , the spatial
volume form p, satisfies the estimate g, ~ (72 — 3A) 72, for some « > 0 (may be obtained by time
differentiating | a7 Mg in conjunction with the use of field equations and estimate of lapse function),

which together with the estimate of N yields the decay of the baryon density
na Cy(r® — 3A)ite, (1.92)

for some Cy > 0. In the asymptotic limit 7 — —+/3A, the baryon density becomes negligible if the
matter source does not already collapse to form a singularity. Therefore, the previous asymptotic
analysis holds true and the infimum of the Lyapunov function is attained in this limit allowing the
persistence of topological consequences discussed previously. However, an important thing to note
here is that the analysis presented here does not address the global existence by any means (despite

the fact that the Lyapunov function provides a weak notion). Even in the absence of matter sources,
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pure gravity could ‘blow up’ before the volume tends to infinity i.e., gravitational singularities could
prevent global existence. Such global existence is addressed by [206] in the special case of small
data limit and vacuum spacetimes (without cosmological constant) of arbitrary dimension. In case
of vacuum spacetimes with a positive cosmological constant, proof of the global existence of the
sufficiently small perturbations about background conformal spacetimes (eq. 1.37; through studying
the asymptotic stability of such spacetimes) is under preparation by the author [90]. [103] studied
the global existence of small data perturbations in case of vacuum spacetimes with a cosmological
constant by establishing the Lyapunov stability of the background solutions. In the presence of
matter sources, global existence, even in the small data limit, is an open problem.

Developing a cosmological model is of fundamental importance in general relativity. The present
so-called FLRW models are developed based on astronomical observations of local homogeneity and
isotropy (since the observations are only limited to a possibly quite small fraction of the universe)
that is the procedure resembles ‘model fitting’ in certain sense. Extrapolating the local observations
to a global scale thereby allows only special simple topologies and leads to the reduction of Einstein
equations to ordinary differential equation for one unknown namely the scale parameter. This is, in a
sense, against the whole spirit of general relativity where one should include more general topologies
and study the Einsteinian dynamics in a rigorous way. The resulting cosmological model should then
be compared locally with the observations. For example, for a compact spatial topology, within the
injectivity radius around a point, space seems locally flat despite the possibility that the manifold
may originally be globally exotic (with strictly nonvanishing curvature). In addition, manifolds may
also admit locally homogeneous and isotropic metrics with no such global extension. In a sense,
the role of spatial topologies in the dynamics of general relativity is somewhat underestimated and
we precisely address possibly a small fraction of such roles here. We show by invoking a weak
Lyapunov function that while the initially expanding universe in the presence of suitable matter
sources (satisfying suitable energy conditions) and a positive cosmological constant, may not be
isotropic and homogeneous (not even locally), it nevertheless will evolve to support a homogeneous
and isotropic metric if the evolution continues long enough without going singular. Therefore,
one does not in general need to start the evolution with an isotropic and homogeneous metric at
all. Einsteinian evolution automatically leads to the spatially homogeneous and isotropic universe
in the asymptotic limit where the baryon number density becomes negligible. Our analysis of
course only addresses the issue of asymptotic negligibility of the matter in the case of a rather
special perfect fluid source through invoking Schutz’s velocity potential formalism in a constant mean

curvature co-moving gauge. In the limiting case, as shown previously, the asymptotic vanishing of
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the matter density simplifies the associated conformal equation (Lichnerowicz equation) leading us
to the main result. Of course, during the course of evolution, matter or gravitational radiation
may collapse to form a singularity and a rough notion of such singularity formation (or at least
geodesic incompleteness via formation of caustics) is stated by the singularity theorems for matter
sources satisfying the strong energy condition. In our case while a positive cosmological constant is
included, even the formation of caustics is excluded in an expanding universe. In order to establish
an absolute claim that ‘true’ singularities are avoided, one must investigate the dynamics of Einstein
equations in the presence of exotic topologies numerically (which is currently only limited to very
special manifolds with several symmetries). Nevertheless, it is realized through our analysis that
the universe may be locally isotropic and homogeneous, but does not have to be globally so. Such
topological non-triviality demonstrated here, may be only the beginning of a bigger picture and
may potentially be able to answer the fundamental questions related to issues such as the flatness
problem, horizon problem or even have consequences for the Cosmic Censorship conjecture.
Another interesting fact revealed through our analysis is that while the associated Lyapunov
function has the physical meaning of being a reduced Hamiltonian (‘true Hamiltonian of the dy-
namics) only in case of a vacuum universe (with or without a positive cosmological constant), and
therefore may be used for the purpose of quantization, matter sources (even the special perfect fluid
case) rule out such significance in CMC gauge. Nevertheless, we are able to draw general conclusions
about the asymptotic behavior of the spacetimes using the Lyapunov function alone. However, the
weak nature (in terms of norm control) as discussed previously, does not allow a global existence
theorem and for the time being we are only limited to the asymptotic results. Nevertheless, our anal-
ysis opens up several interesting questions which as described before may potentially address several
existing problems. Are the Cauchy hypersurfaces always asymptotically volume-dominated by their
hyperbolic components with the rescaled metrics on these components asymptotically approaching
homogeneity and isotropy? Do wormholes (S x S') | spherical space forms (S*/I',T" €S0(4)), and
graph manifolds always asymptotically pinch off from the universe? How is the fundamental ques-
tion of ‘Cosmic Censorship’ influenced by answers to these questions? what happens if one includes
matter sources not satisfying either or both of the energy conditions mentioned? Upon further de-
velopment of Einsteinian dynamics with matter sources, these questions may be answered yielding

a self consistent cosmological model.
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Chapter 2

Attractors of the ‘n+1’ dimensional Einstein-A flow

Here we prove a global existence theorem for sufficiently small however fully nonlinear perturbations
of a family of background solutions of the ‘n + 1’ dimensional vacuum Einstein equations in the
presence of a positive cosmological constant A. The future stability of vacuum solutions in the small
data and zero cosmological constant limit has been studied previously for both ‘3 4+ 1’ and higher
dimensional spacetimes. However, with the advent of dark energy driven accelerated expansion
of the universe, it is of fundamental importance in mathematical cosmology to include a positive
cosmological constant, the simplest form of the dark energy for the vacuum Einstein equations.
Such Einsteinian evolution is here designated as the ‘Einstein-A’ flow. We study the background
solutions of this ‘Einstein-A’ flow in ‘n + 1’ dimensional spacetimes in constant mean curvature
spatial harmonic gauge, n > 3 and establish both linear and non-linear stability of such solutions.
In the cases of number of spatial dimensions being strictly greater than 3, the finite dimensional
Einstein moduli spaces form the center manifolds of the dynamics. A suitable shadow gauge condition
[206] is implemented in order to treat these cases. In addition, the autonomous character of the
suitably re-scaled Einstein flow breaks down as a consequence of including A(> 0). We construct
a Lyapunov function (controlling a suitable norm of the small data) similar to a wave equation
type energy for the non-linear non-autonomous evolution of the small data and prove its decay
in the direction of cosmological expansion utilizing the structure of the non-autonomous terms
and smallness assumption on the data. Our results demonstrate the future stability and geodesic
completeness of the perturbed spacetimes, and show that the scale-free geometry converges to an
element of the space of constant negative scalar curvature metrics sufficiently close to and containing
the Einstein moduli space (a point for n = 3 and a finite dimensional space for n > 3), which has
significant consequences for the cosmic topology while restricting to the case of n = 3.

Since the Einstein equations formulated as a Cauchy problem leave the spatial topology of the

universe unrestricted, a natural question arises whether one may constrain the topology through
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studying the dynamics of the Einsteinian evolution, while also satisfying the cosmological principle.
Recent articles [107,229] unfolded such a possibility i.e., a dynamical mechanism at work within the
Einstein flow (both with and without A) which strongly suggests that many closed 3-manifolds that
do not admit a locally homogeneous and isotropic metric at all (and thus are incompatible with
the cosmological principle) will nevertheless evolve under Einsteinian evolution to be asymptoti-
cally compatible with the observed, approximate, spatial homogeneity and isotropy of the universe.
Results of these studies, based on the monotonic decay of a weak Lyapunov function namely the
reduced Hamiltonian, suggested that a 3-manifold of negative Yamabe type, if it contains parts
supporting hyperbolic metrics in its connected sum decomposition, will be volume dominated by
these hyperbolic components asymptotically by the Einstein flow (Einstein-A flow for A # 0). On
the other hand, if one takes the cosmological principle literally, the so-called FLRW model restricts
the choice of global spatial topology of the universe to a small set consisting of negatively curved
hyperbolic space H?, flat Euclidean space E3, positively curved 3-sphere S with its canonical round
metric and its two fold quotient PR? = S3 /Z5. However, the astronomical observations that mo-
tivate the cosmological principle are necessarily limited to a fraction (possibly small) of the entire
universe and such observations are compatible with spatial metrics being locally but not globally
homogeneous and isotropic. Once the restriction on the topology (a global property) is removed, nu-
merous closed manifolds may be constructed as the quotients of H3, E3, and S? by discrete, proper,
and torsion free subgroups of their respective isometry groups, with each satisfying the local homo-
geneity and isotropy criteria but no longer being globally homogeneous or isotropic. In order for
these topologically rich spatially compact spacetimes to be possible candidates for the cosmological
models, it is crucial to study the asymptotic behaviour of the fully nonlinear perturbations of these
models. Non-linear stability of these spacetimes clearly opens up the possibility for the universe
to have an exotic spatial topology. In this paper, we study the linear (which acts as a motivation
towards studying non-linear stability) and non-linear stability of the spacetimes with spatial part
being negative Einstein for the cases of n > 3 (hyperbolic for n = 3). However, we will assume
certain smallness condition on the fully nonlinear perturbations.

The family of background solutions (a class of fixed points of the Einstein-A flow) designated as
‘conformal spacetimes’ (due to the fact that each of these spacetimes admits a timelike conformal

Killing field) with the spacetime topology R x M (M being the spatial manifold) in constant mean
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curvature spatial harmonic gauge (CMCSH), may be written in the following warped product form

2

. n , .
§= 535 dT ®dT + ——5——7idr" ® dz’ (2.1)
(r2 - 24)? (r2 = 2%) ’
where « is an Einstein metric satisfying R;;(v) = —”n—_zl%-j and 7 € (—o0, —1/%) is the mean

extrinsic curvature of M in the globally hyperbolic spacetime on R x M. For the special case of
n = 3, the negative Einstein spaces are hyperbolic i.e., the Einstein moduli space reduces to a point.
In the limit of A = 0, [206] calls these spacetimes the Lorentz cone space times (these are constructed
by taking quotient of the interior of the future light cone in Minkowski space by SO™(3,1) in case
of n = 3). Stability of these ‘3+1’ Lorentz cone spacetimes was proven by [151] utilizing the Bel-
Robinson energy. In the more general setting of n > 3, a finite dimensional space of Einstein
metrics provides the ‘center manifold’ towards which the re-scaled spatial metric is flowing in the
limit of infinite cosmological expansion. [206] proved the stability of these background solutions by
invoking a so called shadow gauge condition and later utilized a wave equation type of energy for the
sufficiently small however fully nonlinear perturbations. This energy acts like a Lyapunov function
for these perturbations (and, in particular vanishes at fixed points), which is defined to control the
desired norm of perturbations. In the case of the ‘241’ Einstein flow on R x X g¢pys With genus > 1,
Teichmiiller space plays the role of the Einstein moduli space and special techniques [197,198] were
used to study the global existence (by utilizing the properness of the Dirichlet energy functional
defined on the Teichmiiller space). Recently [103] studied the Lyapunov stability of these background
solutions including a positive cosmological constant. However, in order to establish the ‘attractor’
property of certain solutions, it is necessary to prove their asymptotic stability. [161,229] constructed
a reduced phase space as the cotangent bundle of the higher dimensional analogue of the Teichmiiller
space and obtained the following true Hamiltonian of the dynamics while expressed as a functional
of the reduced phase space variables through a conformal technique

2(n—1) or

n u Eﬂg‘ (2.2)

}y}educed

They have shown that the reduced Hamiltonian acting as a Lyapunov function decays along certain
solutions of the Einstein equations and achieves its infimum precisely for the background Lorentz
cone spacetimes (conformal spacetimes for A # 0). Such a property provides a notion of the stability
of these background solutions for arbitrarily large perturbations. However, the Lyapunov function

only controls the H' x L? norm of the reduced data and therefore, such a notion of stability is
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weak. Motivated by these results, we intend to study the stability of these background solutions for
sufficiently small fully nonlinear perturbations in the case when a positive consmological constant is
included in the Einstein equations. A subtlety is that the properties of the wave equation type energy
exploit the information about the lowest eigenvalue of the Lichnerowicz type Laplacian (acting on the
space of symmetric (0,2) tensors on M, that is, S9(M)) which enters into the evolution equation.

In this paper, we consider the complete generality of the problem in a framework of sufficiently
small however fully nonlinear perturbations of the background solutions. However, the inclusion of a
positive cosmological constant introduces several seemingly restrictive features of the field equations.
A few examples may be seen as follows. In the CMCSH gauge, the vacuum Einstein equations
with A = 0 are non-autonomous due to the fact that the mean extrinsic curvature acting as time
explicitly appears in the equations. However, after a suitable re-scaling, the equations can be made
to be autonomous. In the presence of a nonzero A, such a property is lost. This is one of the major
differences from the case of A = 0. Nevertheless, one may still obtain estimates necessary to prove
the decay property of a suitably defined Lyapunov function by introducing a Newtonian like time
co-ordinate. In particular, we take the advantage of the structure of the Einstein’s equations. The
explicitly time dependent terms appear in the field equation in such a way as to help drive the
flow towards a class of fixed points. Roughly speaking, the potentially problematic terms in the
expression for the time derivative of the energy either gets cancelled point-wise or are multiplied
by asymptotically decaying factor e=7 (T € (—oc,00)). Therefore, one needs to keep track of the
explicitly time dependent terms accurately to reach the conclusion of energy decay. This subtlety
does not arise in the case of vanishing cosmological constant and one may easily obtain the decay
of the suitably defined Lyapunov function by introducing a correction factor (see [206] for detail).
In the process of controlling the energy decay, invoking the shadow gauge in order to handle the
nontrivial moduli space (such moduli space is assumed to have a smooth structure and be stable)
becomes necessary. In the A = 0 case, the scale-free geometry converges to the Einstein structure
and therefore the attractors of the Einstein flow is identified to be the Einstein spaces. However,
in the presence of A > 0, the scale-free geometry exponentially converges to space of metrics with
constant negative scalar curvature sufficiently close to and containing the Einstein structure. In
other words, if we start the evolution with an arbitrary metric g sufficiently close to the Einstein
moduli space such that the difference is L? orthogonal to the moduli space then the conformal
geometry converges in infinite time to an element of the space of metrics with constant negative
scalar curvature sufficiently close to and containing the Einstein structure. On the other hand

perturbations tangential to the Einstein moduli space exponentially decays such that the metric
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converges to another element of the moduli space, that is, tangential perturbations exhibit trivial
asymptotic stability. Therefore, the attractor of the Einstein-A flow is identified to be the space
of constant negative scalar curvature metrics lying sufficiently close to and containing the Einstein
moduli space. In addition, the only requirement for the asymptotic stability of these spacetimes
is the stability of the negative Einstein structure i.e., the non-negativity of the eigen spectrum of
the associated Lichnerowicz type Laplacian operator. These are some major differences between the
A =0 and A > 0 cases. The asymptoically stable physical conformal spacetimes are given by the

following warp product metric

n2 1 t

9= "zt Ty @ (2:3)
n—1 n—1

where R(y1) = —"T’l. Our strategy would be to perturb the fixed point solutions described by the
negative Einstein spaces and employ the shadow gauge to treat the evolution of the perturbations
orthogonal and tangential to the Einstein moduli space. Using necessary estimates, we then prove
that the spatial metric exponentially converges (in appropriate norm topology) to a point of the
space of constant negative scalar curvature metrics sufficiently close to and containing the moduli
space. In summary, the structure of the paper is the following. We start with the gauge fixed
Einstein-A equations and state the necessary theorems ensuring local well-posedness of the Cauchy
problem. Next, we move on to computing background solutions and study their linear stability. After
obtaining a series of estimates utilizing the elliptic equations arising as a result of gauge fixing and
imposing the shadow gauge condition, we construct a Lyapunov function for the small data. In the
last part, utilizing the obtained estimates, we prove the decay of the constructed energy functional
(which vanishes only for the spacetimes of type (3.1) and remains constant for the spacetimes of

type (2.3)) thereby establishing the stability of the background solutions.

2.1 Notations and facts

We denote the ‘n+1’ dimensional (n > 3) spacetime manifold by M with its topology being R x M,
M being the n-dimensional spatial slice diffeomorphic to a Cauchy hypersurface. The space of

Riemannian metrics on M is denoted by M. M _ n-1 is defined as follows

-1
M oo = {g € MIR(g) = ———).

n
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with R(g) being the scalar curvature associated with g. Rjju[g] and T'[g]%, denote the Riemann
curvature and connection coefficients with respect to the metric g, respectively. In terms of the
function space of fields (metric, second fundamental form etc.), we work in the L? (with respect to
a given metric) Sobolev space W*?2 for s > 5 + 2, also denoted by H*®. We denote the L? inner

product between two 2-tensors on M with respect to a background metric v as

ik, jl
<ufy >L2:/ Wi vy g
M

and the inner product on derivatives as

SVERIThlo > = [ Bl Vg™

where p4 is the volume form associated with g € M

g = y/det(gij)dz' Ada® Ada® A ... Adx™.

Abusing notation, we use p, to denote both the volume form as well as /det(g;;). The rough
Laplacian A, ., acting on a vector bundle (symmetric covariant 2-tensors are sections of this bundle)

over (M, g) is defined as

1
Agohij = =V (g™ 1V ]y ). (2.4)

Hg

This rough Laplacian is self-adjoint with respect to the L? inner product on covariant 2-tensors.
Using the rough Laplacian, a self-adjoint Lichnerowicz type Laplacian which will be crucial later is

defined as follows
Lgqhij = Dgyhig — 2R * 5 thi. (2.5)

We may sometimes drop the Sobolev index to simplify the notation. The reader is expected to
assume the function space for (g, k, N, X) to be H® x H*~! x H**! x H**! with s > % + 2. The

Laplacian Ay is defined so as to have a non-negative spectrum i.e.,

A, =—g"V,;V;. (2.6)
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For a,b € R~p, a < bis defined to be a < Cb for some constant 0 < C' < co. The spaces of symmetric

covariant 2-tensors and vector fields on M are denoted by S9(M) and X(M), respectively.

2.2 Field equations and gauge fixing

The ADM formalism splits the spacetime described by an ‘n+1’ dimensional Lorentzian manifold
M into R x M with each level set {t} x M of the time function ¢ being an orientable n-manifold
diffeomorphic to a Cauchy hypersurface (assuming the spacetime to be globally hyperbolic) and
equipped with a Riemannian metric. Such a split may be implemented by introducing a lapse

function N and shift vector field X belonging to suitable function spaces and defined such that

8 = Nin+X (2.7)

with ¢ and n being time and a hypersurface orthogonal future directed timelike unit vector i.e.,

g(n,n) = —1, respectively. The above splitting puts the spacetime metric § in local coordinates
{zo}n_, = {t,z',2?,...., 2"} into the form
g = —N2dt®dt+ gij(de’ + X'dt) @ (da? + XIdt) (2.8)

where gijda:i ® dx’ is the induced Riemannian metric on M. In order to describe the embedding
of the Cauchy hypersurface M into the spacetime M, one needs the information about how the

hypersurface is curved in the ambient spacetime. Thus, one needs the second fundamental form k

defined as

kij = —an(0:9i5 — (Lx9)ij), (2.9)

the trace of which (7 = g7k;;, ¢¥ 52 ® 525 1= ¢g™!) is the mean extrinsic curvature of M in M. Here
L denotes the Lie derivative operator. The vacuum Einstein equations with a cosmological constant

A

R (9) = 5R(9) G + Mg =0 (2.10)

N |
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may now be expressed as the evolution and Gauss and Codazzi constraint equations of g and k

0:gi; = —2Nkij + (Lx9)ij, (2.11)

Oikij = —V;V;N + N(Ri; + ki — 2kFkj, — %gi]’) + (Lxk)ij, (2.12)
2A = R(g) — k|2 + (trgk)?, (2.13)

0=V'ki; — VT, (2.14)

where 7 = trgk. A solution to the Einstein evolution and constraint equations is a curve ¢ —
(g(t),k(t), N(t), X (t)) in H® x H*~1 x H*"1 x H**! (at least in our case where the local existence
theorem holds in this function space) satisfying equations (4.17)-(4.19). The spacetime metric §
given in terms of (g, N, X) by (4.14) solves the Einstein equation (4.16) if and only if (g,k, N, X)
solves the evolution and constraint equations (4.17)-(4.19). However, the system (4.17)-(4.19) is not
hyperbolic. We may reduce the system to a canonical hyperbolic evolution equation for g by fixing
gauge. The physical concept of gauge fixing (spatial and temporal) may be described as follows. Let
us first consider the spatial gauge. With the spacetime topology of R x M, one has the freedom to
choose the spatial slice as long as it is diffeomorphic to a Cauchy hypersurface. Let M be a Cauchy
hypersurface with an induced metric g which together with (k, N, X) satisfies the Einstein evolution
and constraint equations (4.17-4.19). Now let ¢ (t—independent) be an element of the identity
component of the diffeomorphism group (Dy) of M. Then (¢~1)*g, (¢71)*k, (¢71)*N = No ¢~ 1,
and ¢, X solves the Einstein equations as well, where *, and , denote the pullback and push-forward
operations on the cotangent and tangent bundles of M, respectively. This is obvious due to the
spatial covariant nature of the evolution and constraint equations. More generally, let the identity
component of the diffeomorphism group act on M by a time dependent element ¢;. The evolution

equation (4.17) under the action of ¢; reads

Be((dr ) 9)ij = =2(dr ) (Nk)ij + (L, x (67 ) 9)ijs (2.15)
(67 3ug)is + (Du(dr ) 9)is = —2(¢7 ) (Nk)y
b (0760 (67 gl
(@7 ) 39)ij + (0s(91)" Dijls=0 = —2(67 ) (Nk)ij + (67 1) (Lx 9)ij
(67 1) Degij + (67 1)" (Lyg)ij = —2(¢7 )" (Nk)ij + (67" (Lx9)ij

(67 ) {0hgij = —2Nkij + (Lx—v9)i;} -
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Here Y is the vector field associated with the flow ¢; and WX is the flow of the shift vector field X.
A similar calculation for the evolution equation for the second fundamental form shows that if we
make a trasformation X — X +Y, the Einstein evolution and constraint (due to their natural spatial
covariance nature) equations are satisfied by the transformed fields. The choice of spatial hypersur-
face is fixed by choosing constant mean extrinsic curvature spatial harmonic gauge. Constant mean
extrinsic curvature gauge defines a time function and therefore it is the temporal gauge choice. We
briefly describe the gauge fixing below starting with spatial harmonic gauge. Let ¢ : (M, g) — (M, ~)
be a harmonic map. Clearly it satisfies the Euler-Lagrange equations arising from criticality of the

.. k ol
associated Dirichlet energy %fM g gﬁi %fyklug ie.,

iy [ 0%0F Ak B D’
97 <6xiaxj - F[g]éj@ + F['Y]iﬂ GY% 8xﬂ> =0. (2.16)

Now, we fix the gauge by imposing the condition that ¢ = id, which leads to the following equation

—g" (Tlgll; =Tl = o (2.17)

where f‘[’y]f] is the connection with respect to some arbitrary background Riemannian metric ~.
Choice of this spatial harmonic gauge yields an elliptic equation for the shift vector field X after
time differentiating equation (3.29). The spatial harmonic slice is chosen to have uniform mean

extrinsic curvature i.e.,
ot = 0, (2.18)
and thus 7 may play the role of time i.e.,
t = monotonic function of T, (2.19)

and in this case, we choose t = 7. Choice of the Constant mean extrinsic curvature gauge (CMC)
yields an elliptic equation for the lapse N. Note that we do not have evolution equations for the

lapse and shift. However, they are constrained by the elliptic equations obtained through gauge
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fixing which together with the evolution equations for g and k comprises the full ‘Einstein-A’ system

0i9ij = —2Nk;j + (Lx9)ij, (2.20)
2A
agk‘ij = —Viv]‘N + N(Rij + Tk‘i]' — Qkfkjk — 7n — 191'3‘ — Oéij) (2.21)
+ (Lxk)ij,

or y 2A
T _ AN S i 1V 2.22
T AN+ gk — 22, (2.22)
A X' — REXI 4+ LyV' = (VN)7 — 2VI N + 2Nk (2.23)

=2V XF) (gl — Tv]i) — 97 0L (Y],

where a;; = %(Vle +V,V;) and —V'? is the tension field defined as

Vo= gjk(r[g]ék - F[’V];k) (2.24)
In addition, we also have the constraints

2A

R(g) — |k|§ + (trgk)?, (2.25)

0 = Vikj, (2.26)

which are conserved throughout the term of evolution as a consequence of the Bianchi identity.
V? = 0 essentially corresponds to the spatial harmonic gauge. This Cauchy problem with constant

mean extrinsic curvature and spatially harmonic gauge is referred to as ‘CMCSH Cauchy’ problem.

2.2.1 local well-posedness and gauge conservation

[150] proved a well-posedness theorem for the Cauchy problem for a family of elliptic-hyperbolic
systems that included the ‘n + 1’ dimensional vacuum Einstein equations in CMCSH gauge. [229]
sketched how to apply the theorem of [150] to a gauge fixed system of ‘Einstein-A’ field equations.
Since the ‘Einstein-A’ field equations only differ from the vacuum equations by the addition of some
rather innocuous linear terms, most of the technicalities of this extended application of their theorem
are straightforward to verify. There are however a couple of subtle points involving the elliptic
equations for the lapse function and the shift vector field. Firstly, inclusion of A > 0 seemingly
creates an obstruction to achieving a trivial kernel for the lapse equation (2.22). However, note
that we are primarily interested in negative Yamabe manifolds (see [107] and [229] for the relevant

definitions) and therefore the scalar curvature R(g) can never be positive everywhere on M yielding
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the following range of allowed mean extrinsic curvature (for cosmologically expanding solutions) by

virtue of the Hamiltonian constraint

2nA

o< T < — .
n—1

(2.27)

This condition indeed guarantees a unique positive solution of the lapse equation (2.22). Secondly,
allowing for the time dependent behavior of the background metric (a negative Einstein metric
in our case) introduces the extra term ‘—gjkatf[fy];k’ in the elliptic equation for the shift vector
field. However, our primary concern is the small perturbations about the background and the term
‘gl katf‘['y];-k’ acts as small perturbation (see lemma (3) and (4) for the relevant estimates). There-
fore, the extra term in the shift equation due to time dependence of the background spatial metric
does not affect the existence and uniqueness results. In a sense, these previous studies together com-
plete the desired local well-posedness for the ‘Einstein-A’ system. For this reason we shall mostly
refer the reader to the relevant sections of [150], [206], and [229] rather than reiterate the detailed
arguments herein. The most important point to note is that the local existence theorem provides the
time of existence in terms of the size of the initial data. Therefore, in the global existence argument,
if the appropriate norm of the perturbation is bounded, one may immediately use to local existence
to obtain the desired result.

In addition to proving the local well-posedness of the ‘Einstein-A’ quasi hyperbolic evolution equa-
tions, we also need to ensure the conservation of gauges and constraints i.e., whenever (g, k, N, X)
solve the ‘Einstein-A’ equations (2.20-2.23), the following entities, if vanishing initially, are zero

along the solution curve

A = 71t (2.28)
Vio= ¢"(Tlgli — ThI%), (2.29)
F = R(g)+7%—|k]? = V;V' - 24, (2.30)
D; = Vit —2VFk. (2.31)

One may show by direct calculation using the modified evolution equations (2.20-2.21) that the set
of constraint and gauge entities (A, V', F, D;) satisfy exactly the same induced evolution equations
as those given in equations (4.4a-d) in [150]. Thus the energy argument in section 4 of this reference
goes through unchanged and shows that if (A4, F, V%, D;) = 0 for the initial data (g(to), k(to)), then
(A, F,Vi D;) = 0 along the solution curve (g(t),k(t), N(t), X(t)). This completes the analysis of
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the desired local well-posedness and gauge conservation criteria.

2.3 Re-scaled equations

In this section, we convert the evolution and constraint equations to scale free equations after
rescaling the dimensionful entities by suitable powers of the conformal factor ¢? = 72 — ZLJ} (which
is strictly positive according to the condition (2.27)). Before rescaling, we observe that the solution

of the momentum constraint
Vikij =0, (2.32)
may be written as
k=KTT ¢ %g, (2.33)

where K77 is traceless with respect to g. We will obtain equations in terms of K77. We denote
the dimensional entities by a”~sign, while dimensionless entities are written simply without ~sign for

convenience. The re-scaled entities are given as follows

|
—N, Xi=-

L 1
4 T T
2 j)x » Kiy =K,

gij7N: ¢ ij

(2.34)

- 1
gij:ﬁ

where ¢ = —/72 — % such that % > 0. In CMCSH gauge, the re-scaled evolution and constraint

equations may be written as

2
drr = f’? (2.35)
2 N
Orgij = ¢T(T) NKST —2(1— ;)sz - @(LXg)ija (2.36)
o(T n—1

6TK£T — —(n — 1)K£,T — (T)N(Rij + 79@' - aij) (2.37)

+—¢(TT) ViV,N + LQST(T) NEITK™™

o(7) ﬁ y E rr (1) TTY ..

nr ( n l)gw (n—2)( n I)Kij - (LxK )Z]a
R+ "=l _gTTR — o, (2.38)
VKT =0, (2.39)

36



Here the new time coordinate is defined as

or = —Zo, (2.40)

o(r) = —e 7, (2.41)
N e +n?TiA1 (2.42)

with T being Newtonian like i.e., —co < T < oo. Note an important fact that 0 < #1) < 1 and

T

@ = ,/ZT*KE*T as T — oo. The re-scaled elliptic equations for the lapse function and the shift

vector field may be expressed as follows

AN + (KT +%)N:1, (2.43)
(1) i pivyvi i _ (1) Tik _ owj vk i
(A XT - RXO+ L) = DI @NKTI - 2w xR (gl
N 20(T)

~Thl) = 2=V = 1) = = L VINK] + g 0rT ]

2.3.1 Background solutions: conformal spacetimes

The fixed point solutions are computed as the solutions of the following set of equations in CMCSH

gauge i.e., by setting V¢ = 0 and taking 7 =a monotonic function of t (+ = 7 in this case)

0=—(n— DKL ~ @N(Rij +— L) + (:) V.V,N (2.45)
2 N N
+7¢£7)NKZ-TmTKij — %(; —1)gij — (n— 2)(z — DK
,@(LXKTT)M,
L=AyN+ (|KTT]? + %)N, (2.46)
X0 x0 — Ba) = YD N KT o0 XDl - Tl (2.47)
—(2 - n)V’(g —1)— %(T)VJNK? + g7 0rT ]
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Contracting equation (2.44) with K77 using the momentum constraint V;K T = 0, and integrating

over M, we obtain

/MMKTT 2y = 0. (2.48)
M T

Standard maximum principle arguments for the elliptic equation (2.43), yield estimates for the

re-scaled lapse

1
0< < N L 2.49
sp(RTTEy ¢ I =N =n (2.49)

which, together with equation (2.48) implies
K™ =0 (2.50)
on M. From the lapse equation (2.43), we immediately obtain
N=n (2.51)
on M. Substituting equations (2.50) and (2.51) into equation (2.44) leads to
Lxg|grr—g = 0, (2.52)

which implies that the shift vector field is a generator of the isometry group of M. After substituting
the available variables into the fixed point equation of the transverse traceless second fundamental

form (2.45), we obtain the re-scaled metric to be a negative Einstein metric

n—1
Rij(g) = — .z i (2.53)

Now, the isometry group of compact manifold M with negative Ricci curvature is discrete. Therefore,
the existing Killing fields are only trivial i.e., X = 0. A sketch of the proof is as follows. The

divergence of the Killing equation along with commutation of covariant derivative yields

~AgX"+ RiXT + V'V, X7 =0. (2.54)
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The trace of the Killing equation provides V; X* = 0 and therefore, after multiplying both sides of

equation (2.54) with X; and integrating over M, the following expression is obtained

n

1 y
5 9ii X' X g =0 (2.55)

/ V; X; VI X+
M n

which implies

P
If
o

(2.56)

everywhere on M. One observes that the unknowns obtained from the momentum constraint and
the dynamical equations satisfy the Hamiltonian constraint. Therefore, we have proved the following
theorem.

Theorem 1. Let M be a closed (compact without boundary) connected orientable n-manifold, n > 3,
of negative Yamabe type. Then the fixed point solutions of the re-scaled ‘Einstein-A’ flow (2.44-4.22)
on (T_,Ty) x M, —oo < T_ < Ty < 0o, have the Cauchy data (g, KTT,N, X )=(go, KI'T, No, Xo)

which satisfy the following equations:

Rij(go)zinrﬁlgOv KTT:O, N():TL, XO:0

For convenience, we may replace gg by v with

n—1
Rij(v) = — 7 i (2.57)
The physical variables are then given by
; 1 1 (2.58)
9ij = —39i5 = 5 onA Vi :
¢2 T = n—1
- N n
N = - 72:1/} =5 fff} , (2.59)
. X'
X = ——=0. (2.60)
2 2nA

If M admits an Einstein metric 7, then the corresponding re-scaled variables (v, 0,n,0) provide
constant mean extrinsic curvature Cauchy data (g, K, N, X) through equations (50-53) for a vacuum

spacetime with a positive cosmological constant on (—oo, —,/ ZL_/}) x M, locally expressible as

2d7'2 + 7 M)'yijdxidxj. (2.61)

n—1
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This so called ‘trivial’ evolution exists for n = 3 if and only if the spatial manifold M is hyperbolizable
(by the Mostow rigidity theorem). For n > 3, the existence of a negative Einstein space is sufficient
to guarantee the existence of this Cauchy data. This is the isolated fixed point for n = 3 and is

in general non-isolated (by virtue of non-trivial Einstein moduli spaces) for n > 3. The spacetime

(2.61) admits a globally defined time-like conformal Killing field Y = /72 — i’i’; O i.e.,

2T
Lyg"tt = ———— gL (2.62)

2 _ 2nA
T n—1

We therefore designate these spacetimes as ‘conformal spacetimes’. A summary of the results ob-
tained so far yields the following theorem
Theorem 2. Let M be a closed connected oriented n-manifold of negative Yamabe type. The

fized points of the non-autonomous re-scaled ‘Finstein-A’ evolution and constraint equations on

(—o0, —\/Z”j) X M with the gauge condition t = T and spatial harmonic slice gauge condition are
the ‘trivial’ spacetimes given by (2.61). Such spacetimes admit Y = (/72 — %87 as a globally
defined time-like conformal Killing vector field.

A second class of solutions of the re-scaled equations lying sufficiently close to and containing the one
described by the negative Einstein metrics will be of particular importance to us. These solutions

are described by

1
R(g):—nn X =0,N=0K'T =0 (2.63)

provided that ||g — v||lgs < €7 € Ein_nT—zl,S > 5 +2and € << [|y||gs. Small calculation
similar to the previous case together with lemma 5 shows that the space described by the set
{R(g) = -1, X = 0,N = 0,K"" = 0} satisfies the scale-free Einstein’s equations (2.35-2.39) in

CMCSH gauge in the limit % — 0. Clearly the centre manifold described by the negative Einstein

spaces in theorem 1 is a subset of the solutions {R(g) = f”T_l,X =0,N = 0,K™ = 0} since
Ein_% C M_n-1. We will designate the space of solutions {R(g) = f”T’l} lying sufficiently

close to the Einstein structure with metric g satisfying the spatial harmonic gauge condition the
‘extended centre manifold’ and denote it by M€ ,,_, NS, (the reason for such a notation will
be clear in section 4.1). Our intention is to prove that this extended centre manifold is indeed the

attractor of the Einstein-A flow.
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2.3.2 Linear stability of the conformal spacetimes

[229] constructed the following reduced Hamiltonian (while expressed as a functional of the reduced

phase space variables)

Hreduced a; Mg >0 (264)

of the dynamics which was shown to decay monotonically along the solution curves and achieve
its infimum precisely for the conformal spacetimes described by equation (2.61). Such a reduced
Hamiltonian plays the role of a weak Lyapunov function of the reduced dynamics, which indicates
that these background solutions may be stable against perturbations. Motivated by this notion we
conduct a linear stability analysis of the re-scaled equations about the background solutions. Let the
perturbation be (h;; = 6gij,5KijT = Kij;T,éN7 5X?%). However, 6N and 6 X' satisfy elliptic equa-
tions from which we prove that they vanish if the background metric is negative Einstein (which is
the case here). We state and prove the following lemma regarding the vanishing of the perturbations
to the lapse function and the shift vector field.

Lemma 1: Let M be a closed connected oriented n-manifold of negative Yamabe type. The fixed
points of the non-autonomous re-scaled ‘Einstein-A’ evolution and constraint equations on (—oo, f\/%) X
M with the gauge condition t = T and spatial harmonic slice gauge condition are the ‘trivial’ space-
times given by (2.61). Let the perturbations about these background solutions be (h;j, 677" SN, X?).
Then 6N =0 and 6X° = 0 everywhere on M.

Proof: Perturbation of the lapse equation leads to
1
ALON + ﬁ(SN = 0. (2.65)

Application of the standard maximum principle immediately yields 6 N = 0 everywhere on M, which

completes the proof of the first part. Perturbation of the shift equation yields
AL6X; — R[Y];;0X7 = 0. (2.66)
Now, multiplying both sides with X? and integrating over closed M, we obtain

/ (6X'AL6X; — 6X'R[Y]ij0X7 )y = 0, (2.67)
M

| (V01sXITR16X, — RR)gSX 6XT) iy = 0, (2.68)
M
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Substituting R;;[7] = —%5t;; yields

/(vw(szV[]aX +—s gméX 6XJ> wy = 0, (2.69)
M

which implies §X* = 0 everywhere on M, completing the second part of the proof. With the results
SN =0 = X", the spacetime perturbations (at the linear level) reduce to (hij, K;*,0,0). In the
next lemma, we prove that utilizing the constraint and gauges, the perturbations h;; to the spatial
metric may be reduced to pure transverse-traceless form with respect to the background metric.

Lemma 2: Let the perturbations describing the dynamics be (h;;, KTT) Full-filling the Hamiltonian
constraint by the perturbed data (gi; = 7vij + hU,KTT =0+ KET) through the constant mean
extrinsic curvature spatial harmonic gauge implies the transverse-traceless property of the metric

perturbations.

Proof: Variation of Hamiltonian constraint (2.38) reads
DR-h =0, (2.70)
which upon using the expression of the Frechet derivative of R yields
Astroh + VN7 hij — Rly)i;h" = 0. (2.71)

Following the Hodge-like decomposition, we may write the symmetric 2-tensor h;; as

hij = h?}T + i + (Lw)ig, (2.72)
where hTT is a symmetric transverse-traceless (w.r.t the background metric 7vi;) 2 tensor and f and

W are a function and vector field lying in suitable function spaces. Upon substituting decomposition
(2.72) into the variation of the Hamiltonian constraint and noticing A~ tr (Lw~y) + ViV (Ly7y)ij —

R[Yij(Lw~)¥ = 0 one arrives at

8 +9V,V,f - RIS =0, (2.73)

2A7f - R[’Y]f =0,
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where R[y] = —2=1. Noting that the operator (2A, + “=1) is invertible on compact M, we imme-

diately obtain

~
Il
o

(2.74)

throughout M. The vector field W may be obtained in terms of f through the following elliptic
equation, which follows from the variation of the spatial harmonic gauge condition (i.e., variation
of the tension field). At the linear level, the gauge condition ‘id : (M, + h) — (M, ) is harmonic’

yields

¥* (Cly + hlj, = Thlj) =0 (2.75)
2V;h" — Vitryh =0
—V'f = 20,W* +2R[y];W7 =0

A L 1 .
AW = Rp[jW = — V' f. (2.76)

Now substituting f = 0 and R[v];; = —%5 75, yields

n—1
n2

AW+ Wt o= o. (2.77)

n—1
nZ2

Again, invertibility of the operator (A, + ) in compact M implies W = 0 throughout M.

Therefore, h;; = hg;T7 which concludes the proof.

Following the previous lemma, we need only consider the perturbations of the transverse-traceless
type and no information is lost doing so. We will denote hz;T simply by h;; if there is no confusion.

Now the linearized equations of motion around the background solution take the following forms

orhij = MKTT (2.78)

T i

n

oKl = —(n-1)KL" - né(r) ((mﬁ + 1hij> , (2.79)
T

n2
where we have dropped 6N and §X? following lemma 1. We may now obtain the wave equation for

the metric perturbation as follows. Using the perturbation to the Ricci tensor

2(n—1)

0Ri; = [_Thij + (R kijm + RV kjim)B™™ (2.80)

1
2
=V V[V]mhis)
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along with v h;; = 0, V[y]mh™ =0, and h = y*~ilhy; # §g%, the wave equation for the metric

perturbation takes the form

62h2-j 2nA ah”
T2 + (n - ]-) + m oT (281)
2
T
+f2ET§ 02 (A hij + (R kijm + RO kjim)B*™) = 0.

Let the Laplacian be defined as A, = —V[]"V[y];. Utilizing the eigenvalue equation of the linear

differential operator on the right hand side of the previous equation i.e.,
Ashij + (RN kijm + RV kjim)B™™ = Ahgj, (2.82)
the wave equations for the transverse-traceless metric perturbations reduce to the following set of

ordinary differential equations

82hij 2nA ahz] ¢2(T) 2 _
972 +|(n—1)+ =172 aT + (1) An“hg; = 0. (2.83)

Here, we assume that the negative Einstein spaces are stable, that is, A > 0. No example of an
unstable, compact, negative Einstein space is known [206]. Therefore we will assume A > 0. This
leads to the result of [161] in the limit of A = 0. The time coordinate T satisfies the following from
equation (4.48)

¢* 0 0

which yields the range of T as (—oco,00) for 7 € (—oo,—/224). Note that for h in the kernel of
the differential operator i.e., for —A,hi; — (R[Y]kijm + B[V kjim)h*™ = 0, (i.e., A = 0) the equation

reduces trivially to

27 .. .
0%hi,j 2nA ]ah” _ (2.85)

+ -1+ ——
or? (n—1) (n—1)72] OT
which yields asymptotic stability following the fact that the damping coefficient is strictly positive.
Asymptotic stability of perturbations lying in the space orthogonal to the kernel of £ may be shown
by explicitly constructing a Lyapunov function and deriving its monotonic decay property in the

time future direction. Let us convert the second order equation (2.83) to a system of first order
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equations by substituting h;; = v and 7 = v

Ooru = %v, (2.86)
orv = —(n—1v-— M112)\u, (2.87)
T
Let the Lyapunov function be defined as
E = 102 + an)\uQ (2.88)
2 2 ’ '
the time derivative of which reads
dE
< 0

i.e., energy decays monotonically and % = 0 only when v = 0. The equations (2.86) and (2.87)

2T T

together with the decay of the Lyapunov function yield dru < e ' v < e ' as T — oo and

therefore u remains bounded and limits to u* < oco. The asymptotic solution is as follows

lu —u*| < e 2T, (2.90)

o] <e T, (2.91)

We may prove the future completeness of these perturbed spacetimes at the linear level as follows.
In order to establish the future completeness of the spacetime, we need to show that the length
of a timelike geodesic goes to infinity. For a family (homotopy class) of rectifiable timelike curves

¢:[a,b] = R x M, the length of its geodesic representative is computed as follows

b
sup / VGV dt = dy(a,b) = 15(C), (2.92)

where C is the geodesic representative of the family ¢ and § is the spacetime metric. Note that the
problem arises due to the fact that these family of curves are not necessarily uniformly timelike.
Here we will use a theorem proved in [223], which serves as sufficient condition for the geodesic
completeness. Such condition is satisfied in this particular case and therefore future completeness
holds.

Theorem [223] Sufficient conditions for future timelike and null geodesic completeness of a regularly

45



sliced spacetime are that

1. |[VN|4 is bounded by a function of ¢ which is integrable on [a, 00)

2. |K|4 is bounded by a function of ¢ which is integrable on [a,00) for some a < oco. Note that
both of these conditions are trivially satisfied in our case of linearized perturbations. We will obtain
a separate proof of future completeness in the fully nonlinear case. Theorem 3: Let M be a
closed connected oriented n-manifold of negative Yamabe type. The background solutions (2.61) of
the Finstein-A evolution and constraint equations on (—oo, — ZL_‘}) x M with the gauge condition

t = 7 and spatial harmonic slice gauge condition are stable and future complete against linear

perturbations.

2.4 Fully nonlinear perturbations

Theorem 3 provides us with a notion of stability of the background solutions. However, it leaves
out the fully non-linear evolution of the small perturbations. The reduced Hamiltonian described
in equation (2.64) is always at hand and may be used to study fully non-linear and arbitrarily large
perturbations. But, it seems to control only the H' x L? norm of the reduced phase space data
(see [161] and [229] for a definition of reduced phase space). However, following the local existence
theorem developed here, we need to control the H* x H*~! norm with s > 5 +2, n > 3. Therefore
we construct a Lyapunov function of the dynamics which indeed controls the required Sobolev norm
(L? norm of the s > 5 + 2 spatial derivatives) of the fully non-linear small perturbations. We show
that it decays along the solution curve if we start sufficiently close to the background spacetime. In
addition, as mentioned previously, finite dimensionality of the Einstein moduli space in the case of
higher dimensions (n > 3) has to be addressed carefully in order to show the attractor property of
the centre manifold. However, before doing so, a few important geometric notions are to be discussed

which have substantial impact on the stability analysis in the case of the spatial dimension n > 3.

2.4.1 Deformation space

Here we provide a brief description of the deformation space of the Einstein structure necessary for
the nonlinear analysis. Details can be found in several studies [98,206]. The background solutions
of the Einstein-A flow in CMCSH gauge are the conformal spacetimes as described in the previous

section. The spatial metric component of these conformal spacetimes is a negative Einstein metric
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i.e., the spatial metric satisfies

n—1
Rij(v) = —7%;* (2.93)

Let us denote the space of metrics satisfying equation (4.16) by £in_ -1 and consider the following

n

map

F:M — M, (2.94)

n—1
v o= Ri(n) + i

where M’ is a subspace of the space of symmetric (0,2) tensors. Ein_n = F~1(0) will be a

n

submanifold of M provided that the Tp-1 (o) F is surjective (i.e., I is a submersion). The differential

D(Ric+ "n}l ~)-h may be reduced to a second order elliptic differential operator acting on the variation

h, whose adjoint is injective and thus Tp-1 () F' is surjective. The tangent space of Sin_% may be

n

calculated as the kernel of T, F. The operator T, F = D(Ric + ”n;l ~) may be decomposed in terms

of the Lichnerowicz type Laplacian L, via
TyF -h = Lh—2§"6h—NV[y]d(trh), (2.95)

where Lh;; = Ayhi; — 2R[Y]ijh*, (5h); = V[ hij, and (6*Y);; = —%(Ly~)s;. The space of

symmetric 2 tensors S2M may be decomposed as
S?M = CTT(S?°M) @ (F(M) @) @ ZM(L), (2.96)

where CTT(S2M), F(M), and ZM(L) are the space of symmetric transverse-traceless 2-tensors, the
space of functions on M, and the image of the Lie derivative L acting on v with respect to a vector
field Y € TM (a section of TM to be precise), respectively. In local co-ordinates, this decomposition

may be represented as

hij = h?}T + fvij + (Lyy)ij- (2.97)
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The kernel K(T,F) at v € F~1(0) may be obtained through the solution of the following equation

LW + fy+ Ly~y) — 20*6(h™" + fy+ Ly~) (2.98)

—Vd(tr(h™ + fy+ Ly7)) = 0,

where we notice that £L(Ly~)—20*6(Ly~y)—Vd(tr(Ly~)) = 0 and thus Lyy € K(Tycp-1(0)F). The

remaining terms lead to
(LR™T)ij + (A f)vig — 2f Rig + ViV f + V;Vif =nViV;f = 0, (2.99)
which upon taking the trace yields
2(n —1)Af —2R(v)f = 0. (2.100)

For v € F~1(0), the scalar curvature R(y) = —2-1 and therefore f = 0 everywhere on M. The
resulting tangent space of Ein_ no1 = F~1(0) consists of the kernel of the operator £ (a subspace of

the space of transverse-traceless symmetric 2-tensors) and the image of the Lie derivative operator

with respect to a vector field
Ty&in_n—r =ker(L) & ZM(L). (2.101)

Let 7o € &in_x-1 and V be its connected component. Also consider S, to be the harmonic slice
of the identity diffeomorphism i.e., the set of v € £in_x—1 for which the identity map Id : (M,~) —

(M, o) is harmonic. This condition is equivalent to the vanishing of the tension field —V'* that is

~VF = (T[]} = Tholf;) = 0. (2.102)

For v € &in_ n1, S, is a submanifold of M for v sufficiently close to v [206,229]. The deformation

space N of yg € Ein_ no1 is defined as the intersection of the yp—connected component V C £in_n-1

n

and the harmonic slice S, i.e.,
N=VnS,. (2.103)

N is assumed to be smooth. In the case of n = 3, the negative Einstein structure is rigid which
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follows from the Mostow rigidity theorem [96,121] and this structure corresponds to the hyper-
bolic structure up to isometry. For higher genus surfaces Ygenus (genus > 1) in two dimensions,
the deformation space modulo isotopy diffeomorphisms is the Teichmiiller space diffeomorphic to
RS9emus=6_ For n > 3, it is a finite dimensional submanifold of M. Examples of higher dimensional
(n > 3) negative Einstein spaces with non-trivial deformation spaces include Kahler-Einstein man-
ifolds [178]. [206] provides the details of constructing numerous negative Einstein spaces through a
product operation. Therefore, we do not repeat the same here. Readers are referred to the afore-
mentioned paper.

Following equations (2.101), (3.73), and (3.74), the tangent space T, in local coordinates is rep-

resented as

v

30 RTTI 4 Ly, (2.104)

where hTTIl € ker(£) = CTTI(S2M) c CTT(S?M), Y € X(M) satisfy
~[VOI"VlmY " + Ry Y™ + (T L) ™ (T — Tlolmn) = 0,

and, {q“}fl”:"{(N) is a local chart on N, X(M) is the space of vector fields on M (in a suitable function

space setting). Also note that the space of transverse-traceless tensors may be decomposed as follows
CTT(82M) = CTTIN(S2 M) @ CTT+(S2 M), (2.105)

where CTT+ is the orthogonal complement of ker(£) in CTT(S2M). An important thing to note is
that all known examples of closed negative Einstein spaces have integrable deformation spaces. Note
that the extended centre manifold is correctly defined as the intersection of the e—neighbourhood of
deformation space N in an% NSy, that is, MinT,l nS,,v € Einfnn;; (since the spatial harmonic
gauge is imposed, the metric must lie in the submanifold S, as well). Obviously, N'C M ,_, NS,
and TN C T(M€ ,_, N'S,). This concludes the business of describing the centre (and extended

centre) manifold of the dynamics.

2.4.2 Perturbations and shadow gauge

The previous section describes the non-trivial deformation space of a negative Einstein structure.
The presence of a non-trivial deformation space necessitates the consideration of perturbations L?

orthogonal to the deformation space of the Einstein structures forming the center manifold of the
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re-scaled dynamics. Perturbations tangent to the deformation space are trivially stable at the linear
level, which was shown earlier and will be repeated later as well. For the treatment of the orthogonal
perturbations, we invoke the shadow gauge introduced by [206] in addition to the constant mean
curvature spatial harmonic gauge (CMCSH). Let v € N and consider metric g € M close to o such
that ||g —7ol|ms < J, and ||y —o||ms < 6 imply that ||g—~||g= < 2J through the triangle inequality.
The shadow gauge is defined by requiring that the perturbation (g — v) be L? orthogonal to the
deformation space N. Adopting the local coordinate system {q®}2_; on N with N = dim(N) < oo,
the local basis for the tangent space of A/ may be written as % = hTTIl 4 Ly y. The shadow

gauge condition is equivalent to

Iy
< (9 =), £ >z = 0, (2.106)
oy
/M(gij - %J')Tqaﬂv = 0,
where %:’1: = ffyim’yj”ag%. Technically, this shadow condition is equivalent to v being a projection

of g onto A. In other words, there is a projection map P : M — N such that

v ="Plgl. (2.107)

Noting that the space N is assumed to have smooth structure, this projection, in a sense, is a

smoothing operation. We call v the shadow of g. The time derivative of v in A/ may be obtained as

Lal
oT

dg

DPlg] - a7

(2.108)

The expression for DP[g] may be obtained by time differentiating the shadow metric condition i.e.,

d oy
L O 2.1
T 05 =) G = 0 (2:109)
Oy 9 o9 g’
i — )2 (2 90 2.11
/M aTg] Dq° ey + /M(gj ’YJ)aqb( 9g7 )6T [y ( 0)
NI 0Yim O¢° ij O Og®

1
o 9 ey 9y =0,
+Q/M(“‘“ ") 5 B art T |, B agr or'™"
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iy Oy — 0Yij ~imnjn OYmn P . 07vij
M gt gty = Jar B VY Bgat by s invertible due to

where the matrix — gt

being a basis

for T, . For the small data limit i.e., (¢ —y) < 20,6 > 0, the combined matrix

0 afyij 87ij l 8'Yl'm
— A m 2.111
B / (915 — 7ij) <3qb( dga )+ g Y ag My ( )

67ij im jna’)/mn

is invertible as well yielding the following time evolution of the shadow metric - in the deformation

space

8qb _ —1\ba 87”

o7 = ~B7) /Mangjiaqa [y (2.112)
i _Nij g ba/ oy

T 8(]17 (B ) MaTgmn dq° ’

where % may be obtained from the re-scaled field equation (2.36). This is again equivalent to

the following projection operation DP : TyM — T\ N

oy dg

— =L A1
57 DP[g] a7 (2.113)
In a sense, the following estimate holds
oy dg
— g < — | gs— .
Il < Cll e, (2.114)

for some constant C' = C'(§) > 0. More generally, one may have the following estimate for z € T,

(9 € U C M) while considering the projection operation P : T,U — T/ N

IDP - 2|+ < O|l2]] e (2.115)

In a sense, the projection is a smoothing operation. We are primarily interested in studying the
evolution of sufficiently small however fully nonlinear perturbations under Einstein-A flow. In order
to do so, we need to first define the small data. The background solutions (conformal space-times
(2.61)) may be expressed in terms of the re-scaled variables (7, N = n, X' = 0) after dimensional-

ization by suitable factors of ¢? = (72 — 5’5}

) > 0. In addition to these three entities, we also have
the corresponding background re-scaled transverse-traceless second fundamental form K77 = 0.

Therefore, the complete set of small data is defined as the difference between the background and
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perturbed solutions i.e., (g — 7, K17, % — 1,X) whose norm is sufficiently small in the suitable
function space.

Now we state and prove a series of important lemmas which shall be required later to obtain several
important estimates.

Lemma 3: Let s > §+2, 70 € Sin_% and N be its integrable deformation space and v € N'. Also
assume g € U C M and U is a neighborhood of N in M and g € U satisfies ||g — vo||lgs < § > 0.
Let z € TyU. Then

A" DI y|DP -z HY — H® (2.116)
satisfies the following estimate

|17 DT WIDP - 2l s < C(8)]1y = ol [are 2| o1 (2.117)

with C'(6) > 0.

Proof: Following equation (3.75), any element belonging to 7,A' may be written as
ho o= KWTT 4 Ly, (2.118)
with Yl satisfying

V"V [ ]m YT+ REYTI™] 4 (BT 4 Ly 7)™ (T[] (2.119)

™ DT [y]h for h € T,N may be written as

2" DI Y]rnh = 4™ (VI mhien + VI ahmk = V[Y]khmn) (2.120)

= 29"V hyn — V] (trs ),
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from which " DI [y]hTTIl = 0 follows immediately and the remaining terms lead to the following

equation

29" DI Y] b = 29"V (Ve Yn + VI Ye) = 2VH] (VY Y ™)

=295 (VY VYY" + Rk Y™) + 2V [ ]" VY = 2V (V] Y ™)
=2(V"VaY' + R, Y™)

=2(Ly iy + K™ (C[y]hn — Tholin)

= 20" (T[] = L10) i) -
Now, using the previous expression, for 7y close to 7y, we have the following estimate

V™" D[]l < Clly = 0llas

hl

o1 (2.121)

which upon substituting 7,N' 5 h = DP - z together with (2.115) yields the required estimate

Iy DT, [DP - 2| e < Clly =30l

P (2.122)

We have therefore proved the lemma.
Lemma 4: let s > § + 2,7 € Ein_%, and N be the integrable deformation space of vy, and let
v € N be the shadow of g i.e., Plg] =, g € U C M with U being a neighborhood of N in M and

g € U satistying ||g — vo||ms < d for some 6 > 0, then

lg™" DT, [VIDPlg2llas < C(6) (Ilg — Vl|ers + |17 = 7ol )

2] et (2.123)

for z € T,U.
Proof:

g"" DT, [V|DPlgz = (g™ — ™) DL, |y - DPlgz + 4™ DIy, |y - DPgz,
lg™" DT, [V DPlg2ll s = [|(g™" — ™) DT}, |y - DP|gz
JF’YmnDFinnH - DP|y2||ms

< |[[(g™" =A™ DLl - DPlgzllas + [y DLyl - DPlgz||ae.
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Application of lemma 1 in conjunction with (2.122) yields the desired estimate

llg™" DT [MDPlg - 2l < C(Ilg = Al + 1y = v0lla2e) 12l [ o1 (2.124)

Lemma 5: let s > § + 2,7 € &'n_%, and N be the integrable deformation space of vg, and let
v € N be the shadow of g i.e., Plg]l =, g € U C M withU being a neighborhood of N in M and

g € U satisfying ||g — vo||lus < for some § > 0, then the following map

P HSY (xX(M) - HTHX(M)), (2.125)

X = AX'—R[gXT + VXM Tlgll, - Thliy) (2.126)

is an isomorphism.

Proof: Let us say v¢; is the flow of the shift vector field X and thus a one parameter group of
diffeomorphism of M. Therefore, by ¥, at a fixed time, we may push forward and pull back the
sections of the tangent and the co-tangent bundles, respectively. The negative of the tension vector

field is defined as a section of the tangent bundle T'M and locally expressible as
veo= " (Clgli — Thjw)- (2.127)
The co-vector counterpart of V' may be pulled back and dualized as

WV) = (Wig)"i((Tlg] = Tk (2.128)

= (Wig)" (T[iglhe — TWiv)ke) -

The right hand side follows as a consequence of the tensor transformation property of the difference

of connection coefficients (I‘;k) Differentiation with respect to s at s = 0 yields

d , d

(@m0 = T (Wig)™ (Tiglis — TIWEA5)) oo, (2.129)
LV = (290 (Tlglix — Thli)
7 (Dl gl — T i) oo,
LV = Lyg?* (Dlgliy — i) + 07 (00" glin — D) oo

ds
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Using the formula for the Fréchet derivative of the connection coefficients, we may obtain

Tl = 50 V5 (@ 0hmilsm0) + V(e (20)im)omo)

S ds
d *
_vm(ﬁ(wsg)jk)\s:o)]
1.
= 59”” (Vi(Lxgmk) + Vi(Lxgjm) — Vi (Lxgjx))
1 .
— §glm(vj(Vka + ViXm) + VeV X; + Vi Xom)
—Vin(ViXj + V; X))

(V(Jvk)Xl + gim(Rknjm + Rjnkm)Xn)

N = N

(VIglG Vgl X" + (Rlg)ns + Rlglin)X™)

where V(; X;) is the symmetrization of V;X; i..e, V(; X}y := V;X; + V,; X;. Similarly the following
holds

d

—Lipli)ls=0 =

= (VG VIl X+ (RO + Rlrling) X™) - (2.130)

N | =

The previous expressions altogether yield

LxV' = (=2V[gf X*) (Tlgli — T[vik) + ¢7F[VIgl; VIgle X' + Rlglin, X"

—VN; Ve X" = R[] X"

which leads to

AgX' = Rlgl;X7 + (2V/X*)(Plglj — Tlylje) + Lx V' (2.131)

= —g*(VIV; VIR X + R[] X™),

AgX' = R[g[;X7 + 2V X*)(T[g]5 — T1]5) (2.132)

=~ (VY ; VIV eX" + R[Y]jn; X ™).

upon imposing the spatial harmonic gauge condition V* = 0. Given that we’ve established the rela-

tion (2.132), it is sufficient to show the injectivity of the map X — —g/*(V[y];V[7]p X’ + R}, X™)

(a map from HST(X(M)) to H*~1(X(M))) in order to prove the isomorphism property (then sur-
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jectivity will follow from self-adjointness) of the map P. Let Z € ker(X — —g/*(V[y]; V7] X* +

R[]}, X™) ie.,

" (V[Y; Ve Z + R}, 27 = O, (2.133)

which upon multiplying both sides by Z; and integrating over M after imposing V* = 0 yields

/(—gjkV[’V]jZinZi+gij[V]ikaniZ")ug = 0. (2.134)
M

Now g is sufficiently close to v and Ric,(Z, Z) = —"“52v(Z, Z) < 0. Therefore g/* R[Y]iyn; Z'Z™ < 0

is satisfied leading to
Z =0, (2.135)
and therefore

ker(X = —¢’"(V[); VI X' + R[Yjn X)) = {0}
This concludes the proof that P is an isomorphism between H*t! and H*~!.
Using the previous lemmas, we will prove three additional lemmas which will be crucial towards
proving the stability results.
Lemma 6: Let s > % + 2. Let By 5(70,0) C H® x H*™! be a ball of radius § centered at (vo,0)

72 2nA

and (9, K™") € Bys(70,0). Let (t% — 222) > 0, r = ——2=L9, = —%287, and assume that

—1 T

the CMCSH gauge condition is satisfied. Then there exists a constant C = C(0) > 0 such that the

following inequality holds for any T satisfying —oco <T1 <T < Ty < 00

N
1= =l < Cl|K™T|1%. ... (2.136)

Proof: Let’s consider the re-scaled Lapse equation

1
AgN + (KPP + )N = 1 (2.137)
n

and substitute @ = % —1lie., N=n(l+ Q). We obtain
1

AgQ+ (KT +)Q = —[KTTP (2.138)
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Clearly, as (|KTT|2+1) > 0, “Ay+(|KTT|?41)id” is an isomorphism of H**! onto H*~!. Therefore,

n n

from the elliptic regularity of “Ay + (|[KTT|? + 1)id”, we may write the following inequality [104]
1.
1@l < OB + (KT + 2 )id) Qs (2.139)
and using equation (2.138), we may immediately write
Qs < CIETT |2, (2.140)
or
N TT |2
|\;—1||Hs+1 < CK"|5s-1- (2.141)

We have thus proved the lemma.

Lemma 7: Let s > % + 2. Let B, 5(7,0) C H® x H*"! be a ball of radius 6 centered at (7o,0)

2_ 2nA

and (g, KTT) € By 5(70,0). Let (12 — 224) > 0 and Or = —T%”@T = —%287, 0< 2D <1, and

n—1 T

assume that the CMCSH gauge condition is satisfied. Then there exists a constant C = C(6) > 0

such that the following inequality holds for any T satisfying —oo <1y <T < Ty < 0

-
X [moer < C(HKTTHHH+g|\KTTH%rs—1)- (2.142)

Proof: The elliptic equation (4.22) for the shift X reads

Ag(@xi) - R[g];i(@xj) + (2Vj(@X’“))(F[g]§-k —Thljx) =
20 N KT Dyl - Thlie) - 2 - m Vgl (G~ 1)
2Ol NET 1 g orT .

and we have proved in lemma (5) that the operator P : H**1 — H* 1 i.e.,

X' e AgX' = Rlgl X7 + 2V XF(Dg]j — T5)

is an isomorphism and thus the following estimate holds

[1X]

pe < ClAGX" = Rgl;X7 + 2V X (Plgl — Tl -
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Therefore, use of the shift equation yields

T .
H@Xllmﬂ < g™ OrT [Vl = (2.143)

Note that every term on the right hand side of the equation (2.143) is of second or higher order
except the last term g/*drT[4]%,. Using the estimate (2.123), and the re-scaled field equation (2.36),

and 0 < @ < 1, we obtain

mn '3 ¢(T
g™ 0rTThl e < Clg — Ve + 117 — ol ) 12D X o

™(T)
)

HI== KT o + || KT [3a)

(1) T
< €= (llg =Mz + by = ol ) (X[ zress + KT e + 5HKTTH§{5—1)7

which upon substituting in (4.47) leads to the desired estimate

X[ < Clllg = Alas + 11y =0l ) UX | greer + [ETT | e (2.144)
T
+5HKTTH12L15—1)-

Obviously, we can find a constant C' = C(d), such that the following holds for sufficiently small

(lg =Ms + 117 = olla+)
C(llg =z + v —70llm=) < 1. (2.145)

Therefore, we have the following estimate for X

TT T\ 7TT
X asr < CUKT e +$HK 1:-1), (2.146)
and thus we have proved the lemma. Notice an important fact that the potentially dangerous term g
which satisfies e” growth as T — oo appears in the lemma. However, as we shall see, this dangerous
factor cancels with its inverse in the energy inequalities which will be derived later.

Finally, we obtain an estimate on the term @X + Yl which is stated in the next lemma.

Lemma 8: Let s > 5 +2. Let B;s(7,0) C H® x H*~! be a ball of radius § centered at (vg,0)

2_ 2nA
n—1

and (9, K*T) € B 5(70,0). Let (1% — 224) > 0 and Op = . 0 = —%287, and assume that

T

the CMCSH gauge condition is satisfied. Then there exists a constant C' = C(0) > 0 such that the
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following inequality holds for any T satisfying —oco <T1 <T < Ty < 00
1D vl < OOy Al KT s+ KT ),
Proof: Now let’s consider v € N. Thus, T,N' 5 977y may be written as
ory = h'" 4+ Ly,
where hT7 is a transverse-traceless tensor and Yl solves the following equation
— [V mY " + Bl Y™ + (R Ly i)™ (T = Tholmn) = 0.
We have already shown (2.120) that the following equation holds

Y OrT ()i = Y™ D[] 01y = Y™ DT []L,, (BT + Ly 1)

=" DE [ Lyiy = (VOI"V Y+ RO Y ™)

(1) Xz) _ R[,ﬂz

T m

Now adding (—V[y]"V[v].((
obtain
2,7 — Rl (" o) + 299 (A x4y gl — Tl

J

HE V(A x) — R (A2 xm) = A0 o T4y gl — Tl

~(2- n)vwg S
4Ol + (VBT h (B2 X - R, (A xm)

LVl A2 X + ROl A ) + (VR A X

T

Rl (P xm) = X o kT gl ) - 2 - VI Y )
2O Gl VKT + g orT i + (V1 Vil (C ) — i, (A xm)

T T T
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(2.148)

(2.149)

(2.150)

(@Xm)) to both sides of equation (2.143), we



VBVl AD X — Rl (A7 ) = 20 N kT gl - Tl

Ny 200)

—(2- n)V[Q]i(; -1 VIgV NK]" + g"*0rT]5

Hom = gV x) — R, (2T ),
Now adding —(V[y]"V[1].Y" + R[y]},Y!I™) = —y™"37T[7]i,,, to the both sides of previous equa-
tion, we obtain
(*Vh]"v[v]n(@xi + vl — Rm;(@){m +ylimy) (2.151)

_ @(2NKTJ"“)(F[Q]% ~Thl5) — (22— n)V[g]i(% —1)- @V[Q]jNKJ'Ti

+g 0Tl + (7 = ) -Vl V(X )

R A2 X)) — o),

= (VYL (X x v Rp (AT g i)
= X N KT gl - T - @ - VI Y - 1) - 22T gy

o = ™ TV (A D ) R, (2T x)

T myni
+(g™" = ")V -
Now after applying estimate of % — 1, X, smoothing operation by shadow gauge ||g—%\|coo <
||g—%|| ge—1, the elliptic regularity of the operator P, and the algebra property of the space H®
for s > 7, we note that every term in the right hand side of the previous equation contributes at
least to a second order. Trivial power counting of % yields

(1)

T

o(T
XV < O lg - A KT s + KT By, (2152)

H )
for some C' = C(4) > 0. This concludes the proof of the lemma.

In order to construct a Lyapunov function and to establish its decay property, we need the evolution
equations for the small data (g — v, K77). Through the following lemmas and utilizing equations

(2.36)-(2.37), we arrive at the final set of evolution equations required to define an energy functional

(Lyapunov function for small data) and obtain its estimate.
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Lemma 9: Let (go, KIT,N,X) = (7,0,n,0) be a fived point solution of the re-scaled ‘Einstein-A’
equations, where R(7y) = —"n%l’y. Define u = g — v,v = 2nK*'T, and w = % The ‘Einstein-A’

evolution equations are equivalent to the following system

¢

8T7-Lij = %wvij — ;Xth/]muij — hz;-TH + 2(w — 1)(uij + ’Yij) (2.153)

¢ - m
~(LexpynVig = — (Wim VX +um; VL X™),

Orvij = —(n — 1)v;; — %nzwﬁgﬁu”— — %vammvij - 2$n2w(R[g]ij
-1 2
+n7gij — aij) + %nQViij -+ %U}UimU;—n — 2%(11} — 1)(uw —+ ’Yij)

(1) 5

—(n—2)(w—1)v;; — %(vimV[fy]ij + U VIV X™) + STn WOV},

where ¢ =12 — iL/} >0, v = gmlvlj, and Op = —%287.

Proof: A direct calculation after substituting the transformed variables u = g — v, v = 2nK”7T,
and N = nw along with the fact that 0 # g—% € T,N and thus g—% = hTTIl 4 Ly v, we thereby
obtain the evolution equation for u.

Now, we need the following lemma.
Lemma 10 [206]: The following holds for R;;|g]
-1 1

n
R;; l9] — Q5 + 792’;‘ = i‘cg,'y(g - ’Y)ij + Jij, (2.154)

where aijj = $(Lvg)ij, Lghij = Ngyhij—2R[Y]iah®, Ag by = _tvh]m(gmnﬂgvh]nhij); and

Jij satisfies the following estimate
1 lms-2 < Cllg =l (2.155)

Proof: A direct calculation using the definitions of £, and A, , yields the result. Note that £,
is just £ defined in section (4.1).
Using this lemma (10), the evolution equations follow from a direct calculation.

Lemma 11: The evolution equations for u and v are equivalent to the following system
¢ ? m TT|
Ooru = SW— ;X Vy]mu — "N+ 2(w — 1)y + Fu, (2.156)
¢

orv = —(n—1)v— %nzwﬁgﬁu - ;XmV['y]m’u + Fo, (2.157)
where (Fu)ij = Q(w—l)uz‘j—(Lgxww\W)ij—%(uimv[v]ij+umth]iXm) and (F,)ij = —22n?wJ;;+
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?rﬂvivjw + %wvimv;" — 2%(11) — 1) (uij +755) — (n—2)(w —1)v; — %(vimV[v]ij +vm; V7)) +
8@n3wvimv;”, and they satisfy the following estimates

Proof: Trivial.

2.4.3 Linearization

Even though we have already established the linearized stability, we may quickly reprove the re-
sult using the dynamical equations obtained for the perturbations. Here, we construct an energy
functional (Lyapunov function) for the linearized equations, which will motivate the construction of
the energy functional for the fully nonlinear stability problem. At this point, we have dynamical
equations for perturbations both parallel and perpendicular to N'. However, we will see shortly that

the parallel component of the perturbation is trivially stable. Once again the fixed points satisfy

wo =

N ) —1
—=1,X5=0ug=",R(y) = —”7%1;0 = oamKIT = 0. (2.158)

Linearization about these fixed points preserving the gauges and constraints i.e.,

ou=uTT sv =0T w=006X = o,é(fx +Yl)y=0,nT"N = 2yl (2.159)
T T
together with the field equations yield
Lo_ 90
Oru— = U (2.160)
opoll = —(n—1)l, (2.161)
orvt = —(n—1)vt - vaﬁvﬁul‘, (2.162)
T

where we have used the L? orthogonal decomposition u’? = oTTIl 4 TTL TT = TTIl 4 TTL,

and Tl =0 (at the linear level, u is L? orthogonal to N'). We immediately obtain as T'— oo

oll(T) = e~ (= DT =T0)yll () (2.163)
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The linearized equation for the L? orthogonal component satisfies the following pdes (let’s write

ut =wand vt = v for simplicity)

Ooru = -uv, (2.164)

orv = —(n—1v— @n%ﬁwyu, (2.165)

¢
-

where the operator £, - satisfies the eigenvalue equation
Ly,X = AX (2.166)
with
A>0. (2.167)

Note that the eigentensor corresponding to A = 0 is tangent to the centre manifold . Such
perturbations are trivially stable as evident from equation (164). Since, on the compact manifold,
the spectrum of the second order elliptic operator is essentially discrete, we need to focus on the
minimum positive eigenvalue of £, . Let the positive minimum of the spectrum of £, , be Ao > 0
e, A> X >0 VA€ Spec(L). Clearly, the coupled pde system can be reduced to the following

pair of odes

oru = —v, (2.168)

orv = —(n—1)v— @nQ)\u. (2.169)

In the linearized analysis section, we have already constructed a Lyapunov function for this system.

The most natural energy (Lyapunov function) may be defined as follows
(2.170)

The energy £ is positive semi-definite and vanishes precisely when (u,v) = 0, that is, at the fixed

points. The time derivative of the energy reads

dr€ = —(n—1)v? <0 (2.171)
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Therefore, we observe that the energy £ is monotonically decaying. Utilizing well known theorem of
dynamical system, strictly monotonic decay of Lyapunov function implies asymptotic stability. As

T — oo, we have the following decay
o(T) Se T opu S e Ju—ut| Se T, (2.172)

Here we have utilized the fact that @ ~ e T as T — oo. Using the evolution equation, we observe
that the re-scaled metric converges to a limit metric (in the space of metrics with constant scalar

curvature —2=1) as T — oco.

2.4.4 Non-linear perturbations

From here onward, we will focus on fully non-linear perturbations to the background solutions. Let

us fix a background metric 79 € £in_»-1. Let N be the deformation space with respect to y9 and

n2

assume vy is close to g. There exists a harmonic slice S, C M as the solution of the following

equation satisfied by the tension field equation i.e.,
Vi=g* (Tlg)s — T},) = 0. (2.173)

We want to consider (g € M, KTT) which satisfies the constraint equations (2.38-2.39) as well as
the harmonicity condition that the idenitity map ‘id : (M, g) — (M,~)’ is harmonic. Let us denote
this constraint slice by S. ., corresponding to S,. Following the analysis of [151] (see lemma 2.3),
we may represent the constraint slice S., as a graph over its tangent space, that is, we may write

(9, KTT) € S, in the following form

g—v = ulT 42 (2.174)
mKTT = o774, (2.175)
where v and vTT are transverse-traceless with respect to v with < z|u?? >;2= 0, < vTT|r > .=

0, and [|z][z= < C([[u™™ ][} + [T ][}.1), and [Ir|lge—r < C([™T | + 7T [F.-) for € > 0.

From here onward, we will write u and v (resp. v) for u77 + 2z and v*7 +r, respectively for simplicity.
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2.5 Constructing the Lyapunov functional: definition of Energy

The spectrum of the self-adjoint operator £, , will play a vital role in the definition of the energy.
In general for a closed manifold, the spectrum of L, . is non-negative (because, we have assumed

that the compact negative Einstein spaces are stable) i.e., A satisfying
Ly X =AX (2.176)
also satisfies
A>0. (2.177)

We will observe later that A = 0 case is trivially stable provided the smallness condition (H® x H*~!
norm) on the initial data is met. Let us re-write down the fully non-linear evolution equations for

(u,v) € By 5(0,0),

oru = ng - %XWV[W]mu — WP 4 2w — 1)yi5 + Fu, (2.178)

¢

orv = —(n—1w-— %n%}ﬁgﬁu - ;XmVMmU + Fu, (2.179)

where (Fy)i; = 2(w*1)uir(fo+yu’Y)z‘j*%(Uimv[ﬂij+UmjV[’V]iXm) and (F,)ij = —22n*wJy;+
Ln?V,Vjw+ Lwvim o]t — 22 (w — 1) (ug; +7i5) — (0= 2)(w = Doi; — £(0im V] X™ + vy V[Yi) +
8=+ (T) n3wvlmvj , and they roughly satisfy a third order estimates. The exact estimates will be de-
rived later (when necessary).

Motivated by the energy associated with the linear stability analysis, we define a natural wave

equation type of energy (can be read off from the evolution equations) as follows

1 . 2 ,
&= 5 < ’U|[,Z_1’U > —l—% <ully u>p: (2.180)
1

25/ (vig L1 ver) ™ 7 g +—/ (i L)y 47 g
M

The lowest order term &£ may be explicitly calculated as follows

1 i j 712 mn .t
51 = 5/ Vij V1Y k’YﬂMg + ?/ (V[’y]mu”V['y]nuklg y k’yjl
M M

—2R[y]; ™ ; ”Umnukwikvjl)ug- (2.181)
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The total energy may be defined by summing all order energies up to s
£ =) & (2.182)
i=1

This energy is positive semi-definite and it vanishes only when (u,v) = 0, that is, on the centre
manifold. We will now check the non-negative definiteness of the hessian of the energy functional,
which will be used to obtain several useful estimates. The first variation of the energy with du = h,

and dv = k at (0,0) vanishes
DE(h,k) = O, (2.183)
ie., (u,v) = (0,0) is a critical point of &. The second variation about the critical point yields
S ) S )
D2E((hk), (h,k)) =D < kLI k>p2 40 " < B|LL h>po
i=1

i=1

and we immediately obtain the positive semi-definiteness of the hessian of energy using the spectrum

of L,
D2E,((h, k), (h,k)) >0 (2.184)

with equality holding if and only if A = hT7!l and k = 0. Therefore (0, 0) is a non-degenerate critical
point of £&. Once we have established the positive semi-definiteness of the hessian of the energy
functional, we use this property to obtain a control of the desired H* x H*~! norm of the data (u,v)
in terms of the energy. The following two lemmas will in fact provide such control of the desired
norm.

Lemma 12: Let (v,9, K*T) be such that (g — ) satisfies the shadow gauge and g — v = wu,
2nKTT = v. There exists a constant § > 0 sufficiently small, and a constant C' = C(§) > 0 such

that if (u,v) € Bs(0,0) € H® x H*~', the following estimate holds

iz < € (1 e+ llelfps) (2.185)
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Proof: Following the shadow gauge (u is L?-orthogonal to A), we may write

<(g=) "N+ Lyy > = 0 (2.186)
<U||+UL+Z,hTTH+LyH’y >r2 = 0
<7.l,||,hTTH >L2+<Z,hTTH+LyH’y >z = 0

where we have used the facts that < u™, K77l >;>=0and < u”T, Ly v >,2= 0. Using the relation

obtained, we may say that ull is a smooth function of z which satisfies

12l < CUu 70 + ([0 [[Fe0), (2.187)
and therefore, ull satisfies the following estimate

llall|l e < € (w1 + [0l Frea) - (2.188)

Using the above definition of the energy together with the positive definiteness of its hessian at
(0,0), we have the following crucial lemma which together with the lemma (12) will yield a control
of the H* x H*~! norm of the data (u,v) in terms of the energy.

Lemma 13: Let s > § +2, v € Sin_nn;zl, and Es be the the total energy defined in (2.182). Then
36>0,C=C(8) >0, such that V(u,v) € Bs(0,0) € H® x H*1 the following estimate holds

a1 + [oll3e-s < CEs. (2.189)

Proof: We have observed the positive semi-definiteness of the hessian of the energy functional while
restricted to the subspace H5 = Hip | x Hi2! (in local co-ordinates (u', v)). Thus, D2, : Hip —

Image(D?*E,) is an isomorphism leading to the following inequality
| + ollfe-s < CD2Es - ((h, k), (b, k), (2.190)

for some finite C' > 0. Now, using a version of the Morse lemma (Hilbert space version) on the
non-degenerate critical point (0, 0), we obtain that there exists a ¢ > 0 such that for variations lying
within Bs(0, 0) and restricted to H5-, the following holds up to a possibly non-linear diffeomorphism
Es = £4(0,0) + D2E, - ((h, k), (h, k) = D?Es - ((h, k), (h, k)) (notice that £(0,0) = 0). Therefore, we
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prove the lemma

a7 + 0] |Fe1 < CE,s (2.191)

Using the previous two lemmas (12 and 13), we immediately obtain the following crucial result

lullZrs + [ol[Fo-1 < CE,, (2.192)

which clearly shows that the energy controls the desired norm of the data (u,v).

2.6 Decay of the energy (or the Lyapunov function)

In this section we study the time evolution of the total energy functional. In order to obtain the decay
property of the energy, we state several necessary lemmas. Utilizing these lemmas, we compute the
time evolution for the lowest order energy and following analogous calculations, the time evolution
of higher order energies are obtained. Since ||A||gs1 S ||A||ms2 for s1 < sz, we will bound every
Sobolev norm of a tensor or a vector field by its maximum available Sobolev norm. Occasionally we

will use the Sobolev embedding |[A[z~ < [|A||ga for a > § and the following product estimates

1AB|m= < (|Allz=l|Bllms + |Alla:[[Bllz<),s >0, (2.193)

n
1ABllsr- N\ Alle||Bllres > 5, (2194)
I[P A]Bl|a S (VA< |[Bl| gote—r + [[All gote|| Bll <), P € OP®, s > 0,a > 0,

where OP® denotes the pseudo-differential operators with symbol in the Hormander class S§ , (see
[175] for details). The first and second inequalities essentially emphasize the algebra property of

HsN L*® for s > 0 and of H® for s > 2

5, respectively. In addition, we of course use integration by

parts, Holder’s and Minkowski inequality whenever necessary.
Lemma 14: Let s > § +2, v € Ein_n”;; be the shadow of g € M, g —~v = u, 2nK*T = v, and

assume there exists a § > 0 such that (u,v) € Bs(0,0) C H® x H*~1, then the following estimates
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hold

¢
O [ < Lout™ > ) < 2l ol (2195)
(2) /M <u, 0pLg u> pg = /M < OrulLgu > pg + Ry |R| < Cllul|3s|[v]] -1,
ij o
@) [ <v0> g 0rgimg < O ol + ol

vllZ),

e+ [Jullf

@) [ <Ly g90r05m) < CCE o

Hoo1)s

(5)| / o XVl > gl < Ol B + Ilo]
M T T

¢ m ¢
(6)] /M — < Lo, XV > pg| < O(=ul 2 ol me=r + NullZe 0] %0-1),
and C' = C(6) > 0.
Proof: (1) Using the self-adjoint property of £, -, we may write
/ < Ly u, WISy = / <, Ly hTT > g (2.196)
M M
We have
1 mn
(Agn’h)ij = _;vh]m (g Ug(v['}/]nhij)) (2-197)
g
and the definition of £,
Lyrhij = Agqhiy — 2R agh™, (2.198)

= *gmn(vh]mvh]nhij) - va[’Y]mhij - 2R['7]ikjlhkly
= =" ="V VVnhii) = Y™V V] V[V hij
—2R[]ijih™,

= =" =Y"")N V[V ]nhis) + Loy yhig,
where we have used the identity V[v]m(,ugg’l)m” = —V"ug, and set V™ = 0. Replacing h by RTTI

Lol = — (g™ ™) (T Vn)uhf ) (2.199)
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as a consequence of EvﬁhTT” = 0. Now we will exploit the shadow gauge condition to obtain an

estimate of ATT!l. The shadow gauge reads

)
<g-— 7|# > = 0, (2.200)

<alhTTN 4 Loy >2 = 0 (2.201)
which upon time differentiation becomes

< 8Tu|hTT”a + Ly a7y >12 +second order terms = 0,

< %wv - @XmV[’y]mu — W 4 Fy n TS 4 Loy > 12

+second order terms = 0.

Now, using the estimates on (w — 1), X, and F,, and the identity < ATT|Lzy >72= 0 for any

transverse-traceless tensor AT and vector field Z € X(M), we immediately obtain

< ?v — BTTI|RTTI > o 4second order terms = 0 (2.202)
-

which leads to

RTTI = ?v” + second order terms, (2.203)
T

where v!l is the projection of v onto the subspace of TT tensors belonging to the kernel of Ly~. Now
using the equation (2.199), we observe that every term of < u, L, ,h" 7!l > is of at least third

order and the following claim follows

¢
|/ < Lgu, AT > o | < C;||u||%[ V|| gs-1. (2.204)
M

2) We need the estimate for the term < u|0pL,,u >r2. Using the explicit expression for £, -,
97 97

we may write

OrLguij = O (Agquij — QR[’Y]ikjlukl) ) (2.205)

= I (—g""(VINmVIVntij) = V"V [mui; — 2R iggou™)
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and imposing spatial harmonic gauge V? = 0

OrLyyui = Or (_gmn(v[’)’]mv[’)’]nuij) - QR[’Y}ikleM) )
= Or(=g"" (V[YmV [Ylnuij) = 2DRMinje - dry)u™

—2R['y]ikjl8Tukl.

Let the operator ¢™"V[v],,», V[v]n be denoted as D, then we write

0D|g, 0D|g,
3TD[9’7]U1‘J’ = (% -O0rg + % '8T’Y)Uij + D[gﬁ]aTuij
g9 Y
which yields
o 9Dy, 9D|g,7] -
OrLy ui; = Lg0rui; — ( 99 org + By Ory)uij

—2(DR[Y]ij1 - Ory)urt.

(2.206)

(2.207)

(2.208)

Since the metric « is now time dependent, we need to control the terms involving 0. Fortunately,

we do have the shadow gauge at our disposal. Utilizing the smoothing operation via shadow gauge

i 97 4 99
one readily bounds 5 in terms of 5%

|Ory|lers < CllOrgl|pe-1-

On the other hand, we of course have the estimate for g—% from the evolution equation

dg 0] ¢
5l S (;HKTTHHH + X e + 1K Fa0)

which yields through || X||ge+1 S ([[KT7||gro=1 + S| KTT|3.21)

3|
10ry||ze < T o1

In fact, following the C*> topology of the deformation space N, one may write

10r7llco S BT o1

(2.209)

(2.210)

(2.211)

(2.212)

Therefore, one is led to the conclusion that the term —(m -Org+ 9Dlgn] -0ry)uij —2(DR[Y]ikji -

dg O~y
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Ory)u! satisfies a second order estimate. This estimates together yields the desired result

< u|8T£g.Yu > = < 5‘Tu|£g,,yu >r2 +C||u||%,§

. (2.213)

99i5 .
57 using the

which concludes the proof of the second part. (3,4) Let us explicitly compute g%

evolution equation

W2 — _op(l—-—)-Z= X0). 2.214
9 = —an(1 - =) - £(9lglix) (2214)
Therefore, we obtain the following expressions
ij N ¢ i
<v,v> g70rgijpg = —2n <v, o> (1——=)+=V[gliX") ug,
M M n T

¢

g N _
/ <u, Ly u> gi0rgijn, = —271/ <u, Lgu> ((1 - Z) + TV[g]iXZ) Ly
M

M

Now we invoke the elliptic equation for the lapse IV

1
AGN + (|KTT)? + )N = 1. (2.215)
n

An straightforward maximum principle yields the following estimate for N
N<n (2.216)

throughout M yielding 1 — % > 0 and since, < v,v > and < u, L, ,u > are non-negative definite,

we may immediately write

/ <wv,v > gij(?Tgij,ug < —2n?/ <wv,v> V[g]z')(",ug7 (2.217)
M T JMm

/ <u, Ly > g90rgijpg < 7271?/ <u, Ly u>VgliX ',
M T JM

yielding the desired estimates

[ < v > 90rgimg < CCMG s + o), (2.218)
M

g é
[ <untgu > 0ngsmy < N lolles + ool )

upon utilizing the estimate of X from lemma 7. (4) and (5) are straightforward to obtain using

72



the estimates of X, NV in terms of v. Importantly, it is clear that each one satisfies a third order
estimate. The following lemma characterizes the temporal evolution of the lowest order energy. The
higher order energy behaviour may be computed in a similar way.

Lemma 15: Let s > 5 +2, v € 5in_nT_21 be the shadow of g € M, and assume there exists a § > 0

such that (u,v) € Bs(0,0) C H® x H*71, | then the following holds

Or&r = —(n—1) <vlv >p2 +A;, (2.219)
with Ay satisfying
¢
Ar < Ol o3+ -+ e ol e + el + e e (2.220)
02 b s
+7_Hu||HS vl o1 + T\|v||Hs,1),

and C = C(6) > 0.

Proof: A direct calculation using equations (2.156)-(2.179) yields

2 2
n n
oré =< U|8TU >r2 +? < 8Tu\£gﬁu >2 +? < u|8T£gy.yu >z

1

o o O
1 /M((Uz‘jvklwkvﬂ + n? (i Loyur)y ") g™" g

“oT Hg

_/M((Uijvkl)ﬂg+n2(uij£g,yukl))/y ’Yk ,y]lai;ug

=<v|—(n—1)v— %anﬁgﬁu - %XWV[’Y]mU + Fy, >p2
n’ ¢ P m TT|
—l—? < —wv = ;X VV]mu —h" T+ 2(w — 1)y + Fu|Lgyu >p2
n2
t < ulOrLyu >r2 +B

2
=—(n—1) <v|v>g2 _¢ < V| XV [Y]mv > 12 —7;—¢ < XMV y]mu|lLgyu >p2
T T

n? TT 2 n’¢
-5 < AT L, > 12 +n? < (w—1)y|Lyu > 12 5 < wvu|Lg U >p2

n2 TL2
+3 <u|l0rLgu >r2 + < v|F, >z +? < Fullgu >r2 +B.

Now utilizing point (2) of lemma (14), we may write

/ <u,0rLg u> pg = / < OrulLyu > pg + R, |[R| < Cllu| 3| |v]] g1,
M M

and therefore the time derivative of first order energy (note that ||g—%|\ s S ||g—-%|| p= from shadow
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gauge) becomes
¢ m n2¢ m
oré 1 =—(n—1) <wvlv > - < | X"V[y]mv >p2 - < XMV[y]mulLgyu >p2

2
n

—n? < WL, ., > 420 < (w — 1)y|Ly u > 12 —2—;5 <wulLg~u >pe

n2

+27’

<wulLyu >p2 4+ <[ Fy > +n? < Fullyu>p2 +B

2
=—(n—-1)<v|v>pe —g < V| X"V [y]mv > L2 —nT < X"V y]mulLgyu >p2

—n? < BT L, >p2 +20% < (w — 1)y|Lyqu >12 + < 0| F, >

+n? < Fu|Lyu >p2 +B.
We note that the potentially problematic term % < wv|Lg u >p2 gets cancelled in the previous
expression. Now we will estimate each term in the energy expression utilizing lemma (14) and the

basic inequalities stated at the beginning of this section. Once again, we will bound every term by

their maximum available Sobolev norm (since ||A||mgs1 < ||A||ms2 for s1 < s2). The following holds

| <ol X"VImv > 12 [ S Mollfe + llolEn | < X"Vimul Lo qu >1e |

oy
@

¢
Ul | < WLy > 12 | S —llullfre

-
S MullFellol e + $HUII%S ol ms,

| < (w - 1)'7|£g7'yu >r12 | 5 ||U’||‘Hg

¢
VllFe-1,B S —llollzre-s + [0l

oll3ems.

vllzra- + [ful 7

2
2l
Now, let us compute the product < v|F, >2 and < Fy|Lg u > 12

< | Fy >p2= —2n2? <vlwJ >p2 +2n* = < 0|V @ Vw >p2 —i-? < vlwv - v >
T T T
2¢ 39
—— <v|(w—=1)(u+7)>r2 —(n—2) <v|(w—1)v >2 +8n°= < v|wv-v >
T T
_¢ <vvoVX >p2,
-

< Fullgyu >r2=2n < (w—Du|Lyu >r2 —n® < Lo x iy iV|Lgyu >1

_nzf <uoVX|Ly u >po2,
T

where (V ® Vw);; = V;V,w, (v-v);; = vimv}", and (voVX)j = vimV; X™ + v, V;X™. Once

again utilizing lemma (14), basic inequalities, and the elliptic estimates for the lapse function and
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the shift vector field, each term of the above expressions may be estimated as follows

| < vlwd >p2 | Sl |vllgs-1, | < 0|V @ Vw >z | < |Jo][3e-1, (2.221)

| <wvlwv v >pe | S [Jolfgen, | < ol(w =D (u+9) >z | < |lullasl[o]f3s,

| <vl(w—1)v > | < ||v||‘}15_1,| <vlwv-v > | S ||11H§1,S_17

T

| <vlvo VX >pa | S [[olffe-s + 5llv\|§qsfl, | < (w=DulLyyu>p |
¢
S llzrl[ollfre- | < Loy pyutlonu >rz | S ~llullze|lollae-r +
T
lul e [ollFs 1, | < wo VXL yu >re | S llullfe o] g1 + gIIUII%S ol

Note that the dangerous factor é cancel out in the time derivative of the energy by its inverse

%. Utilizing these estimates and carefully counting powers of %, we obtain the desired differential

equation for the first order energy &;

oré = —(n — 1) < UlU >r2 +A1, (2.222)
with A; satisfying
(ALl < Ol ol + e o+ o4 (2223)
Ll ol B+ Ll ol + Zlfelions)

This proves the lemma.

Now we need to derive the time derivative of the higher order energies in order to obtain a time
evolution of the total energy. In order to do so, we need a few additional estimates. The next lemma
provides the required estimates.

Lemma 16: Let s > 5 +2, v € Sin_n%l be the shadow of g € M, and assume there exists a § > 0
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such that (u,v) € Bs(0,0) C H® x H*™1, then the following estimates hold

i 1)
()| / <L u T > gl < O Jull2.
M T

|, (2.224)
(2) /M <w,drLl u> pg = /M < Orulll u> g+ R IR < Olull o] o1,
i ¢
(3)/ <, Lyv > g"0rgapg < C(|lollfe- + ol
M

vlls),

Vllpre=r + |l e

(4) /M < u,L‘ZWu > g™ 0rgrip,) < C($||u||%1
O [ 2 < L5z, X"Vl > sl < OCElres + ol

’UH?-IS*l)a

(6)] /M = <Ly, XMV [ > gl < O lul e [0l 2 + [[ullZ:

T

for2<i<sand C =C(5) > 0.

Proof: Following a calculation analogous to that of lemma (14) and using the formula for the
higher order estimates provided in the beginning of this section (i.e., the product estimates and the
commutator estimates) for s > 5 + 2, each of the claims follows.

Now that we have the necessary estimates, we may obtain the time derivative of the higher order
energies. The following lemma states the time derivative of the higher order energies.

Lemma 17: Let s > 5 +2, v € Einf% be the shadow of g € M, and assume there exists a § > 0

such that (u,v) € Bs(0,0) C H® x H*™1, then the following holds for 1 <i <'s

Or&i = —(n—1) <v|Lilv>p2 +A;, (2.225)
with A; satisfying
Al < Cllullalollz—s + lull s 1ol 7s + [ollz— (2.226)
¢ 2 2 ® 13
+Zllulla 1ol + Sl ol + Zlfol-),

for C =C(6) > 0.

Proof: A calculation analogous to that of lemma (15) and the higher order estimates from lemma
(16) directly yield the desired result.

Now that we have concluded with the proofs of the important lemmas, we will study the time

evolution of the total energy. The time derivative of the total energy may be written using the
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lemma (15) and (17) as follows

o€ ° i s
o7 = —(n=1) <ol + ) A, (2.227)
i=1 i=1
where each A; satisfies higher order estimate
Ai < C(l[ull [0l Fre—r + llullzre [0l + o]l 5 (2.228)

2l el By + Ll ol + Zlfelions)

The above expression may be rewritten as follows

o€ : .
TS ((n=1) = C(|[ull s + ||ullFr + [[0][F:)) D < vlLy v >pa (2.229)
=1

CLATHTIY)
:

S

using the fact that [[v]|3.., S Yiy < ol v >pe|Jullfe + [v|[f.0 S € Also note that

~ ~

[v|| o1 < EY2. Now notice that zero eigenvalues of £, ., would correspond to the trivially

[lul e

stable case for small data. If (u,v) € ker(L, ), then

o0& 10

— < 2n-1)E+C=EY? 2.230
& < atn-ne+c? (2230)
and if the initial data is sufficiently small in H* x H*~!, then £(T) < e 2~ D(T=T0) 35 T — oc.
Therefore, we will focus on perturbations (u,v), satisfying < v|£§;71v >r2> 0 V1 < i <s. Note
an extremely important fact that the possible feedback term (which might lead to energy growth)

[|v]|gs-1€ is multiplied by a factor of g Noting that % ~e T

as T — oo, one immediate guess
would be that the energy at least remains bounded if the initial energy is chosen to be sufficiently

small. Now the time derivative of the energy may be further reduced to the following form

o0& - i—1
S ((n 1) - C\/E) 2 <olLiv > (2.231)

+C$||v\|HS_15. (2.232)

Now, if the energy is sufficiently small (i.e., (u,v) € B5(0,0) € H® x H*~! such that £ < (%z)? for

example), then the first term contributes a negative factor and for such small data limit, the linear
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terms ||v||gs-1 are absorbed in the constant and the energy satisfies

< L .
< C=€, (2.233)

integration of which yields

- = on C
om T eTo 4 \fe=2To + Zak
E(T) < ETp)e <"V TR Zg(Ty) . (2.234)

_ /. — 2nA
e—T + e—2T + #
Therefore, we have the boundedness of energy at the limit 7 — 0o (limy_,eo (€77 +4/e~2T + 224 =

eSS

lim E(T) < C'E(Tp). (2.235)

T—o0
In order to close the argument, the following must be satisfied

n—1

E(T) < 50

(2.236)

to ensure that the first term in the inequality (2.231) contributes a negative term for all time (which
we assumed at the beginning). We enforce the following condition which will impose necessary

smallness condition on the initial energy £(7p)

(n—1)

It yields the following smallness of the initial data
—1)2
em) < =V (2.238)

4C2C"

Therefore, by ensuring that the initial data is small enough such that (2.237) holds, we ensure that
the first term in the differential inequality (2.231) always contributes a negative term. Therefore,
we close the argument and obtain that the suitable norm of the data remains bounded by the initial

data as T — oo if the initial data is chosen small enough i.e.,

&(T) 5 E(To), (2.239)
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or
(D) [7re + o (D) ge—r < [l To)l[Zrs + [o(To)l[Fe-- (2.240)

Now, since the time interval of existence depends on the size of ||u||gs and ||v||fgs—1 from the local
existence theorem, we obtain the global existence.

Even though we proved the boundedness of the suitable norm of the dynamical variables yielding
global existence, this is not satisfactory. We want to prove the attractor property of the Einstein-A
flow and as such we need to establish decay property of suitable norms. [206] showed the attractor
property of the Einstein flow with A = 0. Now, with A > 0 included, one would naturally expect that
the accelerated expansion should kill away the perturbations and drive the flow towards the centre
manifold (extended center manifold to be precise). However, we only seem to obtain a boundedness
of the energy without any decay. This is mainly due to the fact that we have underestimated the
large damping term —(n — 1) Y7 < U\Ez;fv >r2. Using an iterated scheme, we will now achieve
the sharp decay which does agree with the linear analysis as T — oo (as it should).

The following analysis holds in the limit 7' — oo. We will simply compute the time derivative of

-1 i—
Ey =20 <w|Litv>pe,s> 5 +2

s—1
d&, i
o S —(n—1) ;_1 <L v > e +C||o| |3 (2.241)
¢
+—(ollzre— + el oll5-2 + [ullae |[o]] =),

Note an important fact that we loose one degree of regularity because, in the computation of the
time derivative of &, := 3 >°7_; < v|£5 v >p> alone, the dangerous term Y 7 < Ly ulLi v > 2
does not get cancelled unlike the case of the time derivative of the total energy £. Therefore, we
loose one order of regularity. However, since we have s > 5 + 2, we will still be able to obtain the

desired pointwise decay estimate. The previous inequality may also be expressed as follows

dgv s—1 .
o < —((n=1) - Olv||3s-2) ;:1 <Lt >pe (2.242)
¢
+C;(HUII§IH [l e ][0l |32 + [[ull e 0] ro-2)
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2.2 <62 <22l and ||ul|gs < 6, we obtain

Recalling ||v|[3.—2 < el
d€ n—1%2 . é
< Z; <w|Lilv >pa +c;||v|\§,s_2(1 + ||| pre-1) (2.243)
¢
+C2 g el
= & C¢ 2 ngﬁ
= — (0= D&+ CElol2 1+ lull o) + a1 o] o
integration of which yields (n > 3)
EN(T) S e VI-Tog(Ty) + Ce T, (2.244)
ie.,
E<e T or ||| ge—2 S e T2 (2.245)
Using s > 5 + 2, we obtain applying Sobolev embedding on compact domain
(2.246)

o] S e T/2.

Now, note that this decay is not optimal. An iteration scheme would yield a better decay rate. We

go back to the expression of ‘ffT“ and observe

dgy s—1 .
o <—(n=1) 2_; <w|Li v > +CO||vl[F.- (2.247)
¢
FO—(Ilolf3s-2 + lullmre=sllvllre—2 + llull e [0l £2-2)
to obtain
(2.248)

Z‘ET” < —2(n—1)E, 4+ Ce” /AT 4 ge=2T

vl|ge—2) < e~ UHYAT/2 ysing the

since [[o]3.> S e, 2(|[ollfe-2 + llullge-alo]f.— + [[ull -

previous estimate. Therefore, the previous differential inequality yields

& < e YD o ||| ez < e (2.249)

80



Notice that we have gained a factor of 1/4 in the decay estimate. Using this estimate, in the next

iteration, we obtain

d&,
dT

< =2(n — 1), 4 Ce11H1/2041/2}T (2.250)

and subsequently

& < e—{1+1/2(1+1/2)}T7 or ||v|ge—z < e_%{1+1/2(1+1/2)}T. (2.251)

If we continue to iterate, we obtain the decay rate to be the sum of an infinite series, that is, the

final decay rate is computed to be

1 1 1 1 1 1
1+=1+=04 =1+ = = — = =2 2.252
+2( Jr2( Jr2( +2( kZ_OQk 1-1/2 ( )
Therefore, the final estimate reads
S e or |Ju]|ge—2 Se T (2.253)

Note that this is optimal in a sense that substituting this decay back into the equation (2.247)
. . . 2 —1 .
returns the same decay. Now we compute the time derivative of & = %3777, < w|L] u >p»

+3 Yo < v|Li v > which yields

s—1
d&, -
g <=1 ;_1 <olLi v > +C(|ull e + | |ul |31 (2.254)

¢
ol -2)lollFye 2 + C—|[oll -2

«—2 Se T and ||ul|gs—1 < &, we observe that every term decays exponen-

~

Utilizing the estimate ||v
tially s T = 00 f.e., Clllullgrs + lulls + 0l I0lres S €727, 2llollp 28, S T and

~

Yl < o|Li o > S e yielding

<e 7T, (2.255)

s dEs
ie., G#

decays asT — oo. In fact, we may show that & actually decays as T'— oo. Using the decay
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estimate ||v||gs < e~T and noting the order of each term

d&s

o < —(n— 1)0%e2T + 5% 2T + 52?1 (2.256)

= —((n—1)—20C6) 6% T,

Now of course there exists a § > 0 such that 6 < "2—61 yielding

d&
2.2
a7 <0 (2.257)
and ZETS = 0 if and only if ||v||s—2 = 0 since every term in the right hand side is multiplied by a

factor of ||v||gs—2. This indicates that the re-scaled metric converges to a limit metric. Now, we go
back to the evolution equation of the metric since, we have not yet established a sharp decay of the

metric. The evolution equation for the metric reads

2
8Tgij = ¢(T) NK;;T — 2(1

T

- %)gij - @(Lxg)ij- (2.258)

Now, we have estimated |[v||gs—2 = 2n||KT7T||gs—2 < e~T which yields through the elliptic estimate

(lemma 6 and 7)
N < ,—2T < ,— T
(= =Dl S e [ Xl S e (2.259)
Therefore, utilizing these estimates (s > 4 + 2) we obtain
10rgijllas—2 S e or ||0rgijllL= S e (2.260)

which implies that the re-scaled metric g decays to a limit metric « i.e., utilizing the evolution equa-
tion ||g — || g1 < e72T or equivalently ||g —7T||z~ < e727 from Sobolev embedding on compact
domain. The question that remains is what are these limit metrics? Invoking the Hamiltonian

constraint

R+ —— = |KTT]?, (2.261)
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one obtains

1
lim (R+ ) = lim |[K7T2 = lim ¢ 2" =0. (2.262)

T—o0 n T—o0 T—o0

This precisely implies that the re-scaled metric g;; converges to an element of the space M€ ,_; NS,

i.e., the extended centre manifold. The decay estimate is as follows
g =~ gar S e, (2.263)

where vf € M€ , . NS,. In summary, the metric g along with (K77, X, N) satisfies

. 5’gij . T
. . . n—1
that is
lim g(T) =~" (in H*~* topology) (2.265)

T—o0

with 47 € M€, NS,. This implies that metrics lying in M¢ ,_, NS, simply evolves to another

point in M€ ,_, NS, and metrics lying sufficiently close to A/ yet not in M€ ,_, NS, exponentially

n

converges to M€ ,_; NS, in infinite time. This completes the proof of the attractor property of the
centre manifold (exfended to be precise) under the Einstein flow. Theorem 5 formally summarizes
the result.

Once we have obtained the estimates for the perturbations to the primary dynamical variables

(u,v), the estimates for the lapse function and the shift vector field follow from lemma (6) and (7),

respectively
N
o =1l S e, (2.266)
[ X || s Se T (2.267)
and thus
N
1o =1l S e, (2268)
1] S e (2.269)
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following Sobolev embedding theorem on compact domain with s > 5 + 2. We proved earlier that

hTT” _ ¢

Tv” up to a second order correction and Yl is estimated by lemma (8). Therefore, the

following holds for ATTIl and Yl

1R N1 S €727, or [|WTT]|pe S 720 (2.270)

¥l S e or (Y]] S e 7. (2.271)

~

Therefore, we summarize the following decay estimates for the perturbations L? orthogonal to the

deformation space N/

dg _ _ _
lapllze Se Tollg =M= Se K 1= S e, (2.272)
N _ _ _ _
15 = Ul £ 21X Nlom S e Tl S 072 V1| S €727

For purely tangential perturbations (tangential to the deformation space A'), the following decay

estimates hold using (2.230), the elliptic estimates (lemma 6, 7, and 8), and the evolution equations

9 —-n —-n —(n—
Il S e, llg =TIl S € KT || $ =D, (2.273)

N
1= =z S 721X ][ S eI IR || S e

)

Y|z S 72T

Note an important fact that the asymptotic decay estimates of 9%, (g —+'), and K77 match with
the linear decay estimates as expected. Utilizing these asymptotic decay estimates for the relevant
fields, we therefore obtain the following theorem regarding the attractor property of the Einstein-A
flow

Theorem 5: Let (go, KIT) € Bs(7,0) € H*7! x H72 s > 5+ 2 with vo € N and assume the
triple (70,90, KIT) satisfies the shadow gauge condition. The Newtonian like time —co < T < oo

2

_2nA
is defined as the solution of the equation Or = . ==20,, with 7 € (—o0, —,/%) and A > 0

being the mean extrinsic curvature (constant) of the Cauchy hypersurface M and the cosmological
constant, respectively. Let T — (y(T),g(T), KTT(T)) be the mazimal development of the Cauchy
problem for the system (2.35, 2.36, 2.87, 2.38, 2.89, 2.43,2.44) with shadow gauge condition imposed

and initial data (7o, g0, KET). Then there exists a v* € N and a v € Me .- NSy such that the
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triple (vy, g, KTT)) flows toward (v*,~',0) in the limit of infinite time that is

lim (v(T), g(T), K™7(T)) = (v*,7",0). (2.274)

T—o0

and moreover either v1 = ~* or Pyt = 4*. Here P is the projection operator defined in (2.107).
In the limit of infinite time (infinite expansion of the physical metric), the complete solution satisfies

lim (+(T), g(T), K™"(T), N(T), X(T)) = (+",7,0,n,0). (2.275)

T—o0

In order to establish the future completeness of the spacetime, we need to show that the length
of a timelike geodesic goes to infinity. In other words, the solution of the geodesic equation must
exist for an infinite interval of the affine parameter. Let’s designate the timelike geodesic by C. The
tangent vector o = % = a0, to C for the affine parameter A satisfies §(o, ) = —1, where § is the

spacetime metric. As C is causal, we may parametrize it as (T,C?), i = 1,2,3. We must show that

limy 00 M(T') = 400, that is,

T

. d\

Noting that a® = %, we must show

T

1 ,
lim —dT" = +oo. (2.277)
T—o00 To (0%

We follow the method of [151] to achieve this. Showing that |[Na®| is bounded and therefore

limp o0 fT:Z NAT' = 400 is enough to ensure the geodesic completeness. We first show that |[Na?|

is bounded. Let’s consider a co-vector field Z,, = N 52 in local coordinates using the n + 1 decom-

position, where 4, is the Kronecker delta. This shows that o may be expressed as
a=Na’Z+W, (2.278)
where W € X(M). Noting g(a, @) = —1, we obtain

W2 =N*(a)” — 1. (2.279)
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Here g is the induced Riemannian metric on M. Clearly we have

W2 < N*(a?)”. (2.280)
Let us compute the entity % as follows
d(N*(@%)?) _ d . 2 . . .
—ar - ﬁ(g(a,Z))Q = @Q(OQZ)Q(OQV[Q]aZ)a (2.281)

where, we have used the fact that for C being a geodesic, V[j]oa = 0 and appealed to the Koszul
formula for the derivative. Using §(a, Z) = —Na® and writing the covariant derivative of the
spacetime metric as a direct sum of its projection onto the tangent space of M and the second
fundamental form of M, we obtain

d(N?(a”)?)

o7 = 2N (VN — K;;WW9). (2.282)

Decomposing K = K'7 + Z§ and noting that 7 < 0, we obtain

d

7 (In(N2(@))] < |IVN|[p=ig + INETT|| oo 5. (2.283)
Now, in the time coordinate % =1 and _74’2% = %, the spacetime metric reads
§=—N%t @ dt + §ij(de’ + X'dt) ® (dz? + X7 dt) (2.284)
NQ 4 ) Xth2 ) X2
=- f AT @ dT + gis (do' — 2 ar)(da? — X2 ar), (2.285)
T T T

and therefore N = Njf. Now, we utilize the estimate obtained for the lapse function and the
transverse-traceless second fundamental form. Note that these fields are not dimensionless and
therefore we need to multiply them with suitable powers of é ~ eT(2.34) to extract the dimensionless
part. We obtain, N = % = % and KTT = éKTT7 where N and K77 are dimensionless. Utilizing

the estimates || & — 1|/« < e7?7 and |[|[KTT||g.—> S e~ T (for s > 2 +2, from Sobolev embedding on

~

a compact domain, bounded H*® (resp. H*2) norm of N (resp. KTT) implies bounded L> norm,

IVN||z5 := supps V/GIViNVN, || KTT|| Lo 5 := supys /g7 GH K LT KTT), we observe that the

following holds

——(In(N?*(a”)?)| S e " (2.286)
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as T — oo and therefore N2(a®)? is bounded, i.e.,
N2 (a"*(T) < C (2.287)

for some C' < oo. Therefore, we need to show that limp_, f;; NdT' = 400 in order to finish the

proof of timelike geodesic completeness. Once again using N = \%7 the estimate (2.49)

1
<
sup(|[KTT?) +

- <N<n, (2.288)
and ||[KTT |1 S e7T as T — oo, we clearly see that N is bounded from below by a strictly

positive number and therefore

T
lim [ NdT' = +oc. (2.289)

T—o0 To

Therefore, the solution of the geodesic equation must exist for a semi-infinite interval of the affine
parameter. This completes the proof timelike geodesic completeness. The case of null geodesics can
be handled exactly the same way.

This proves the future completeness of this family of spacetimes. Previous analysis together with
the attractor property stated in theorem 5 yields the following global existence theorem.
Theorem 6: Let N be the integrable deformation space of vo. Then 36 > 0 such that for any
(9(To), KTT(Tp)) € Bs(70,0) C H®x H™L, with the triple (v0, g(To), KTT (Ty)) satisfying the shadow
gauge condition, the Cauchy problem for the re-scaled Finstein-A system with constant mean extrinsic
curvature (CMC) and spatial harmonic (SH) gauge is globally well posed to the future and the space-
time is future complete.

One might recall for A = 0 case that in order to obtain a sharp decay of the energy, [206] added
a correction term to the ordinary wave equation type energy. Ome could naturally ask whether
introduction of such a correction term is necessary, that is, can one just initially bound the energy
and later use the iteration scheme to yield the improved decay. However, there is a major difference
between the A = 0 and A > 0 case. In A > 0 case, we have the ‘good’ term % (which decays as
e~T as T — oo) which plays an extremely important role in obtaining the decay estimate. Roughly,
one sees in the second iteration from equation (2.247) that given the boundedness of ||u||gs-1, and
[[v]| o2 < e~ 7/2, the terms multiplied by £ adds an extra factor of 1 in the decay estimate of

¢
-
g would lead to a circular argument in the first step

|[v]|%/—2. In case of A = 0, the absence of

and prohibit one to obtain a decay estimate. Therefore, introduction of a corrected energy becomes
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essential. Physically, this behaviour is expected since addition of a positive cosmological constant
yields an accelerated expansion which is expected to destroy the perturbations. Sufficiently small
data and the positivity of the spectrum of the operator £, - are sufficient to establish the asymptotic

stability.

2.7 Concluding remarks

We have proved a global existence theorem for sufficiently small however fully nonlinear perturbations
of a family of background solutions (conformal spacetimes) derived from Einstein’s equations in
the presence of a positive cosmological constant. However, our current result assumes the initial
data to be within a small neighbourhood (in the proper function space setting) of the background
solutions, and as such is very far from stating a global result for arbitrarily large data. Nevertheless,
several interesting physically relevant features are revealed through the analysis. Firstly, consider
the case of n = 3 i.e., the physical spacetimes. Following Mostow rigidity, the Einstein moduli space
consists of a single point that corresponds to the hyperbolic geometry. Therefore, the background
spacetime is essentially foliated by compact hyperbolic manifolds which are locally homogeneous and
isotropic thereby conforming to the cosmological principle (astronomical observations that motivate
the cosmological principle are local). Notice that if we start with an inhomogeneous anisotropic initial
spatial metric sufficiently close to the background (in suitable function space settings), this metric
does not only remain within a bounded neighbourhood of the background, it actually approaches
the space of metrics with constant scalar curvature sufficiently close and containing the Einstein
structure. In addition, recent astronomical observations support the claim that the spatial slice of
the physical universe is indeed negatively curved (slightly). This notion together with our result
opens up the possibility of a rather exotic spatial topology of the universe (hyperbolic 3-manifolds
are topologically rich). Of course, our result can only provide an indication of such a claim being
true. A complete analysis would entail inclusion of suitable matter sources on the one hand and
treating arbitrarily large data perturbations on the other. While [166] proved the non-linear stability
of the small perturbations to the FLRW background solutions in the presence of irrotational perfect
fluid and a positive cosmological constant on T3 x R (and therefore flat spatial topology), such non-
linear stability of spacetimes foliated by compact hyperbolic manifolds (which is of physical interest)
is still open and the flat model is not likely a viable candidate for the physical universe. A linear
stability of spacetimes foliated by compact hyperbolic spatial slices in the presence of a perfect fluid

and A > 0 (compact variants of the ¥ = —1 FLRW model) is under preparation by the current
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author. [165] has recently studied the asymptotic behavior of a universe filled with matter sources
satisfying suitable energy conditions and a positive cosmological constant based on a monotonic
decay property of a suitably constructed Lyapunov function. While such a Lyapunov function can
treat arbitrarily large data, it can only control the lowest order norm (H' x L?) of the data and
therefore, is unable to state a result regarding global existence (at the physically interesting classical
solutions we are interested). In a sense, any definite result regarding the evolution of the physical
universe requires global existence (or blow up in finite time) for large data perturbations.

This question of global existence is far from obvious and an extremely important (and difficult)
open problem in classical general relativity. Global existence is known to be violated for some
known examples of spacetime via formation of black holes. These include Schwarzschild, Reissner-
Nordstrom, Kerr spacetimes, where a true curvature singularity occurs within the event horizon of
the black hole. Even in the vacuum case, pure gravity could ‘blow up’ (curvature concentration)
i.e., gravitational singularities could prevent global existence or the spacetime could simply lose the
global hyperbolicity through formation of Cauchy horizons (Taub-NUT spacetimes for example). Of
course, such issues lead to the fundamental question of the Cosmic Censorship conjecture [111],
which still remains open. Available results related to the global existence address rather special
cases such as spacetimes with non-trivial symmetry groups [112,114,191] (and which therefore are
not generic) or where a certain smallness condition on the initial data is assumed [151,206]. There is
however a rather ambitious program under development by Moncrief to control the pointwise (L
norm) behaviour of the spacetime curvature through the use of light cone estimates [117]. This
method is recently applied to establish the global existence of Yang-Mills and Klein-Gordon fields
in curved spacetimes by the current author and Moncrief. Application of this light cone estimates
to establish the small data global existence for certain background solutions is currently under
investigation by the current author.

An interesting question which arises through our result is what role can these non-trivial exotic
topologies (H?/T', T' € SOT(3,1) proper, discrete, and torsion free) play in answering the question of
global existence or finite time blow up. In a sense, can the topological properties of these interesting
manifolds have any control on the fundamental question of large data global existence (or finite time
blow up)? Can the interrelation between the dynamics and topology provide crucial information to

handle the issue of global existence or finite time blow up, at least in n = 3 dimensions?
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Chapter 3

The linear stability of the n4+1 dimensional FLRW spacetimes

Here we prove the linear stability of a family of ‘n+1’-dimensional cosmological models of general rel-
ativity locally isometric to the Friedmann Lemaitre Robertson Walker (FLRW) spacetimes including
a positive cosmological constant. We show that the solutions to the linearized Einstein-Euler field
equations around a class of FLRW metrics with compact spatial topology (negative Einstein spaces
and in particular hyperbolic for n = 3) arising from regular initial data remain uniformly bounded
and decay to a family of metrics with constant negative spatial scalar curvature. To accomplish the
result, we express the Einstein-Euler system in constant mean extrinsic curvature spatial harmonic
gauge and linearize about the chosen FLRW background. Utilizing a Hodge decomposition of the
fluid’s n—velocity 1-form, the linearized system becomes elliptic-hyperbolic (and non-autonomous)
in the CMCSH gauge facilitating an application of an energy type argument. Utilizing the estimates
derived from the associated elliptic equations, we first prove the uniform boundedness of a energy
functional (controlling an appropriate norm of the data) in the expanding direction. Utilizing the
uniform boundedness, we later obtain a sharp decay estimate which suggests accelerated expansion
(for A > 0) of this particular universe model may be sufficient to control the non-linearities (in-
cluding possible shock formation) of the Einstein-Euler system in a potential future proof of the
fully non-linear stability. In addition, the rotational and harmonic parts of the fluid’s n—velocity
field only couple to the remaining degrees of freedom in higher orders, which once again indicates a
straightforward extension of current analysis to the fully non-linear setting in the sufficiently small

data limit. In addition, our results require a certain integrability condition on the expansion factor

and a suitable range of the adiabatic index vqq ((1, %) ie., (1, %) in the physically relevant ‘3 + 1’
universe) if the barotropic equation of state p = (Y44 — 1)p is chosen.

Recent astronomical observations [119,120] indicate a possibility that the spatial universe may
have slightly negative curvature. This leads to the consideration of the well-known FLRW spacetime

with negative spatial curvature as a possible cosmological model. Of course, the spatial manifold
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of this model is H3and it satisfies the global homogeneity and isotropy criteria as dictated by the
cosmological principle. However, the astronomical observations that motivate the cosmological prin-
ciple are necessarily limited to a fraction (possibly small) of the entire universe and such observations
are compatible with spatial metrics being locally but not globally homogeneous and isotropic. Once
the restriction on the topology (a global property) is removed, numerous closed manifolds may be
constructed as the quotients of H? by discrete, proper, and torsion-free subgroups of SO*(1,3),
with each satisfying the local homogeneity and isotropy criteria but no longer being globally ho-
mogeneous or isotropic. In other words, the indication of the spatial universe to have a constant
negative curvature opens up the possibility of quite ‘exotic’ topologies. In fact, there are infinitely
many closed (compact without boundary) hyperbolic 3—manifolds topologically distinct from each
other. Each such manifold may serve as a possible candidate model for the spatial universe. These
spatially compact model spacetimes may be written as the following warped product form in their

‘n + 1’ dimensional generalization

g = —dt @ dt + a(t)?yijdr’ @ da?, (3.1)

where R[v];; = —1v;;, t € (0,00), a(t) is the scale factor satisfying ;a > 0 for this expanding
universe model, and R[y];; is the Ricci tensor of the metric 7. Restricting to n = 3 yields the
compact hyperbolic manifolds by Mostow rigidity [121]. However, an important question remains
to be answered. Are the FLRW models (variants of FLRW to be precise since spatial manifolds
of these models are not globally isotropic and homogeneous only locally so) predicted by general
relativity? To conclude that they are may seem to hinge on proof that the purely theoretical FLRW
models with compact hyperbolic spatial parts are dynamically stable. A natural first step towards
such proof would be to establish stability at the level of linear perturbation theory.

The theory of cosmological perturbations and linearization stability is not new. A substantial
amount of work has been done on the topic by several authors (e.g., [123,124, 125,126]) since the
first study by [122]. Despite the tremendous amount of existing work in the literature, these are
not the ‘true’ linear stability problem rather ‘formal’ mode stability results where the relevant
fields are decomposed into modes via eigenfunction (of Laplacian) decomposition and the problem
is subsequently reduced to ordinary differential equations in time. However, the true problem of
linear stability concerns general solutions to the linearized Finstein-Euler system about (3.1) arising
from regular initial data, not simply the fized modes. Consider the following two linear stability

statements [129]: (a) whether all solutions of the linearized Einstein-Euler system about [3.1] remain

91



bounded for all times in terms of a suitable norm of their initial data, (b) the asymptotic stability
i.e., whether all solutions to the linearized equations asymptotically decay. The mode analysis yields
necessary but not sufficient conditions for either (a) or (b) of ‘true’ linear stability. In addition,
the mode analysis does not work at the non-linear level due to ‘all to all’ coupling (of modes) and
therefore a straightforward extension of the linearized mode analysis to study the fully non-linear
problem (irrespective of the size of the data) becomes tremendously difficult if not impossible. In
particular, we want to extend our analysis in the future to study the fully non-linear problem in our
choice of gauge (CMCSH-to be described later) on spacetimes of topological type M x R (where M
is compact negative Einstein for n > 3 and in particular compact hyperbolic for n = 3).

In the regime of fully non-linear stability of Einstein’s equations (vacuum or coupled to suitable
matter sources), there has been considerable progress in the last three decades. Global nonlinear
stability proof of de-Sitter spacetime by [147] marked the initiation of this progress. This was
followed by the proof of the stability of the Minkowski space by [148]. Later [149] provided with a
simplified proof of the same in spacetime harmonic or wave gauge. Andersson and Moncrief [151]
proved the global existence of ‘3 + 1’ dimensional vacuum Einstein’s equations for sufficiently small
however fully nonlinear perturbations of spacetimes of the type R x M; in constant mean curvature
spatial harmonic (CMCSH) gauge, where M; is a compact hyperbolic manifold. Following these
fundamental studies, numerous studies have been performed regarding the small data global existence
issues associated with Einstein’s equations including various sources [153,155,156,157,159,160]. Two
of the studies that will be most relevant to the current study are that by Rodnianski and Speck [166]
and Speck [176]. Rodnianski and Speck [166] studied the small data perturbations of the R x T3
type FLRW model with a positive cosmological constant in spacetime harmonic gauge, where an
irrotational perfect fluid model was assumed. Later Speck [176] extended this analysis on the same
topology (and same gauge) to include non-zero vorticity utilizing suitably defined energy currents.
Commonly, the perfect fluid matter model is considered to be ‘bad’ because of its finite time shock
singularity formation property without even coupling to gravity (e.g., [154,163]). One would surely
not hope that while coupled to gravity, this property may be ’suppressed’ by gravity since gravity
itself may yield finite-time singularity. However, [158, 166, 176] have utilized the property that
the presence of a positive cosmological constant induces an accelerated expansion of the physical
universe, which avoids shocks in the regime of a small data limit (rapid expansion obstructs energy
concentration by non-linearities). With an accelerated expansion, there are universally decaying
‘good’ terms in the evolution equations that dominate the nonlinearities and drive the universe

towards a stable configuration. Recently, [183] proved a nonlinear stability result for Milne universe
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including dust fluid source. This model is devoid of a positive cosmological constant and therefore
slowly expanding.

Our analysis indicates that if the expansion factor a(t) obeys a suitable integrability condition
and the adiabatic index 7,4 lies in the range (1, "T'H) ((1,4/3) in the physically relevant ‘3+1’
case; Yaq = 1 and 44 = 4/3 correspond to a pressure-less fluid or ‘dust’ and a ‘radiation‘ fluid,
respectively), then the Lyapanuv functional remains uniformly bounded by its initial value and
moreover the perturbations decay in the expanding direction. This is in a sense equivalent to the
fact that if the perturbations to the matter part are restricted within a smaller cone contained in
the ‘sound’ cone (in the tangent space; to be defined later), that is, they do not propagate at speed
higher than \/g (in the unit of light speed), then the asymptotic stability holds. On the other hand,
there exists a seemingly contradictory result in the purely non-relativistic case of a self-gravitating
fluid system. For a self gravitating non-relativistic 3-dimensional fluid body (Euler-Poisson system),
Chandrasekhar [128] used a virial identity argument to show that the static isolated compact solution
of the Euler-Poisson system is stable for v,q > %. However, if one observes carefully, our result and
Chandrasekhar’s result are not contradictory since the notions of stability are different in the two
contexts. In the context of Chandrasekhar’s argument, the stability is defined by the negativity of
total energy i.e., the gravitational energy dominates (stable <= gravitationally bound system).
Now of course, a system with strong gravity is stable in the sense of Chandrasekhar (since total
energy is dominated by gravitational energy and therefore negative) which is nonsensical in our fully
relativistic context (ultra high gravity could focus and blow up forming a singularity, indicating
instability in our context).

The stability criteria is satisfied by the universe model in which one includes a positive cosmolog-
ical constant A and in such case, one obtains a uniform decay at the linear level. However, turning
off the cosmological constant results in losing the uniform boundedness property simply because one
does not have the integrability property for the scale factor. This may be attributed to the fact that
a positive cosmological constant induced accelerated expansion wins over the gravitational effect of
the fluid source at the level of linear theory. However, we do not claim that turning off the cosmo-
logical constant leads to instability but simply we are unable to reach a definite conclusion with the

_ n+l

currently available method. In addition, we also note that in the borderline case v,q = 2=, we can

n
only prove uniform boundedness of the energy functional (no decay). We will investigate the border-

line cases of v4q = 0 and 4,4 = ”T'H using special techniques in the future. Considering this stability
criterion holds, we hope to extend our analysis in a potential future proof of non-linear stability of

(3.1) in the CMCSH gauge using the energy current method developed by Christodoulou [130].

93



3.0.1 Notations and facts

The ‘n + 1’ dimensional spacetime manifold is denoted by M. We are interested in spacetime

manifolds M with the product topology R x M, where M denotes the n-dimensional spatial manifold

diffeomorphic to a Cauchy hypersurface (i.e., every inextendible causal curve intersects M exactly

once). We denote the space of the Riemannian metrics on M by M. A subspace M_; of M is

defined as follows

Moy ={y € M|R() = -1},

with R(v) is the scalar curvature associated with v € M. We explicitly work in the L? (with respect

to a background metric ) Sobolev space H® for s > % + 1. The L? inner product on the fibres of

the bundle of symmetric covariant 2-tensors on (M, ) with co-variant derivative V[y] is defined as

(ulv) 2 ::/ wiory .
M

The standard norms are defined naturally as follows

fulls = ( [ w7, )
lJullzoe = sup(ugjupy 47"/
M
and so on. The inner product on the derivatives is defined

(VIJulVyv)r: = /MV[’y]muijV[fy]nykwm"fyik,yjlum

where (i is the volume form associated with v € M

iy = \/det(vyij)dzt Ada? Ada® A ... Adx™.

(3.2)

(3.3)

(3.4)

we will use p to denote both the volume form as well as y/det(;;) (slight abuse of notation).

We define the rough Laplacian A, on (M,+) for any v € M in the following way so that it has a

non-negative spectrum i.e.,

A7 = —yijVNj.

94



For a,b € R~p, a < b is defined to be a < Cb for some constant 0 < C' < oo. This essentially
means that a is controlled by b (in this context a and b could be norms of two different entities). For
example ||Al|r2 < ||B]|p2 means ||Al|2 < C||B||L2, where 0 < C' < oo. The spaces of symmetric
covariant 2-tensors and vector fields on M are denoted by S9(M) and X(M), respectively. The

adiabatic index in denoted by 74q.

3.0.2 Overview of the paper

Section 2 provides the necessary detail about the formulation of the gauge fixed Einstein-Euler field
equations including a positive cosmological constant A, the motivation of the study, and the main
result. Note that we do not however discuss the technicalities associated with the main result in
this section rather a few physical consequences.

Next in section 3, we introduce the re-scaled system of Einstein-Euler field equations with a
positive cosmological constant and state the key properties of the re-scaled background solutions
describing a class of fixed points. In addition, we describe the center manifold of the re-scaled
dynamics when the Einstein moduli space is non-trivial. Lastly, we describe the kinematics of the
perturbations under the assumption of a shadow gauge condition (introduced by [206]) when the
center manifold is finite-dimensional in addition to computing a crucial term that appears in one of
the elliptic equations obtained through imposing the gauge condition.

In section 4 we linearize the re-scaled field equations about the background solutions described
in sections 2 and 3. Let us for the moment denote the field equations by O[A] = 0 where A
denotes the associated fields with their background values being Apg.g. The linearized equations
about the background Ap ¢ are obtained by setting the first variation to zero i.e., DO|4, . - 0 A =
%(’)(AB.G +t3.A)|;=¢ = 0, where the first variations to the fields are denoted by §.4. The linearized
equations are studied with the assumption that the suitable function space norms of the higher-
order terms are significantly smaller compared to the linear terms. Note that the relativistic Euler’s
equations are essentially a hyperbolic system of partial differential equations that are derivable from
a Lagrangian (see [131,132,133] for a Hamiltonian structure of a relativistic perfect fluid). At the
linearized level, this may be shown explicitly by employing Hodge decomposition of the n—velocity
vector field (projection of the n + 1—velocity field onto the spatial hypersurface M). Doing so we
reduce the relativistic Euler’s equations to a wave equation for the associated scalar potential of the
irrotational part (with respect to the associated ‘sound’ metric) while the rotational part and the
harmonic part (a topological contribution) of the velocity field become decoupled and satisfy ordinary

differential equations in time. Therefore the linearized coupled Einstein-Euler field equations become
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an ‘elliptic- hyperbolic’ system in our choice of gauge. Lastly, we close this section by stating a local
well-posedness theorem for this coupled system and necessary elliptic estimates.

Section 5 is the most important chapter in terms of the proof of the main theorem of the paper.
To address stability issues of a dynamical system, the use of energy functional is indispensable.
On this particular occasion, we model the energy functional after the wave equation type energy
introduced by [206]. We construct a similar wave equation type energy and its higher-order analog.
First, we show the uniform boundedness of this energy functional in the expanding direction, and
later utilizing this uniform boundedness we prove the decay property of the desired fields. Doing so
we derive the required conditions for the stability results to hold. Finally, we close the section with
a sketch of the proof of the geodesic completeness of the perturbed spacetimes at the level of linear

perturbation theory.

3.1 Complete Einstein-Euler system and gauge fixing

The ADM formalism splits the spacetime described by an ‘n + 1’ dimensional Lorentzian manifold
M into R x M. Here each level set {t} x M of the time function ¢ is an orientable n-manifold
diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a Cauchy hypersurface)
and equipped with a Riemannian metric. Such a split may be executed by introducing a lapse
function N and shift vector field X belonging to suitable function spaces on M and defined such

that

8 = Nn+X, (3.6)

where ¢ and n are time and a hypersurface orthogonal future directed timelike unit vector i.e.,
g(n,n) = —1, respectively. The above splitting writes the spacetime metric § in local coordinates

{zyn_o = {t, 2z, 22, ..., 2"} as

§ = —N?’dt®dt+ g;j(da’ + X'dt) ® (da’ + X7 dt) (3.7)

and the stress-energy tensor as

T = EFn®n+2JOn+S, (3.8)
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where J € X(M), S € S3(M), and A®B = (A®Q B+B®A). Here, X(M) and SZ(M) are the space

of vector fields and the space of symmetric covariant 2-tensors, respectively. Here E := T(n,n)
is the energy density observed by a time-like observer with n + 1-velocity n, J, = —T(9;,n) is
the momentum density, J; = —T(n,0;) = is the energy flux density, and S;; = T(0;,0;) is the

momentum flux density (with respect to the chosen constant ¢ hypersurface M). The choice of
a spatial slice in the spacetime leads to consideration of the second fundamental form k;; which
describes how the slice is curved in the spacetime. The trace of the second fundamental form
(1 :=4 k) is the mean extrinsic curvature of the slice, which will play an important role in the

analysis. Under such decomposition, the Einstein equations

1. .
Ruy - iRgpy + Aguy - THV (39)
take the form (871G =c=1)
Oigi; = —2Nkij + Lxgij, (3.10)
8tkij = —V,;V,;N + N{R” + Tkij — 2kzkk;€

1
e (2./\ - S+ E)gij — Sij} + Linj

along with the constraints (Gauss and Codazzi equations)

R(g) — [k +7* = 2A+2E, (3.11)

Vik] = Vit = =3, (3.12)

where S = g% S;;. The vanishing of the covariant divergence of the stress energy tensor i.e., V, T*" =

0 is equivalent to the continuity equation and equations of motion of the matter

OF . . g

5 = LxE+NET—NV.J' = 2J'V,N + NSk, (3.13)
o' i i ij i1j i

5 = LxJHN7I' - Vj(NSY) 2Nk ~ EV'N. (3.14)

We want to study the Einstein-Euler system. Let the ‘n+1’ velocity field of a perfect fluid be denoted
by u which satisfies the normalization condition §(u,u) = —1. One may for convenience decompose

the n + 1 velocity u into its component parallel and perpendicular to constant ¢ hypersurface M as
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follows
u=v—g(u,n)n (3.15)

where v is a vector field parallel to the spatial manifold M i.e., v € X(M). Importantly note that
u; = v; but u® # v® unless the shift vector field X vanishes. The stress energy tensor for a perfect

fluid with n + 1 velocity field u reads
T=(P+puku+ Pg, (3.16)

where P and p are the pressure and the mass energy density, respectively and g is the spacetime
metric. After projecting onto the spatial manifold M, several components of the stress energy tensor

may be computed as follows

E = (P+p)(Nu")? = P.J = (P+ p)y/T+ g(u, o)1, (3.17)

S=(P+pvev+ Pg.

However, notice that the field equations do not close with the information of the stress-energy tensor
alone, and therefore one needs an equation of state relating pressure P and mass-energy density p.
The choice of the equation of state is a non-trivial fact and there is numerous study about the
equation of state alone in cosmology literature (e.g., [167,168,169]). In the standard model of
cosmology, one frequently uses a barotropic equation of state of the type P = (yqq — 1)p, where
Yaa is the adiabatic index. The speed of sound Cj is defined as C2 := %—1;, where the derivative is
computed at constant entropy. However, for the barotropic equation of state (for which pressure
is only a function of mass-energy density) chosen here, the entropy equation decouples from the
field equations and therefore plays no role in our analysis (e.g., see [130]). The speed of sound
is then a constant \/y,q — 1. Due to causality, one must have 0 < C2? < 1 yielding v.q € [1,2].
This is equivalent to the fact that the sound cone is contained within the light cone in the tangent
space. Here v,4 = 1 corresponds to pressure-less fluid or ‘dust’ and 7,4 = 2 corresponds to a ultra-
relativistic stiff fluid. We note an important fact that choosing this equation of state, we ignore the
rest energy of the fluid which may be relevant in the late epoch of the universe evolution. In other
words, the equation of state P = (7,4 — 1)(p — ne), n being the baryon number density and e the

fluid rest energy per particle, may be more appropriate [134]. Here we will stick with the equation of
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state P = (74,4 — 1)p here for simplicity and in such case, the baryon number conservation equation
Vu(nu*) = 0 is a simple consequence of the Euler’s equations i.e., V, 7" = 0 [130]. With the

barotropic equation of state, the components of the stress energy tensor is computed to be

E=(P+p)(1+9(v,0)) = P=p+yaapg(v,v) (3.18)

J' =300V 1+ g(v,0)0",S = Yaipv @ v + (Yaa — 1)pg.

The complete system of evolution and constraint equations is expressible as follows

WN i, . VadPg(Dv,0) | YaapNk(v,v)  27aapviLxv’
[1+g(v,0)]1/2 7" 1+ g(v,v) 1+ g(v,v) 1+ g(v,v)
'YadeLvN Nva

— Jad PR NEip— — P
T+ g o2 T Tt glo, o) 172

5‘tp+

and

L+ 9(v,0)
N

+(Yad — 1) [V'p+ 0" Lyp + u’v'(dyp — Lxp)] =0

Yaap |ulOvt — 2Nu0k§vj —u(Lxv)  +vIV, 0" + VN (3.19)

ﬁtgij = 72Nkij + Lxgij, (320)
2A
atkij = _viVjN + N {R” + Tk'ij — Qk‘lkk‘? — Egij (3.21)
Yad — 2
—VadpVivj + sz'j} + Lxkij,
n—1

R(g) = kP +7% = 20 +2p{1 + 7aa9(v,v)}, (3.22)
Vik —NI1 = —y.ap\/1+ g(v,v)v". (3.23)

In order to obtain equations satisfied by the lapse function and the shift vector field, we need to
fix a choice of gauge. Setting the mean extrinsic curvature (7) of the hypersurface M to a constant
allows it to be a suitable time function. This choice of temporal gauge yields an elliptic equation for
the lapse function N. However, not all spacetimes admit a constant mean extrinsic curvature (CMC)
hypersurface. Existence of a CMC slice is far from obvious and is a part of active mathematical
research (for detail see [136,137,138,139]). Luckily the background spacetimes (3.1) that we are

interested in, do admit a CMC slice which is verified through explicit calculations. Therefore simply
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setting the mean extrinsic curvature of the perturbed spacetimes to be constant on each spatial slice

seems to be a reasonable choice
ot = 0. (3.24)

Such an assumption can be made without loss of generality for solutions that are close to the

background solution [142,180]. This choice allows 7 to play the role of time i.e.,
t = monotonic function of T. (3.25)

To utilize the property 0;7 = 0, one may simply compute the entity % to yield

or 5  (ny—2) 2A
Bt AWN+{k|g+[n_1 JF’Yadg(UaU”P*m N+ LxT. (3.26)

Using equation (3.24), we obtain the desired elliptic equation for the lapse function

ny—2 2A
R e i 2 (3.27)

n—1

Once we have fixed the temporal gauge, we need to fix the spatial gauge which would yield an

equation for the shift vector field. We follow the work of [151,206] regarding spatial gauge fixing.

Let ¢ : (M,g) — (M,~) be a harmonic map with the Dirichlet energy %fM g% gﬁ %%lﬂg Since

the harmonic maps are the critical points of the Dirichlet energy functional, ¢ satisfies the following

formal Euler-Lagrange equation
9" (8:0;¢* —Tlgli;0¢" + Thle 0" 9;¢%) = 0. (3.28)
Now, we fix the gauge by imposing the condition that { = id, which leads to the following equation

—g"(Tlgll; —ThIG) = 0. (3.29)

k
j

where f‘[v] is the connection with respect to some arbitrary background Riemannian metric 7.

Choice of this spatial harmonic gauge yields the following elliptic equation for the shift vector field
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X after time differentiating equation (3.29)

AgX'—RIXT = —2kUV;N —2NV;k +7V'N (3.30)

+(2NE* = 29I X*)(Tlgli), — TIvki) — 9705

However, one natural question arises while imposing the spatial harmonic gauge. Does there exist
a harmonic map between the manifolds (M, g) and (M,~)? This is an extremely important and
nontrivial issue. There are explicit results in geometry about the existence of harmonic maps be-
tween Riemannian manifolds. The one that is relevant to the current study is that of Eells and
Sampson [143] who proved if M is a compact manifold with non-positive Riemann curvature, then
any continuous map from a compact manifold into M is homotopic to a harmonic map. Andersson
and Moncrief [150] applied this gauge to prove a local existence theorem for the vacuum Einstein’s
equations in arbitrary dimensions. Later they have successfully implemented this gauge to prove a
small data nonlinear stability result of the ‘Milne’ model and its higher-dimensional generalization
(so-called ‘Lorentz cone spacetimes’) [151,206]. We designate our gauge fixed system as CMICSH

Einstein-Euler-A system.

3.1.1 Motivation of the study and main result

In this section, we describe the motivation for the current study. Firstly, for a universe model to
be a viable candidate for a physical cosmological model, it must be stable against perturbations in
a suitable sense. Therefore, one should ideally prove the fully non-linear stability assuming certain
smallness condition on the data. A natural first step towards such stability would be to establish
the stability at the level of linear perturbation theory. In addition to this obvious motivation, based
on a few preliminary studies [161,165,229] we are led to believe that these expanding (accelerated
expansion since A > 0) spacetimes may be stable under small perturbations. From a physical
viewpoint, the accelerated expansion tends to kill off the perturbations. Let us describe this point

in a slightly more formal way. First, we decompose the second fundamental form k as follows

tryk

2
ki = kij' + 9i; + (Lyg = —(V-Y)g)ij, (3.31)

n

where k77 is a transverse-traceless (with respect to the metric g) symmetric 2—tensor, trgk is the

trace of the second fundamental form with respect to the metric g, and Y is a vector field tangent
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to M. Now consider the Hamiltonian constraint (4.19)

n—l(2 2nA
72

n n—1

2
)= KT+ |Lyg — = (V- V)gl2 (332)

+2p(1 + Yaag(v,v)) — R(g)

and construct the following integral

n—1 5 2nA T2 2 9
— = k Lyg——(V-Y .
— [ = = [ KT+ |y = 27Vl (33

+2p(1 + Yaag(v,v)) — R(g))pg > 0,

then we readily observe that the integral contains the L? norm of k" = kT + (Lyg—2(V-Y)g);; in
addition to the physical energy density and is strictly positive since the re-scaled volume is positive
(note that 72 > % for spacetimes of interest; spatial manifold is of negative Yamabe type; see [229]
for detail about Yamabe classification; this inequality can be showed as follows: The left hand side
of (3.32) contains non-negative term except —R(g). But since M is assumed to be negative Yamabe,
R(g) < 0 must hold at some point on M. But 72 — % is constant on M due to constant mean
extrinsic curvature assumption on each spatial slice. Therefore 72 > f:—i‘}) Motivated by such
property, [161] studied the monotonic decay of the entity [ M 72, for pure vacuum case and [229)
studied the same for [, (7% — 208, in the vacuum case with A > 0 in the CMC gauge (also
see [140,141]). In each of these cases, this re-scaled volume acted as a Hamiltonian while expressed
in terms of suitable “reduced” phase space variables. Subsequently, [165] studied the monotonic
decay (in the expanding direction) of the entity || M(T2 — ZL_/}),ug in the presence of matter sources
satisfying suitable energy conditions in particular perfect fluids, where this entity played the role of
a Lyapunov functional.

Naively, monotonic decay of this Lyapunov functional indicates the stability of a class of expand-
ing solutions (on which the Lyapunov functional attains its infimum) against arbitrary large data
perturbations. Motivated by this result, we are interested in pursuing the stability property of a
perfect fluid-filled spatially compact universe model. Before proceeding to the fully nonlinear study
of the stability problem, it is important to prove the linear stability in a rigorous way (not simply
the mode stability) and obtain decay estimates if possible. In a sense, the linear stability and decay
should these hold provide motivation towards studying the fully non-linear stability and may also

become useful in handling the higher-order couplings and defining appropriate energies. However,

this does not imply stability since the Lyapunov functional does not control the norm that is required
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by the local existence theorem (for vacuum and A-vacuum the function space required for (g, k) by
the local existence is H® x H*" ! s > 5 +1). Tt only controls the minimum regularity (H' x L? of
(g,k)) and therefore is not sufficient to state a global existence for arbitrarily large data (one may
therefore call this Lyapunov functional as a ‘weak’ Lyapunov functional). Even though the re-scaled
volume functional controlling the minimum norm decays monotonically in the expanding direction
and attains its infimum for a particular class of spacetimes (see the relevant sections of [161,165,229]
for details), the classical solution may form a finite time singularity via curvature focusing. In other
words, a suitable norm of arbitrarily large data (physically interesting solutions) may be obstructed
to decay monotonically to its infimum since pure gravity could blow up before the spatial volume of
the universe tends to infinity. The addition of perfect fluids adds additional problems since they are
known to form shock singularities in the fully non-linear setting. Christodoulou proved that perfect
fluids form shock on Minkowski background for arbitrary small data [163]. Of course, Minkowski
space does not have the expansion property (accelerated expansion including A > 0) like the space-
times (3.1) of the current investigation do. We denote a ball centered at (z,y, 2, ..) with radius ¢
by Bs(x,y,z,..). The Einstein structure of the manifold M (or the deformation space of an arbi-
trary Einstein metric v on M) is denoted by A/. This will be defined later in a rigorous way. Now
we summarize the result in terms of the following ‘rough’ version which is equivalent to the main
theorem stated in the later part of the paper.

A rough version of the main Theorem: Let (go, kY, po,vo) € HS x HS "1 x HS71x H71 s >
5 + 2 be the initial data for the re-scaled Einstein-Euler-A system with A > 0. Let us also consider
that the Cauchy data for the re-scaled background solutions are (9p.c, k% o, pB.G»VB.¢) Which satisfy
Rlgp.clij = —%(gg,g)ij, k%o = 0,ppc = Cpvls o = 0, C, is a constant. Now assume that
the following smallness condition holds ||go — g.c||lm= + ||k§" — k% ollms— + |lpo — pB.G|lH~1 +
llvo — vB.GllHs—1 < 08, d is chosen sufficiently small. If t — (g(t),k'" (t), p(t),v(t)) is the maximal
development of the Cauchy problem for the linearized re-scaled Einstein-Euler-A system about the
background solutions (9p.c, k;téig, PB.G,UB.G) in constant mean extrinsic curvature spatial harmonic
gauge (CMCSH) (8.109-5.116) with initial data (go, k§", po,vo), then the following holds in the limit

of infinite time

lim (g(t), K™ (1), p(1), 0(1) = (+1,0,0',0), (3.34)
where v satisfies R[y'] = —1 and pl depends on the initial re-scaled density pg and 3,',0/ # 0 in

general.
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Let us now explain the main theorem putting aside the technical details. The statement essen-
tially deals with the asymptotic stability of the solutions that are characterized by constant negative
scalar curvature (—1 to be precise in this occasion) and sufficiently close to the FLRW solutions In
other words this corresponds to a Lyapunov stability of the FLRW solutions. In other words, the
solutions of linearized Einstein-Euler-A equations about the background FLRW solutions (3.1) decay
to nearby solutions which have constant negative scalar curvature. While the background solutions
the FLRW spacetimes (3.1) are described by the property that the spatial metric gp ¢ is negative
Einstein ie., Rlgp.clij = f%(gB,G)ij, the perturbed solutions decay in infinite time to the space
which does not share the same property. More specifically, the spatial metric ! of the asymptotic
solution satisfies R[y'] = —1. Now, the space of negative Einstein metrics is a subset of the space
of metrics with constant negative scalar curvature. Simple use of triangle inequality shows that the
asymptotic state should be the space of constant negative scalar curvature sufficiently close to and
containing the background FLRW solutions. Since the latter is a subspace of the former, one may
fine-tune the initial conditions to obtain the asymptotic solution to be exactly of FLRW type (i.e.,
the solution has a spatial metric that is negative Einstein). But such a procedure proves to be too
restrictive and physically undesirable.

If for the moment we focus on the physical 341 case, then ideally we want the asymptotic solution
to have constant negative sectional curvature (i.e., hyperbolic or negative Einstein by Mostow rigid-
ity) not just constant negative scalar curvature and a spatially uniform background energy density.
In other words, if one perturbs an FLRW solution, it does not generically come back to an FLRW
solution in infinite time. Now notice that the local spatial homogeneity and isotropy criteria required
constancy of the sectional curvature and as such in 3 spatial dimensions, a negative Einstein metric
automatically has constant sectional curvature. However, space of metrics with constant negative
scalar curvature is a much larger space and does not necessarily exhibit the local spatial homogeneity
and isotropy criteria (only a subspace that is described by negative Einstein metrics or hyperbolic
metrics do; these correspond to compact hyperbolic manifolds that are locally homogeneous and
isotropic by construction). This result is not completely satisfactory but on the other hand, maybe
physically expected as these inhomogeneous and anisotropic characteristics may be attributed to the
structure formation (see [122,145] about the role of cosmological perturbation theory in structure
formation). This is a remarkable fact that indicates there is a dynamical mechanism at work within
the Einstein-Euler-A flow that naturally drives the physical universe to an anisotropic and inhomo-
geneous state leading to cosmological structure formation. We do not of course claim such a strong

result only based on our linear stability analysis.

104



We note that [144] reported this behavior of the FLRW spacetimes as well considering ‘dust’ as
the matter source. They constructed a finite-dimensional dynamical system by spatially averaging
out the inhomogeneities and showed that FLRW cosmologies are unstable in some relevant cases:
averaged models are driven away from them through structure formation and accelerated expansion.
However, presently we do not claim that our theorem indicates such a strong result since we need to
execute the full nonlinear analysis to incorporate the possibility of shock formation. Nevertheless, the
phenomenon of accelerated expansion driving the solutions away from the background is previously
noted in [177] which dealt with a particular case of vacuum gravity (background solutions were
described by the negative Einstein spaces) including a positive cosmological constant. The solutions
decay asymptotically to the nearby ones described by constant negative scalar curvature. On the
other hand, in the same problem if the cosmological constant is turned off, then the perturbed
solutions do come back to the background solution asymptotically [151,206]. Nevertheless, the
presence of a positive cosmological constant yields universal decay rates that do not depend on the
background geometry unlike the zero cosmological constant case, where the decay rate explicitly
depended on the spectra of a Lichnerowicz type Laplacian operator defined on the background

geometry (see [206] for detail).

3.2 Re-scaled field equations and background solutions

The background solution we are interested in is the constant negative sectional spatial curvature
FLRW model in ‘3 + 1’ dimensions. In higher dimensions (n > 3), however, the spatial metrics are
negative Einstein (not necessarily hyperbolic). The solution is expressible in the following warped

product form
n+1g —  _dt ® dt + a,(t)2’}/ijdl'i ® dl‘j, (335)

where R;j(y) = —1v;; and ¢t € (0,00). Clearly we have N = 1, X* =0, g;; = a(t)?y;;. These
spacetimes are globally foliated by constant mean curvature slices which is evident from the following

simple calculations

1 .
kij = —5509i = —advi, (3.36)

T(t) = kijg” = —aiy a()? 7 = Y
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Note that in order to study the linearized perturbations, we need to re-scale the field equations. We
want to re-scale in such a way as to make the background time independent and then analyze the
associated re-scaled dynamical system. For this particular purpose, we will need the background
density and n—velocity. Let us now explicitly calculate the scale factor a(t), the background density,
and the velocity. Note that we are only interested in the asymptotic behaviour of the scale factor
at t — oo for our stability analysis instead of its precise expression. The following lemma states the
asymptotic behaviour of the scale factor.

Lemma 1: Let .4 be the adiabatic index. The background energy density, n—uvelocity vector field,

and the scale factor satisfy the following

p(t)a(t)* 7t = Cp,
vt = 0,
a~e* for A>0,

a~t as t— o0 for A=0,

where o 1= 4 /n(iﬁl), a(0) :=a(t =0), and co > C, > 0 is a constant.

Proof: The energy equation yields

0 a

875 = _n'Yadgpv (337)
integration of which leads to

pa(t)"ed = C,, (3.38)

for some finite positive constant C,. The momentum constraint (3.23) equation yields
vt =0 (3.39)

since k" = 0. Utilizing the Hamiltonian constraint, we obtain the following ODE for the scale factor

1da 1 1 2C
R Y P p 4
a dt \/n(n -1) ( TE T g )’ (340)
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integration of which yields at ¢ — oo
a~ e (3.41)

where a := , /n(iiél)' Taking A = 0, integration of (3.40) yields

as t — oo, which completes the proof of the lemma.
Now let us focus on obtaining a re-scaled system of evolution and constraint equations. Recall

that the metric in local coordinate (¢, ) may be written as
¢ = —N%dt®@dt+ gi;(da’ + X'dt) ® (da? + X7 dt) (3.43)
and the background solutions are written as
" Ghackground = —dt @ dt + a*v;;dzt @ da?, (3.44)

where R[y];; = —1v;; and t € (0,00). If we assign a the dimension of length (natural) (similar
to the re-scaling used by [206]), the dimensions of the rest of the entities follow t ~ length, x* ~
(length)?, gi; ~ (length)?, N ~ (length)?, X' ~ (length)™, 7 ~ (length)™', K} ~ length.

Therefore, the following scaling follows naturally
Gy = g N = N, X' = L0 kir = aktr
Gij = @ Ggij, IV = 1V, = E ) ij = AR5 (345)

Here, we denote the dimension-full entities with a tilde sign and dimensionless entities are left alone
for simplicity. The Hamiltonian constraint (4.19) and the momentum constraint (3.23) take the

following forms

R(g) = [K" > +1+2C,a>" = 2a(t)?p (14 7aad(0,0)), (3.46)

VK" = a(t) yaapy/1 + 30, 0)0".

Notice that we are yet to re-scale the matter fields i.e., (p,v). Now, of course, in lemma 1, we have

already seen that the background energy density satisfies p(t) = ancf”ad for some constant C), > 0
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depending on the initial density. Therefore, we naturally scale the energy density by ﬁ ie.,
Fo= (3.47)

so that the background density becomes time independent. Notice that C, is a constant with
dimension of (length)™¥¢=2. now, since, the background n—velocity vanishes for the background
solution, we do not have a straightforward scaling. However, we have the normalization condition

for the n + 1—velocity field u = —"*1g(u,n)n + v
—(Na°)? + gi;o'97 = —1, (3.48)
and therefore scaling of the metric g;; = a®g;; yields the following natural scaling of v*

o= = (3.49)

since the right hand side is simply a constant. The complete evolution and constraints of the gravity

coupled fluid system may be expressed in the following re-scaled form

8gij a 2 1
= 2-(N—-1)g;; — =NE" + =(Lxgq)i;, 3.50
ot a( )gJ a lj+a( Xg)j ( )
oktr a v 2t 1
8tj = —((N=1(n-2)+n-1) kT — gNk;?kk; L. ~NRj (3.51)
——
should be <0 to generate decay gauge fixing is required
a, 5 2nA WYad =2 1_py,, N(1+2C,a*"™)
[ _ ad () —
(nQ(T n—1)+n(n—1)a r aln —1)

ad — 2 1 1
+Pynd_1alm“’d’Npgij) 9ij — S ViVilV — a' ="M Ny pov; + a(ka”)m

YaapN V0" (N = Dnyaapa

o all + alv. v)]1/2 3.52
Pt g, 0] a (3.52)
—_————
should contribute to higher order since N—1<0
1 a 0 5 NL’U a N 1 1
~ ~ Jaapg(Ouw.v) P Jad?? Sk (0,0) — Zg(v, v)
1+ g(v,v) all +g(v,v)]¥/2 "~ 1+ g(v,v) \a a
Yadpvi L xv" YaaNpL,N

a[ll +g(v,v)]  a[l + g(v,v)]/2’
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a . B Q’YadeuOk‘;MUj _ f)/adpuo

X2

Yadpt’ O vt + Yaqpu® 2N —1—n(yaq — 1)] Lo

—v
a a

should be >0 to generate decay

a i i a, 1 ) ] ad — 1 3 i i
+Mvjvjvz 4+ ap[l + 9(v, V)] V'N + (ad = 1) (Vip+ 0" Lyp + au’v'dyp
a alN a
—uoviLXp) =0,
R(g) — |E'"|? — 2a®> ™4 p{1 + v4q9(v,v)} + 1 + 26’,@27”7 =0, (3.53)

VK = — g0 "0 o\ /T + g(0, 0)0', (3.54)

2 p—
A9N+ |ktr|2 +a(t)2(% _ A) +a27n'yad[w

a b N
— o1 T adg(v,v)lp

should be >0 for elliptic regularity

or
_ 2
=aq 5 (3.55)

2
1-2

AgX' = RiXT = (1 -~

)TV'N — 2V/NE™" — 2NV k" (3.56)

+2NE"E =2V XF) (D95 — Thls) — ag” 8T
Note that an straightforward maximum principle argument applied to the lapse equation yields
N < 1. In CMCSH gauge, the time function is obtained by setting 7 =monotonic function of ¢
alone. Now, we have 7 evaluated for the background solution which is a monotonic function of ¢
alone since utilizing the Hamiltonian constraint and the lapse equation at the background solution

one obtains

0 1 2nA -2
i — 7(7_2_ n )_’_nr}/ad

ot n n—1
1
= ———— (1+n7aCpa* ™) > 0.

a(t)?(n —1)

—— a”"eC, (3.57)

We set the time function to be the solution of this equation

O = ey (L MadCyalt) (3.59)

i.e., t = t(7) which settles the business of choosing a time coordinate. Let us analyze the background

solutions in a bit more detail.
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Lemma 2(a): The background re-scaled solution of the Einstein-Euler system verifies the following

equations
, 1 ,
Npe=1,Xps=0,Rlgpclij = — . 9B.Gij> k%o =0056=00ppc=0, (3.59)

and the spacetime is foliated by CMC slices.

Proof: The background spacetime
g = —dt@dt+ a(t)*yde’ @ da? (3.60)

yields NB.G =1, )N(}'B.G =0, gB.gij = a2%j and therefore yields Ng.g = 1, X%_G =0, 9B.Gij = Vij-

A simple calculation yields

];B,Gij = 7(1(.1,’}/1']' (361)
and therefore
- na
Fhe=0,7=~-"—. (3.62)

The momentum constraint (3.54) yields

v o =0 (3.63)

which together with the equations of motion (3.53) for the fluid leads to

dipp.c = 0. (3.64)

From the previous calculation 7 = —%, it is obvious that the spacetime is foliated by constant mean
curvature spatial slices.

Lemma 2(b): The transverse-traceless part of the traceless second fundamental form vanishes for
the background solutions i.e., k% . = k™" + Ly gp.c — 2(V9p.clmY ™)gp.c reduces to k'™ = kTT =0
and moreover Y = 0 for background solutions.

Proof: The vanishing of the re-scaled trace-less second fundamental form k' = 0 for the background
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solutions yields the following through the decomposition of the symmetric trace-less 2— tensors

2

™7 4+ Ly~ — —(V[mY™)r =0, (3.65)
which may be converted to
T 2 m TT 2 m.\ijJ
M(k +Lyy = VY™ )i (K + Lyy =~V Y ™)y = 0 (3.66)
2 m
J TR+ [ vy = 2 VBl R, = 0

since k7T and Ly~ — %V[’y]mY"W are L? orthogonal with respect to the metric . Therefore we

readily obtain

KT =0, (3.67)

2
Ly~ — EV[’y]mmey =0, (3.68)

where we have used the fact that k77 and Lyy— 2V[y],,,Y™ are L? orthogonal (with respect to the

background metric 7). Now the covariant divergence of the conformal Killing equation (3.68) yields

. 2
VhI (V01T + VLY - 200 ) = 0 6)
_ , .y 2 , .
/N [ (Yjvwvmw +RIYY, + (1 - nmvwwmm} = 0
1 o 2 ;
~ [ (FBIVRIY Y (= DV R ) e = o
M n n
=Y=0
throughout M since n > 3. Here we have used R(7v);; = f%%j together with integration by parts

and the Stokes’ theorem for a closed (compact with M = {0}) manifold. This is equivalent to the
fact that the isometry group of (M, ) is discrete. The spacetimes (3.1) admit a timelike conformal

Killing field K := K#32. = a(t) 2 i.e.,

Lywyo "g=2a""g. (3.70)

The results obtained so far yields the following theorem characterizing a class of fixed points of the
re-scaled Einstein-Euler-A system.

Theorem: Let M be a closed (compact without boundary) connected orientable manifold that
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admits a negative Finstein metric. Then the fixzed point solutions of the re-scaled Finstein-FEuler-A
flow (3.50-8.56) in constant mean extrinsic curvature spatial harmonic gauge (CMCSH) on (t_,t4 )%
M, 0 <t_ <ty < oo have the Cauchy data (9p.c:, k% o, Np.c» XB.G:» PB.G, UB.¢) that satisfy the
following equations

1
(98.¢)ijs k6 =0, Npc=1, Xpc=0, ppc=0C,,

Rijlg.c] = -

vl o = 0. (3.71)

The physical spacetimes (3.35) constructed by this Cauchy data admit K = a(t)0; as a globally

defined time-like conformal Killing vector field. Here a(t) is the scale factor.

3.2.1 Center Manifold of the dynamics

The following mathematics concerning the center manifold dynamics in the setting of Einstein flow
was first established by the work of Andersson-Moncrief [151]. We now present some of this work and
adapt it to the Einstein-Euler-Lambda setting. A center manifold of a dynamical system is associated
with fixed points of the dynamics. Essentially a center manifold of a fixed point corresponds to
the nearby solutions (in phase space) that do not exhibit exponential growth or decay. This may
be zero-dimensional or a subspace of the phase space and admits a manifold structure (so the
name center ‘manifold’). For a more precise and mathematically rigorous definition, we refer the
reader to [170,171]. There is a crucial theorem namely the ‘center manifold theorem’ which plays
a significant role in the analysis of dynamical systems. In general, center manifolds do not have
the uniqueness property, unlike stable and unstable manifolds which do [172,173,174]. In a finite-
dimensional setting, this roughly corresponds to the case when the linearization of the flow vector
field has purely imaginary spectra. In an infinite-dimensional setting, moduli spaces naturally play
the role of center manifold (in an appropriate sense of course). As we shall see, the center manifold
in this particular occasion is played by the Einstein moduli space, which consists of non-isolated
fixed points of the Einstein-FEuler-A flow.

Unlike the n = 3 dimensional case where the negative Einstein spaces are hyperbolic (and the
center manifold of the gravitational dynamics consists of a point), the higher dimensional case is more
interesting. The matter degrees of freedom corresponding to the background solution (in its re-scaled
version) in CMCSH gauge are essentially described by v! = 0, p = pp.¢. It becomes more interesting
when we consider the gravitational degrees of freedom. In the case of n = 3, a negative Einstein

structure implies hyperbolic structure through Mostow rigidity theorem and therefore the manifold
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describing the fixed point of the dynamics is zero-dimensional. In other words, the particular solution
({7|Ricci[y] = —%7, k' = 0,p = C,,v" = 0) serves as an isolated fixed point of the Einstein-Euler
dynamics. However, in the higher dimensional cases (n > 3), a new possibility arises of having non-
hyperbolic negative Einstein spaces. When we linearize about any member of such a non-isolated
family of negative Einstein metrics, the linearized equations will always admit a finite-dimensional
space of neutral modes. Naturally, this represents (modulo the matter degrees of freedom) the
tangent space to the background spacetimes (3.1). These smooth families of background spacetimes
determined by the corresponding families of negative Einstein metrics and zero-dimensional matter
degrees of freedom (v' =0, p = C,) form the ‘center manifold’ for the dynamical system defined by
the re-scaled Einstein-Euler-A equations. A family of background solutions of the Einstein-Euler-A
system in CMCSH gauge is the spacetimes as described in the previous section. The spatial metric

component of these spacetimes is a negative Einstein metric i.e., the spatial metric satisfies

1

Rij(’y) = —E’yij. (372)

Let us denote the space of metrics satisfying equation (4.16) by Ein_ 1

Let v* € &in_ 1 and V be its connected component. Also consider S, to be the harmonic slice
of the identity diffeomorphism i.e., the set of v € Einfi for which the identity map id : (M,v) —
(M,~*) is harmonic (since any metric v € Einfi verifies the fixed point criteria R[y];; = —%%j,
it should also satisfy the CMCSH gauge condition with respect to a background metric and in this
case the background metric is simply chosen to be 7*, another element of £in_1). This condition

n

is equivalent to the vanishing of the tension field —V* that is
—VE = "M - T = 0. (3.73)

For v € &in_1, S, is a submanifold of M for v sufficiently close to v* (easily proven using standard
procedure and therefore we omit the proof, see [206] for detail). The deformation space N of
v* € &in_1 is defined as the intersection of the v*—connected component V C &in_1 and the

1 1
n n

harmonic slice S,, i.e.,
N:=VnS,. (3.74)

N is assumed to be smooth (i.e., equipped with C* topology). In the case of n = 3, following

the Mostow rigidity theorem, the negative Einstein structure is rigid [121]. This rigid Einstein
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structure in n = 3 corresponds to the hyperbolic structure up to isometry. For higher genus Riemann
surfaces Ygenus (genus > 1), space of distinct hyperbolic structures is the classical Teichmiiller space
diffeomorphic to R69¢"%s=6  Tangent space to any point in the Teichmiiller space corresponds to
the ‘neutral modes’ of 2+ 1 gravity defined by transverse-traceless tensors. However, 2+ 1 gravity is
fundamentally different from the higher dimensional cases since the former is devoid of gravitational
waves degrees of freedom. For n > 3, the centre manifold A is a finite dimensional submanifold of
M (and in particular of M_). Following the analysis of [206], the formal tangent space T, in
local coordinates is expressible as

Ll

i laTT”+LW;‘% (3.75)

where 1171 e ker(£) = CTTII(S2M) c CTT(S2M), Wl € X(M) satisfies through the time derivative
of the CMCSH gauge condition —y* (L[y]F; — T[y*]§;) = 0

— V™V []mW + Ry, W™+ (7T 4 Lyy)™ (O[5 — T L)

and, {qa}gﬁ(/\/) is a local chart on A, X(M) is the space of vector fields on M (in a suitable
function space setting), CT7(S2M) is the space of y—fransverse-traceless 2—tensors on M. An
important thing to note is that all known examples of closed negative Einstein spaces have integrable
deformation spaces and that the deformation spaces are stable i.e., Spec{L, } > 0. The spectrum
of the operator £, plays an important role determining the decay rates in the pure vacuum case

considered by [151,206].

3.2.2 Kinematics of the perturbations at the linear level

As discussed in the previous section, the Einstein moduli space is finite-dimensional for n > 3 and
serves as the centre manifold of the dynamics (the deformation space A to be precise). On the other
hand, for the n = 3 case, following Mostow rigidity, negative Einstein structure implies hyperbolicity
and therefore the moduli space reduces to a point. We will consider the general case when the
moduli space is finite-dimensional since the zero-dimensional moduli space case is trivial. Let N be
the deformation space of v*. Now suppose, we perturb the metric about *. The perturbation is
defined to be h := g —~* such that ||h||zs < 0 for a suitable § > 0. Due to the finite dimensionality

of N, g in fact could be an element of N lying within a d—ball of v*. But if g lies on N, then
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corresponding solution satisfies the fixed point condition Ric(g) = —%g. Therefore these ‘trivial’
perturbations do not see the dynamics. The question is how to treat such perturbations which are
tangent to A/. This was precisely handled by invoking a shadow gauge condition in the study of
a small data fully nonlinear stability problem of the vacuum Einstein’ equations by [206] and later

used in [177] to handle the case with a positive cosmological constant. The shadow gauge reads

(9—7 LN (3.76)

for v € N, where the orthogonality is in the L? sense with respect to the metric . This precisely
takes care of the motion of the orthogonal perturbations by studying the time evolution of h := g—-,
while the motion of the tangential perturbations is taken care of by evolving v € N. This does not

really affect the characteristics of the background spacetimes as y does not leave the moduli space

1

i.e., it is still a negative Einstein metric with Einstein constant —:-. However, if we write the

8_(]1',]' _ Bhw
ot — ot

+ 2%ii and therefore, 9% enters into the evolution

perturbations as h;; = g;; — vij, then ot ot

equation for the metric. But an important question is how exactly to control this term since it will
enter into the time derivative of the energy as well. We will obtain the necessary estimates in a later
section when we study the energy inequality. But how does the instability (if it occurs) materialize
in N7 The instability is precisely described by the fact that the curve v(¢) runs off the edge of A/
(leaves every compact set of N) similar to the case of 2+ 1 gravity where the solution curve runs off
the edge of the Teichmiiller space (played by A in the current context) at the limit of the big-bang
singularity [146,198]. See figure (1) which depicts the kinematics of the perturbations (notice that
this notion of stability/ instability is general; here we specialize to the linearized problem). This
notion of stability /instability is true in a general non-linear setting as well. Linearization is a special
case which we will consider here.

One subtle point left to discuss is how to control the time derivative term ‘g% Btf['y}fj’ (or
‘ytd 8,5F[’y]fj’ at the linear level) in the equation for the shift vector field (3.56). By a simple cal-
culation, we will show that this contribution vanishes at the linear level. Bg—j may be written as
(equation (3.75))

5’%‘;‘

Eral l?jT“ + (Lz17)ij, (3.77)
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where ZIl satisfies through the CMCSH gauge condition (3.29),
~ V"V 21+ R Z1™ 4+ (7T 4 L) ™™ (T = T Then) = 0-

At the linear level, however, the term ‘(I"T!l 4 L, 7)™ (T'[y]k,,, — T[y*]¥,,,)’ vanishes since it is of

second order. This yields
V" VmZ" + R, 2™ =0 (3.78)
leading to
- /M(v[v]izj‘.‘vmiz”ﬂ' - %%—J-ZWZW)M —0=>2zI=0 (3.79)

on M. Therefore, the pure gauge part of the A'—tangential velocity 8ng vanishes yielding

i T
Bitj =1 (3.80)
A direct calculation yields the following
g 3 Oy
7 k _ 7 k
'Vjatr['Y]ij = ’VJDF[’V]ij "o (3.81)

. . 1

— 7’”V[V]J(at%j) - §mGtrv(aﬂ)
) ) 1

= VPP = SV )

= O7

since ITTIl is transeverse-traceless with respect to 7. We are left with one task of estimating the

tangential velocity (771!, which will be done in a later chapter.

3.3 Linearized Einstein-Euler system

In this section we linearize the complete Einstein-Euler system and state a local existence theorem for
such system. The background (re-scaled) solution obtained previously reads (95.¢, k% ¢ N5.¢s XB.G» PB.G» VB.G) =
(7,0,1,0,C,,0), where R;;(y) = —% and C,, is a positive constant. Of course, in the previous section,
we have recalled that the Einstein structure is not rigid for the n > 3 cases. The perturbations to the

background solutions may be described as follows h := g—~, dk'" = k'" =k = k'""—0 =k'", 6N =
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N—-Npg=N-1,0X =X-Xpeg=X-0=X, dp:=p—ppag=p—Cp, v:i=v—vpg=v-0=n0.
Now we linearize the Einstein-Euler system about this background solution. The linearized Euler

equations read

dop  Cpnyaad 1 i
o = . ON a’yadC’pV[’y]lv , (3.82)
vt na n+1, . 1 ; VYad — 1 ,
_na. o i _ ZY[]isN — i5p. :
5 = o ad Jot = ~V[]'s a%dcpv[v] op (3.83)

Now, an obvious problem is that the n—velocity vector field v* consists of irrotational, rotational
and harmonic parts. Utilizing a Hodge decomposition [179] of the n—velocity 1—form on the spatial

manifold M, one may simply write the velocity vector field as follows

v = (dg)* + (6v)" + (H)", (3.84)

where ¢ € QO(M),y € Q*(M),H € QY(M), and AH = (d§ + dd)H = 0 (in the weak sense).
Existence of a metric ensures the required isomorphism between the space of vector fields and the
space of 1-forms and such isomorphism is denoted by #. At the linear level, the covariant divergence

of the evolution equation for the velocity (3.83) yields

dp  na n+1
N Rl _
7(375 a(%d n

1 v—1
—0N dp | =0. 3.85
Jo+ N+ p) (3.85)

Now clearly, the kernel of the rough Laplacian A, on a closed connected M consists of constant

functions only and therefore

87¢7n7d( 7n+1
ot a Tad

1 v—1
~N 3p=C(1). :
Jo+ QN+ G o =C1) (3.86)

One may absorb C(t) in the scalar field ¢ since ¢ is unique up to functions constant on M;. Let us

make the transformation ¢ — ¢ + F(¢). The evolution equation for ¢ yields

a(b_nd n+1

-1 dF(t ' 1
Bt~ O 1] 5y A0y, nY
a n

a¥adC) Pt dt _;(Wad_

1
)¢+ —ON +

Now setting %€ —24 (y,,— ) F(¢) = C(t) (which has a unique solution F(t) = F(to)(;((t?) yn(aa—="50) 4

a(t)n('Yad_nT_l) ft to %dt/) , the fluid equations reduce to the following wave equation for
a(t)"ad= "5

117



the scalar potential ¢ (propagating with the speed of sound ¢; = /744 — 1)

8¢ na n+1 1 Yad — 1
=2 = (Vad — — —0N — dp, 3.87
5 = g ad— — —)o— 701G, (3.87)
aép CpnYadd 1
— = ——F—— 0N+ —v,4C, A, 0.
ot a + o Jadvr 79
Notice that this is precisely the wave equation with respect to the ‘sound’ metric S,, = gu, +

(1 = ¢?)u,u, (this sound metric was first derived by [164] in the context of the stability of a black
hole accretion problem). Therefore, we observe that the irrotational part of the n—velocity field is
decoupled from the rotational and the harmonic parts. The question remains how do we extract
the evolution equations for the remaining parts of the velocity vector field. Let us now focus on the
harmonic contribution. For closed (closed negative Einstein in this case to be precise) manifolds,
the space of harmonic forms (1-forms in this particular case) is a finite-dimensional vector space.

Therefore, the harmonic form contribution of the n—velocity 1-form field may be written as

L
H=3 m*A, (3.88)
k=1
where {A}!_, form a basis of the space of harmonic forms. Here L is the first Betti number or
the dimension of the first de-Rham cohomology group (or the space of the first singular cohomology
group H'(M) with real coefficients). Now we may utilize the L? orthogonality property of the three
constituents in the Hodge decomposition of the velocity field with respect to the natural Riemannian

metric vy i.e.,

[ tao.my, = [ w30, =0 (3.89)
M M

since H € ker(dd + dd). Therefore, the harmonic contribution decouples to yield the following set of
ordinary differential equations for each harmonic part
dm*  na n+1l, .

a e T T

(3.90)

Integration of this equation yields

mk(t):mk(to)(;t )nmd_ t (3.91)
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Once we have extracted the time evolution of the harmonic contribution, the pure rotational part
may be extracted by the application of a double ‘curl’ operator 6 o d. Notice that (§1))%, the pure
rotational contribution and H?, the harmonic contribution to the velocity field, both have zero
covariant divergence (see the appendix). Let us denote the vector field counterparts (d1)* of 61 and

H* of H by & and y, respectively i.e.,
vt = V[ + &+ X' (3.92)
Here ¢* and x! satisfy (in the weak sense of course since they belong to H*~!, s > 5+1)

V€' =0, (3.93)

Vhlix' =0. (3.94)
(ie., 3@ € C*(M) such that [, (V[7]:©)¢ =0 = [,,(V[7];©)x") The action of double curl § o d
on the evolution equation for the velocity (3.83) yields

Ol(6 o dv*)H" @( n+l
ot - a Yad

)[(6 0 dv”)F]?, (3.95)

since the action of curl annihilates the gradient by definition (exterior derivative to be precise).
Noting (JA); = V[y]7A;; VA € SY(M), d?¢ = 0 = dx”, One may explicitly evaluate [(& o dv”)#]* to

yield

[(Bod”) ) = V[;(VI'E — V1€, (3.96)

—VN; VI E + V' V¢ + Ry

= (54, + R[Y)E,

where we have used the divergence free property of £. Therefore, one obtains the following evolution

equation for £

3, + R (5 - L, - 2 her) o (3.97)

Now, the kernel of the Hodge Laplacian (dd+dd) is precisely the space of harmonic forms. Therefore,

o€ ; 1. . .
;;f *%(%d*n+ )§ = ('t x) (3.98)
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b since

for ¢* € ker(ds 4+ 6d). On the other hand, £ is always unique up to a harmonic form &
66" = 6(&* 4 k). Therefore, if we make a transformation &(t,z) — &(t,2) + k(t, x), the evolution

equation becomes

o na n+1, Okt na n+1
= —(Yaa — )€+ ( D *;(’Yad*

o a n W) = ('(t, ). (3.99)

Now setting %’f—%‘i(vad—%ﬂ)ﬂi = ((t,z) (which has a unique solution (¢, ) = k*(to, x)(:&)) yr(raa==50) 4
)

wa— =LY it Ci(t/,m
a(t)n(ﬂy d n )f‘to

mdt/), the evolution equation for the rotational part £ reduces to
a(t' )" Vad™ T

g_@( _ntl
dt a ad n

)E =0 (3.100)

from which one obtains the following stability criteria

1
Nod < ”Z . (3.101)

Direct integration of the evolution equation for the curl part (3.100) yields

n+1

a n(Yad— ")
E(t) = € (to) ( (t) > . (3.102)

a(to)

Clearly, the curl part satisfies an ordinary differential equation in time and therefore we may control
its Sobolev norm of arbitrary order. Provided that the adiabatic index 7,4 lies in the suitable range
(3.101), the curl part of the n—velocity field decays.

Notice another remarkable fact that the three parts of the velocity field are decoupled at the linear
level. In other words, the coupling is necessarily of higher order. Now we turn to the linearized Ein-
stein’s equations imposing constant mean extrinsic curvature spatially harmonic (CMCSH) gauge.
Note that the following lemma holds
Lemma 3: Let h;; be the perturbation to the metric vy;;. The perturbation to the Ricci tensor in

CMCSH gauge satisfies
1 1 1
ORij + —hij = DR[Y]ij - h+ —hij = 5Ly 1 hij, (3.103)
n n 2
where L., yhij is defined to be

Loy yhij = Ashij + (R i ™+ RIYY i ™) Pk (3.104)
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Proof: Using the Frechet derivative formula for the connection coefficents DT'[y]?;-h = YUV [V b+

V[V]khji — V[v]ihij), one may readily obtain the first variation of the Ricci tensor in the direction
of h

1
0Rij = DRDij - h = 5{Ayhij + (R[Y* &5 ™ + RY* ji ™) hem (3.105)

V[ VIlmhi + VIV [mh + Rk hf + RIYkihy — ViVt b}
The linearized version of the spatial harmonic gauge ‘id : (M, + h) — (M, ~y) is harmonic’ yields

YIDT[ - h =0 (3.106)

2V [4];hY — V[y]'tr,h = 0.

Therefore, the potentially problematic term V[v];V[v]mhi" + V[1]:V[7]nh]" obstructing the ellip-

ticity of h;; — DR[];; - h becomes

VIV VI mhi® + ViV h] = %(V[V]N[ﬂj + Vi V[v])tryh (3.107)

= V0IVhljtryh,
which gets cancelled with —V[y];V[y],tryh and therefore

1
0Rij=DRMij-h = S{8hij+ (RO i3 ™ + RO ji ™hiom + B[y
+R['7]kih?}

1 m m
= 5{8yhi + (RN 35 ™+ RIYVF ji ™) i}
1

- 7h1, j y
Ll
ie.,
1 1
0R;; + ﬁhij = DR[v]i; - h + ﬁhij = Ly 1 hij, (3.108)
where we have used the fact that the background metric is negative Einstein (R[];; = —1+;;). This

concludes the proof of the lemma.

Therefore, we establish that h — DR[y];; - h is linear elliptic, which will help us to cast the
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Einstein evolution equations as a linear hyperbolic system. The linearized Einstein-Euler evolution

and constraint equations read

Ohy;; 2 24 1
-5 = kit Z2 6N+ 15 = (Lxn)sg, (3.109)
ot a a Y oa
I
akltr a r 1 v - 2 n 1
atj = —(’I’L - l)akf] - EVMZVMJ(SN + +m0/1 'Y“dép*yij + %[:%’Yhij
1( 1 . 1
+a {’I’L — 1(1 +7ada2 Vadcp)’yl-j — n’yw} 5N, (3110)
99 na n+1 1 Yaa — 1
ot g ed ™ — 0N - dp, 3.111
ot a (Yaa n )¢ a CrYaaa p ( )
—_—————
<0
dop CpnYad@ CrVad
2 = ON + —2=2A 3.112
at a + a 7¢7 ( )
dg? na n+1. .
= " (Yaa — ' 3.113
at a (Yad - )¢ ( )
—_—
<0
dx’ na n+1,
= 7, ad ™ , 3.114
dt a (Yaa n )X ( )
—_—
<0
Astroh + V'V hij — R[Y)ijh7 = 2a* ™edsp, (3.115)
VIET™ = —yeaa® "0 (3.116)

along with the elliptic equations for the lapse function (perturbation) and the shift vector field

arising as a consequence of the gauge fixing

1 ad — 2 —
ALON + —— (1 + Cypnyeaa® ™) 6N = —““71& MYaa gy, (3.117)
n — n —
AL X' = RIYiXT = —(n — 2)%V[y]i5N — 2V [k (3.118)

Notice that the negativity of the underlined terms in the linearized evolution equations is crucial in
our analysis since these will generate uniform decay of the matter fields. Here we have used the fact
that the term ‘g”/9,T'[y]¥;’in the shift equation (3.56) vanishes at the linear level (as shown in section
3.2). Notice that a problematic term V[v];k"* arises in the right hand side of the shift equation,
which requires a higher regularity of the trace-less second fundamental form k*”. However, we may
immediately utilize the momentum constraint (3.23) to get rid of this term and obtain

A X' = RY;X7 = —(n — 2)gv[’7]i5N + 2724Cpa® e’ (3.119)
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Here v = (d¢)? + ¢ + x. Observe that the A'—tangential velocity ITTIl entered into the linearized
evolution equation for the metric perturbations h;; and we need to estimate it (term I in the

equation). Choosing a basis (%L = me” + L, 1y for the formal tangent space of A at -, the time

wl

derivative of the shadow gauge condition yields at the linear level

(@eh,mI ™+ Ly i7)y =0 (3.120)
<—%k” + %51\77 + 170 éLx%maTT” + Lyi7)y =0
<—§k’" + T T L)y =0
(=277 + Lyy = 29]nY ™)+ T mI T4 L), =0

<_2kTT+lTT|| mITIy = 0 = 77N = 2,17y
a Pe a

Here we have utilized the L? orthogonality between AT and Lp~y for B € X(M) and ATT is a
TT-tensor with respect to 7. k77!l denotes the projetion of the transverse-traceless part of k' onto
the kernel of £, , (as we have discussed in section 3.1). In the energy inequality, we will observe
that the term [77ll is rather innocuous at the linear level since action of £ . annihilates it (and

only contributes at higher order).

3.3.1 Local Well-posedness

[150] proved a well-posedness theorem for the Cauchy problem for a family of elliptic-hyperbolic
systems that included the ‘n + 1’ dimensional vacuum Einstein equations in CMCSH gauge. [229]
sketched how to apply the theorem of [150] to a gauge fixed system of ‘Einstein-A’ field equations.
However, a local existence theorem for the fully non-linear Einstein-Euler system in CMCSH gauge
remains open till today. [180] utilized a CMC transported spatial coordinate condition (zero shift)
to establish a local and subsequently a global existence result for the sufficiently small however
fully non-linear irrotational Einstein-Euler system on (0,00) x T3. In the case of an irrotational
fluid, one readily has a nonlinear wave equation (in a ‘sound metric’) for the scalar potential. One
potential complication that arises in the case of a general Einstein-Euler system is that the rotational
contribution and the harmonic contribution of the n—velocity vector field are coupled non-linearly
to the scalar field. Such questions are not however relevant at the linear level and left for future
study. At this linear level, the system (3.109)-(3.119) forms a coupled linear elliptic hyperbolic
system. A straightforward energy argument together with a contraction mapping on the Banach

space CO([0, T]; H® x H*' x H*=' x H* x H*=\ x H*"1) (i.e., (h(t), k' (t), 6p(t), d(t), £(t), X (1)) €
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HSx HS ' x HS7' x HS x H*~! x H*~1) with s > 5 +1 would yield an existence result. However, a
subtlety is that in the energy expressions, we will have the shift vector field X and the perturbation
to the lapse function §/N. Therefore, we need to ensure that they are uniquely determined or in

other words that the following elliptic equations have unique solutions

]. ad — 2 —
ALON + —— (L+ Cpnyeaa® ™) 6N = f’”dilaQ MY §p, (3.121)
n— n—
AL X' — RYiX7 = —(n — z)ng‘(m + 2744Cya% ey (3.122)

in Ht1 x H**!. But, this is equivalent to showing that the operators Ay—i-ﬁ (1 + Cpn%daQ_"Wd) id
and (5;1A7 — R[’y]é- have trivial kernels on H**! x H*t1. However, this follows from the fact that
1+ Cpnygaa® ™24 > 0 and R[y];; = —17;; [150,206]. Note that once the perturbation to the lapse
is uniquely determined in terms of dp, the shift vector field is then uniquely determined in terms
of v (¢,&,x) and dp. The detailed elliptic estimates are stated in the next section. Uniqueness
and the continuation criteria is straightforward for this linear elliptic-hyperbolic system. The only
difference between our equations here and the vacuum work studied by [150] is the appearance of
matter terms. However these appear with good signs and so the analysis proceeds in the same way.
For completeness we state the following theorem concerning the local well-posedness.

Local well-posedness theorem: Let s > 5 +1. The CMCSH Cauchy problem of the linearized
Einstein-Euler— A system with initial data (ho, k&, 5po, ¢o, o, X0) € HS X HS 71 x HS = x HS x H* "1 x

H*=1 and A > 0 is strongly well posed in CO([0, TT]; H> x H> ' x HS"'x H*x H*~' x H*~1). In par-

ticular, there exists a time Tt > 0 depending on ||ho|| s, ||k§ || zrs-1, [|6p0l | zo=1, [P0l lm=, |[€ol| 7o -1 || X0 || o1

such that the solution map (h07 k(t)ra 5/307 ¢05 507 XO) = (h(t)7 ktr (t)a 5p(t), ¢(t)7 g(t)7 X(t)v N(t)a X(t)) is

continuous as a map

HSx H ' x HS P x HS x HS P x 71 — (3.123)

HSx HS ' x H "' x H x H5 "' x H ! x g3t x g1,

Let TT be the mazimal time of existence of the solution to the CMCSH Cauchy problem with data

(ho, k&, 8po, b0, €0, X0)- Then either T = 400 or

lim supmax(||h(t)||me, ||k ()| gs—1, [|6p(#) || 7ro—1, (3.124)
t—TT

He@ e, 1€ a1 x| ro—1) = +o0.
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In addition to the local well-posedness, one needs to ensure the conservation of gauges and con-

straints, that is, the following entities must vanish identically along the solution curve

A= V[y]'r, (3.125)

B* :=~"(Cly + Al = T15) =+ DT i - h, (3.126)
D = Ajtryh + ViV hij — R[]k — 24?7 ép, (3.127)
E' = V)K" 4+ ya® "™ Co'. (3.128)

The vanishing of the entity A’ precisely states the imposition of the constant mean extrinsic curvature
gauge i.e., 7 is a function of time ¢ alone. Vanishing of D is essentially the conservation of the
linearized version of the Hamiltonian constraint. One might naturally expect the conservation of
the gauges and constraints due to the Bianchi identities. However, utilizing the evolution equations
of the relevant fields, one may also directly obtain a system of coupled PDEs after a lengthy but
straightforward calculation. Utilizing an energy argument similar to [150], one may show that if
(A, B, D, E) = 0 for the initial data (ho, k", dpo, vo), then (A, B, D, E) = 0 along the solution curve
t = (h(t), k" (t),0p(t), v(t), 0N (t), X (t)). At the linear level, one sees trivially that A* = 0. Here, of

course, by v we mean the triple (¢, &, x).

3.3.2 Elliptic Estimates

In this section, we estimate SN and X* from their respective elliptic equations. These estimates are
necessary to derive the desired energy inequality. At each step, we carefully keep track of the time
dependent expansion factor.

Lemma 4: Let s > § + 1 and assume (6N, X hij, kf;”, dp,v*) solves the linearized Einstein-Euler
system expressed in CMCSH gauge. The following estimate holds for the linearized perturbation to

the lapse function 6N
[[ON]| et < Ca® "7|6p|| o1, (3.129)

where a is the scale factor for the background solution and C > 0 is a suitable constant dependent
on the background solution (3.1).

Proof: The elliptic equation for the perturbation to the lapse function reads

]. ad — 2 —
BodN + —— (L4 Cpnaga® ™) N = — U2y, (3.130)
n — n—
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Now, we have shown in the previous section that the operator A, + ﬁ (1 + Cpn’yada2_”7“d) id :
H*tt — H*~1 is injective and following its self adjointness, also surjective (it has closed range).

Therefore, following this isomorphism, we immediately obtain
[[ON]|gs+1 < Ca®>™||6p]| 1. (3.131)

A short proof may be as follows. Let us denote the operator Ay + —L= (1 + Cpnyeqa® ™) id by
A. Assume that an estimate of the type ||u||gs+1 < ||Au||gs—1 does not hold. Then there exists
a sequence {u;}2, with ||ui||gs+1 = 1 and ||Au;||gs—1 — 0 as i — co. Now M is compact and
therefore H**! is compactly embedded into H*~! (notice s > %4-1). This yields a sub-sequence {u;, }
converging to u* € H**! strongly in H*~!, which by construction satisfies Au* = 0. This contradicts
the fact that the operator A is injective. Therefore an estimate of the type ||u||gs+1 < ||Aul|pgs—1
holds Vs > 1 (which is satisfied here since s > % + 1). Here, the constant C' depends on the
background entities as evident from the elliptic equation.

Lemma 5: Let s > § + 1 and assume (0N, Xi,hij,kf;,ép, v') solves the linearized Einstein-Euler
system expressed in CMCSH gauge. The following estimate holds for the linearized perturbation to
the shift vector field

X[ < O ||8p] o1 + Cpa® "o o] o), (3.132)

where a is the scale factor for the background solution and C' > 0 is a suitable constant dependent
on the background solution (3.1).

Proof: The elliptic equation for the shift vector field reads

Ay X' = ROJXY = —(n = 2) ZV]'N + 290000’ 100 (3.133)

Now given that  is negative Einstein i.e., R[y];j = —2+;;, the operator P := (5;‘-A7 —R[ﬂ; CHA

H*~! has trivial kernel. We may use a similar argument as that of the previous case to obtain the
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following estimate

| X || retr < <|| V[y }”6N+2%dcpa2”%dvi|Hs_1) (3.134)
< c(“ VN || ggems + Cpa® =™V | e )
a
a 2—n 7
S *|6NHH¢+CG, ’Yad||U|H& 1
a
< O (aa'™|8p|| o1 + Cpa® "2 [0]| o) -

Here we have used the fact that || A]

g1 S||A||gs2 for 81 < so and the estimate for the perturbation

to the lapse function from the previous lemma (4). This concludes the proof of the lemma.

3.4 Energy functional

In the study of hyperbolic PDE, the use of an energy functional is indispensable. Since the linearized
Einstein-Euler system is a linear coupled hyperbolic system (except that the rotational and harmonic
parts of the velocity field are decoupled), one may naturally define a wave equation type of energy
and its higher-order extension which controls the desired norm of the data (h, k', dp, ¢, €, x). Note
that at the linear level, the rotational (§) and the harmonic (x) parts of the velocity field simply
satisfy ordinary differential equations in time and therefore, we may control their Sobolev norm of

any order. Let us first define the lowest order energy &;

a6 = ) Cz)<6p,6p>p+ (6,800) 12 + 316, €)1 (3.135)
ad

1
<H H)e + 5 <ktT k') e §<h7£%7h>L2
Here A, A, and L., , are defined as follows

Ay = =9V iV, AL = A+ RY)SE, Ly yhij = Ayhij (3.136)

+(R(I* i ™+ ROYE ji ™) hkm.
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Clearly, A and L, - are the Hodge Laplacian and a Lichnerowicz type Laplacian, respectively. They

both have non-negative spectrum on M. The lowest order energy may explicitly be written as follows

(’Yad 1) 7,
&1 = Eere M(5p fy + V 1oV V507" 1y + 55%/@
+5 /M HiH v ey + / k”kfﬁv”“v iy
1

+§/M(vh]khijvh]lhmn'ykl'ylm'yjn + (R[ ] +R[ ] )hkmhln7 'an)M’Y'

Using the structure of the lowest order energy, the higher order energies may be defined as follows

& = Gu) 02)<6p,N p) e + (6, ALd)sa + 3 (6 ATIE) e
ad

<H Az 1H>L2+ <kt7' £1 1kt7>L2+ <h El >

for 1 < i < s. The total energy is naturally defined as

£=) & (3.137)
=1

The energy is positive semi-definite and it only vanishes precisely when (h, k™", dp, ¢,&,x) = 0. The

first variation of the energy about 0 in the direction of X := (u,v,w,z,y, z) vanishes
DEW0)- X =0, (3.138)

that is, 0 is a critical point of £ in the space Q := H® x H*"! x H*"! x H* x H5! x H*"'. The

Hessian of £ at 0 reads

S

wd — 1 - - :
D2E(0) - (X, X) = (zd & ) > w, A w) e+ (Al (3.139)
ad i=1 i=1

—l—Zy,AZ 1 Lz—&-ZzAZ ! Lz—i—Zvﬁ‘ !

The equality hold iff u = vTll,v = 2 = y = z = 0 (at the linear level w77l = 0). Therefore, the
positive semi-definiteness of the Lyapunov function on Bs(0) — {0} C Q is heavily dependent on the

non-negativity of the spectrum of the associated rough Laplacian A., Hodge Laplacian A, and the
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Lichnerowicz type Laplacian L. . Now, since the hessian is positive definite on Bs(0) — {0}, the

map D?£(0) : Bs(0) — {0} — Image(D?£(0)) is an isomorphism yieldin
p g P Yy g

1Al Fre + 11K [Frems + 1100l Fre 0 + 110lFrs + 11€]1 - + xIFro (3.140)

< D2E(0) - (X, X).

Now, using a version of the Morse lemma (Hilbert space version) on the non-degenerate critical point
(0,0), we obtain that there exists a § > 0 such that for variations lying within Bs(0), the following
holds up to a possibly non-linear diffeomorphism £ = £(0)+D?E(0)- (X, X) = D2£(0)-(X, X) (notice
that £(0) = 0). Therefore, we prove that the energy controls the desired norm of the perturbations

ie.,

1P1Zs + K ems + 110p117 - + [l Zs + 1€l Framr + [Ix[Femr S € (3.141)

3.4.1 Uniform boundedness of the energy functional

In this section, we prove the uniform boundedness of the energy functional and it’s possible in
time decay. In the process, we obtain the necessary and sufficient conditions for such estimates to
hold. To obtain the uniform boundedness property of the energy, the necessary ingredients such as
elliptic estimates are at hand. We therefore explicitly compute the time derivative for the lowest
order energy defined in the previous section. An analogous calculation holds for the time derivative
of the higher-order energies as well. We will use the Sobolev embedding on a compact domain

[[Al[zee S [|A]|ma for a > 5 and the following product estimates

1AB|ms S (|Allz[Bllms + || Al | Bllz), s > 0, (3.142)
n
I1AB][m= < 1Allm= 1Bl =, > 3, (3.143)
P, AlBl[ra < (I[VAll Lol | Bl ste-s + ||l mo+a [ Bl| ), (3.144)

PeOP% s>0,a>0,

where OP® denotes the pseudo-differential operators with symbol in the Hormander class S7
(see [175] for details). The first and second inequalities essentially emphasize the algebra property
of H* N L for s > 0 and of H*® for s > 7, respectively. In addition, we of course use integration by
parts, Holder’s and Minkowski’s inequalities whenever necessary.

Lemma 6: Let s > §+1, v € Ein_1 be the shadow of g € M and assume (h = g—7, k" Sp, d, &, X)
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satisfy the linearized Einstein-Euler system. Also assume there exists a § > 0 such that (h, k'™, dp, ¢, €, x) €

Bs(0) C H® x H*"1 x H*"1 x H* x H*~! x H*~'. The time derivative of the lowest order energy

reads

% = —(n—1)- <k” kYo + —d(vad _nt 1)<¢ Ay @) e (3.145)

na n+1 n+1
+Z(’Yad_ " )<57A£>L2+;(7ad_ " J(H, Ay H) L2

+B,

where B satisfies

a 1 1
1B S (vaa = D= l10pl e 10N [ s + Al as 1N o1+ ~[ON] [z K7 ][ 12

a 1 1 Y
0N e 1Bl + X oo ollzr + 2R s + Cpa® o181

Proof: A direct calculation using the evolution equations (3.109)-(3.116) yields

o0& “
=1 ; & L (0,00,00) 12 + (006, As) 1 + (96, E) g2 (3.146)
ad

+0ix; X) 12 + (0K BT ) 2 + <ath Lo hype +ER

wd — 1, Convyeqa
= Jad i f’a” 5N+fcp'yadA7(b,5p>L2

’yadc’2
na n+1 1 Yad —
— — — —0N — JA
O Gt = 00— 8N = T, M)
na n+1 na n+1
+<;(’7ad - ), E) 2 + (— a (Yad — )X X) 12

; 1 1 1
+(—(n— 1)914;” - EVM ® V[y]0N + — {n—l(l + Yadga? " C, )y — nv} ON

2 1 2 24
ISy + ./:7 Shig KTy e 4~ < = 2R 4 225Ny 47T
n—1 4 a a

1
- Lxy, Ly ah)ie + ER

= ™ (ot = )8 A1 + 2 = N

na n+1 .
+?(7ad_ - )<X,X>L2—(n—1)g<kt KT L

(Yaa — Dna 1 1 o
20t a(éN,5p>L2 a<6N7AA,¢>Lz a(Vh]@V[y]&N,k Y2

la 1
+§E<5N’)/, £777h>L2 + @<Lx’77 £v7vh>L2 + ER
Here (V[y] ® V[7]dN);; == V[7];V[7];0N. Now the rationale behind choosing the coefficients of

different terms in the energy expression (such as W%d e term with (dp, dp)2) may be seen as follows.

130



Note that in the time evolution of the lowest order energy, we have terms like (dp, Ay$)r2 and
(Kt L ~h)r2. These terms are dangerous because, when we reach the term with highest Sobolev
regularity, the higher order versions of these mixed terms (6p, A%¢) 2, (Kktr, L3 h)re require regu-
larity more than the maximum available regularity. Therefore, we want these terms to get cancelled
with their negative counterparts. Note that with this particular choice of the positive coefficients of
different terms in the energy expression, these dangerous terms are cancelled point-wise. Therefore,
we are able to control the time derivative of the energy functional in terms of the maximum available
Sobolev norms of the perturbations.

There are additional terms that appear when we apply 0; on the volume form p, since 0y =

17T = %kTT”. However, since Oiu, = %,uw(at'y), this term does not contribute as a result of

ETTI. In addition there are terms that arise due to appearance of the

~vy—trace-less property of
metric v in the definition of the inner product. We denote these additional terms by £R. Making
use of the y—traceless property of k% and k771l i.e., Y9k =0 = fyijk;TjT” and £, k7Tl = 0, the

error term ER may be written as follows (using Sobolev embedding ||kTT!||poc < ||ETT!|| a1 for

s>5+1)
1
IER| < a||1<TTH||HHsl. (3.147)

Now using the momentum constraint (3.116), kIf = kLT + (Lyy — 2V Y™)ij, (Ly7)iy =

ik VIV Y* + 7 Vv YE, and 2V, Y™ =, (Ly~), we obtain

ER[S

SHE

(K Mezes + 1Y |]ae) €1 (3.148)
where Y satisfies the following elliptic equation
VI'VREY? + REEY' + (1 - %)V[V]j(v[v]iw) = a?""M Oyt (3.149)
Elliptic regularity yields the following estimate for Y
1Y [[ro+1 S Coa® "2 [o] | o (3.150)

~

Therefore, ER satisfies [ER| < L(|[k"|| o1 + Cpa® ™4 ||| e-1)E1. Putting everything together,
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we obtain

% a n+1

S L ad — < ¢, A0 > 3.151
ot (TL )a ) L2+a(’)’d n ) QZS ’Y¢ L2 ( )
na n+1 na n+1
+7(’7¢1d - ) < 675 >r2 +7('7ad - ) < H,H >r2

+B.
Trivial power counting of a and & yields the desired estimate of B

a 1 1
1B S (Yaa = D)= l10pll e 10N [ s + Al as 1N o1+ ~[ON] [z k7] 12

5N g Wbl + 1IX e [l + (R Lo+ Cpa® =] ol g0 .
Similarly, the time derivatives of the higher order energies may be computed. The following lemma
states the time derivatives of the higher order energies.
Lemma 7: Let s > §+1, v € Ein_% be the shadow of g € M and assume (h = g—-y,k'",6p, $, &, x)
satisfy the linearized Einstein-Euler system. Also assume there exists a § > 0 such that (h, k', 6p, ¢, €, x) €
Bs(0) C H® x H*™1 x H*"1 x H* x H*~! x H*"'. The time derivative of the higher order energy

reads

851 a r pielitr na n+1 i
ot = —(TL - 1)E<kt ?‘C'y,'y kt >L2 + j(fyad - n )<¢? A7¢>L2
+?(7ad - )<§7 A 1£>L2 + ;('Yad - )(H, A’Y 1H>L2

+B’i7
where B satisfies

a 1 1 .
1Bil £ (Yaa = D= ll0pll o= [N Lgrosr + ~[[ @l 10N o+ ~[|ON]| e [IK7 ]| o

6N g Wbl + X s Bl + (1R s+ Cpa® "ol 1)
for1<i<s.
Proof: With a similar type of calculation using the evolution equations of the Einstein-Euler system
together with the inequalities (3.142-3.144) whenever necessary, we obtain the time derivatives of
the higher order energies. The estimate of the residue terms B; may be obtained by carefully keeping
track of the explicitly time dependent terms a and a.

Utilizing the previous two lemmas, we may now obtain the time derivative of the total energy. The
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total energy satisfies the following differential equation

o€

o (3.152)
A, o i1 tr na n41, < ;
= —(n =1 > KT LK) e+ (Yad — =) Y (0, L) e
=1 =1
na n+1l. < i na n+1. < i
o (aa = =) D G AT e+ (aa — — =) Y (H AT H) e

i=1 =1
+3,

where G satisfies

a 1 1
1615 (Yaa = D= 110pl a1 10N [ ars+1 + —[[l]as 1SN | o1 + ~||ON] [proa |[K7] [ 112

a 1 1, .
2 NN e bl + N e bl + K s + Cpa® ol -0 )E-

Now we make use of the elliptic estimates (lemma 4-lemma 5). An estimate of the shift vector field

reads
X grst1 < C(aa17"7“d||5p||H571 + C’pa27m“d\|v||H571). (3.153)

Now the n—velocity field v may be estimated in terms of its irrotational, rotational, and harmonic

parts as follows

IN

o]l e [1(d)* Mgz + (€l gz + [[H] [ o= (3.154)

IA

ollas + 1€l a1 + [[H|] o

Therefore, the shift vector field may be estimated as follows

1X [ re+1 S aa’ =2 ||8pl | pro—s + a® " (10| s + [[€] pre=1 + [ H] o) (3.155)

which together with the estimate of the lapse perturbation (lemma 4)

6N o1 S @™ [6p] | go, (3.156)
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yields

G < aa |3 + @l T ([l Fe + 1011 -0) + at T (|[0p] s (3.157)

HIE|Fe-0) + aa = (10p]Femn + 11RIF0) + al " ([[l[Frs + 18] 7o

1 _
HlxllZre-s + [1AlGe) + = ([ e + Cpa® ™ Jo]|gro-1)€

A

(aa'="7ed 4 al =) ||8p][Frems + @' T [ + (a0 T+ at )[R
1
+al T K|+ — (I o0 + Cpa®~" e [v]|fgo-1)€

1
S (aal e 4 T E (R |graes + Coa T o] e ),

In the view of small data we may absorb ||k'"|[ rs—1 and [|v||gra—1 in L (|[E""||grs-14-Cpa® =™ ed ||| fre-1)E

with a suitable constant. Therefore, the energy inequality becomes

dé AN tr it tr na n+1, < ;
S == DS Y LK) e 4 T (e — ) (6, ALg) e
i=1 i=1
na n+1 < i na n+1, o .
+;(’7ad - )Z(&A ") + ?(’Yad - )Z:(”H,A7 ") e

i=1 i=1
+C(aa' "ot 4 g et 4 g YE,

which upon utilizing the first stability criterion

1
Yoa < 25 (3.158)
n
becomes
d€ . 1—n 1—n -1
T < Claa” ~™ed 4 g " "ed 4 g7 )€, (3.159)
Integration of the energy inequality yields
a2 ™a t G1=n%ad gt t oo la
5(t)§€(t0)ec(_"”ald—2 Yad [ Taddt + [} dt)_ (3.160)

Noting that ny,q — 2 > 0 (n > 3), a second stability criterion in the expanding universe is obtained

as

/ al™™eddt < oo, / a~tdt < co. (3.161)
to

to
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Analysis up to now holds for A > 0. However, in order to conclude that the FLRW models considered
are stable, we need to consider two separate cases: 1. A > 0,2 A =0.
3.4.2 A >0 case

We may immediately check whether the stability is satisfied by the spacetimes under consideration
including a positive cosmological constant A. From lemma (1), we know that the scale factor exhibits

the following asymptotic behaviour for A > 0

a ~ eV Tt (3.162)

as t — o0o. Let 4/ n(fﬁl) = a > 0. The integrability conditions ftzo al~™addt < 0o and ftc:)o a~ldt <
oo are trivially satisfied since, 1 — nyeq < 0 for 74q € (1, %), n > 3 and ftc:)o e~ (MYaa—Datgy
0, j;io e~ dt < co. We may in fact establish the decay of the re-scaled perturbations (in a suitable

norm) once we have established the uniform boundedness condition, that is,

1@ e + 1E7 (@)= + 110p@)] | rra=2 + [0 (B[] o2 (3.163)

S |tz + 11K (to)ll =1 + [[0p(to) || re—1 + [[v(to) |l o1 < 0

for ¢t > ty and sufficiently small §. Following this uniform boundedness of the appropriate norm of
the perturbations, we may immediately apply the local existence theorem to yield a global existence
result. However, we may achieve better than the uniform boundedness in a rapidly expanding
background since expansion is expected to ‘kill’ off the perturbations. We may in fact obtain decay
of the perturbations in an appropriate norm. Since, the rotational and harmonic parts of the
n—velocity field exhibit decay, we will focus on the scalar field ¢, density perturbation dp, and the
geometric entities h and k*". First we obtain the estimates for the lapse and the shift. Utilizing the
elliptic estimates (lemma 4 and 5) and boundedness of ||0p||gs—1,|[v||gs-1 (3.163) one may obtain

the following estimates in a straightforward way

16N rosr S e (Mraa=2, (3.164)

[|X || o S e @(MYaa=2)t, (3.165)
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Now let us evaluate the time derivative of the following entities

1 s—1 )
5 2K LR

&L=
k 9 :
=1

and

€= 5 > (& M0)1e

i=1

An explicit calculation yields

o€
O < ™ ey IR ool +

1 T
N [R5

—n T c
+a 7 (0)]10pl [ ara-2 K| e-2) + —

28, _ 2m
ot

Now notice the following extremely important fact. Since the dangerous term (k",ﬁiwy

0&k

< (%d—T)5¢+C(*H5N|IH5 [0l - 1+*||5p||Hs @)

C

_'_7

a

(3.166)

(3.167)

h)r2 does

not get cancelled in 55, we lose one order of regularity i.e., we may only obtain a decay of ||k""|| gs-2

instead of ||k"|| gs—1 (similarly for ¢, we may only control ||¢|| zs—1). However, since we can consider

s > 5 + 2, we will still obtain the desired point-wise decay. Utilizing the boundedness of the fields

as t — 0o, we may write the previous inequalities as follows

o0&y, na C
R 9™ =
ot — a Eet
o€ 2na n+1 C
87;5 < (’Yad - )gqb + —

Noticing a ~ e® and ¢ ~ o as t — 0o, we have
a b)

% < —2naly, + Ce o,
1
% < 2na(ved — %)&ﬁ + Qe
yielding
gk 5 e—at7
5¢ 5 e Ct,
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(3.169)

(3.170)

(3.171)

(3.172)

(3.173)



where 0 < ¢ := min (o, 2na(E — v,4)). Note here that we need v,q < ! for a decay. This is

extremely important. These decay estimates yield

o3

” _ _<
K (s> S e 20|16l o S e 3 (3.174)

One may actually obtain a better decay estimate for ||k'"||gs—2 by an iterative argument. Going

back to the evolution equation of &

o0& na(t 1 1
B <" O gl + 6N
a a a

+al T ()||ON ||+

PP

ko2 + @' 04 (8)]|8p] | o2 |6 || =)

and substituting the estimate ||k*" || go-2 < e~/ yields
% < —2na& + Ce—a(+3)t (3.175)
as t — oo. Integrating the previous inequality, one immediately obtains
& S et (3.176)
and therefore,
1627 ||gpeme S e BRI (3.177)

Notice that we have gained an extra factor «/4 in the rate of decay. Continuing in a similar way,

we obtain the final decay rate of & to be the following sum

1 1 1 =1
a{1+2(1+2(1+2(1+ ......... } =a) —=2a (3.178)

and therefore we obtain

16 o2 S €™ or [|K7]| L S e (3.179)
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Now using the equation of motion for the metric g;; (3.50), the estimates for lapse and shift

(3.164,3.165), and the uniform boundedness result (3.163), one readily obtains
H ||H“ LS (3.180)
which upon integration yields
lg(t) = g'llga1 S e as t — oo, (3.181)

where gt € H*~'. We need to identify the limit metric gf. Since M is compact, H! is compactly
imbedded in H'~!, VI > 1. From uniform boundedness (3.163), the limit metric g' must therefore be
in H®. Now we need to estimate the density function. Using the evolution equation for p = C, +dp,

we obtain
o) = p ||ge—2 < e Pt as t— oo (3.182)

for p € H*2 and 8 = min(a(nyeq — 2),a + ¢/2). From uniform boundedness (3.163) and com-
pact imbedding, p' € H*~'. Now utilizing the Hamiltonian constraint (3.53), Sobolev embedding

(HY(M) < L>(M), I > %), and the decay estimate of the relevant fields, one readily obtains

lim R(g) = —1 (3.183)
ie.,
g — g1 S e (3.184)

ast — oo. Here gT € M€ |, where M€ | is a sufficiently small neighbourhood of the space of Einstein
metrics NV in the space of constant negative scalar curvature —1. Application of Sobolev embedding
on compact domains (since we are now considering s > % + 2), the final pointwise decay estimates

of the fields are as follows

lg(®) = gMllze S e KT Oll= S e o) = p [l S e, (3.185)

IN(t) = Llge S e a2 |IX (1) S e @02 [ITTI(1)]| 1o S €72,
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The individual constituents of A and k" may be estimated by using constraints. Using the momen-

tum constraint (3.116) and kff = kLT + (Lyg — 2V,,Y™g);;, one obtains
‘ j j i 2 j j —n i
VOI'VRLY? + BOY + (1= S)VIP (VRLYT) = a* 7 Cpu (3.186)

Now of course the kernel of the elliptic operator on the left is trivial since the background metric is

negative Einstein. Therefore, noting ||v||gs-1 < C, the following elliptic estimate holds
1Y ][ ross S @m0 (ea=2)t (3.187)
as t — oo and therefore

BT | oz S €70, (3.188)

kT we do not lose regularity of Y.

Notice that, by virtue of the transverse-traceless property of
Similarly, the Hamiltonian constraint (4.19) together with the spatial harmonic gauge condition may
be utilized to obtain decay of the individual parts of h;; = hg;-T + fgi; + (Lwg)i; [184]. The first
variation of the Hamiltonian constraint (4.19) with respect to (g, k%", p,v) at (g =7, k" = 0,p =

C,,v =0) yields

DR[y]-h = 2a* ™dgp, (3.189)
Aytrgh +ViNIh;; — R[ylijh7 = 2a*7"edp,
where R[v];; = @’m = —%’yij. Upon substituting the decomposition h;; = hg;-T + fvij +

(Lw)i; into the variation of the Hamiltonian constraint (4.19) and noticing that A tr.,(Lwg) +
VIV (Lw)ij — R[ij(Lwv)¥ = 0 yields

ndyf+9YViVif = R = 2a*7"0p (3.190)

(n—=1DA,f—RQhlf = 2a*"p.

Following the injectivity of 2A,, — R[] for R[] < 0 (which is the case here), we immediately obtain

the following estimate

| zzosr S @770 |8p|| o1 (3.191)
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The remaining is the estimation of the vector field W. The vector field W is estimated in terms of
f through the following elliptic equation, which follows from the spatial harmonic gauge, that is,

“d: (M,~v+ h) — (M,~) is harmonic’. The linearized version of the spatial harmonic gauge yields

Y9IDTi ] - h =0 (3.192)

2V[y]jhY — Vitr,h =0
n—2
2

AW — RYsWI = — Vif.

Once again, 5§A7 — Rh];- is injective since 7 is negative Einstein. The estimate of W reads
Wl gesz S |1 |azesr- (3.193)
Since, [|dp]|gs-1 S C and a ~ e~ one immediately obtains the following decay

£l rosr S e (Praa=at, (3.194)

W |z S e (Wraa=2)e (3.195)

as t — o0o. Using Sobolev embedding on compact domains, we may of course deduce the point-wise

decay

[T (Ol S e Y || S e =20 || f (1)]| e S em Mrea=2, (3.196)

W (@) S e” oD 1T (#)]| o S e

as t — oo. Notice that the decay property of the matter fields are only possible if the adiabatic
index lies in the interval (1, ”TH) In the border line case of 7,4 = "T'H, one can only prove a uniform
boundedness at the linear level. The uniform boundedness and decay property lead to the following
main theorem.

Main Theorem: Let (go, ki, po,v0) € Bs(7,0,C,,0) C H® x H*™' x H*=! x H*', where
s> 242 and § > 0 is sufficiently small. Also consider that N is the integrable deformation
space of v and A > 0 is the cosmological constant. Assume that the adiabatic index ~yqq lie in
the interval (1,%EL). Let t — (g(t), k' (t),p(t),v(t)) be the mazimal development of the Cauchy

problem for the linearized Einstein-Euler-A system about (3.71) in constant mean extrinsic curvature

spatial harmonic gauge (CMCSH) (3.109-3.116) with initial data (go, k&', po,vo). Then there exists
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ayt e M N S, and v* € N such that (g,7, k', p,v) flows toward (7*,7*70,p/,0) in the limit of
infinite time, that is,

lim (g(t,2),7(¢,2), K7 (¢, 2), p(t, @), v(t, 7)) = (1 (2),7" (), 0, p (), 0)

t—o0

and moreover either v = ~* or v* is the shadow of v'. Here M€ | denotes the space of metrics of
constant negative (—1) scalar curvature sufficiently close to and containing the deformation space
N. 8, denotes a harmonic slice through the metric . p, is dependent on the initial density. The

convergence is understood in the strong sense i.e., with respect to the available Sobolev norms.

3.4.3 A =0 Case

In our linearized analysis, the scale factor a associated with the background solution plays an impor-
tant role. In the time coordinate ¢, we needed an integrability condition on a(t) (3.161) in addition
to the suitable range of the adiabatic index 7,4 (3.101). This integrability condition was satisfied by
the scale factor associated with our background solutions since it exhibits asymptotically exponential

behavior (3.42)

at

a~e* ast— oo, (3.197)

where o = ,/n(if - Now an important question arises. Do we need a positive cosmological con-
stant? In other words: do we need accelerated expansion to stabilize the self-gravitating relativistic
fluid on a background that is already expanding? If we turn off the cosmological constant, then we

have
a~tast— oo, (3.198)

and therefore @ satisfies the first integrability condition of (3.161) (i.e., f:)o al=™eddt < oo) but
/. tzo a~'dt < oo is no longer satisfied. Therefore, we do not even obtain boundedness. However, we
cannot claim that turning off the cosmological constant leads to instability but are simply unable
to establish stability with the current method. Note that recently, using a special technique, [183]
showed asymptotic stability of Milne universe in the presence of dust, where the cosmological con-
stant is turned off (the scale factor behaves ~ t). However, we want to point out that the FLRW

models considered here are different from the Milne model since the latter has a vanishing back-

ground energy density.
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3.4.4 Geodesic Completeness

In order to establish the future completeness of the perturbed spacetime, we need to show that
the solutions of the geodesic equation must exist for an infinite interval of the associated affine
parameter. Here we need to be more precise about what we mean by the perturbed spacetimes.
If the first variation of the metric is denoted by dg which satisfies the linearized equations along
with a certain smallness condition (a re-scaled version of the physical perturbations to be precise).
We show the geodesic completeness for the perturbed spacetimes § = grrrw + 6g. We provide a
rough sketch of the proof in this context following [151]. Let’s designate a timelike geodesic in the
homotopy class of a family of timelike curves by C. The tangent vector g = % = B"0, to C for the
affine parameter A satisfies §(8, 8) = —1, where § is the spacetime metric. As C is causal, we may

parametrize it as (¢,C?), i = 1,2,3. We must show that lim;_,,, A = +00, that is,

t
ax
li —dt = . 3.199
Jim /t @ +00 (3.199)
Noting that 80 = %, we must show
t 1 ,
lim —gdt = +oc. (3.200)
t—o0 to

Showing that |]\7 B is bounded and therefore lim; ., j;to Ndt = 4o is enough to ensure the
geodesic completeness. We first show that |NA°| is bounded. Proceeding the same way as that

of [177] together with the estimates obtained in section 5.2, we obtain
N (Y2 < C (3.201)
as t — oo for some C' < co. Therefore, we only need to show that the following holds

t

lim | Ndt = oo (3.202)

t—o00 to
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in order to finish the proof of timelike geodesic completeness. Notice that N = N = 1 + 6N. Now

ON ()] < C'em@m1ea=2t ) < " < 00 as t — oo yielding

t t
lim (/ dt — C'a(nfy _ 2)(67a(n’vad72)to _ ea(n“/ad2)t)> < thm Ndt
to —00

t—o0 to

t
< lim (/ dt + O a(nygq — 2)(e” @M=Dt _ e_a(”%‘i_Q)t)>
t

T t—oo
t ~
=> lim Ndt = .
t—o00 to
This completes the proof of the geodesic completeness of the spacetimes of interest under linearized
perturbations. The following theorem summarizes the results obtained so far.
Theorem: Let N be the integrable deformation space of v*. Then 36 > 0 such that for any
(g(t0)7 ktr(to), 5p(t0)7 ¢(t0)7 g(to), X(to) S B(;(’y*, 0, Cp, 0,0, 0) CHx H ' x H"! x H® x H* 1 x
H ' x H 1 s > 5 + 1, the Cauchy problem for the re-scaled linearized Einstein-Euler system in

constant mean extrinsic curvature (CMC) and spatial harmonic (SH) gauge is globally well posed to

the future and the space-time is future complete.

3.5 Concluding Remarks

We have proved a global existence result for the linearized Einstein-Euler-A system about a spatially
compact negative spatial curvature FLRW solution (and its higher-dimensional generalization). In
addition to the uniform boundedness of the evolving data in terms of its initial value, we proved
a decay (in suitable norm) of the perturbations as well. This is an indication of the fact that the
accelerated expansion-induced linear decay term may dominate the nonlinearities at the level of
small data in a potential future proof of the fully non-linear stability. However, a serious difficulty -
namely the possibility of shock formation - arises at the non-linear level in the perfect fluid matter
model even without the presence of gravity. Coupling to gravity could make the scenario even more
troublesome since pure gravity could itself blow up in finite time through curvature concentration.
On the other hand, [166, 176] utilized the accelerated expansion (i.e., included a positive A) of the
background solution on the spacetime of topological type T2 x R to avoid the shock formation at
the small data limit. Our study is significantly different from that of Rodnianski and Speck [166]
or Speck [176] in a sense that we are concerned with negatively curved background (for physically
interesting three spatial dimensions, we consider compact hyperbolic manifolds) unlike their study
where compact flat torus T2 is used. As mentioned earlier, our study is motivated by the recent

observations that do tend to indicate a negatively curved spatial universe. Secondly, they study
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the fully nonlinear stability (of small data perturbations) while we restrict ourselves with linear
theory only. In terms of choice of gauge, [166] and [176] used a space-time harmonic gauge or wave
gauge first by Choquet-Bruhat to prove a local existence theorem for vacuum Einstein’s equations.
We, on the other hand, used a constant mean extrinsic curvature spatial harmonic gauge (CMCSH)
introduced by [150]. An advantage of choosing the CMCSH gauge is that one readily has nice elliptic
estimates for the associated lapse function and the shift vector field. Despite these distinctions, we
will observe a similar decay property in the current study with the presence of a positive cosmological
constant. We also obtain a similar stability criterion that is similar to [166,176]. A fully nonlinear
analysis of the spacetimes of our interest is currently under intense investigation.

Even though there are numerous studies of cosmological perturbation theory [122,123,124,125,
126,127], they are primarily ‘formal’ mode stability results and in a sense (described in the intro-
duction) do not address the ‘true’ linear stability problem. Our study, on the other hand, casts
the Einstein-Euler-A system into a coupled initial value PDE problem (a ‘Cauchy’ problem to be
precise). This facilitates the study of the ‘true’ linear stability of suitable background solutions
via energy methods. In addition, even the ‘formal’ mode stability analysis is absent in the case of
the spatially compact negatively curved FLRW model. This model is particularly interesting since
there are infinitely many topologically distinct manifolds mathematically constructible by taking
quotients of H? by discrete and torsion-free subgroups of SO* (1, 3) acting properly discontinuously.
The existence of non-trivial harmonic forms precisely encodes such topological information, which as
we have seen, inevitably appear in the field equations. In addition, we study the more general ‘n+1’
model where the spatial part is described by a compact negative Einstein manifold (which, while
restricted to the n = 3 case becomes compact hyperbolic through the application of the Mostow
rigidity theorem). Our study recovers the mode stability results in a straightforward way (briefly
described in the appendix). One interesting aspect of our study is that it hints towards the following
fact: the FLRW spacetimes with a compact spatial manifold of constant negative sectional do not
exhibit an asymptotic stability property with A > 0. Simply put, any perturbations to FLRW solu-
tions may not return to solutions of the same type rather converge to nearby solutions characterized
by a compact spatial manifold with constant negative scalar curvature. Simultaneously, the matter
density perturbations may not approach zero as well. Since the local homogeneity and isotropy
criteria require constancy of sectional curvature, not just the scalar curvature and a homogeneous
matter distribution, a natural conclusion would be that the Einsteinian evolution asymptotically
drives the homogeneous and isotropic universe (local) to an inhomogeneous and anisotropic state.

This may indicate a possibility of ‘structure formation’ [145] which tends to break the homogeneity
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and isotropy of the physical universe. We do not however claim that such a mechanism is yet so
compelling based on only a linear stability analysis.

Lastly, it is worth mentioning that our results indicate the linear stability if the adiabatic index
Yad lies in the range (1, ”TH) Such a result, while is a necessary condition for stability, is only valid
in the linear regime. It would certainly be interesting to check if this criterion persists in the fully
nonlinear level as well. As mentioned previously, in the presence of accelerated expansion, Rodnianski
and Speck [166] and Speck [176] obtained the same condition for nonlinear stability of small data on
R x T3. In addition to [166] and [176], avoidance of shock formation by exponential expansion was
also studied by [182] for radiation fluid (S? spatial topology), by [181] for 744 € (4/3,3/2) (T? spatial
topology), [185] for dusts (T? spatial topology). Recently by [183] removed the positive cosmological
constant and proved the asymptotic stability of the Milne universe including dust. We will extend

our study to the fully non-linear case in the future.
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Chapter 4

The Thurston boundary of Teichmiiller space is the space of big bang singularities of

2+1 gravity

We study the asymptotic behaviour of the solution curves of the dynamics of spacetimes of the
topological type ¥, x R, g > 1, where 3, is a closed Riemann surface of genus g, in the regime of
2 4+ 1 classical general relativity. The configuration space of the gauge fixed dynamics is identified
with the Teichmiiller space (T, ~ R69=6) of ¥,. Utilizing the properties of the Dirichlet energy
of certain harmonic maps, estimates derived from the associated elliptic equations in conjunction
with a few standard results of surface theory, we show that every non-trivial solution curve runs
off the edge of the Teichmiiller space at the limit of the big bang singularity and approaches the
space of projective measured laminations/foliations (PML PMUF), the Thurston boundary of the
Teichmiiller space. This result which identifies the complete solution space of the Einstein equations
on flat spacetimes of the type ¥, x R, also yields yet another way to compactify the Teichmiiller

space.

4.1 Introduction

241 gravity formulated for spacetimes of the type ¥, x R, where X is the closed (compact without
boundary) Riemann surface of genus g > 1, is of considerable interest in mathematical relativity
despite the fact that it does not allow for gravitational wave degrees of freedom and as such is
devoid of straightforward physical significance. However, it becomes extremely important while
studying ‘3 + 1’ gravity on spacetimes of a certain topological type. [194] studied the Einstein’s
equations for U(1) symmetric vacuum spacetimes with spatial topology being a circle bundle over
S2. Later [191,192,193] studied the vacuum Einstein equations for U(1) symmetric spacetimes with
spatial topology being circle bundles over higher genus Riemann surfaces (¢ > 1), where 3 + 1
gravity is reduced to 2 4+ 1 gravity coupled to a wave map which has the hyperbolic plane as its

target space. In addition to these classical analyses, considerable attention has been paid quantum
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mechanically [189,190,195,196], where 2 4+ 1 gravity is essentially treated as a toy model for 3 + 1
quantum gravity.

Despite such physical motivations to study 2 + 1 gravity as a tool for studying physically inter-
esting 3 + 1 gravity, 2 4+ 1 gravity is itself a mathematically rich topic with several open issues even
at the purely classical level. A considerable amount of work has been done on purely classical 2 + 1
gravity. Moncrief [186] reduced the Einstein equations in 2 4 1 dimensions to a Hamiltonian system
over Teichmiiller space, where the phase space of the dynamics was identified with the co-tangent
bundle of Teichmiiller space (~ R'29712). Later [197] proved the global existence of the Einstein
equations on spacetimes of the topological type £, x R, g > 1 by controlling the Dirichlet energy (a
proper function on Teichmiiller space) of an associated harmonic map. Moncrief’s extensive analysis
of 2+ 1 gravity (using constant mean curvature spatial harmonic gauge) in [198] led to several clas-
sical results of Teichmiiller theory, which were obtained by means of purely relativistic/Riemannian
geometric analysis. This included, e.g., the homeomorphism between the Teichmiiller space and the
space of holomorphic quadratic differentials (transverse-traceless tensors in the context of relativity)
etc. In the same paper, the term ‘Relativistic Teichmiiller theory’ was coined. Through studying a
Hamilton Jacobi equation whose complete solution determines all the solution curves of the reduced
Einstein equations and a Monge-Ampere type equation which allows for a more explicit characteri-
zation of these solution curves, he defined a family of ray structures on the Teichmiiller space of 3.
Studying the behaviour of the associated Dirichlet energy, Moncrief [198] conjectured that each of
these mon-trivial solution curves Tuns off the edge of Teichmiiller space at the limit of the big-bang
singularity and attaches to the Thurston boundary of the Teichmiiller space, that is, the space of
projective measured laminations or foliations (PML, PMJF). This, in principle, if it holds true,
then classifies the big bang singularities of ‘2 + 17 gravity as the points on the Thurston boundary
and serves as another means to compactify Teichmiiller space.

[199] studied the spacetimes of simplicial type (a dense subset in the space of all such spacetimes)
in cosmological time gauge and obtained a similar result that the past singularity corresponds to
the isometric action of the fundamental group of 3, on a certain real tree, in other words, that a
point on the Thurston boundary is associated to the initial singularity. Later, based on the work
of [199], [200] used barrier arguments to control the constant mean curvature slices relative to the
cosmic time ones near the big bang singularities and thereby to show that Thurston boundary points
are attained in the limit, by the former as well as the latter. Despite the fact that these results
conform to the conjecture of Moncrief to a large extent, they lack direct arguments and also differ

in the choice of gauge. Whether this result is gauge invariant is currentsly unknown. Therefore, it is
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worth proving the conjecture by a direct analysis of the Einstein evolution and constraint equations
in CMCSH gauge.

In addition to the general relativistic perspective, M. Wolf [215] established the homeomorphism
between the space of holomorphic quadratic differential and the Teichmdiiller space of 3, by utiliz-
ing the complex analytic properties such as the Beltrami differential (stretching) of the associated
harmonic map. One may naively expect that Wolf’s result might be directly applicable to the rela-
tivistic case since the transverse-traceless tensor of GR may be associated to a holomorphic quadratic
differential. However, in Wolf’s case, the domain is kept fixed while the dynamics occurs on the
target surface and therefore the available machinery from complex analysis became useful. But, in
the relativistic case, the domain (conformal structure) is varying while the target is fixed (an interior
point of the Teichmiiller space). Therefore, the traditional machinery becomes useless and we are
left with tools which are only seemingly accessible through GR.

In this paper, we aim to study the '2 4+ 1’ gravity on vacuum spacetimes of topological type
¥, x R in constant mean extrinsic curvature spatial harmonic gauge (CMCSH). Utilizing the direct
estimates from the Einstein evolution and constraint equations in conjunction with a few established
results from [198] and the theory of Riemann surfaces, we show via a direct argument that indeed
Moncrief’s conjecture holds true, that is, at the limit of the big-bang singularity, the conformal
geometry degenerates and every corresponding non-trivial solution curve attaches to the Thurston
boundary. The structure of the paper is as follows. We begin with introducing necessary background
for the theory of Riemann surfaces such as harmonic maps, holomorphic quadratic differentials,
the associated measured foliations and their transverse measures etc. Then we study the reduced
Einstein equations through a conformal technique and obtain the estimates necessary from the
associated elliptic PDEs. Finally, we state the relativistic interpretation of the concepts introduced
from surface theory and show using the estimates obtained that the conjecture holds true, that is, at
the limit of big-bang singularity, every non-trivial solution curve runs off the edge of the Teichmiiller
space and attaches to the space of projective measured foliations/laminations and exhausts these
spaces. We conclude by discussing the potential validity of the conjecture with the inclusion of a

cosmological constant and suitable matter sources.

4.2 Notations and facts

We denote the ‘2+ 1’ spacetime by M with its topology being Y4 xR. Here, ¥, is a closed (compact

without boundary) Riemann surface with genus g > 1. The space of Riemannian metrics on X, is
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denoted by M and its closed submanifold M _; is defined as follows
M_y ={y e M|R(y) = -1}, (4.1)

where R(7) is the scalar curvature of the metric v. The space of symmetric 2-tensor fields is denoted
by S9(X,). The L? inner product with respect to the metric v € M between any two elements A
and B of S§(3,) is defined as

< A, B >2:= / AijBkl’yik’yjl,u,y, (42)

g

where p, = \/del A dz? is the volume form on X,. Abusing notation we will use p. for
both \/W and the volume form. Unless otherwise stated, we will consider an element of M in
isothermal coordinates that is M > 7 := "*)|dz|?,n : ¥, — R. The Laplacian A, is defined so as
to have non-negative spectrum on X4, that is, A, := —y¥V,;V,. For, a,b > 0, a < Cb (> resp.) for
some 0o > C' > 0 is denoted by a < b (a 2 bresp.). C1b<a < O3, 0 < C; < Cy < o is denoted by
a = b (this essentially denotes that one is controlled by the other or two entities are bounded by one
another). By a nontrivial element of m1(X,), we will always mean a non-trivial closed curve since,
there is a one to one correspondence between the homotopy classes of essential (not homotopic to a
point or neighbourhood of a puncture) closed curve and the conjugacy classes of non-trivial elements
in m1(X,). The group of diffeomorphisms (of ¥,) and its identity component are denoted by D and

Dy, respectively.

4.3 Background on Teichmiiller space

Teichmiiller space is studied from an algebraic topologic perspective [201,202], a complex analytic
perspective [201,203], and a Riemannian geometric perspective [204]. Here, we will focus mainly
on the latter as the Teichmiiller space while viewed from a Riemannian geometric perspective nat-
urally appears as the configuration space of vacuum Einstein gravity (with or without a positive
cosmological constant) on 3, x R. Nevertheless, we will state the algebraic topologic definition of
Teichmiiller space and show how this is connected to Einstein gravity. The Teichmiiller space of 3,
is defined as the space of homomorphisms (more accurately the discrete and faithful representations)
of the fundamental group of ¥, into the isometry group of its universal cover that is the hyperbolic

plane modulo the action of the isometry group by conjugation. If the Poincafe disk model of the
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hyperbolic plane is assumed, then the Teichmiiller space is defined to be

TE, = p(mi(X,), PSLyR)/PSLyRconj (4.3)

C Hom(m1(X,), PSLyR)/PSLsRconj,

where p denotes the space of discrete and faithful representations (sometimes representations abusing
notation). Here note that Hom(mi(X,), PSLyR)/PSLyRconj is also called character variety and
T3, is a connected component of this character variety. Dimension of 7%, may be calculated as
follows. The space of homomorphisms Hom(m1(E,), PSLoR) is moded out by the PSLyR conjuga-
tion so as to remove the base point of the homotopy (at the level of loops). This definition precisely
identifies the ways to equip X, with distinct conformal structures (or hyperbolic structures). The
fundamental group m1(X,) is to be viewed as a discrete and faithful subgroup of PSLyR and as
such is finitely generated (2g generators). The dimension of PSLsR is 3 and action by conjuga-
tion by an element of PSLyR produces equivalence classes (with respect to gauge transformation
in physics terminology). In addition, the generators (A;, B;)7_; satisfy the commutation relation
[19_, A;B;A;'B;' = id implying the representation p € Hom(m(X,), PSLoR)/PSoR conj would
satisfy [T7_, p(Ai)p(B;)p(A;) " 1p(B;)~" = id as well. Therefore we lose 3+ 3 = 6 degrees of freedom
out of 2¢g x 3 = 6g and the dimension of the Teichmuller space turns out to be 6g — 6. Let us now
show how this is related to vacuum Einstein dynamics. The vacuum Einstein equations in 2 4 1

dimension reads

Ry, =0, (4.4)

where (u,v) correspond to the spacetime indices. Now, in 2 4+ 1 dimension, vanishing of the Ricci
tensor (R,,,) implies vanishing of the full Riemann tensor (or the sectional curvature) and therefore,
the solutions of the Einstein equations are necessarily the flat spacetimes and consequently are
locally isometric to the Minkowski spacetime. Now we are interested in flat spacetimes foliated by
Y4. In order to obtain the solution space, we therefore need to identify the space of homomorphisms
(once again space of discrete and faithful representations to be precise) of m1 (X, x R) into the
isometry group of the flat spacetimes, which in this case is the full Poincare group 150(2,1). Now

m1(Zg X R) = m(2,) and therefore the solution space is described as

Eing = p(m(2,),150(2,1))/ISO(2,1)conj, (4.5)
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where Fing is the space of solutions of the equation (4.4). In the similar way, we may compute
the dimension of Fing. Note that now the isometry group 1.50O(2,1) has dimension 6 and therefore
following the exact same procedure, we obtain the dimension of Fing to be 12g — 12. Therefore, the
full solution space is twice the dimension of the Teichmiiller space. One immediate guess would be
that the co-tangent bundle T*T X, of the Teichmiiller space acts as the full solution space, which is
precisely the case as shown in [186,198]. T*T X, is indeed the phase space of the reduced dynamics.
We will get back to this point in detail later. Let us first develop the concepts of geodesic currents,
measured laminations and foliations, which will be required to prove the conjecture.

Let us now introduce a few elementary concepts from the theory of Riemann surfaces. From
elementary hyperbolic geometry, we know that there exists a unique geodesic between any two
distinct points lying on the boundary of the Poincarfe disc (in this model of the hyperbolic 2-space).
Therefore, we define the set of all un-oriented geodesics on i]g (lift of ¥, to its universal cover)
as the Zy graded double boundary of ¥ i.e., G(X,)={The set of all un-oriented geodesics on ¥}
~ (SL, x SL, — A)/Zs, where A represents the diagonal. A geodesic current is a radon measure
on G(X) which is invariant under the m(X,) action (see [209,210] for more details and see [207]
for details about radon measures). The property of a radon measure which would be of particular
interest to us is that it is locally finite. In a sense, a geodesic currents is essentially an assignment
of a radon measure to the open sets of G(X), which remain invariant under the action of the
fundamental group m1(3,). This m (X,) invariance property of the geodesic currents allows one to
define it on the space of geodesics on ¥, i.e., G(X,) = G(X,)/m1(X,) (note that the action of 7 (%,)
extends continuously to 829). Now, for a closed hyperbolic surface of genus greater than 1, m1(X,)
while viewed as a proper discrete subgroup of the isometry group of the hyperbolic plane that is
PSLyR, consists of hyperbolic (also called loxodromic) elements only (see [202,208] for a detailed
classification of the types of isometries of H?). Each element of m(2,) has an axis geodesic along
which it acts by translation and in general it has two fixed points: one attracting, one repelling.
Therefore each element of m;(X,), a homotopy class of nontrivial loops (rectifiable), has a unique
geodesic representative. Whenever we will consider the length of a non-trivial closed curve on 3,
we will always mean the length of the geodesic in its homotopy class. A geodesic lamination is
a closed subset of ¥, which is the union of disjoint geodesics. A measured lamination is defined
as a geodesic lamination equipped with a transverse measure (invariant under translations along
the leaves of the lamination). Clearly, the space of measured laminations is a subset of the space
of geodesic currents. A geodesic foliation may be thought of as the union of the geodesics which

are also integral curves of a vector field. Zeros of the vector field correspond to the singularities
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of the foliation. One may similarly assign a transverse measure to the foliation promoting it to a
measured foliation. There is a natural homeomorphism between the space of measured laminations
and measured foliations (via a straightening map; see Fig [??]). This homeomorphism persists at
the level of corresponding projective spaces. This projective space (projective measured laminations
or foliations) is the Thurston boundary of the Teichmiiller space. At this point, it suffices to know
this fact and therefore, we do not dwell on this matter further rather provide a small detail in the

appendix. Interested readers are referred to the same.

4.3.1 Homeomorphism between ML, MF, and QD

Let us first define a holomorphic quadratic differential on a Riemann surface ¥,. A holomorphic
quadratic differential is a holomorphic section of the symmetric square of the holomorphic cotangent
bundle of ¥,. It may be defined locally as follows. Let {z, : U, — C} be an atlas for £,. A

holomorphic quadratic differential ® on X, is locally expressible on the chart z, as ®,(2,)dz2 with

the following properties: [1] ®, : 2,(U,) — C is holomorphic, i.e., %if: =0, and [2] @a(za)(zz‘; )2 =
Dy (2) for two different overlapping charts z, : U, — C and 2z, : Uy, — C. The second condition
precisely states the invariance of ®dz? under coordinate transformations. Let us denote the space
of holomorphic quadratic differentials on X, by QD. By the famous theorem of Hubbard and
Masur [216], there is a homeomorphism between the space of holomorphic quadratic differential QD
and the space of measured foliations MJF on ;. One may simply associate a vertical or horizontal
foliation with ® € QD (up to isotopy and Whitehead moves; see [215] for details about Whitehead
moves). For details, the reader is referred to [217]. For now we will only need this homeomorphism
property. Given a holomorphic quadratic differential ®(z)dz? in some chart, the transverse measures
of a non-trivial element A of 7 (3,) (except at the zeros of ®, which correspond to the singularities

of the foliation) with respect to the vertical foliation and the horizontal foliation associated with ®

are defined as follows

penlA) = [ R (VOEIE) | (4.6
mor () 1= [ [T (VA | (@7

where R and Z denote the real and imaginary parts, respectively. We will use these definitions later
while considering the Einstein flow on 3, exclusively. Given a measured foliation, one may obtain
a measured lamination via a suitable straightening map [214,218] (or collapsing a lamination yields

a foliation). Therefore, there is a homeomorphism between MF and ML. Figure (??) depicts
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the mechanism of yielding a lamination from a foliation. For our purposes, we will only use the
homeomorphism between QD and MJF. All of these spaces remain homeomorphic to each other at

the level of projective spaces.

4.3.2 Harmonic Maps

Let us now introduce another essential ingredient of our analysis: the harmonic maps. These will
be crucial later in studying the Einsteinian dynamics. Let us consider a map & : (M, g) — (N, p)
(where M and N are considered to be two closed Riemann surfaces) and define the Dirichlet energy

1 IE* OEP .
El&;9,0] = i/MPaL%%@gjﬂg- (4.8)

From the expression of the Dirichlet energy, it is obvious that it only depends on the conformal
structure of the domain, that is, a conformal transformation g;; — 62591-]-,5 : M — R leaves E
invariant. Harmonic maps are defined to be the critical points of this Dirichlet energy functional in
the space of £. The critical points of E may be computed as follows. On the bundle T*M ® E,'TN
(while restricted to the image), one has the following connection

508"

o . a | N pra M 1tk 4B

for A € {sections(T*M @E;'TN)}. Using this definition of the connection, a few lines of calculation

yields the harmonicity condition
970,0;6% — g MTE0,6> +N 15,0:¢°0;67¢7 = 0. (4.10)

From [219,220], we know that there is a harmonic map homotopic to the identity i.e., £ € Dy and
in fact such a map is an orientation preserving diffeomorphism. If we take £ to be the identity map,

then the harmonicity condition reduces to the following

—g" (Tlglgs = Tlplsy) = 0. (4.11)

This condition will be of extreme importance when we fix the spatial gauge of the Einstein equations

and also in the later part of the analysis. The Dirichlet energy of this identity map is computed to
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be

‘ 1 .
Elid;g,p] = 5/2 pij 9" Ky (4.12)

Note that the conformal and diffeomorphism invariance of E[id; g, p] allow it to be a function on
the Teichmiiller space of ¥, and in particular a proper function (that is the inverse images of the

compact sets are compact) [204,215,220,221].

4.4 Einstein flow on ¥, x R

We will use the ADM formalism of general relativity in order to obtain a Cauchy problem for ‘2+ 1’
gravity. The ADM formalism of ‘241’ gravity splits the spacetime described by a ‘2+1’ dimensional
Lorentzian manifold M into R x ¥, with each level set {t} x X, of the time function ¢ being an
orientable 2-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a
Cauchy hypersurface) and equipped with a Riemannian metric. Such a split may be executed by
introducing a lapse function N and shift vector field X belonging to suitable function spaces and

defined such that
0 = Nn+X (4.13)

with ¢ and n being time and a hypersurface orthogonal future directed timelike unit vector i.e.,
g(f,n) = —1, respectively. The above splitting writes the spacetime metric § in local coordinates

{x*}2_, = {t, 2!, 2%} as
g = —N%dt®dt+gj(de’ + X'dt) @ (da? + X7 dt) (4.14)

where g;jdz’ @ dz? is the induced Riemannian metric on ¥,. In order to describe the embedding
of the Cauchy hypersurface 3, into the spacetime M, one needs the information about how the
hypersurface is curved in the ambient spacetime. Thus, one needs the second fundamental form k

defined as

Kij =—5%(0i9i — (Lx9)ij), (4.15)
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the trace of which (tryK =7 = gY K;;, gij% ® % := g~ ') is the mean extrinsic curvature of ¥,

in M and L denotes the Lie derivative operator. The vacuum Einstein equations
~ 1, .
Ry (9) = 5R(9)gpw = 0 (4.16)

may now be expressed as the evolution and constraint (Gauss and Codazzi equations) equations of

g and k

Orgij = —2NK;;+ (Lxg)ij, (4.17)
WKy = —ViV;N+ N(Ry; +7Ki; — 2kFkji) + (Lxk)sj, (4.18)
0 = R(g)—|K]*+ (tryK)?,
0 = VK;j—VjtrK. (4.19)

Note that there is no canonical way way to split the spacetimes, that is, the choice of a spacelike
hypersurface is not unique. In order to choose a slice and study its evolution under the Einstein
flow, we must fix the gauge. In our case, the most convenient choice is the constant mean extrinsic
curvature spatial harmonic gauge used by [222]. In this gauge, 7 = try,K is constant throughout the

hypersurface (9;7 = 0) and therefore is chosen to play the role of time
t = monotonic function of T. (4.20)

Spatial harmonic gauge is precisely the vanishing of the tension vector field —g% (F[g]fj - F[ﬁ]fj),
where ¢ is an arbitrary background metric or in other words, the harmonicity of the identity map
defined in the previous section. This choice of gauge yields the following two elliptic equations for

the lapse function and the shift vector field, respectively

2
A N+ N(KTT2 4 %) = Oy, (4.21)
A X' = RiXT = (VIN)T — 2VINK} + (2NK* — 2v9 x*) (4.22)

(Tlgl5, — Tlalie)-

This Cauchy problem (with initial data (go, ko)) with constant mean extrinsic curvature and spatially

harmonic gauge is referred to as 7TCMCSH Cauchy? problem.
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4.4.1 Well-posedness:

[222] proved a local well posedness theorem for the Cauchy problem for a family of elliptic- hyperbolic
systems that included the ‘n + 1’ dimensional vacuum Einstein equations in CMCSH gauge, n > 2.
They also proved the conservation of gauges and constraints. In addition to the local well-posedness,
[197] proved a global existence theorem for the expanding solutions in the same gauge through
controlling the Dirichlet energy of an associated harmonic map for any 7 € (—o00,0). Therefore, the
well-posedness of the Cauchy problem is established and we do not wish to repeat the same here.

Interested readers are referred to these articles.

4.4.2 Reduced Dynamics

Given a scalar function ¢ : ¥, — R, we define a set of conformal variables (v, kTT) (k7 is transverse-

traceless with respect to the metric ) in terms of the physical variables (g, kTT) by setting
(i, KTT7) = (e*Pv5,e K1), (4.23)

where R(y) = —1 (the Uniformization theorem guarantees that such v exists if genus(X,) > 1)) and

the second fundamental form is written as follows

K=FKTT ¢ %g, (4.24)

by using the momentum constraint with K77 being transverse-traceless with respect to g. Here

ETT is transeverse-traceless with respect to v, that is,

Ve = o, (4.25)

Ykt =0, (4.26)
if and only if KT7T is transverse-traceless with respect to g. Naturally

TT _ TT
KT = KL (4.27)

ij

ETTH = ytkydt IT (4.28)
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¢ can be found by solving the Hamiltonian constraint which now takes the form of the following

semilinear elliptic PDE namely the Lichnerowicz equation
e2er2

—28, 0+ 1+ e 22|KTT2 — 5 = O (4.29)

Using the sub and super solution technique [223,224], it is established that there is a unique solution
o[y, kT, 7] of the Lichnerowicz equation. Indeed, this equation will be crucial to our analysis
towards proving the main theorem. The phase space of the reduced dynamics now may be defined
as {(7ij, KTT9) |y € M_q,tr kTT = 0 = V[y];kTT}. In reality, the true dynamics assumes a metric
lying in the orbit space M_1/Dy, Dy being the group of diffeomorphisms (of X) isotopic to identity.
This is a consequence of the fact that if v;; € M_q, kETTii N, and X* solve the Einstein equations,
50 do (6~1) )i, (KT, (67)*p = 9o 61, (67 )*N = N o 6=, and (6, X)!, where ¢ € Dy
and *, and , denote the pullback and push-forward operations (time independent) on the cotangent
and tangent bundles of M, respectively. Let us now consider a time dependent ¢; € Dy and go
back to the un-scaled dynamical equation (4.17) (note that the un-scaled fields (g, K, N, X)) solve
the Einstein’s dynamical and constraint equations (4.17-4.19) iff (v, k, ¢, N, X) solve the reduced

equations)

0((6r ) 9)ij = —2(d ) VN Kij) + (Lo x (67 ) 9)ijo (4.30)
(60 1) Orgis + (000 ) )gis = =200 )" (N i) + %((qﬁ;lsoi‘@)*(¢>;1)*g>|s:o,
(67 1) Bugij + (95 (D735) ) gijlo=o = —2(¢7 ) (NKj) + (67 1) (Lx9)is
(67 ) 0rgij + (67 )" (Lyg)ij = —2(67 ) (NEy) + (67 )" (Lx9)is,

(67 )* {0hgij = —2NKij + (Lx—v9)i;} -

Here Y is the vector field associated with the flow ¢; and ¢ is the flow of the shift vector field X.
A similar calculation for the evolution equation for the second fundamental form shows that if we
make a trasformation X — X +Y, the Einstein evolution and constraint (due to their natural spatial
covariance nature) equations are satisfied by the transformed fields. Action of ¢; on the un-scaled
fields naturally extends to the conformally scaled fields. Therefore, the true reduced dynamics
occurs on the quotient space M_1/Dy. Now, M_1/Dy is precisely the Teichmiiller space of ¥,
and following [204], the transverse-traceless tensor k77 models the tangent space at 7. Therefore,
we obtain the Teichmiiller space (69 — 6 dimensional) 7%, as the configuration space, while the

cotangent bundle (12g — 12 dimensional) of 7%, serves as the phase space of the reduced dynamics.
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This is precisely what was stated previously in section 2 while relating the full solution space of the

vacuum Einstein equations and the Teichmiiller space through its algebraic topologic definition.
Now we will obtain a series of estimates which will be useful for the later analysis. The following

lemma provides a point-wise estimate for the conformal factor e2¥.

2p(m,kTT )

Lemma 1: Let ¢ : ¥, — R solves the Lichnerowicz equation (4.29). Then €?¢ := e

verifies the following point-wise estimate

1+ \/1 +2r2supy, KT 2(7)
2

2
7§62¢§

= = YV 7 € (—00,0). (4.31)

Proof: A standard maximum principle argument while applied to the Lichnerowicz equation (4.29),

yields the following
r2et — 2¢%% — 2sup |kTT|?Y(T) <0. (4.32)
Eq

Noting that the discriminant of the quadratic form 72e%% —2¢2% —2 Supy;, (KTT2(7), 44872 Supy;, KTT2(7),

is strictly positive, the inequality is satisfied only for a specific range of €2% i.e.,

1+ \/1 + 272 supy, |KTT|2(7)

2
e“¥ = (4.33)
_ 2.q TT|2
2 1 \/1—|—2T supy, [KTT[3(7)
e’ — 5 <
-
But, €?¥ > 0 and therefore, we must have
1+ \/1 + 272 supy, [KTT[3(7)
e?? < - : (4.34)
T
Similarly, at a minimum, the following holds
T2t — 2¢%% >0, (4.35)
that is,
2
2
e“? > 2 (4.36)
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where the equality holds if and only if

K77 = 0. (4.37)

In summary, we have the following estimate of the conformal factor from the Lichnerowicz equation

1+ \/1 + 272 supy, |KTT|2(7)

2
ﬁ S 6290 S T2 s (438)
which will be useful later. This concludes the proof of the lemma. O

Now we will obtain an estimate for |[K77|2 = e=*¢[kTT|2. In order to do so, we first obtain an
elliptic equation for |[K™™|2. The following lemma provides the necessary elliptic equation |[K*72.
Lemma 2: Let K = KTT + %gKg solves the momentum constraint (4.19) in CMC gauge
0T := 0igK = 0, then |KTT|§ satisfies the following quasi-linear elliptic equation on a constant

time hypersurface
—AG (KT = 2A KTTR(IET]F ~ 372) = 2V[gle(K5T)VI[g]" (KT, (4.39)
Proof: Note that in 2 dimensions, the momentum constraint
Vgl K] = VitrgK =0 (4.40)
implies that K is a Codazzi tensor [197,198] i.e.,
Vgl Ki. — Viglikj = 0. (4.41)

After substituting the decomposition K = K774 % g in the Codazzi equation, Covariant divergence

yields

Vgl Vgl K™ — Vigl Vgl K] =0, (4.42)

VigPVigliKi ™ = Vgl VIgli K™ = Rlg]" mju K™ = Rlgl’ nju K77 =0,
i KTTij — i =B sig _§ig
which upon utilizing V[g]; K =0 and R[g]* mjr = =57 (0;9mk — 6;,9m;) reduces to

Vgl Vigl; K™ = R(g) K™ (4.43)
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Ay(|KTT|2) may be evaluated as follows

AG(IKTT2) = =V[gPV[gl;| KTT|2 = =V[g) Vgl (K[ T KI™) (4.44)
= —2(VgP Vgl K"K — 2V[gl KTV [g]; KT,

= —2R(g)|K"T|2 = 2V[gf K[ TV [g]; KT,

[\~

T - ;
= 2(|KTT[G = ) KT - 2V gl KTV [g] K
ie.,
1 i
=D ([KTT3) = 2 KT R KTT = 57%) = 2V[gl(K5T) Vg (K1), (4.45)

Here, we have used the Hamiltonian constraint (4.19) |[K*7|2 = R(g)+ 72—2 This concludes the proof
of the lemma. |

Remarkably, the quasi-linear term appearing in the right hand side of the elliptic equation (4.38)
has a favourable sign that is conducive to an application of a standard maximum principle.

Lemma 3: |KTT|3 satisfies the estimate

(4.46)

for all T € (—00,0).
Proof: The quasi-linear term satisfies V[g]x(KZT)V[g]*(KTT%) > 0. Application of a standard

maximum principle argument yields
O (4.47)

Lastly, we will obtain an estimate for the lapse function after choosing the following time coor-

dinate
ti=——. (4.48)

The allowed time range in this coordinate is (0, 00). The lapse equation (4.21) now reads

2

AN+ N(KT [T+ 5

) =12 (4.49)
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Once again, a standard maximum principle argument applied to the lapse equation together with

the estimate (4.47) yields the following estimate of N

1<N<2 (4.50)

Now we will describe Moncrief’s ray structure [198] of the Teichmiiller space, which will be of

crucial in obtaining the main result. The ray structure defined by Moncrief is the following equation

1
pii = |Klggi +2m(Kij = 579i5) (4.51)
T2, T TT
= (K |g + = )9ij + QTKZ‘]‘

2

2
.
= (6_4‘p|kTTE/ + ?)62“"%]» + 27'kiTjT

together with an associated Hamilton-Jacobi equation. Here p is a fixed metric satisfying R(p) = —1
(and therefore lies inside the Teichmiiller space) and g;; is solved in terms of p;;. This computes
the end point of a ray in terms of the data along the ray. For the detailed derivation of this
expression, one may consult the relevant section of [198]. This is designated in [198] as the ‘Gauss’
map equation. For our purpose, the derivation of this map is tangential and hence, we do not wish
to repeat the same here. The vital question is whether such (g;;, K TTij N, X) actually solves the
Einstein equations for all 7 given an initial (g;;o, KOT Tig , No, Xo) satisfying the constraint equations.
This is equivalent to solving for conformal variables (7;;, kTTii o) and associated lapse function N
and shift vector field X. This is exactly shown in [198] through studying the associated Hamilton
Jacobi equation for the reduced dynamics. When this lagrangian formulation is cast into a more
natural Hamiltonian one, one clearly sees that the original Einstein-Hilbert action may be written

as follows

s — / / (ug(_m +rg 295 _ Ny - XZPZ»> L, (4.52)
ICRJx, ot
where H := pug KET KT — 372 10— 11y R(g), and Py := 2V (9], (g K7 —711467). Note that vanishing of

H and P; is precisely equivalent to (g;;, K iJ) satisfying the Hamiltonian and momentum constraints.

When both of these constraints are satisfied we obtain the reduced action

Sreduced = / / ,LLg(*K” + Tg”)ﬁdzzdt, (453)
ICR /%, ot

161



which through the conformal transformation (4.23) becomes

- 0vi; 0T
— _ TTij gy 2
Sreduced /ICR </2 (—pyk R Talave pg)d x) dt, (4.54)

g

where the boundary in time terms are ignored, because, they do not contribute to the equations of
motions at the classical level. The Hamiltonian of this reduced dynamics can be read off as follows

from the expression of the previous action

or

L, Bl (4.55)

Hreduced

Substituting the time coordinate from equation (4.48) into the expression of the reduced Hamiltonian

together with the Hamiltonian constraint yields

Hycqucea = 2/ |KTT|3 — 8wy, (456)

g
where x = 2(1—g) < 0 is the Euler characteristics of £,. This reduced Hamiltonian can be related to
the Dirichlet energy of the Gauss map. The Dirichlet energy (conformally invariant on the domain)
associated to the Gauss map (4.51) is given as

. 1 g 1 g ,
Elid;g,p] = §/Eugg”p¢j = §Auw”pzj = Elid;~, p] (4.57)

= 2/|KTT|3,ug—47rx.
b

Therefore, we have the following relation between the Dirichlet energy of the Gauss map and the

reduced Hamiltonian of the dynamics

Hreduced == E[Zda v, P] - 47TX (458)

6g—6

Let us consider that the Teichmiiller space 73X, is parametrized by {¢a } i na=1

which may be of the
Fenchel-Neilsen type (see [202] for details about Fenchel-Neilsen parametrization). Now we observe

the following

OE[id;y(q), p]
0qa

y L Y
/ ty (Y™ i — 29" " pis) e (4.59)
Eg da

B~ =
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. . . 2 —_ 2 .
which after substituting pi; = (K77 |24 %) gij + 21 KLT = (e7 kT2 + 5 )e??yi; 4+ 27k]LT yields

OElid;v(q), p] _ / TTij oy

g

Now let us go back to equation (4.54) and substitute v = v(¢). We immediately obtain

0%
Sreduced - / ((/ *H”ykTT” afy J )qoz - H?"educed(r)/(q%pa p)) dt (461)
ICR 3y o

/ (pa(ja - Hreduced(’)/(q)apy p)) dt,
ICR

which upon utilizing equations (4.58) and (4.60) leads to

8Hreduced(’7(q)>pa p) «

= ) 4.62
0. ™ (4.62)
Here {(qqa, p%) 29;16 parametrizes the phase space i.e., the co-tangent bundle of 7%,. Now using the
time defined in (4.48), we may construct a principle functional after substituting 7" = —%
S(g:7(q),p) = —T(Elid;~(q), p] — 4mx) (4.63)

which then clearly satisfies

oS
v 4.64
P aQ(x’ ( 6 )
oS ,
_aiT = E[Zd§ ’)’(Q)y p] - 47TX = Hreduced(q>p7 V(q)% (465)

that is, S satisfies the Hamilton-Jacobi equation

oS

787T Hreduced(Qapv'Y(q)) (466)

for all T € (0,00). In other words S is dynamically complete. For detailed analysis (arguments
underlying dynamical completeness of S), the reader is referred to the relevant sections of [198].
Here we only require the fact that through the solution of this Hamilton-Jacobi equation, the Gauss
map equation defined in (4.51) solves the Einstein equation for all T € (0, c0) or equivalently for all
T € (—00,0) and defines a ray-structure based at p of the Teichmiiller space parametrized by the
transverse-traceless conformally invariant 2-tensor k:ZTJT The conformal metric v;; = e~ 2¢g;; € TS,

indeed approaches to p;; in the limit 7 — 07. Therefore, if we run the Einstein flow in the reverse
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direction, then the expression of v;; in terms of p;; and kiTjT obtained from the Gauss map equation
defines a ray-structure of the Teichmiiller space parametrized by k;-";-T i.e., for a fixed p, two different
kg;T correspond to two different rays. An implicit solution [198] of the Gauss map equation (4.51)

gives

2,2 TT|2
2r2p [KTT]2

L 1+
3 k 11T
T = 2P il — 20 2r° Py Ry g "o il
oy o [yt el
w2 w2

Using this equation (which is effectively the same as the Gauss map equation), [198] constructed a
fully non-linear elliptic equation of Monge-Ampere type and showed that a unique solution of such
equation exists. Recently [226] showed using a direct analytic technique that such a unique solution
exists for all 7 € (—00,0). Essentially, these analyses are in a sense complementary to the Hamilton-
Jacobi theory and provide a more explicit description of the ray structure of the Teichmiiller space.
Analyzing the associated Monge-Ampere equation, [198] explicitly showed that every non-trivial
solution curve of the reduced dynamics in the configuration space (7X,) approaches a point (p)
lying in the interior of the Teichmiiller space, that is,
Tl_igl— VI = pid, (4.67)
Note that the choice of p is arbitrary as long as it does not leave the compact sets of 7,4, and
therefore, one may vary p over 7, to obtain the full ray-structure of the Teichmiiller space. We do
not provide the complete calculations regarding the 7 — 0~ behavior of the solution curve as it is
derived and described in detail by Moncrief in [198]. Readers are referred to the relevant sections of
the same. We only need the information that the Gauss map equation together with the Hamilton-
Jacobi equation indeed describes ray structures of the Teichmiiller space and every such ray solves
the reduced Einstein equation. Forward time asymptotics of each such ray corresponds to an interior
point which also realizes the infimum of the Dirichlet energy (and the reduced Hamiltonian). Each
member of a family of rays which asymptotically approach the point p € T3, corresponds to a
unique choice of k77 and none of the two rays of a same family intersect each other (except at p,
where they approach as 7 — 07).
The forward in time limit of the solution curves is well studied in [198]. Therefore, without
repeating the same here, we will proceed to study the other limit, that is, the 7 — —oo limit which

corresponds to the big bang singularity. In this limit the solution curve leaves every compact set of
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the Teichmiiller space, a conclusion which may be obtained through studying the time evolution of

the Dirichlet energy (a proper function on 7%,) of the Gauss map. The time is chosen to be ¢t = —%

(4.48). From equation (4.57), the time derivative of the |K"7|? reads

d d 72
=K T2y = 4.
& LT = 5 [+ R@, (4.68)
ol [
_ 2d [T 4.
L 2(2 + R(9))ng; (4.69)
7_2
_ 7-3/Mg_|_?/,ug(—2N7‘), (4.70)
b))
= /NIKTT e
= —*/N|KTT g/,I/Q7

where, we have used the lapse equation AgN + N(|[K77|2 + L;) = 72, the Hamiltonian constraint

|KTT|2 = 72—2 + R(g), and the evolution equation ag't” = —2NK,; + (Lxg);j. Utilizing the estimate

of the lapse function (4.50), we immediately obtain

S T T Py o

integration of which yields at the t — 0 limit

const. T2 const.
; / |K |g pg < e (4.72)
Using the expression of the Dirichlet energy E[id;~, p] from equation (4.57), the following estimate

is obtained in the limit 7 - —oco ie., t — 0

2 2
%—Zm <E,< tC — 4y, (4.73)

which clearly implies that the Dirichlet energy blows up at the limit of the big bang singularity
i.e., in the limit ¢ — 0 or equivalently 7 — —oo unless fzg |[KTT|2 =0, 0 < C3,C3 < co. An
immediate interpretation of such limiting behavior would be that the corresponding Einstein solution
curve leaves every compact set in the Teichmiiller space (configuration space). This is precisely
a consequence of the fact that the Dirichlet energy is a proper function on the Teichmiiller space
(see [204] for the detailed proof of the properness of the Dirichlet energy). Therefore, every non-trivial

solution curve leaves the Teichmiiller space at the limit of the big-bang. However, we do not know
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where they converge in the space of projective currents. Note that the space of projective currents
is compact and therefore every sequence has a convergent subsequence (since for a metric space,
compactness and sequential compactness are equivalent). However, in our context, convergence is a
bit more subtle since we are necessarily dealing with curves. We have to extract a sequence {l, }$2,
and show that it converges in the space of projective currents in the limit i — oo (lim; oo 73 = —00)
and that the limit does not depend on the choice of the sequence. We want to identify this limit set
in the space of projective currents. In fact we would like to show in the following sections that every
non-trivial solution curve indeed attaches to the Thruston boundary of the Teichmiiller space. In
addition to the backward in time asymptotic behavior of the Dirichlet energy, we also observe the
monotonic decay of the same in the time forward direction

d
Z Elid:
o [id; 7y, p]

d
2%/ |K™T 2 g, (4.74)
b

27/ NIK™ 2y < 0.
b

4 Elid;~, p] = 0 if and only if K77 = 0 (or k77 = 0) and % Elid;v,p] — 0 at the limit T — 0.

ETT = 0 are nothing but the fixed points of the reduced Einstein

The solutions corresponding to
evolution equations (i.e., the trivial solutions). Substituting 77" = 0 into the Lichnerowicz equation

(4.29) yields

e2er2
—2A,0+1— 5 = 0, (4.75)
which has a unique solution
e = % (4.76)
The reduced evoluion equation reads
% =e % (—(0e®yy — 2NkiTjT — e*’N1vyi; + (Lx€*7)ij) » (4.77)

2 TT
T2 k

which, upon substituting e?¢ = = = 0 and utilizing the lapse equation, shift equation, and

Hamiltonian constraint yields

iy _
L =0, (4.78)
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A few lines of simple calculation yields 8tkiTjT = 0 as well. These fixed points characterized by
(vij, k" = 0,N = 2, X" = 0), R(y) = —1, are indeed fixed points for arbitrary large data (even
though the Dirichlet energy controls the (H' x L?) norm of the data (v, k77, finite dimensionality
of the phase space implies that control on this norm is sufficient). This is precisely a consequence
of the monotonic decay of the Dirichlet energy and d;E[id;~, p] = 0 precisely at these fixed points
(the Dirichlet energy acts as a Lyapunov function). Every solution curve approaches one of this
fixed points in forward infinite time ¢. This point even though it is described in detail in [197,198],
is extremely important and will be of use in obtaining the main result. Summarizing this section
together with the results of [198], we have the following theorem
Theorem 1: Let 3, be a closed (compact without boundary) Riemann surface of genus g > 1. The
data (v, k™", 7, N, X) defined through the Gauss map equation (4.51) and elliptic equations (4.21-
4.22) solve the Einstein Finstein dynamical equations iff they also solve the constraints and the
associated Hamilton-Jacobi equation (4.66) is satisfied. Such a solution asymptotically approaches
the fived point solution (R(y) = —1,kTT = 0,N = 2, X’ = 0) of the dynamical equations in the
limit 7 — 0 and every such non-trivial solution curve runs off the edge of the configuration space
(Teichmiiller space) in the limit of the big-bang singularity (T — —o0).

Now we enter into the final phase where we utilize available results stated in the previous sections

and obtain the main result.

4.5 Asymptotic behavior of the solution curve at big-bang and Thurston boundary

In the previous section, we have established that every non-trivial solution curve runs off the edge
of the Teichmiiller space. However, we do not apriori know whether they actually attach to the
Thurston boundary. However, when realizing the Teichmiiller space as a subset of the space of
projective currents (which is compact), if we extract a sequence from the solution curve, this must
converge somewhere at the limit 7 — —oo (after passing to a subsequence and the limit should not
depend on the choice of the sequence). Here, we will show that this limit set will be characterized by
fzg \/IKTT2py = C, C < o0 is an uniform constant. Let us designate this boundary as the ‘Einstein
boundary’ of the Teichmiiller space and denote it by Eing. Our goal in this section is to show that
this boundary is indeed equivalent to the Thurston boundary that is T_ZgTh =TS, UaTSl" ~
TX,UEin,. Note that Michael Wolf [215] obtained a compactification of Teichmiiller space through
the use of holomorphic quadratic differentials and he proved that his compactification is indeed

equivalent to the Thurston compactification. In our case, we are automatically equipped with
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a holomorphic quadratic differential k77 (the transverse-traceless tensor). However, importantly,
Wolf’s analysis is quite different from ours (and complementary in nature) in a sense that the
Einsteinian dynamics occurs in the domain of the associated harmonic map while Wolf’s dynamics
materializes in the target space.

Now we will show the boundedness of [k"”|2 in the limit 7 — —oo.
Lemma 4: Let (k7 ) solve the reduced Einstein equations after imposing the constraints and
k77|

gauge conditions. Then the following estimates hold for at the limit T — —o0

2

5
4 TT |2 <

0<tlgx(1)/2,/|k |21, < C < o0, (4.79)

Proof: Note that the following entity is conformally invariant

P:/ VIKTT 2 :/ JIETT 2 0 4.80
s, | |g g s, | yEY ( )

Applying the Cauchy-Swartz inequality, Hamiltonian constraint |[K77[2 = %2 + R(g), and time
defined in (4.48), we immediately obtain

2

(L) - (L)

</2 |KTT %M)Q < (/j IKTTlﬁug) (/E ug>
- ( / (72+R(9))ug> ( / g ug>

g9

2
—72/ +4 / <LV( )?
=3 2g/-lg X Egﬂg_QtQ g)

where we have the used Gauss-Bonet theorem fzg R(g)pg = 4my, where x = 2(1 — g) < 0 is the
Euler characteristic. On the other hand, we know that the volume V' (g) of (£, g) approaches zero
at the big-bang. However, we will study the evolution of V(g) and obtain a more precise estimate in
terms of |7|. Time differentiating V(g) = fzg g (here ‘g’ in ¥, denotes genus while g in py denotes

the volume form associated to metric g) yields

dvig) 1 ij
7 25/ 9" gijng, (4.81)

g
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which together with the evolution equation d;g;; = —2N(K;" + Zgi;) + (Lxg)i; yields

where the total covariant divergence term is dropped following Stokes’ theorem. Utilizing the es-

(N7 + Ve XYy = = [ N (452)

g

timate of the lapse function 1 < N < 2 (4.50) and t = —1 (4.48), we immediately achieve the

following bound for the time derivative of the volume V' (g)

Vi(g), (4.83)
integration of which yields the following at the limit 7 — —oco or t — 0

constant, - 1> < V(g(t)) < constanty - t (4.84)
2
Therefore, by using the inequality 0 < (fzg \/|ETT ?Yug) < 512(V(g))?, we obtain

; N\ETT 2, <
0< ’}g%/z |ETT |21, < C < o0, (4.85)

for a uniform constant C' (uniform over the conformal structure). Since, k77 = 0 implies convergence
to a point lying in the interior of 7%, the left inequality in (4.85) is strict (by the blow up of Dirichlet
energy). This concludes the proof of the lemma. O

More importantly, supy; |KTT|2(7) appears explicitly in a later part where we analyze the
Gauss-map equation. In that particular analysis, we require a point-wise control of 4/ |kTT|,2y. Notice
that this is the L° norm of the holomorphic quadratic differential ¢, = (k1T — ikl )dz? with
respect to the metric 4. The obvious problem is that ¢, may have singularities on measure zero
sets. Remarkably, an integrable holomorphic quadratic differential enjoys the property of possessing
at most simple poles at punctures of ¥,. Now, even though ¥, in question does not have punctures, it
forms §—thin regions in the limit of 7 — —oo. This is precisely the consequence of the blow up of the
Dirichlet energy. If we parameterize the Teichmiiller space in the space of projective currents by the
lengths of 9g — 9 nontrivial elements of 7 (X,) (99 —9 theorem), then the properness of the Dirichlet
energy yields geodesics with large hyperbolic length. As a consequence of the Collar lemma [204], a
geodesic transverse to such a long geodesic shrinks (again relative to hyperbolic length) leading to
development of a d—thin region. We will shortly show via the thick-thin decomposition of ¥, that

an integrable holomorphic quadratic differential is bounded (in the sense of L* norm with respect
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to the metric ) even if ¥, develops “bad” parts. Let us first define the norms we are interested in.
The L' norm and the L* norm (with respect to 7 := €2"(dz ® dz + dy ® dy)) or Ber’s supremum

norm of ¢, are defined as follows

lorllins,y =d5 [ lod= [ TR, (4:86)

l|prllLe(s,y = supy/IKTT2 (4.87)

g9

= sup, /'yik'yﬂk?kaET
5

g9

= sup,/e gtk EITELT
Eg

= Vasupe I (RIT)2 + (K2,
Eg

Here, we have used the symmetry and traceless property of k77 i.e., kLI = kIl and kT[T + kLI = 0.
These norms are the natural ones defined for sections of vector bundles defined on ;. Both norms
make the space of holomorphic quadratic differentials on ¥, to be a Banach space. Since, the
dimension (real) of this space is 6g—6 (therefore, finite), the L' norm is equivalent to Ber’s supremum
norm. However, let us explicitly establish the equivalence between L' and L> in the case when Xy
contains “bad” parts by invoking the thick-thin decomposition of ¥.

Let 3, be a hyperbolic Riemann surface. We will think of m;(X,) as the set of the non-trivial

loops up to homotopy. For ¢ > 0, the thin and thick parts of 3, are defined as follows

Y08 = A{r € Xy I <a>em(By)| Iy (a) <6} (4.88)

Y00y =i €8y i A< a>em(E,)] () > d}.

Here, 1, () indicates the length of the geodesic in the homotopy class < a > with respect to the
hyperbolic metric «v. The thin part may consist of cusps and Margulis tubes. Since, we are dealing
with the compact case, the thin part contains a Margulis tube (S! x I, I C R) only. The obvious
problem arises in the §—thin region since, in this region, the length of a geodesic decreases without
bound as we approach the big-bang. Here we fix a § > 0 and focus on the behaviour of the L*
norm (w.r.t 7,) of the holomorphic quadratic differential (¢,) in the d—thin region since, in the
d—thick region, the L> norm is always controlled by the L' norm. We now state two lemmas which
conclude the business of controlling the L norm (with respect to «y) in terms of the L' norm of ¢,.

Note that an integrable holomorphic quadratic differential on a closed (no punctures, no boundary
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components) Riemann surface does not have poles and therefore has zero principle part. For such
an integrable holomorphic quadratic differential on X, (since it is compact without boundary), the
following lemma holds. Proof of this lemma uses results from elementary complex analysis such as

the maximum principle for holomorphic functions.

Lemma 5a: [225] For § > 0 and any closed Riemann surface ¥, there exists a constant C < oo
depending only on the genus g of ¥, and independent of & such that for every hyperbolic metric v

on X4 the following holds for the holomorphic quadratic differential in the §—thin region

18] oo (110,57 < Ce™™°/82(|@l|11(5,)- (4.89)

Of course the boundedness follows from the boundedness of e~™/9/§2. In the d—thick region, L>
(with respect to the metric 7) control in terms of L! (with respect to the metric ) is trivial and
follows from the following lemma.

Lemma 5b: [225] For any § > 0 and any closed Riemann surface ¥4, there exists a constant
Cs < oo depending only on & and the genus g of X4 such that for every hyperbolic metric v on X,

the following holds for the holomorphic quadratic differential in the d—thick region

Pl (Mgs,00)) < CsllDl L1 (2,)- (4.90)

Now consider the case when X, completely degenerates and forms punctures (From the Deligne-
Mumford compactness theorem, punctured surfaces are achieved as a limit of a Riemann surface
degenerating via collapsing non-trivial simply closed geodesics). Now, the analysis becomes a little
more subtle since integrable holomorphic quadratic differentials may have a simple pole at a puncture
(at worst). A neighbourhood of this puncture corresponds to a cusp and is equivalent to a punctured
open disc (punctured at 0) equipped with the metric e?7(dz? + dy?) = mh&ﬁ Now,
roughly it is clear that the simple pole of ¢, cancels in the norm ||¢||z~ = e 2"\/k?, + k?,. But
for completeness we state the following lemma from [225].

Lemma 5c: Let (X4,7) be a hyperbolic Riemann surface with finite area. Then for any holomorphic
quadratic differential ¢ of ¥, the following are equivalent

1 |9llr(z,) SC,C <0
2.|[8llp(s,) S C,C < o0

3. At each of the punctures of ¥, the differential ¢ has at worst a simple pole.
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Now let us consider a sequence {(vr,,¢-,,7;}i2; lying on the solution curve of the Einstein flow
(on the phase space) with lim; _, 7; = —oo. If each member of the sequence satisfies |[¢r,[|11(z,) <
C with the limit satisfying lim; oo |[¢r; [|21(x,) < C (this is precisely what we have derived in (4.85)),
then from the lemmas 1a,b,c, we conclude that the L> norm of the limit is also bounded, that is,

the following is satisfied

lim sup , /[kTT]2 < C,C < o0. (4.91)
j—oo ¥ Ei

9

Since |[¢r,||L1(s,) can only increase as 7; — —oo, we may set C' as the uniform upper bound for the
L' norm of each element of the sequence. We may therefore conclude the following boundedness of

the L> norm of the limit of the sequence {¢-,} (w.r.t {v,}) ie.,
lim_|[|¢r, ||r < V2C,, (4.92)
Tj — oo
or

o BT, <O (o9

for some uniform Cy < co. Now we go back to the following point-wise inequality (4.31)

2 1+ \/1 + 272 supy, [KTT3(7)
2 <e < -2 .

(4.94)

Using the fact that supy /|k*7]3 < Ca < 00, we may conclude that the following estimate of

sups, €2 holds in the limit 7 — —oo
2 e (4.95)

for a suitable constant 0 < C,, < oo.

In summary, we have obtained the two following crucial estimate which will be utilized later

sup |kTT\%/ < C%, (4.96)
EQ
2 C
<< 2 4.97
Seersle (1.97)

as 7 — —oo. We have now obtained the necessary estimates from Einstein’s equations in CMCSH
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gauge. Utilizing these estimates we want to establish a relation between the hyperbolic length of a
nontrivial element of m1(3,) and its transverse measure against the measured foliation associated
with the holomorphic quadratic differential. As mentioned previously, we have a natural holomorphic
quadratic differential associated to the Einstein flow due to the fact that corresponding to each
transverse-traceless tensor k77, we may associate a holomorphic quadratic differential. Here, we

define the following quadratic differential

¢r = (KIF —ikTI)d2? (4.98)
= ¢,(2)d2?, (4.99)

= ki{ (d2® — dy?) + 2k{5 dady +

—i(kiy (da® — dy?) — 2k, dwdy),

= k41,
where i = /—1. Note that the transverse-traceless tensor k77 may be recovered as follows
KT =R (¢-(2)dz?) . (4.100)
The transverse-traceless property of k;-";-T precisely implies aa‘b; = 0 i.e., ¢, is holomorphic. This

establishes the well known homeomorphism between the space of holomorphic quadratic differentials
and the space of transverse-traceless tensors. In addition, we have a natural homeomorphism between
the space of transverse traceless tensors on (X,,7) and the Teichmiiller space from the Einstein
flow (for detailed analysis see [198]). Once we have a quadratic differential we immediately obtain
horizontal and vertical measured foliations associated with this holomorphic quadratic differential.
The transverse measures of the vertical measured foliation and horizontal measured foliation are (as

follows from (4.6) and (4.7))

/1.2 2
foert(C) = 7{, % (4.101)

hor(C) = ]{j\/”krzzéﬂk, (4.102)

respectively. Let us consider that the tangent vector field to the curve C be ulﬁ + uza—(zg and

denote this by (u',u?)”. The term k? may be written as the bi-linear form kijuiuj(d)\)Q, where A

is the parameter along C. Similarly, the term £ may be written as k:g;g,]}”uiuj = kITyiv™, where
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0 1 )
J = , and v = J"u that is v = (—u?,u')T. More importantly, we see that the
-1 0

following holds in isothermal coordinates (y = v(z)|dz|?,v(z) = €°),§(z) : £, — R)
Y(u,v) = y(2)(—ulu? + v?u') =0, (4.103)

that is, u and v are orthogonal to each other with respect to the metric . This is precisely a
consequence of the existence of an isothermal chart around any point on ¥, and since y(u,v) is a
scalar, vanishing in one coordinate chart implies vanishing in every coordinate chart (as mentioned
in the begining, we use isothermal coordinates throughout). The transverse measure to the vertical

foliation may be written as follows

T - -
kT uiud + \/(kgTu w)? + (kT uivd)?
,uvert(c) = g ‘

5 |dA. (4.104)

Let us now compute the y—length of a geodesic in the homotopy class [C] and relate it to its
transverse measure associated to the measured foliation of the holomorphic quadratic differential ¢, .
Through the unique solution of the Monge-Ampere equation, the Gauss map equation defines a ray
structure of the Einstein equations. Therefore analyzing the asymptotic behaviour of the Monge-
Ampere equation is in principle the same as analysing the Gauss map equation while satisfying the
FEinstein’s equations through the associated Hamilton-Jacobi equation. In addition, analysis of the
Gauss map equation seems more tractable (and relevant) because we have a handful of estimates
from the elliptic equations associated with the Einstein dynamics. Using the Gauss map equation,

we obtain

pijuin’ = |K\§gijuiuj+2TKijuiuj (4.105)

2 1,
—T giju ’U,J,
7_2

_ TT |2
= (K™ + 5

)gijutu’ + QTKg;Tulu]

2
_ (e—4<p|kTT|3+%)62tp%juzuj

+27’k3;Tuiuj.

We do know the fact that p € TX, is fixed and the p—length of C is bounded (due to the

properness of the Dirichlet energy which remains finite in the interior of the Teichmiiller space).
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Following the Gauss map equation, we have the following

72
|piju'u’| | {|KTT|2 t5 }glju W+ 27k ut |, (4.106)

Y

72
| {|KTT|2 + — 5 }gwu uj| 2|T]€£-T'U/ZU'7|,

2
||kTT|5e_2“"'yijulu] + %e%%juluﬂ — 2|TkiTjTuluJ ,

v

|KTT|272 o p—
2| ?(%ju%ﬂ)ﬂ —2|Tk‘ij u'u?|,
that is,

1
\f

1
KTT 2y u'n? < |k ulv!| + o o] i . (4.107)
Here, we have used a? + b? > 2ab for a,b € R. Now point-wise norm of , / |KTT|2 satisfies
0< kT2 < C2. (4.108)

Notice that the infimum of |I<JTT|2 may be zero since the holomorphic quadratic differential ¢, :=
(k" — ik{5")dz* has finite number of zeros. Let us consider that the infimum of |/[kT7|2 be Cj
which is strictly positive provided that we stay away from the zeros (finite number) of the quadratic
differential ¢, (which correspond to the singularities of the associated measured foliation). Let us
consider that the quadratic differential has zeros at (z1, 22, ...., 2, ), n < co. Consider € disks D.(z;)
around each of the zeros. As these zeros correspond to the singularities of the associated measured
foliation, we will consider the trasnverse measure on Zlg =X, —{U_1Dc(2)} (a detailed rationale

is sketched in Wolf’s paper and therefore we do not repeat the same here). On Z;, the previous

inequality becomes

iy j 1 i, j
I\/J; yijutu? < |k u'u’ | + mpiju u’, (4.109)
. 1
TEIPOO |\/Ji|%j fud < TEIP k5wt | + imO<> o ‘p”u ud (4.110)

Now notice the fact that p—length of C is finite and independent of 7 since p lies in the interior of

the Teichmiiller space and therefore

1
lim ——p;ju'v! = 0. (4.111)

T — 002| |
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We obtain the following inequality

e . . -
lim M’yiju’uj < lim |I<;-T-Tuzuj .
T — K

T——00 \/§ o)
Let us analyze the Gauss-map equation in a different way
o o 72 .
gt —2rkfu) = (KT T g
Now utilizng the estimate of [K”7|2 from (4.31), we obtain

|27k;-";Tuiuj|—|pijuiuj| < ey utud

which utilizing the estimate (4.31) yields

\QTkl.TjTuiuﬂ — |pijuta?| < <1 + \/1 + 272 sup k;TT|%(T)> Yigutud .

’
z€X,

Substituting the estimate (4.96) into the previous inequality leads to

o 1 14+2C2 72 o 1 »
krT i J| < 0 i_z g i_z 7
”uu|<27_+27_ Yiju'u +72|T|pjuu,
that is,
;g 1 1+2C2 12 . 1 o
TT, i 7 %
|kij’ u'u’| < <27 + 27“’) Yiju'w! + o7 !

and therefore, in the limit 7 — —o0

kTt | . 1 /T+2C%72
li — < lim —_ =
T——00 Y utul T——00 T 27
O

V2

In a sense, we have as 7 — —o0

c . TS o
| f|’YijuZUj < |/€£TUZU]| < M%juzuj,

V2 V2

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

with 0 < C’? < C% < oo. This is an important expression obtained at the limit of the big-bang

(t — —00). On the other hand, the expression for the transverse measure of the vertical foliation
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reads (4.104)

RS i + (W utwd )2 + (k5 uid)?
Hvert (C) = g ‘

5 |dA. (4.119)

We still need to obtain an estimate for the term k7 7u*v7. In addition to the transverse measure to
the vertical foliation, we also have the following transverse measure to the horizontal foliation of the

holomorphic quadratic differential ¢,

kITuiud)? + (kLT wivd)? — kLT uig
i ij i
fhor (C) = ]g |

5 |dA. (4.120)

In the analysis of Wolf [215], it is shown that this transverse measure associated to the horizontal
foliation collapses asymptotically. In Wolf’s [215] construction, the domain is fixed while the target
is varied, that is the dynamics occurs in the target space. In our case, the dynamics takes place in
the domain. Therefore, we can not utilize the available machinery such as the Beltrami differential

V= %:I (W : 3,(y) = X4(p) and harmonic) or the associated Bochner equation controlling the

behaviour of v to show that pp,, vanishes and therefore, k:Z-TjTu"vj approaches zero asymptotically.
Once again the Gauss map equation (4.51) together with the Lichnerowicz equation (relativistic
version of the Bochner equation) come to the rescue and notably they are of purely relativistic

origin. The Gauss-map equation reads
—4p| . TT |2 7 2 T
pij = (e |k‘ |7 + ?)6 Yij + 27kij , (4.121)
which upon contracting with ¢ and 7 yields
i g 4|1 TT 2 7 2 i g TT ri, j
piiC'’ = (e7 IR 4 5 )e Pyt + 27k (Y (4.122)

2

Performing an exactly similar analysis as before, we may arrive without much difficulty to the

following relation in the limit of the big-bang (7 — —o0)
Clyii ¢l < kST | < C¥lyig ¢ (4.123)

for 0 < C* < C® < co. Now using (4.104), we immedeately obtain the following at the limit when
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T approaches —oo

]{ kiTjTuiuj + \/(kg;TuiujV + Co2(y;uivd)?
|
c

5 |dA (4.124)

S ,uvert (C) S

k;ijuiuj + \/(k;";Tuiuj)Q + O (y;utv7 )2
?f | ).
C

2

But, from the orthogonality of u and v i.e., y;;u‘v’ = 0 (4.103) and using the bound C?|y;;u‘v’| <
(kLT uivl| < CPlyjuiv| | we immediately observe that k7 u’v/| = 0 which leads to the following
expression for the transverse measure of curve C with respect to the vertical foliation defined by the

holomorphic quadratic differential ¢,

toert(C) = ]{ kLT uiud|dA. 4.125
+(C) C\/| ; | ( )

The asymptotic vanishing of the term & = kg;Tuivj precisely implies that the transverse measure of

the associated horizontal folitaion vanishes i.e.,

kXTuiud)? + (kITwivi)2 — kLT i
ij ij ij
Hhor(C) = f | |d (4.126)
c

2
= 0.

Thus, the high Dirichlet energy limit (while viewed as a proper function on the Teichmiiller space of
the domain) precisely indicates that the transverse measure to the horizontal foliation associated to
the quadratic differential ¢, defined in terms of k77 (or equivalently k77) vanishes. Note that the
metric v, the quadratic differential ¢, and the dynamics of the associated measured foliations are
related to each other via the Einstein flow. In a sense, the Einstein flow drives the solution curve in
such a way that the measured foliation behaves in this way at the limit of the big-bang singularity.

Therefore, we obtain the following crucial relation in the big-bang limit (7 — —o0)

/Lvm«t(C) = C?({ \/’yiju"ujd)\ = CIW(C), (4127)

‘C |1/2

. 1/2
for a suitable constant =5 < C < [Ce|

21/4

. An important point to notice is that the constants
Cy and Co are uniform in a sense that they do not depend on the chosen homotopy class [C]. Now

this does not imply that C is independent of the homotopy class chosen. In fact we need to show
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that C' does not depend on the homotopy class of loops at the limit 7 — —oco. This follows since
we will show that |/€TT|3 behaves as a constant modulo factors involving inverse power of the mean
extrinsic curvature 7 as 7 approaches —oo (i.e., big bang). We claim the following.

Lemma 6: The following is a solution of the Lichnerowicz equation (4.29) as T — —o0 i.e.,

2¢ @ 3 o) i 4.128
e |7_| +7_2+ (|T|3>’ ( )
where a® :=lim,_, _o supy; [kTT|2 = Cf (as shown previously by the equivalence of norm property)
if
1
|kTT|3 =a’+ O(W) a.e on ¥y as T — —00. (4.129)
T

The corresponding lapse function N and the shift vector field X satisfy

2 1
N=1+ :_/l; + O(ﬁ) a.e. on X4 as T — —00. (4.130)
and
1
(X, X) = O(ﬂ) a.e on X4 as T — —00. (4.131)
- ¢

Proof: Substitute this form of ¢*# in the Lichnerowicz equation (4.29) to yield

_ 1
—28,0+ e (k"7 2 — a®) :O(H) (4.132)
integration of which yields at 7 — —o0
_ 1
/Ee (kT e, = (). (4.133)

However, by definition, supy;_ |kTT|2 = a® > [ETT|2 everywhere on X, and therefore

1
|ETT ?Y =a’+ O(W) a.e on ¥ as T — —o0. (4.134)
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Substituting k"7 |2 = a® + O(%) a.e on ¥ as T — —oo into the lapse equation yields

2 1
N:l—l—i—i—O(—) as T — —oo (4.135)
|7|a 72

which yields through the shift equation and an integration by parts argument (4.22)

/ (VI XIV I e X Y50 + 9 X X )y = O( |T|) (4.136)
Zg
yielding
1
(X, X) = O(ﬁ) a.eon Xy as T — —00. O (4.137)
T

Now we have to show that [k”7|2 obtained in (4.134) satisfies the evolution equation at the limit

T — —0OQ.

Lemma 7: g— norm of the transverse-traceless tensor kT i.e., |kTT|£27 satisfies the following

evolution equation
O|KTT2 = Lx|k"T|2 + 2N7|k"T|2 + 2V[g]'V[g Nk (4.138)

Moreover |kTT|2 =

e*PIRTT2 = a? + O(Z) satisfies this evolution equation almost everywhere on

Xg up to O(ﬁ) as T — —oo.

kTT|2

Proof: Explicit calculation using | 2=y gklkiTkajTlT

and the Einstein evolution equations

(4.17-4.18) yields the desired evolution equation for [k77|2

;- Now utilizing the conformal transfor-

is conformally invariant, the evolution equation for [k*7'|2 may

mation g;; = €*#;; and noting k"

be transformed into an evolution equation for |/<;TT|§{

kT2 + e [KTT 20, = 2N7[kTT 2 4+ Lx [KTT |3 — e*¥Lxe™*? (4.139)

o 1
+,Y'Lk,yjlv[,y]ivijZ:lT o 56 (,_sz,_ymla 62<p + ’)/mk"}/ﬂa 62¢)v Nkkl ,

where we have utilized the fact V[g];V;N = V[1];V;N =2 9™ (V[V]ign; +V[V];9in—V[V]ngit). Using

K712 = a? + O(&), N=1+ 2 + 0(%), 20 = ¥ + 2 1 O(s), e = Bl — L4 o),
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and v(X, X) = O(%)7 we may compute each term of the evolution equation (4.139) as follows

7|

KT 20 (4.140)
2¢> 4 4V2a 1 ) 1., V2r?
= ((Tg tat—s )t O(T4)> (@ +0(5))(5 — 5 +O(I7))
1
= 2a7 +2v/2a + O(W),
-
1
2NT|KTT 2 = 2ra® + 2v2a + O(ﬂ) (4.141)
T
4(,0L —4dp __ 1
o 1
Y EAIIN Y],V NEGE = O(=), (4.143)
1 " , 1
€ (VM0 + "1 0;e2 )V Ny = O(—). (4.144)

After substituting into the evolution equation (4.139), we observe that the dangerous terms (O(|7])
and O(1) terms) are precisely cancelled with their respective negative counterparts. Therefore we
observe that the evolution equation for [k77|2 is solved by [k"T|2 = a® + O(Z%) almost everywhere
on X4 as T — —00. ]

This property is extremely important and indicates an asymptotically velocity dominated be-
haviour i.e., the evolution equations are effective ordinary differential equations in time as one
approaches the big-bang since the spatial parts are weighted by the inverse power of the mean cur-
vature. Velocity term dominated behaviour (VID) has also been previously noted in the context of

k'TT|2

5 asymptotically approaches a constant a?, we obtain at the

big-bang singularity [230]. Since |
limit 7 — —o0, Cs = Cf = a and therefore the constant C' in equation (4.127) is independent of
the homotopy class of curve i.e., C = 5{7 =constant on ¥, as 7 — —oc.

In the proof of the compactification, we will need to choose a sequence ({fyTj,kTTjT,Tj}) from
the Einstein solution curve (here f, = f(7) and both of these notations are used interchangeably).
However, the limit should not depend on the sequence chosen as long as lim;_, 7; = —oco. In other
words, the ratio of the transverse measure of a curve A — C(\) with respect to the vertical foliation

corresponding to kT7T

and its length with respect to the hyperbolic metric v does not depend on
the chosen sequence on the solution curve as one approaches the big-bang singularity. The following
lemma establishes such a property.

Lemma 8: Let {'yTj,k:TTjT, 7;} be any sequence on the solution curve T+ (v-, kX7, T) such that
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lim; oo = —00. Let C be a curve in any homotopy class. Then the following holds

Cl/2
im piyere,r, (C) = 7 lim 1, (C), (4.145)

j—o00 21/4 j—o0 77

where the constant C = lim,_,, |kTT|2 and therefore is universal.

2
b
Proof: Let us consider a slightly general case where 7 € (—00,0) instead of 7 — —oo. Let us

define the following entities

In(r):= izn/f VIETT2(7) (4.146)
T) 1= su T2 (1), )
S(7) Ef\/Uﬂ 3(7) (4.147)

Both Zn(7) and S(7) are continuous functions of 7 by existence-uniqueness-continuity (or well-
posedness) of the Einstein’s equations [197]. Clearly the following holds by continuity and the result

of lemma 7

Er_n In(t) = Cr=a (4.148)
lim S(r) = Cx=a. (4.149)
T——00

Performing a similar analysis on the Gauss-map equation as previously, we obtain

%Inm%(u, w) < (K77 (u )| + Fﬂmu,w (4.150)

T 1 14 28(7)%72 " 1 -
kT (u, u)] < <2|T| s = L )m 0+ o) (4.151)
KT (u, )] < ﬁp(u,vn, (4.152)

where the metric p is fixed i.e., independent of 7 and lies in the interior of the Teichmiiller space.

Let us now define

1 14 28(7)%72

Thus, the second inequality of the three inequalities stated above reads

KL (u,w)| < A(T)yr (u,u) + %p(U, u) (4.154)
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Now, we go back to the formula for the transverse measure to the vertical foliation and obtain the

following inequality for 7 € (—o0, 0)

fé \/Wd/\ < pwert,r(C) = (4.155)

j{ kLT (T)utud| 4 \/ (kLT (T)uiud )2 4 (KLY (1)utvd)?
|
c

EX
since (kz;T(T)uivj)z > 0. Now utilizing (4.152), we obtain
% [KET (T)uiud [dA < pyert,r(C) < (4.156)
C
k5T (r)uiud | + \/ (KT (T)uiud)? + (1 piguiud )2
]{ | .
c

Now consider any sequence {7, TT , 7; } on the solution curve 7 + (v, kZT 1) such that lim; o 7; =

—o0. We have the following limits as j — oo

14 28(7;)%72
1 J 1 C
lim A =1l = lim S(1) = —=
Jm, Am) = | S T T VB sm) =75
1
lim —p(u,u) =0, (4.157)
i=oo |7y
S hm Yrj(u,u) < lim |EXT (u,u)| < O lim v, (u, u) (4.158)
V2 imee RV O
and therefore
lm fryere,r, = lim % |kLT (75 )uiu |dA (4.159)
j—o0 j—oo Je

(The last equality may be obtained from (4.156) more formally as

lpijutud |2
— 1+ _ lpijutud®
|k3;T(Tk U’ uJ\Jr\/ kTT Tk)u ud )2 4( ‘7_1 pijuiud)? \TkaTT(—rk)u ud|?
k| _ T
fc \/| |d\ = fc (kLT (i )uiud |\ | 3 [22)

lpijuiul|? lpijutud|?
1+\/1+ Ik IRET () wiud |2 1+\/1+ Ik IRET () wiud |2
<supe \ | 5 | §o /1LY (T )utu?| and noting that supe | | 5 |

approaches 1 as 7, — —00). Finally, we have the following result as j — oo

. . |Coo] /2
S Jm L (0) <l pruerrr, < Sy lim L, (€). (4.160)
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However Cy = Cy = C yielding

cL/2

jhj& Hvert,r; = 5171 Jlgrolo lvrj ©). (4.161)
and clearly both of these entities have the same limit at the level of projective space as they are
proportional to each other by finite constant (as will be discussed in detail in the next section). This
completes the analysis that the limiting behaviour does not depend on the chosen sequence as long
as lim, oo 7j = —00. O

Summarizing this section, we state the following theorem.

Theorem 2: Let 3, be a closed (compact without boundary) Riemann surface of genus g > 1 and
the data (v, kTT,7,e%, N, X) defined by the solution of the Gauss map equation (4.51), Lichnerowicz
equation (4.29), and the elliptic equations (4.21-4.22) solve the reduced Einstein equations via the
associated Hamilton-Jacobi equation. The ratio of the transverse measure of any non-trivial element
C of mi(Xy) with respect to the vertical measured foliation of the natural holomorphic quadratic
differential ¢, = (k11 — ik1I)dz?, and its hyperbolic length that is the length with respect to the
metric v approaches to a finite constant independent of any homotopy class in the limit of the big-
bang singularity i.e., T — —oo along every sequence on the solution curve. The transverse measure

associated with the horizontal foliation collapses to zero in the same limit.

4.6 Compactification

In this section we claim that the Thurston compactification of the Teichmiiller space is equivalent
to our relativistic compactification. Let us denote the Einstein compactification of 7, by T_ZgEm.
In this section, we claim that the following theorem holds

Theorem 3: ’fZZh ~ 7:251‘71.

Before proving this theorem, we need a few additional concepts and two lemmas. Let us consider the

G(%g)

functional space 1 = RJg

, where the space of geodesics on X, is denoted as G(3,), which may
be obtained by the 71 (X,) action on the space of geodesics on H?, that is S}, x Si, — A, A being the
diagonal. Essentially € consists of functionals which take elements of G(X,) and associate a positive
number to each (in this case, length of the geodesic representative of each homotopy class to be

precise). It can essentially be viewed as the space of geodesic currents given that the association of a

measure (Radon measure to be precise) G(X,) is m1(X,) invariant. We may construct the following
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map

1: TS, = Q (4.162)

v =1yt G(3y) = Rso.
We may projectivize the space €2 as follows
PQ = Q/B~1B,t>0,8€0Q) (4.163)
and subsequently obtain the following map
mol:TX, — P (4.164)

Clearly, the map [ can be identified with the Liouville currents (see appendix) (or the ‘9g — 9’ map).
The injectivity of 7 ol follows from the injectivity of the map L of section (2). Similarly, we may

construct the following map from the space of measured laminations to §2

v MF = Q (4.165)

Fos (i(For) = 74 ).

M]eG(Zy)

Here, ur corresponds to the transverse measure associated with 7 € MF and [y] is a homotopy
class. Clearly the space of measured geodesic foliations is a subset of the space of all geodesics and

therefore, we have the following

PMEF = (MF — {0})/(F ~ tF.,t > 0,F € MF) (4.166)

=7mov(MF) C P

Note that 7o v is injective. Let the space of holomorphic quadratic differentials with respect to the
conformal structure (M,~) and (M, p) be defined as HOD(v) and HQOD(p), respectively. Now we

define another important map namely the Hubbard-Masur homeomorphism

F:HOD(y) — MF (4.167)

b F(d). (4.168)
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Recall that PMF and TX, are disjoint in the space of projective currents i.e., P{). The Thurston
compactification, essentially, is given as TigTh =TX,UPMUF. Now we state the following crucial
lemma.

Lemma 9: Let the sequence {7y, } leave all the compact sets in TX, at the limit of big-bang i.e.,
Jj— o0 (1j = —00). Thenmol(v;,) converges if and only if mov(F;,) converges and subsequently both
have the same limit in PSY. Here F., is the vertical measured foliation associated to the holomorphic
quadratic differential ¢, = (lef;j - ilclTQTTj)dz2 through the Hubbard-Masur homeomorphism F.
Proof: {v,,} diverges in 7%, (identified with its image in PQ under the map 7 o) and therefore
lim; o0 by, (C) = oo for some C € G(X,). Now, It must converge to P due to the fact that the later
is compact (passing to the level of a subsequence). Therefore, 3 {\; } with lim; .o A;; = 0 such
that lim; 00 A7 Ly, (C) = L < oco. Now, utilizing the theorem 2 or the following equality (4.145)

derived in lemma 8, we have in the limit 7 — oo

21/4 21/4

and since the constant C' does not depend on the homotopy class of curves C, we may immediately

obtain lim;_, )\Tji(éll—//z.}}j,a) = L ie., equal to the limit of A, l%j. Moreover, A, (2;1—//42.7:7]. con-
verges in P2 or éll—//szj converges in PMF (the image of PMF in PQ under wov is identified with

PMF and multiplication of a measured foliation by an overall constant yields the same foliation
only measure gets scaled. But it makes no difference at the level of projective space by definition).
The reverse may be obtained in a similar way. This lemma essentially tells us that a sequence on
solution curve (of Einstein’s reduced equations) diverging (leaving every compact set) in the config-
uration space (7X,), converges in the space of projective measured foliations as 7; = —oo (big-bang
limit). The space of projective measured foliations is well known to be the Thurston boundary of
the Teichmiiller space. This establishes the fact that any solution curve approaches the Thurston
boundary at the big-bang singularity.

Proof of Theorem 3: We now want to establish the homeomorphism between the Thurston com-
pactified Teichmiiller space TEgTh and the Einstein compactified Teichmiiller space TigEm. Let
us first define the space of holomorphic quadratic differential in our setting. Recall that the holo-
morphic quadratic differential ¢, := (kT —ik{; )d2? is defined with respect to the metric ~,. Using
¢-, we may obtain a holomorphic quadratic differential ®(¢,) with respect to the fixed metric p

as follows. First, decompose k77 into p—transverse-traceless part and p—Lie derivative part in the
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following p — L? orthogonal sense
ki =5+ (Lyp)iss (4.170)

where V|[p]’ CZT =0= pijCZT and Y € X(X,;). Define the homolorphic quadratic differential
with respect to p as ®(¢,) := ({11 — iC12)dz?. This identification is not obvious in the current
context since k77 is transverse-traceless with respect to v where as (77 is transverse-traceless with
respect to p. Therefore, one may simply add Y toY to yield another y—transverse-traceless tensor
kTT" while keeping (T7 fixed. Therefore, two different y—transverse-traceless tensor can have same
p—transverse-traceless part. However, in the current context, this decomposition is not arbitrary.
Through imposition of the spatial harmonic gauge condition ‘“id : (X,v) — (X, p) is harmonic’, YV
¢TT

and are related to each other through a truly non-linear elliptic PDE (Monge-Ampere type

equation). Moncrief [198] proved the existence of a unique solution of this Monge-ampere type
equation (see sections 6 through 8 of [198]). Given a (7 one may retrieve k77 through solving
Moncrief’s Monge-Ampere equation. k77 always have a unique ¢77 due to the fact that (X4,p)
does not have Killing/conformal Killing vector fields. Through the well-posedness of Moncrief’s
Monge-ampere equation, k77 depends continuously on (77 or (77 depends continuously on k77 .

In other words, we may also write ¢, = ¢, (®) := (kIT (¢TT) — ikl (¢TT))dz?. In summary
D(¢r) := (C11 — iC12)d2?, ¢r = ¢ (®) := (K} (") —ikiy (CTT))d2> (4.171)

This identification yields a curve in the space of holomorphic quadratic differentials with respect to
p corresponding to a solution curve 7+ (7., kX7 7) and also allows us to talk about the boundary
of the space of holomorphic quadratic differentials without any ambiguity .

Now let QD(p) be the space of homlomorphic quadratic differentials with respect to p. Let
{77, kLT, 75} be a sequence. Through the correspondence (4.171), this identifies a sequence {CZ; L
in @D(p). In the limit 7; — —oo, we have established in theorem 1 that the Dirichlet energy
corresponding to the associated harmonic map blows up and subsequently every sequence {7, }
leaves all the compact sets of 7X,. On the other hand, we also have the associated “velocity”
variable, the transverse-traceless tensor {k;TT]T} It was shown in section 5 that its L! norm remains

bounded as 7; = —oo and moroever

TJ'—)—OC

lim /Z KIT2 pia., = C. (4.172)
9
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Note that the constant C'is universal and does not depend on the chosen solution ray. Following the

boundedness of the L' norm of at the limit 7;, we immediately obtain that the L' norm of the

KT
associated quadratic differential ¢, remains bounded as well (norms of ¢ were defined in section 5
and considerable detail was presented there) i.e.,

lim ||¢.,|| =C (4.173)

Tj‘)*OO

which essentially means that the space of v,—holomorphic quadratic differential is S%9~7 at the
limit 7 — —oo and through the homeomorphic correspondence (4.171), this can be identified with a
boundary of a ball B in QD(p) radius of which may be set to 1 after a suitable re-normalization i.e.,
||®|| = 1. Let us denote this unit ball in QD(p) by B(1). In order to prove theorem 3, it is sufficient
to establish the homeomorphism between the ball B(1) and the Thurston compactified Teichmiiller
space T_ZgTh. The Einstein boundary of the Teichmiiller space is therefore PQD(p) and the Einstein
compactification of the Teichmiiller space is HQD(p) (naturally through the Einstein flow and the
correspondence (4.171)). The procedure to demonstrate the homeomorphism between 'T_ZgTh and
HOD(p) is routine and similar to the one described in Wolf’s work. Nevertheless, we sketch the

proof for the sake of completeness. More specifically, let us explicitly define the following spaces

HOD(p) :={® € QD(p)| [|®]| < 1} (4.174)
PAD(p) = {® € QD(p)| ||®]| = 1} (4.175)
HOD(p) :== HOD(p) UPQD(p). (4.176)

Following the homeomorphism between TEgEm and HQD(p), our problem reduces to establishing
the homeomorphism between ’TEgh and HQOD(p). Let us define the following map after using polar

coordinates (r,6) for the space HQD(p)

¢ :TETh CPQ — HOD(p) UPQD(p) ~ HOD(p) ~ TEE™ c PQ (4.177)

S (||<I>(:£)||, Hi?) Vrol(x) € TE, C PQ
> , mol(z,) — 0TS C PQL.

Here 7%, and 07X, are realized as the image of 7 ol in PQ. In addition, through the Hubbard-
Masur homeomorphism F and 7 o v, HOD(p) and POD(p) may also be realized as their images in

PQ. First we want to show that this map is well defined. Consider two solutions z,,, x;l € T3, that
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approach the boundary

lim wol(z,) = lim mol(z,) =y € oT%,.

n— 00 n— oo

But, then following lemma 9 and the correspondence (4.171), we immediately have

lim movoFog, oB(x,)= lim movoFogp, od(z,)
n—oo n— 00

and following the Hubbard-Masur homeomorphism

o D(xy) . d(x)
lim ————— = lim ——2—.
n—oo |[@(z,)||  n—oe ||(ar,)]

(4.178)

(4.179)

(4.180)

Now we establish the injectivity, surjectivity and continuity of ¥ as well as continuity of ¥—!. Here,

by a sequence, we will mean a sequence chosen from a solution curve.

Continuity of ¥: Since, lim,_, ||®(z,)|| = 1, the continuity in the first component follows.

Continuity in the second component is obvious.

Injectivity of U: Injectivity of ¥ on 7%, is clear (corresponding to each metric, ® assigns exactly

. . . . /
one holomorphic quadratic differential or transverse-traceless tensor). Now, suppose Z,,z, € T2,

such that wol(x,) = dTE,, wol(x,) — dTE, and ¥(z) = U(z'). We want to show that lim,, o, 70

I(zn) = lim, oo wol(x,) € ITE,. Following ¥(z) = ¥(z'), we have

lim O(zn) = lim _O@,)
oo ||@(zy)[|  nee [|@(ay,)]

which following the Hubbard-Masur homeomorphism implies

lim rovoFog, o®(z,) = lim woyofoqﬁmoq)(x;).
n—oo n—oo

But, then lemma 9 (together with the correspondence (4.171)) implies

lim 7ol(z,) = lim mol(z,) € 0Ty

n—o0 n—oo

concluding injectivity of W.

(4.181)

(4.182)

(4.183)

Surjectivity of ¥U: Obviously, ¥ is onto from 7%, to HQD. Let (1,a) € PQD and a,a — . Now,

following lemma 9, since, m o v o F o ¢, (ana) = constant, 7o l(¢~ 1 (ana)) converges to y € 0T X,,.
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Therefore, using continuity of ¥

(i 2@ @) \
v = (13 aaay) = e (2184

which concludes surjectivity.

Continuity of U~!: For, the continuity of ¥=!, we only need to verify the continuity on PQD.
Let us consider that (a,,a,) — (1,«). Following the Hubbard-Masur homeomorphism, 7o v o F o
¢, (anay) converges. On the other hand, lemma 9 implies

lim movoFog¢,, (a,a,) = lim 7ol(® (ayay)) € OTE,. (4.185)

n—roo n—oo
But, from the definition of ¥, we obtain

(I)((I)il(anan)) — (o o
|M@%%%MO(M””

U(mo (@ (anan))) = <||‘I>(<I>1(an04n))la

since lim,_, ||an|| = 1. On the other hand, we also have
. _ (P (anan))
1 _ ntn _
\I/(nh_{?(;cﬂ' o (DT (anay))) = (1,71151;0 TB(@ T (anan)l ) ~ (1, ). (4.186)

Therefore, we finally have

T H1,a) = lim 7o l(® Hapay,)) = lim U (a,,a,) (4.187)

n—oo n—oo
which concludes the continuity of ¥~!. which completes the proof of

Th ——FEin
T, ~=~TY, . O (4.188)
An important observation would be that we are essentially showing the homoemorphism be-
tween HQOD and T_ZgTh. Simultaneously, Einsteinian dynamics provides a natural homeomorphism

between HOD and TigEin

. Therefore, one might naively expect that Wolf’s analysis would be
directly applicable to obtain the desired result. However, as mentioned previously, Wolf’s dynamics
occurs in the target space while ours does in the domain. In addition, to establish the homeomor-
phism between HQD and TEgTh, lemma 6 and the correspondence (4.171) play the most important

role. However, lemma 6 is obtained by completely relativistic means i.e., by utilizing the Gauss

map and Hamilton-Jacobi equation in addition to the estimates derived from the elliptic equations
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associated to the Gauge and constraints of the Einstein’s equations. Similarly the correspondence
(4.171) is made solely through solving Moncrief’s Monge-Ampere equation which once again is of
purely relativistic origin. Let us explain the mechanism in a little less technical way. Notice the
diagram above. Moncrief has shown in [198] that no two solution rays originating at an interior
point p (defined by the Gauss-map, satisfying constraint and gauges, and uniquely satisfying the
reduced Einstein equations through the Hamilton-Jacobi equation) intersect each other (except at
the limit 7 — 0, where they may asymptotically approach each other). This gives a homoemorphism
between the Teichmiiller space 7, and the space of transverse-traceless tensors. However, each
such transverse-traceless tensor k77 has a holomorphic quadratic differential ¢, associated to it.
Morover, each such holomorphic quadratic differential represents a measured foliation (with zeros
of the quadratic differential being the singularities of the foliation), which follows from the classical
result of Hubbard and Masur [216]. Now let us consider that {7, } leaves every compact set in the
Teichmiiller space and converges to the 3725”. Associated with the sequence {7}, there is a
sequence of quadratic differentials {¢, dz*} (defined in 4.98) from relativistic dynamics and such a
unique sequence satisfies

lim |l¢r |12 = C, (4.189)
oo

Tj—>—

for some suitable constant 0 < C' < oco. Through the correspondence (4.171), this is precisely
equivalent to saying that as the sequence {7,,} converges in 37’25”‘, {®(¢~,)} approaches the
6g — 7 dimensional sphere POD(p) in the space of holomorphic quadratic differential HQD(p) and
is defined by

@] =1 (4.190)

after suitable re-scaling. Now associated to the sequence {¢., }, there exists a unique sequence of
measured foliations {F, } corresponidng to ®(¢,). Now, the lemma 6 enters into the picture. lemma
6 precisely states that the limits of the sequence {7, } and the sequence {F.,} are the same in the
space of projective currents (PCurr) and lie in the space of projective measured foliations (PMF).
Therefore, the space 87’25“’ is precisely the space of projective measured foliations PMF. But,

PMUF is nothing but the Thurston boundary of the Teichmiiller space in PCurr. Therefore

OTXE™ ~ 9T, (4.191)
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In addition note that each of 87’25” and PMJF are homeomorphic to POD. Is a sense the maps
TT, F, FoTT are all homeomorphisms. In a sense, we thus obtained a proof of Moncrief’s
conjecture that each of the non-trivial solution curves of the reduced Finsteinian dynamics runs off
the edge of the Teichmdiller space at the limit of big-bang singularity and attaches to the Thurston
boundary of the Teichmiiller space, that is, the space of projective measured laminations or foliations
(PML, PMF). As a bonus, we also have in this relativistic setting that the space POD C QD is
homoemorphic to 37’2?” and therefore PMF. In a sense, we also recover Wolf’s result. Now we
will describe the possible two mechanisms of approaching the boundary of the Teichmiiller space in

the next section.

4.7 Approaching 073,

Let us consider the Fenchel Neilsen coordinates of the Teichmiiller space. Figure (?7?) shows the pants

decomposition of the Teichmiiller space and the associated Fenchel-Neilen co-ordinates (see [217] for

the details of the Fenchel-Neilsen parametrization and pants decomposition). Such parametrization

is given by the lengths of 3g — 3 nontrivial (nontrivial in 71 (3,)) geodesics {ll}f’iz‘3 along with 3g—3
39

associated twist parameters {HZZIB} (twist is performed about the same geodesic). The two possible

mechanisms of attaining the boundary of the Teichmiiller space are descried below.

4.7.1 Pinching of ¥

Let v(I7") denotes a sequence of hyperbolic metrics and let 6; = 0 Vi = 1,2,3,....,3g — 3. Letting any
one of the I; tend to infinity i.e., lim,_, [ = oo implies approaching the boundary 97 %. Using
the collar lemma (see [204] for the detailed proof of the collar lemma), we immediately obtain that
there is a non-trivial geodesic transverse to [* with length ~ lim,,_,. e~l'. This is the pinching
mechanism described in figure (??). Note that the nontrivial (in m1(X,)) geodesic v2 collapses
while the hyperbolic length I; of v; approaches infinity. Now, the Dirichlet energy of the harmonic
map id : (X,, 7)) — (X4, p) ie., between fixed domain (with metric p) and the varying target
(with metric y(I;)) defined is a continuous proper function on the Teichmiiller space. Therefore, the
sequence of Dirichlet energies associated with the diverging sequence of metrics (or degenerating to
be precise) y(II') can not stay in a compact set; that is the sequence blows up. Therefore we have
the following correspondence

lim [}' — oo => lim E n) — o0o. (4.192)

n—o0 n—o00 K
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Notice that multiple non-trivial geodesics v; (and the corresponding transverse ones) may show the

pinching behavior at once and each such limit corresponds to distinct points on 97 %,.

4.7.2 Wringing of ¥, by its neck

In order to explain the approach to 07 X, through wringing of ¥, we need to introduce the symplec-
tic geometry of the Teichmuller space [227,228]. Using the parametrization (I;, Gi)?iﬁ of Teichmuller

space, define the symplectic form

3g—3
w = Y dl Adb;, (4.193)
i=1
which is preserved under the flow of the vector field v = _6%7: and satisfies
w(—i ) = di; (4.194)
96, = di;. .

The conserved Hamiltonian is nothing but the length [;. Here, 6; is the twist parameter about the
ith geodesic. Therefore, flow of the vector field —(%i preserves the length [; of the geodesic about
which ¥, is twisted. After n such twists, the length of the geodesic transverse to the ith geodesic
increases by nl;. The wringing of X, about the ith geodesic corresponds to the limit n — oco. Let
the length of the transverse geodesic before the twist be LY. After performing n twists, the length
becomes ~ LT 4 nl; and therefore, the wringing corresponds to the fact that lim,_ L;ﬁ =0.
This is the other mechanism to approach the boundary of the Teichmiiller space. Note that every
point on the boundary 97X, can be obtained through a combination of these two basic operations

and in every situation, the Dirichlet energy approaches infinity.

4.8 Conclusion

Despite the fact that ‘2+1’ gravity is devoid of a straightforward physical significance due to the lack
of gravitational wave degrees of freedom, it is of extreme importance while studying ‘3+1’ gravity
on spacetimes of certain topological type (S? x S* x R,T? x S! x R, and X, x S! x R, non-trivial S!
bundles over ¥, x R). As mentioned in the introduction, several studies have been done of this topic
where the ‘3 + 1’ gravity has been realized as the ‘2 + 1’ gravity coupled to a wave map,and where
the Teichmiiller space of ¥, plays a crucial role. In the 2 4 1 case, the configuration space is the
Teichmiiller space and we’ve shown here that the space of big-bang singularities is realized as the

Thurston boundary of Teichmiiller space. At the big-bang, the conformal geometry degenerates via
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pinching and wringing of (X,4,v). This result essentially characterizes the complete solution space
as well as verifies that the reduced Einstein flow can naturally be used to compactify Teichmiiller
space. While such a result is obtained by studying puerly vacuum gravity, a natural question arises
whether inclusion of a positive cosmological constant might yield the same result. [197, 229, 231]
studied vacuum GR with a positive cosmological constant in 2 + 1 case, where the future in time
behavior seems to persist. Therefore, it would be interesting to include a positive cosmological
constant and check whether the Thurston boundary is approached in the big-bang limit. In addition,
if one includes matter source and focuses on the evolution of the gravitational degrees of freedom
(due to the presence of matter sources, the configuration space is now infinite dimensional), can the
big-bang limit be realized as the Thurston boundary? Could the Teichmiiller degrees of freedom
of ‘3+1’ gravity on U(1) symmetric S! bundles over X, x R realize the Thurston boundary in the
same limit? What is the implication of such limiting behavior at the classical level in quantizing
‘241" gravity or ‘3+1’° gravity on these special topologies? Can this characterization of the space of
singularities be extended to higher dimensional gravity? Can the Einstein flow be used further to

study classical Teichmiiller theory?

Appendix
Space of projective laminations as the Thurston boundary of the Teichmiiller space

In this section, we provide a rough sketch of the proof of Thurston compactification of the Te-
ichmiiller space by the space of projective measured laminations (PML). The details may be found
in [211,212]. Here we show that a sequence diverging in Teichmiiller space converges in the space
of projective measured laminations (PMJL), which is a compact subset of the space of geodesic
currents. A 7 (3,)—invariant measure on G(3,) may be defined as

dadp

L= p (4.195)

where (e'®,e??) € (S! x S') \ A and A represents diagonal. This measure is called the Liouville
measure.The Liouville measure corresponding to X is denoted by L, which satisfies the following

for any v € G(Z)

i(v, Lx) = Ix(7), (4.196)
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where i denotes the bilinear function ’intersection number’ and Ix(y) denotes the length of v with
respect to the hyperbolic metric on X. The intersection property may be interpreted as follows. Let
us consider a closed non-trivial geodesic v € G(£,). Lift v to the universal cover and consider its
intersection with the set of geodesics transverse to its lift 4 that is i(y, L) is defined as I L(EN#7),
where ¥ C G(f]g) is the set of geodesics transverse to 7. A few lines of calculations show that
this integral is indeed the length of ~ with respect to the hyperbolic metric (scalar curvature =-
1). Note that Liouville measure may be used to define a geodesic currents on G(X,) due to its
m1(24)—invariance property. Now, let (X, f) be a hyperbolic surface (and thus € 7X) such that
f:3—=X= H2/ m1(XZ4) is a homeomorphism. Liouville measure provides a well defined map from
the Teichmiiller space 7YX to the space of currents. Here we just provide a brief description of the
Thurston compactification of the Teichmiiller space, necessary for the currents purpose. For details,
the readers are referred to the excellent book [211], where the proof of the stated theorems may be
found.

Lemma 0 [211,212] The map (X, ) — Lx is a proper embedding of T3, into the space of currents

Curr(X,) given by the intersection number i that is, for all closed curves o in L,
i(Oé,Lx) = lx(a) (4197)

defines a proper embedding of 7%, into Curr(X,).

Proof: See [211,212].

We are now ready to establish the Thurston compactification. Let us first state a lemma.

Lemma 1 [211,212] For any hyperbolic surface 3, with the marking (X, f), we have the following

result
i(Fx, Lx) = 72 (S, (4.198)

where x(2,) = 2(1—g)) is the Euler characteristics of ¥,. Remarkably, this is a topological invariant.
Let’s denote the map (X, f) — Lx by L. We have the following lemma,

Lemma 2:

L:T%, — PCurr(Xg) = (Curr(Sg) — 0)/ (1 ~ tp, p € Curr(Sg),t € R)
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is injective.

Proof: Let [f : ¥y — X] and [h: ¥4 — Y] be two elements of TX,. Then

[Lx]=[Ly] => Lx =tLy. (4.199)
Now we use the previous lemma and obtain

m|x(8g)| = i(Lx,Lx) =i(tLy,tLy) (4.200)

= t2i(f/y7 f/y) = t27r2‘X(Eg)‘7
i.e.
f=1, (4.201)

as t € IR~ and therefore Lx = Ly.

As we have defined earlier, a lamination £ on X is a closed subset which is the union of disjoint
simple geodesics and the geodesics in £ are called the leaves of the lamination. An important
property of these leaves is that they do not intersect each other that is if A\, « € L, then the following

is satisfied

i\ @) =0. (4.202)

If we associate a transverse measure to the leaves of £, then we obtain a measured lamination
denoted by ML. We may of course construct the projective measured laminations PML through

the following identification

PML = (ML — {0})/(A ~tA A € MLt > 0). (4.203)

Clearly the leaves of a measured lamination define a subset in the space of all geodesics and
therefore, the projective measured lamination PML may be identified as a subset of the space
of geodesic currents. It is in fact a compact subset, which may be proven utilizing an elementary
result from topology namely Tychonof’s theorem [213]. Another important observation is to note
that the image of the Teichmiiller space under the map L ie., E(TEg) and PML are disjoint.

This follows from the definition of the geodesic lamination that is i(A,A) = 0 VA € PML, while
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i(Lx, Lx) = m2x(2,)| #0, VX € T%,. Now we finish the Thurston compactification

Lemma 3: The closure of 73, C IPCurr(X) is precisely 72, UIPML.

Proof: Let say [f, : ¥, — X,] is a sequence that diverges in 7%,. Then obviously, {[Lx,]} C
PCurr(X,) converges to some element of PCurr(X,) due to the fact that PCurr(3,) is a compact sub-
set of Curr(X,) (passing to a subsequence). Then 3 t,, such that Lim,, eotnLx, = pp €PCurr(S,).

Now from the divergence criteria, there exists a simply closed curve o € 34, such that
Limpoolx, () = 00. (4.204)

But, 0o > i(a, i) = i(a, tnLx,) = tnlx, (@) and thus we must have

Limy_yootn = 0. (4.205)
Now we see the following
i(pp) = i(limpootnLx, , limpy seotnlx, ), (4.206)
= limpooot?i(Lx,, Lx,), (4.207)
= iMoot X (D), (4.208)
= 0, (4.209)

and therefore, u € PML.
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