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Abstract

I prove a scalar curvature rigidity theorem for spheres. In particular, I prove that geodesic
balls of radii strictly less than  in n + 1 (n > 2) dimensional unit sphere are rigid under
smooth perturbations that increase scalar curvature, and such rigidity result fails for the
hemisphere. The proof of this assertion requires the notion of a real Killing connection and
solution of the boundary value problem associated with its Dirac operator. This is essentially

a weaker version of the Min-Oo conjecture.
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1. Introduction

The positive mass theorem is one of the most important results in differential geometry.
This theorem states that any asymptotically flat Riemannian manifold (M, g) of dimension
n < 7 of non-negative scalar curvature has a non-negative ADM mass. Moreover, the ADM
mass for such a manifold is strictly positive unless (M, g) is isometric to the Euclidean space.
Schoen-Yau |1, 2] proved this theorem first using minimal surface techniques. Later Witten
[3], Taubes-Parker [4] proved it using the spinor method. These spinor methods remove the
dimensional restriction but assume that the manifold is spin (which is a non-trivial condition
and requires the vanishing of the second Steifel-Whitney class). Recently, Schoen-Yau [5]
game a proof of the positive mass theorem in any dimensions using the minimal surface
technique where the spin condition is not required.

Theorem (Positive Mass Theorem) [1, 2, 5/ Assume that M is an asymptotically flat
manifold with scalar curvature R > 0. We then have that the ADM mass is non-negative.
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Furthermore, if the mass is zero, then M is isometric to R™ with the standard Euclidean
metric.

Several rigidity results can be deduced by applying this theorem. The first observation was
made by Miao [6] who pointed out that the positive mass theorem implies the following

Theorem [6/ Let D™ be a topological n—ball and g be a smooth metric on D™ that has the
following properties

(a) Scalar curvature of g is non-negative i.e., R[g] > 0, (b) The induced metric on the
boundary OD" is the standard round metric on S 1,

(c) The mean curvature of OD™ with respect to g is at least n — 1,

then g 1s isometric to the standard Fuclidean metric on D".

The sketch of the proof of this theorem can be stated as follows. Let us first remove the
standard unit ball B” from R™. The boundary is the unit sphere with the standard round
metric. Now glue D™ to R” — B"™ along the boundary sphere 0D". Let the metric on this
new manifold be denoted by g. The new manifold obtained thus verifies the scalar curvature
condition R[g] > 0 and the unit sphere along which D" is glued verifies the men curvature
condition as well. Now this is trivially asymptotically flat and in fact exactly Euclidean at
infinity and therefore has zero ADM mass. Therefore by positive mass theorem, g is isometric
to the standard Fuclidean metric on R".

Later, Shi-Tam 7| proved a localized version of positive mass theorem. The following theorem
was proved by Shi-Tam

Theorem [7] Let Q be a strictly conver domain in R™ with smooth boundary and a smooth
Riemannian metric g verifying (a) The scalar curvature R[g] > 0, (b) The induced metric
on the boundary 02 by g is the same as the restriction of the standard Fuclidean metric
on 0, (¢) The mean curvature of 02 with respect to g is strictly positive. Then the the
Brown-York mass associated with 0 is non-negative i.e.,

[ (o Ko, 20, (1)

where K is the mean curvature of 02 with respect to the Euclidean metric whereas K, is with
respect to that of g. Moreover, if the the equality holds, then g is isometric to the standard
Euclidean metric.

Importantly note that the expression [, (Ko — Ky)fi,, approaches the ADM mass for (€2, g)
in the limit where 0f) approaches infinity. This entity is also called the Brown-York mass
that arises in time-symmetric general relativistic settings. Analogous results have also been
proven in the asymptotically hyperbolic framework where the manifold under study verifies
a negative lower bound of —n(n — 1) for the scalar curvature [8, 9, 10]. The other model
geometry is the sphere with strictly positive curvature. Motivated by the relevant results
on asymptotically flat and hyperbolic settings, Min-Oo [11]| conjectured that an analogous
should hold true for spheres. More precisely the Min-Oo conjecture states the following

Conjecture 1.1 (Min-Oo conjecture[11]) Let g be a smooth metric on the upper hemi-
sphere S with the following property (a) It has scalar curvature R[g] > (n — 1)n, (b) the
induced metric on the boundary sphere S is the same as the standard round metric on
S"1, (¢) The boundary S is totally geodesic with respect to g. Then g is isometric to the
standard round metric on St .



This conjecture can be thought of as the positive mass theorem for the strictly positive
scalar curvature geometry. There have been several results in special circumstances. This
is true for the two-dimensional case by a theorem of Toponogov [12]. For n > 3, Hang and
Wang [13] proved that this conjecture holds true for any metric conformal to the standard
metric on the sphere. Huang and Hu [14] proved that the Min-Oo conjecture holds true for
a class of manifolds that are graphs of hypersurfaces in R"™!. Finally, Brendle-Marques-
Neves [15] proved that the conjecture is false generically for n > 3. In particular, they
constructed counterexamples where the scalar curvature in the bulk can be increased keeping
the boundary intact (i.e., totally geodesic and isometric to standard n — 1 sphere). They
accomplish this in two steps. First, they perform a perturbation of the standard hemisphere
to increase the scalar curvature. This process makes the mean curvature of the boundary
strictly positive. In the next step, they perturb to make the boundary totally geodesic. This
perturbation is supported close to the boundary and is not strong enough to reduce the
scalar curvature below the strict lower bound (n — 1)n.

Motivated by these results, it is natural to ask whether the rigidity result holds for geodesic
balls of radius strictly less than 7 instead of the hemisphere. It turns out that indeed such a
rigidity result holds true if one imposes certain additional conditions on the spin structures
of the geodesic balls and their boundaries. This is accomplished in two steps. First, we
consider a general positive scalar curvature connected spin n + 1— dimensional Riemannian
manifold with mean convex boundary. Imposing a lower bound on the scalar curvature of
the boundary, we prove a new and improved eigenvalue estimate for the boundary Dirac
operator (see [16] for a review on the eigenvalue estimates of the Dirac operators). This step
involves solving the Dirac equation associated with a real Killing connection using an APS
type non-local boundary conditions |26, 27, 28|. The first theorem that we prove is

Theorem 1.1 (Eigenvalue Estimate) Let (M,g) be an n + 1— dimensional connected
oriented Riemannian spin manifold with smooth spin boundary 3. Let the induced metric on
Y by g is 0. Assume the following:

(a) The scalar curvature of (M,g) Rlg] > n(n + 1), (b) The scalar curvature of (X,0)
Rlo] > n(n—1), (c) X is mean convex with respect to g i.e., its mean curvature K >0, (d)
The intrinsic Riemannian spin structure of ¥ coincides with the induced spin structure from
M.

Then the first eigenvalue Ay of the Dirac operator D on (X, 0) verifies the estimate
inf K2+ . (1.2)

In the second step we use the eigenvalue estimate to prove a rigidity result for the geodesic
balls of radius strictly less than 7. In particular, we stress the fact that this rigidity seems
to fail for the geodesic ball of radius 7 i.e., the upper hemisphere. The crucial assumption
of the equality of the intrinsic and induced spin structure on the boundary ¥ seems to act
as a locked-in condition that leads to a rigidity result. The lack of such a theorem for the
hemisphere is due to the loss of surjectivity property of the Dirac operator associated with

the real Killing connection. The rigidity theorem is stated as follows

Theorem 1.2 (Rigidity of Geodesic Balls) Let M be a spherical cap with boundary >
and g be a smooth Riemannian metric on M that induces metric o on X. Let the following
conditions verified by (M, g) and (X, 0)

(a) Scalar curvature of (M, g) R[g] > (n+ 1)n

(b) The induced metric o on 3 by g agrees with the metric og of the boundary of a geodesic
ball of standard unit sphere of radius strictly less than 7,
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(c) The mean curvature of 3 with respect to g and the standard round metric on unit sphere
St coincide, constant, and strictly positive

(d) The intrinsic Riemannian spin structure of ¥ coincides with the induced spin structure
from M,

Then g is isometric to the standard round metric on the unit sphere S"*1. In particular, M
is 1sometric to a geodesic ball of radius strictly less than 5 in a standard unit sphere.
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2. Preliminaries

We denote by (M, g) an n + 1 dimensional smooth connected Riemannian spin manifold.
Let (X, 0) be the smooth boundary of M and o the induced Riemannian metric on it by g.
Let the spin structure of M be denoted by Spin,,. Let {e;}}7*] be an orthonormal basis for
the SO(n + 1)— frame bundle of (M, g). The last basis vector e, is set to be the interior
pointing normal vector to the boundary (3, o) and is globally defined on (M, g) along (X, o)
and denote it by v. This allows us to induce a spin structure on (X, o) from Spiny,.

Let Cl,, be the n dimensional complex Clifford algebra and its even part is denoted by CI°.
Using v we can induce an isomorphism between Cl,, and CI9_, as follows

Z:Cl, —Cl,, (2.1)

er—er-v, I=1,..n.

Now the principal SO(n) bundle of oriented orthonormal frames on 3 can be identified as a
sub-bundle of SO(n 4 1) bundle on M along ¥ that leaves v invariant. Let J : SO(n)yx —
SO(n+1)p|s denote such an identification map. We can pull back the fiber bundle the spin
bundle Spin,,|s on SO(n + 1)|x as a spin structure on . Let us denote this induced spin
bundle on ¥ by Spiny..

Let S™ denote the spinor bundle of (M, g). As a bundle S¥ may be identified with the
trivial bundle Spin,; x A,y1 — Apt1, Apyq is the space of spinors, of complex dimension
2L"2). Bach tangent vector X € T,M induces a skew-adjoint map p(X) € End(SM). For
the orthonormal basis {e;}"*], Clifford relation holds

plenples) + ples)pler) = —2015id (2.3)

fore,5 =1,.....,n+ 1. For n + 1 odd, the representation p is chosen such that the complex
volume form acts as identity on A, ;. Locally a section 1 of the spinor bundle S over an
open set M C M may be represented by the double

v =s 0], (2.4)

where s : M — Spin,; and § : M — A, ;. For an element A € Spin(n + 1)), the gauge
transformation is written as

s sA, Brs p(ATYHB. (2.5)

One may restrict the spinor bundle SM on ¥ by using the Z map i.e., define the restricted
bundle as SM | := Sping, X oz A. The Clifford multiplication on X is defined as follows. For
X € I(TY), the Clifford multiplication p*(X) = p(X) o p(v). The intrinsic spinor bundle
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of ¥ §¥ = Spiny, X = A, can be identified with S™|5 if n + 1 is odd. For n + 1 even, one
may obtain the identification SM |y ~ S* @ S*¥. This implicitly uses the assumption that the
intrinsic spin structure on ¥ and that induced from (M, g) are the same. For details about
the theory of induced spin structures, readers are referred to [18, 17].

Now we discuss the extrinsic Riemannian geometry of (X,0) as a hypersurface in (M, g).
Let ¥ be the metric compatible connection on (M, g) and V is the induced connection on
Y. For two smooth vector fields A, B € T, V and V are related by

A~

VaB=V4B+ H(A, B)V, (2.6)

where v is interior directed unit normal vector to the boundary > and H is the second
fundamental form of ¥ in M.

On the spinor bundle S there is a natural Hermitian inner product (-, -) that is compat-
ible with the connection V (we denote the Levi-Civita connection and its spin connection by
the same symbol for convenience) and Clifford multiplication p : CI(M,C) — End(S™). We
denote a spinor as a section of the spin bundle by ¢ € T'(SM). Naturally, its restriction to
Y is a section of S* by previous discussion. The following relations holds VX,Y € I'(T M)

X (Y1,1) = (§X1/117¢2> + (¢, €X1/J2>
Vx(p(Y)) = p(VxY )i + p(Y)VxY
(p(X)h1,2) = — (W1, p(X)1)2)

(P(X) Y1, p(X)ha) = g(X, X) (b1, b2). (

These are the intrinsic identities that are verified by the geometric entities on (M, g). In-
trinsically, we can define the Dirac operator on M as the composition map

2.
2.
2.

N~ —~ —
© o0
= = U —

10

SM Y TN @ SM Ly 5M (2.11)
In local coordinates, the above decomposition gives the Dirac operator D

n+1

D:=> plenVe,. (2.12)

=1
The boundary map 7 : ¥ < M, induces a connection on ¥ that verifies
VxY = VxY + H(X,Y), (2.13)

where X, Y € I'(T'3) and H is the second fundamental form of ¥ while viewed as an embed-
ded hypersurface in M. Now this split extends to the spinor bundles. The spin connection
splits as follows

Tt = Vi + S p(H(X, )p()e (2.14)

for X € I'(T%). With this split, we can write the hypersurface Dirac operator in terms of the
bulk Dirac operator and the second fundamental form. We have the following proposition
relating the Dirac operator of M and that of its boundary X

Proposition 2.1 Let Y be the smooth boundary of a smooth connected oriented n+1 dimen-
sional Riemannian spin manifold (M, g) and H be the mean curvature of ¥ in M. Under



the identification SM|y ~ S¥ or SM|y ~ S* & S*, The boundary Dirac operator D on ¥
induced by the Riemannian structure of (¥,0) and the bulk Dirac operator D on M verify

D = —p(v) D ~ Vo + 5 H (2.15)

for a C° section v of the bundle SM. Here H is the mean curvature (trace of the second
fundamental form H) of ¥ in M defined with respect to v.

Proof. The proof is a result of straightforward calculations. Let ¢ € C*(SM). We denote
the restriction of ¢ to the boundary 3 by % as well for notational convenience. Consider the
orthonormal frame {e;}7*1 on M along ¥ such that {e;}7_, are tangent to ¥ while e, = v
is the interior pointing normal to >. The hypersurface Dirac operator D is defined as follows

Dy = Zpef D)Vt = Zpef ) (G = goHter Doe) (210

_Zpef Ve,¢——z,061 Jo(H(er, ))p(v)o

Now observe the following (H(es,-) € T*%,1 = 1,...,n and therefore g(H(es,+),v) = 0 and
therefore

Dy =3 clen)e(w) Ve + % > plenlw)pt)o(Hler. ) (217)
=" plen)p) Ve + Zp plen) Ve + Hw
D) D Plen) Vet + plw)p) Vot + S HY

~ ~ 1
~p() D = Vo + S HY,
where we have used the Clifford algebra relation 2.3 and the mean curvature H = trH and
is defined with respect to the inward-pointing normal to X. O

In addition to the relationship between the extrinsic and intrinsic Dirac operators, we have
the usual Schrédinger-Lichnerowicz formula for the Dirac operator D on M

~ ~y 1
D* = -V*+ 2ol (2.18)

where R[g] is the scalar curvature of (M,g). As an obvious consequence, one observes
that a closed spin manifold with strictly positive scalar curvature can not have non-trivial
harmonic spinors. We explicitly work with L? Sobolev spaces on M defined with respect to
the Riemannian metric g. We denote by W*2(S™) the Sobolev space of spinors on M whose
first s weak derivatives are in L?(M). W#? completes C° i.e., space of compactly supported
sections of S™ with respect to the norm

11 wse = [[9llzzan + D [V %o, (2.19)
I=1



where

[T / (4, ), (2.20)
M

A~

IVl n = /giljlgi2j29i3j3--'-gm1<Vz‘1vz‘2vi3~-'-vz‘1¢aVj1vj2vj3““vj1w>,ug~
M

For a manifold with a boundary such as M, we also need to be concerned about the boundary
regularity of the spinor. First, recall that all functions belonging to W2, s € N have traces
on smooth boundary 3. This passes to the spinors since one may think of |¢|* := (¢, 9))
as a function on (M, g) and the spin connection vV is compatible with the Hermitian inner
product (-,-). More precisely there is a trace-map

Tr: W*2(M) —» W*2%(%), se N (2.21)

that is bounded and surjective. We will mostly be concerned with spinors that are in
1

WSH(M)NWs24%), s > "TH + 1 such that the Dirac operator makes sense in a point-wise

manner. The background geometry is always assumed to be smooth.

3. Spinors on positive scalar curvature geometry

A spinor field ¢ € T'(SM) is called a Killing spinor with Killing constant « if for all vectors
X tangent to M, the following equation is verified

¥ xtb = ap(X)o. (3.1)

If (M, g) carries a Killing spinor, the first integrability condition of 3.1 forces (M, g) to be
an Einstein manifold with Ricci curvature Ric[g] = 4na?g. We have three cases: a can be
real and non-zero, then M is compact and 1 is called a real Killing spinor, o can be purely
imaginary, then M is non-compact and ¢ is called imaginary Killing spinor, and « can be 0
in which case « is called a parallel spinor. The manifolds with real Killing spinors have been
classified by Bér [19]. A prototypical example is the unit sphere with the standard round
metric. Hitchin [21] showed that manifolds with parallel spinor fields can be characterized
by their holonomy groups. Baum [22] classified the manifolds with imaginary Killing spinors
while Rademacher later extended the classification to include generalized imaginary Killing
spinors where « is allowed to be purely imaginary functions.

In this article, we are concerned with real Killing spinors with Killing constant o = :I:%. On
(M, g), let us define a modified connection called Killing connection a 14 Bér [19]

Vxt) = Vxth + ap(X ), (3.2)

for X € C®(I(TM)), 1 € C®(I'(SM)). The corresponding Dirac operator D reads

~ o~

D=D—(n+1)c. (3.3)
From now on we fix a = j:%. Define D* to be

IR 1
Di:D$n;.

(3.4)

We have the following proposition



Proposition 3.1 Let v € C®(T'(SM)). Let R|g] be the scalar curvature of (M,g) and K
be the mean curvature of (X,0) in (M, g) with respect to the interior pointing unit normal
vector v. Then the following Witten-type identity is verified by ¢

Nt 1 2 1 _ 2 N Nt DT
(1500 = 5K0P )to = [ (Rl =t 0) WPy = 7 [ (20, 570)
+ [ laur,
M
where Qx s the Penrose operator defined as
~ 1 ~
Qx :=Vx+——p(X)D (3.5)

n+1

for X € C=(I'(SM)) and the modified hypersurface Dirac operator D= is defined as

D* .= D+ gp(l/). (3.6)

Proof. We prove every identity assuming the data are in C*°. First, we prove the following
well-known identity of the written type. This is standard, nevertheless, we present it for
completeness

/2 (<Dw,w> - %HIW) fix = /M (;lR[gHMZ — Dy + IWF) Linr. (3.7)

First, recall the Schrédinger-Lichnerowicz identity on M

~ ~ 1

D = =V + L Rlglu, (3.8)
for a spinor ¢ € C=(I'(SM)). Let us consider an orthonormal frame {e;}}*! on M with e,
being the unit inside pointing normal v of the boundary surface OM = 3. Now we evaluate

the following using the compatibility property of the Hermitian inner product (-,-) on the
spin bundle SM

n+1 n+1

> Vilplen) D, ) + > Vi(Vith, ) (3.9)
711:1 L nlrll . . N n+1 N N
= > {plen)ViDy, ) + > (pler) Dy, Vi) + (V2 00) + > (Vi) Vi)
Iil n+1 N = N N n+1 R /1\21
= (D%, 0) =Y (Dv, ple)) Vi) + (V2,9) + > (V1 V)
I=1 I=1
n+1
= (D*,9) — (D, DY) + (V2 0) + > (Vi) Vi),
I=1

where we have used the property 2.7 and 2.9 along with the fact that Z?;l ﬁf(p(ef)l/j@b) =
St p(er)ViDyp. Now we integrate the identity

n+1 n+1
> " Vilpler) Dy, v) + Vi(Vih, ) = (D*,v) — (D, Dv) + (V2,90 + Y (Vip, Vi)
I=1 I=1



over M to obtain

n+1 n+1

/M Z$I<C(GI)E¢7¢>+Z§I<€I¢a¢> 47, (3.10)

n+1

= [ (B*0.0) = (Bv. D) + (F00) + S (T2 90 | s

I=1

which by Stokes’s theorem yields
- [ (tetw)Bow) + @) s = [ (GRIIGE = 1P+ 1908 s (310
b M

Using the proposition 2.1 relating the Dirac operator D on ¥ and the Dirac operator D on
M, we obtain the desired identity

/2 <<D¢>¢> - %KW‘z) ps = /M (ER[Q]WF — |Dy)? + WMQ) Liar- (3.12)

Note the following point-wise identity

~ ~ ~ 1 ~ 1
(D*y, D) = (D — "), (B + =) (3.13)
~ 1 1)
= Do+ Dy, 0y~ " L Dy -
yields an expression for the Dirac operator
Buft = (D4, 57v) - " Buwy + Dy + e g

which while substituted into the Witten identity yields

JCTEE T

n+1

/M RlgllPpuns — —— <<ﬁ+w,ﬁ—¢> (D, )

n+1

AN

s Ly By 4 L w) [ 1@t @)

Now recall the following identity as the failure of self-adjointness of D on a manifold with
boundary (follows by integration by parts and Stokes)

[ v = [ w50+ [ (3.16)

which reduces the previous expression 3.15 to the following desired form

+1

/2 (GSW’W N %KWP) fo = i/M (Rlg] = n(n+1)) [ par — <D+¢,D ) / Quf?

with D := D + 2p(v). Similarly repeating the computations with

n+1 ~ n+1

(D™, D*9) = (D + ——)v. (D = =

)i (3.17)



n+1 n+l, -~ (n+1)?
4

= Dy — = (D w) + —— (v, DY) [l?

yields

[ (® 000 = 3808 ) o= [ (Rlo = o+ 0) s~ 2 [ (Do B0+ [ oo

with D™ := D — §p(v). This completes the proof of the lemma. O

Remark 1 The spectra of the modified operators D= can be mmaginary in general since they
are not self- adjomt In particular, Adj(D+) = D™ and vice versa. However, it turns out if
AD) > %, then MD*)2 > 0, where A denotes the spectra of D and X that of D*. We prove

this now.

First, we prove an eigenvalue estimate for the intrinsic Dirac operator D on ¥ assuming a
curvature condition R[o| > (n — 1)n. This is well known [20].

Lemma 3.1 (Eigenvalue estimate of D on X) Let the scalar curvature of ¥ verify R[o]
n(n—1). Assume that the intrinsic spin structure on (3, 0) coincides with the spin structure
induced from (M, g). Then the first eigenvalue \;(D) of D on ¥ verifies

Vv

n2

M (D) > T (3.18)

Proof. First, recall the Witten identity for ¥. Since X is closed, then for any ¢p € C*°(T'(S%))

/ZGR["W'Q‘W> uz+/E|Q¢I2=0 (3.19)

Now let Dy = A\ (D). A; can’t be zero since by the scalar curvature condition, (X, o)
does not admit any non-trivial harmonic spinor. In fact, the spectrum of D is unbounded
discrete, and symmetric with respect to zero. Then

[ (o = i) 1o -

2

yielding A} > o infy Rlo] = Z-. O

>0 (3.20)

4

Now we construct eigenspinors of D*. Let A be the first eigenvalue of D ie.,

D+t = Ao, (3.21)
Define A2 = A2 + and observe
) -1
n 3 2 et (X +
Q= (Z + (A= X) ) {5@ + (A= A)p(v)® (3.22)
verifies the eigenvalue equation
Dy = . (3.23)
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Note ”72 + (A= A\)% = 2)X2 — 2)\\ # 0 under the teleological assumption A% > ”IQ. Similarly,
an eigenspinor ¢ of D can be constructed from the first eigenspinor of D™ as follows. Let ®
be the first eigenspinor of D™ i.e.,

D Ot = dt. (3.24)
Now define \? = 12 + %2 and note
-1
n? 2 "ot _ (7 +
pi= |7 =X 57 = (= Np(v)® (3.25)
verifies
Dy = M. (3.26)

Lemma 3.1 yields A > 7. Therefore X2, 12 > 0 or the following claim follows as a consequence
of lemma 3.1

Claim 1 Let (X,0) have scalar curvature R[o| > (n — 1)n and assume that the intrinsic
spin structure on (o,0) coincides with the spin structure induced from (M, g). Then the first
order Dirac type operators D* on (X, o) induced by (M, g) have real spectra.

More generally, one has the following proposition relating the spectra of D and D= as a
consequence of the claim 1

Proposition 3.2 Let Ep and Eg. be the spaces of eigenspinors of the Dirac operators D

and D* on X, respectively. Then under the curvature condition Rlo] > n(n — 1), we have
the isomorphism

Ep~El, UES U2EY,, (3.27)
where superscripts +, —, and 0 denote positive, negative, and zero eigen spaces, respectively.

Proof. Proof of this proposition relies on the explicit construction of eigenspinors. Let

¢ € Efy with positive eigenvalue A (A > %2) and Eg . be the spaces of eigenspinors of D=

with positive eigenvalues. Then construct the maps

p1: Efy — E}; (3.28)

~ ~ 2
o dF = ggo — = NpW)p, A= 41/N2— ”Z (3.29)
po: Ef = EL (3.30)

~ - - 2
o Ot = ggo + A =X)p(v)p, A =414/ — nz (3.31)

Similarly, construct maps to the negative eigenspaces

@i By — E3, (3.32)

~ n ~ n?
e i=(A=Np—=pV)p, A=—1/\2— T (3.33)
@ B — Es_ (3.34)
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~ o~ n ~ n?
e P == Np+ Ep(l/)gp, A= —4/A2 — T (3.35)

Note that each of these maps are well defined. For example ®* = 0 implies ¢ = 0 and the

rest verifies the same too. The surjectivity follows since ¢ can be written explicitly in terms
of ® e.g., consider the map p;. Let & € Eg+. An explicit computation leads to

o= (”Z + (i~ A)Z) E@* ~ (- A)p(u)ﬂb*] € B} (3.36)

Similar calculations follow for the rest of the maps.

Now the spectrum of D is symmetric with respect to zero with finite multiplicities i.e.,
Ey{, ~ Eg. Therefore the desired isomorphism Ep ~ Eg LUES U ZE% . follows. O
Corollary 3.1 E5 = p(v)(EZ,) and EX = p(v)(E5,).

Proof. Direct computation. U

Now we can start solving the boundary value problem for the operators D* on M. We will
essentially work with an APS-type boundary condition. First, consider the following spaces.
On the boundary ¥, L?(I'(S*)) splits into two orthogonal subspaces. This is as follows. Let

D be the Dirac operator on X. Consider the eigenvalue equation for D+
Dty =X\, X €R. (3.37)

The spectrum {)\ € R} is symmetric with respect to zero by claim 1 and proposmon 3.2. A
generic L? section ¢ of S™ is written as >, a;®;, a; € C and D*+®, = i Py, )\ € R. One can
split L?(I'(S>)) into L (T(S*))* and LL (T'(S¥))~ as follows

L2, (D(S¥)" = { ¢ € LAT(S¥) = Zaﬁb* D O =\ N >0y,  (3.38)

L2, (D(S¥)™ =y € LAT(S™)|y = Za@., Dt®; =\® N <0y.  (3.39)

Naturally LZ (T'(S*))* and LL (I'(S>))~ are L* orthogonal. Let us denote by Zggo, P2, the
projection operators

Py« LA(T(S™) — L&, (T(S®)*, (3.40)
Py LAT(S™) — L&, (T(S®))". (3.41)

Similarly, we can perform decomposition of L(I'(ST)) by the eigenspinors of D~. Define
similarly

L (T(S¥)* = ¥ € LA(D(S¥)|p = Zal , DO =\PH N >0p,  (342)

LE (D(S%)” = v e LAT(SY)|y = Zaz by = XNb A <0y, (343)

12



Naturally LL _(I'(S*))* and L% (I'(S*))~ are L? orthogonal. Let us denote by P>0, PZ, the
projection operators

P2y : LAH(I(S™)) — LE (I(S™)*, (3.44)
P2y LH(I(S™)) = LE_(I(S™))~. (3.45)
Theorem 3.1 Let & € H*Y(I'(SM)) and a € H*2(I(S%)), s > 2l 4+ 1. Let the mean
curvature K of the boundary (X,0) with respect to the inward-pointing normal vector be

strictly positive i.e., ¥ is strictly mean convex in M and its scalar curvature verifies Rlo| >
(n — 1)n. Then the following boundary value problem

n—l—l

Dt = (D — ) = @, (3.46)
Zow = Pa, (3.47)

has a unique solution ¥ € H¥((SM)) N H*~2(T'(S%)) that verifies

1K

Hs— 1 1‘*(51% + H

HS(F(SM))OHS’%(F(SE < C <H(I)‘ (F(SE))) 5 (348)

for a constant C' depending on the geometry of (M, g) and (X, 0).
Proof. We prove the Fredholm property of the operator D— ”T“ In fact we will prove that
with this APS-type boundary condition,

ﬁ _n —2}- 1 . HS(F(SM>) N HS*%(I‘(SE>>+ N Hsfl(F(SM)) N HSf%(F(SE)ﬁ (3.49>

is an isomorphism. First we prove that the Kernel is trivial i.e.,

n+1
2

Dt = (D — Y =0 on M (3.50)

Pip=00on3 (3.51)

has no-nontrivial solution. Recall the Witten identity 3.1
~ 1 1 n ~ ~_

[ (15000 = 50R )t = [ (Rl =t ) s = 2 [ (Do)

2 M n+1

+ [ leup,
M
and substitute D+ = 0. This yields
1 1

[ (15 Py P + (B Py P = 5108 ) s =5 [ (Rl = o+ 1)) 1P

) M

+/M |Qu*.

The boundary condition 152“0@/1 = 0 on ¥ implies

[ (4D Pn P = 1P o = ¢ [ (la) = ) P+ [ J@uP 0
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Using the non-negative mean curvature condition K > 0

/Z (<<D+P ot, Pgp) — SK|P OW) [y < 0 (3.52)

which yields by the bulk curvature condition R[g] > (n — 1)n

o< [ (<<D+P s Pr) — LK|P ow)ugso (3.53)

implying ﬁ:ow =0on X ie.,
Y =0on . (3.54)

Now unique continuation of homogeneous first order elliptic partial differential equation then
implies

=0 on M. (3.55)

Co-kernel needs to be obtained. Let ¢ € Co- Kernel(f? 241y, Then for (lA) =0 ¢e

n+1)

range(f) - we have the trivial L? orthogonal relation

(=G0 =0 (3.56)

which after integration by parts yields

!/

[ 0= 3t + [ (oot =0 (3.57)

Now ¢ = P& Too + P, and the boundary condition implies ﬁ;ocp = 0. Therefore, we have

[ D=+ [ (Plop, Plopt)d + Plafoo) e =0 (359

or
[ 1.0 =53 + [ (P Pl s =0 (3.59)

yielding the boundary condition to define co-kernel to be
P (o)) =0 on ¥ (3.60)

Let us simplify that. Now consider the decomposition of ¢ in terms of the eigenspinors of
D-

i

Action of p(v) on ¢ yields by 3.1

v =Y ad; +> bidf (3.62)
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and consequently ﬁjo(,o(u)@/) = > .a;®; . Therefore ﬁjo(p(y)wl) = 0 yields
a; =0Vi—{0} = P =0. (3.63)

Therefore for ¢ € Co-Ker(D — 21), we have

n -+ 1) ’
2
Now we prove the triviality of the co-kernel. We can use the different form of the Witten

identity (recall that 3.1 has two forms of the Witten identity in terms of D*. Consider the
second form

(B = 58108 Yo = 1 [ (la) = o 0) s~ 2 [ (Do B

+/M|Q¢|2

Dty = (D — =0on M, ﬁ;ogpl =0on X. (3.64)

which yields for ¢ = ¢’ € co-kernel(D)

/E(@_S”””—%KW'Q) poe=1 | (Rl =ntn+ ) 6 P + [ |06 20,

Imposing boundary condition yields

~ _ ~_ = / 1 ~_ ! ]- / !
/ (D™ P_yp Py ) — sK|Poyo [P ) po = —/ (Rlg) = n(n+1)) ¢ |*ram +/ Q¢ > > 0.
> 2 4 M M

and the left hand side verifies

~ i -~ ! ]_ ~ !
<D7P§7090 ,Pgoso ) — _K’P£090 ‘2 po <0 (3.65)
5 2

and therefore

~_~_ o =_ 1 ~_
/ ((D Pgo@ 7P§090 ) — §K|P§0<P ’2) po =10 (3.66)
b
Using the assumption K > 0, we obtain PZ‘UQO' =0on Xie.,
90/ =0on 2. (3.67)

Invoking the unique continuation property of homogeneous first-order elliptic partial differ-
ential equations yields

¢ =0on M. (3.68)
Therefore the desired co-kernel is trivial. Therefore
- 1 ~ 1
Kernel(D") := {1/1 c H¥(I(SM)n H*2(T(S®)|DT = (D — nt ) =0 on M,

ﬁ;oqﬁ =0on Z} = {0}

~ ~ 1
Co-Kernel(DT) := {1& € H5(T(SY))n HS_%(F(SE))|D+¢ =(D— n;_ )Y =0 on M,
Po) =0 on 2} — {0}
The estimates follow trivially as a consequence of the isomorphism property. 0
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Remark 2 The condition K > 0 is vital. Without this condition, the theorem 3.1 breaks
down. This condition will turn out to be vital again when proving the rigidity property of
spherical caps. In particular, we shall see that the rigidity argument can never be extended
to the hemisphere since the equator of the sphere will correspond to K = 0 condition where
the isomorphism property fails because of 3.66.

4. Eigenvalue estimates

Under the curvature condition R[o] > (n — 1)n, the intrinsic Dirac operator D already
verifies an absolute lower spectral bound 7. This can be further improved in terms of the
mean curvature information if (X, o) is realized as an embedded hypersurface in (M, g), in
particular bounding a domain. For this, we first obtain the eigenvalue estimates for the
operators D*. Let \; > be the first positive eigenvalue of D* with eigenspinor € i.e.,

]5+£ = le,X1 >0, on X. (41)

We can use § as the boundary condition for the boundary value problem associated with the
operator D := D — 2 on (M, g), that is,

f)w—";lzp:o, on Q) (4.2)
Pl =€ on T (4.3)

This has a unique solution 1 according to the theorem 3.1. Now we prove theorem 1.1

4.1. Proof of theorem 1.1

Let us recall the statement of the theorem 1.1

Theorem (Theorem 1.1) Let (M,g) be an n + 1— dimensional connected oriented Rie-
mannian spin manifold with smooth spin boundary . Let the induced metric on ¥ by g is
o. Assume the following:
(a) The scalar curvature of (M,g) Rlg] > n(n + 1), (b) The scalar curvature of (3,0)
Rlo] > n(n—1), (c) ¥ is mean convex with respect to g i.e., its mean curvature K >0, (d)
The intrinsic spin structure of X coincides with the induced spin structure from M.
Then the first eigenvalue Ay of the Dirac operator D on (X, 0) verifies the estimate

1 2

AM(D)? > ~inf K2 + — (4.4)

4 % 4
Firstly, elliptic regularity of the first order Dirac type operator implies the existence of a
smooth solution. The standard procedure to this conclusion is to make the observation that
the solution to the boundary value problem 4.2 exists in H*(M) given H* '(M) data for
every s > 1 with associated trace on . Then C'° = NH?. The regularity of the background
metrics g and o is assumed to be C*>°. The Witten identity

[ (@B = 58108 o =1 [ (8=t + 1) 1oPua+ [ 1002 20

yields
1 1
/E (<D*P o, Plow) = §Kw!2) o > Z/Q (R =n(n+1)) [¥Pna + /Q QuI* > 0.
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since [, (Dt Py, PZyh) < 0. The boundary condition 4.3 implies together with the eigen-
value equation 4.1

(e = 5102 ) o = [ (1P Prow) — 3108 ) (4.5
% P

> [ (B =+ 1) [P+ [ 100F 20

- 1 ~ 1
[ (utol = 1) o = [ (Rl = 55108 (4.6)

> i/ﬁ(RQ—n(nH)) |¢|%+/QIQ¢|2 >0

or

since |[1||r2¢x) > [|€]|r2(x)- This yields
~ 1
> i :
AL > 5 1%fK (4.7)

which yields

n2

: (4.8)

Moo ey
T =
where \; is the first positive eigenvalue of the Dirac operator D on ¥. This completes the
proof of the theorem 1.1.
Let us understand the equality case in detail. To this end, we first, invoke the following
result by [19] on the classification of manifolds with real Killing spinors

Theorem 4.1 [19] Let M be compact and simply connected.

(a) If the holonomy group Hol(M) is reducible, then M is flat and therefore M is isometric
to the standard sphere.

(b) Let (M, g) be a complete simply connected Riemannian spin n + 1—manifold carrying a

non-trivial real Killing spinor with Killing constant o = % or a = —%, then if n 4+ 1 is even

and n+ 1 # 6, then (M, g) is isometric to the standard sphere.

(c) Let (M, g) be a complete simply connected Riemannian spin manifold of dimension n+ 1
with Killing spinor for a = % or a = —%. Ifn+1=2m—1, m > 3 odd, then there are two
possibilities

(c1) (M, g) is isometric to the standard sphere

(c2) (M, g) is of type (1,1) and M is an Einstein-Sasaki manifold,

(d) Let (M, g) be a complete simply connected Riemannian spin manifold of dimension n+ 1
with Killing spinor for a = % or a = —%. Ifn+1=4m —1, m > 3, then there are two
possibilities

(d1) (M, g) is isometric to the standard sphere

(d2) (M, g) is of type (2,0) and M is an FEinstein-Sasaki manifold, but does not carry a
Sasaki-3-structure

(d3) M s of type (m + 1,0) and M carries a Sasaki-3-structure,

(e) Let (M, g) be a T—dimensional complete simply connected Riemannian spin manifold
with Killing spinor for a = % or a = —%. Then there are four possibilities

(el) (M,g) is isometric to ST
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(e2) M is of type (1,0) and M carries a nice 3—form ¢ with V¢ =* ¢ but not a Sasaki
structure

(e3) M is of type (2,0) and M carries a Sasaki structure, but not a Sasaki-3-structure

(e4) M is of type (3,0) and M carries a Sasaki-3-structure.

For the equality case, let us consider the constant K case first. Let the mean curvature of
(33, 0) be a constant K > 0. Then according to theorem 1.1, the eigenvalue estimate reads

1 ., n?
M (D) > ZK + T (4.9)

When the equality holds, the inequality 4.6 yields
Rlg] =n(n+1), Q=0 (4.10)

which implies together with Dt = (D — )y = 0 yields

Vxth = %p(X)@/), X € I(TM) (4.11)

i.e., ¢ is a real Killing spinor with Killing constant a = £ (relation 3.1). As a consequence of

being Killing it has constant norm i.e., Vx[¢|* = 3 (p(X), ¥) 43 (1, p(X)1) = 0. Therefore,
One may set |1p| = 1 without loss of generality. Now, one could perform all the foregoing
analysis by solving the boundary value problem associated with D~ i.e.,

1
(D+”; YW =0on M (4.12)
Pz =0 on 3. (4.13)
In such case, we will have the same estimate for the eigenvalue of D and the equality case
would correspond to 1 verifying the Killing equation with o = —% ie.,
~ 1
Vit = —gp(X)y, X € D(TM). (4.14)

Therefore, we have the following corollary of theorem 1.1

Corollary 4.1 Let (X,0) be the constant mean curvature boundary of a n+ 1 dimensional
simply connected oriented Riemannian spin manifold (M, g) and let the mean curvature be
a constant K > 0. Also, assume the scalar curvatures R[g] > (n+ 1)n and R[o] > n(n —1).
Then the intrinsic Dirac operator D associated with the Riemannian metric o on (X,0) has
the lowest eigenvalue \;(D)? > %K“—”{. Moreover, \{(D)? = %Kﬁ—% iff (M, g) is positive
Einstein with Ricci curvature verifying Ric = ng and admits real Killing spinors-specifically
one of the manifolds classified by Bdr in theorem 4.1.

Proof. The ‘if’ part of the equality case (D) is straightforward and discussed above. We
prove the reverse direction now. Suppose (3, 0) is the constant mean curvature boundary
of (M, g) which is a simply connected n + 1 dimensional Riemannian spin manifold that is
Einstein and admits real Killing spinors with Killing constant o = :i:% (i.e., manifolds that
fall under Bér’s classification). If ¢ is such a Killing spinor with [¢)| = 1, then the following

inequality 4.6

/ (Xlw - %KW) o 2 7 [ (B =+ 1) [oFn+ [ QU =0
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yields

- 1 K2 2
Mz 5K = M(D)P 2+ % (4.15)

which is of course true by the preceding analysis. Now as the equality is verified, one has

Vit = £ (X (4.16)

and as a consequence of the proposition 2.1,
1 n
Dy = §K1/J + Ep(y)w on 2. (4.17)

Now compute the Raleigh quotient of D

) Js(Dy, DY)u,  K* 0’
\2(D) < = Tome =T (4.18)

Therefore \;(D)? = KTQ + %2. Therefore equality holds for the eigenvalue and the reverse
direction follows. ]

When the mean curvature is not constant, then we have the following bound for (D) on
the boundary of simply connected spin manifolds admitting real Killing spinors (Bar’s [19]
classification)

2
~inf K2+ ”Z < \(D)? < —sup K2 + —. (4.19)

4
Remark 3 We can not prove the case for K = 0 since that would result in losing the

isomorphism property of D* and failure of theorem 3.1. Of course, without theorem 3.1, the
rest of the preceding analysis fails. In fact, K =0 case is not expected to hold.

5. Rigidity Results

Using the result of the theorem 1.1, we will prove the theorem 1.2. Let us recall the statement
of the theorem 1.2

Theorem (Rigidity of Geodesic Balls) Let M be a spherical cap with boundary ¥ and
g be a smooth Riemannian metric on M that induces metric o on . Let the following
conditions verified by (M, g) and (X, 0)

(a) Scalar curvature of (M, g) R[g] > (n+ 1)n

(b) The induced metric o on 3 by g agrees with the metric og of the boundary of a geodesic
ball of standard unit sphere of radius strictly less than 3,
(¢) The mean curvature of 3 with respect to g and the standard round metric on unit sphere
S*tt coincide, constant, and strictly positive

(d) The intrinsic Riemannian spin structure of ¥ coincides with the induced spin structure
from M,

Then g is isometric to the standard round metric on the unit sphere S*™t. In particular, M

is 1sometric to a geodesic ball of radius strictly less than 5 in a standard unit sphere.
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We prove this theorem through eigenvalue comparison. But first, consider the elementary
calculations regarding a geodesic ball (Mo, go) of radius strictly less than 7 in S**ie., go
is isometric to the standard round metric on S"*!. To be more explicit, if S"*! is a unit
sphere in R™*2 written as S"7"7 22 = 1, then (M, go) corresponds to the subset of S"+! with
"2 > ¢ with € < ¢ < 1. The boundary of (My, go) corresponds to the sphere S” of radius
r = /1 — 2. This sphere has constant mean curvature K. In usual spherical coordinate,

the metric gy reads

go = dO? +sin® 0(dS™)?, 6 € [0,sin ' V1 — ¢2]. (5.1)
The second fundamental form of the coordinate spheres (6 = constant) w.r.t gy reads
Kap = (VA0y, B) = sinf cos 0(dS™)*(A, B), A, B € T(TS"). (5.2)

The mean curvature of the # =constant spheres with respect to the inward-pointing normal
field —0y reads

1
K = trg,e g(dsn)z(iag(SiHZ 0(dS™)?)) = ncot § (5.3)
Therefore (X, 0) has the mean curvature
~ ne
K = > 0. 5.4
— (5.4)
The induced metric o on X reads
o= (1-c*)(dS")% (5.5)

5.1. proof of theorem 1.2

(M, g) is simply connected and its boundary is (3, ). The scalar curvature of (3, 0) is
(n—1)n

and therefore verifies the hypothesis of the foregoing analysis. By the hypothesis of the

theorem, the intrinsic geometry and the mean curvature of ¥ are the same in (M, g). In
particular, mean curvature of (X, 0) in (M, g)

Rlo] =

nc

K = . 2.7
T2 (5.7)
Now the intrinsic Dirac operator D on (3, 0) has the lowest eigenvalue [23|
n? 1 n?c? n?  K? n?
1(D) (—-@) d1-2 34 4773 (5:8)

and therefore equality holds for the lowest eigenvalue. Therefore by Corollary 4.1, (M, g)
has non-trivial real Killing spinor fields with Killing constant j:%, and therefore it is Einstein
i.e., Ric[g] = ng. It is simply connected and therefore falls under the classification of [19].
We will prove that ¢ is actually isometric to the standard spherical metric go. First, note
the Gauss equation

Rlo] = Rlg] - 2Riclg)(v,v) + K* — K;; K" (5.9)
Now recall the decomposition of the second fundamental form K;; = [A(Z-j + %K 0;; and obtain
Rlo] = Rlg] — 2Riclg)(v,v) + (1 = ~)K* = KyKY = KK =0 (5.10)

Therefore (X, o) is totally umbilic in (M, g). Now recall the following theorem of [24] regard-
ing the existence of totally umbilic hypersurfaces in an Einstein manifold.
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Theorem 5.1 ([24]) Let (X,0) be a totally umbilical Einstein hypersurface in a complete
FEinstein manifold. Then if o has positive Ricci curvature, then both g and o have constant
sectional curvature.

This theorem applies in our context. This yields, (M, g) is a locally symmetric space. Now
we use the second integrability condition on the existence of a Killing spinor by [25]

VeICGJCKELeN [P(eL), P(eN)]%ZJ + CEJeKeIeLp(eL)d} =0, (5.11)

where C' is the Weyl curvature of (M, g). The constancy of the sectional curvature yields
C=0. (5.12)

Therefore, (M, g) is a maximally symmetric space and more precisely isometric to the stan-
dard sphere metric gy (topologically can be either a sphere or its quotient by the discrete
subgroups of the isometry group SO(n + 1) acting freely and properly discontinuously on
the sphere). Since (M, g) is simply connected and (X, o) is its boundary sphere, (M, g) is
the geodesic ball (My, go). This proves the rigidity theorem 1.2.
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