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Abstract. We prove nonlinear Lyapunov stability of a family of ‘n + 1’-dimensional
cosmological models of general relativity locally isometric to the Friedman Lemaitre
Robertson Walker (FLRW) spacetimes including a positive cosmological constant. In
particular, we show that the perturbed solutions to the Einstein-Fuler field equations
around a class of spatially compact FLRW metrics (spatial slices are compact negative
Einstein spaces in general and hyperbolic for physically relevant n = 3 case) arising
from regular Cauchy data remain uniformly bounded and decay to a family of metrics
with constant negative spatial scalar curvature. To accomplish this result, we employ
an energy method for the coupled Einstein-Fuler field equations in constant mean
extrinsic curvature spatial harmonic gauge (CMCSH). In order to handle Euler’s
equations, we construct energy from a current that is similar to the one derived by
Christodoulou’s [1] (and coincides with Christodoulou’s current on the Minkowski
space) and show that this energy controls the desired norm of the fluid degrees of
freedom. The use of fluid energy current together with the CMCSH gauge condition
casts the Einstein-Euler field equations into a coupled elliptic-hyperbolic system.
Utilizing the estimates derived from the elliptic equations, we first show that the
gravity-fluid energy functional remains uniformly bounded in the expanding direction.
Using this uniform boundedness property, we later obtain sharp decay estimates if
a positive cosmological constant A is included, which suggests that the accelerated
expansion of the physical universe that is induced by the positive cosmological constant
is sufficient to control the non-linearities in the case of small data. A few physical
consequences of this stability results are discussed.

1. Introduction and previous studies

Since its conception, FLRW cosmological solution has been used extensively to model
the dynamics of our universe. With the advent of accelerated expansion of the physical
universe, a cosmological constant (the simplest form of the dark energy) is often
included in the model which is designated as the ACDM model [2, B]. This model is
developed based on the assumption of global homogeneity and isotropy of the physical
universe, the so-called cosmological principle. However, the astronomical observations
that motivate the cosmological principle are restricted to a fraction (possibly quite
small) of the universe and as such does not provide a hint towards global properties
such as the topology of the universe. Therefore, the assumption of global homogeneity
and isotropy seems to be rather restrictive and the corresponding topology turns out
to be rather limited: S* (or its two-fold quotient RP* = S%/Z,), H? or E3. Each of
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these spaces is equipped with their standard metrics of constant positive, zero, and
negative sectional curvature, respectively. If one removes the global assumption and
rather imposes a local condition, then there exists numerous closed manifolds that admit
locally homogeneous and isotropic metrics and can be constructed as quotients of E3, S?
and H? by the discrete, proper, and torsion-free subgroups of their respective isometry
groups. However, in the current article, we will only focus on the universe models with
spatial slices that are closed hyperbolic manifolds. More generally, if one considers an
n+ 1 (n > 3) dimensional problem, then one may consider spatial manifolds that are
negative Einstein (for n = 3 case these negative Einstein spaces correspond to hyperbolic
manifolds due to Mostow rigidity [4]). Another motivation to consider the models
with negative spatial sectional curvature is that the recent astronomical observations
[5, 6] seem to indicate a possibility that the spatial universe may have slightly negative
curvature. These compact variants of the most general FLRW solutions may be written
as follows

"G = —dt @ dt + a(t)?y;dr’ @ da?, (1)

where R[y];j = — =7, t € (0,00), a(t) is the scale factor satisfying da(t) > 0.

One important question that arises in the context of FLRW cosmology is that are
these models predicted by general relativity? To conclude that they are may seem to
hinge on proof that the purely theoretical variants of FLRW models (spatially compact
models foliated by compact hyperbolic spaces) are dynamically stable. In other words, if
one were to perturb these solutions in a suitable function space settings, then the natural
question would be whether the perturbed spacetimes exist for all time as solutions of
Einstein’s field equations. Moreover one would like to understand whether all small data
solutions (in suitable function space settings after subtracting the background [1)) of the
Einstein’s field equations remain bounded for all time in terms of a suitable norm of
the initial data and whether they exhibit asymptotic decay. There are other important
physical motivations such as large-scale structure formation in the universe through
cosmological perturbations [7, 8, [0]. So far, the state-of-the-art work on the structure
formation is limited to linearized perturbation theory, numerical relativity on flat space,
or N— body simulations where a Newtonian approximation is applied [10, 1], 13} 12].
Both of these studies reveal a plethora of interesting physics. Moving one step further,
one would want to study the problem including the complete non-linearities of Einstein’s
field equations, and deduct whether the large-scale structure formation is hinted at by
the Einstein dynamics. A completely satisfactory study would be the one that considers
a large data problem, which is far from being currently solved. In addition, recently
several inconsistencies of the FLRW models have been proposed by a few recent studies
[14], [15], [16] which require a fully non-linear treatment of the field equations. We will not
address such issues here since they require other information in conjunction with the
nonlinear stability result and therefore a matter of future study. Overall, it is crucial
to study the fully non-linear stability of these cosmological models in order to draw any
physical conclusions whatsoever.
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The story of cosmological perturbation theory is not new. A substantial study
has been done on the topic by several authors [I7, [I8 19, 20]) since the first study
by [22]. However, these studies are formal mode stability analysis and as such are
unable to yield sufficient conditions for a ‘true’ linear stability where one is interested
in the asymptotic behavior of all solutions to the linearized Einstein’s field equation,
not simply the fixed modes. Even though such true linear stability has been rigorously
established [23], it lacks the nonlinear effects which can lead to the formation of naked
singularities or shocks (or both). The most interesting dynamical behaviors are expected
to occur in the fully non-linear regime. In a sense, the feature that makes Einstein’s
field equations (in the presence or absence of sources) tremendously rich is the non-
linearities present. In the regime of fully nonlinear stability of Einstein’s equations (may
that be vacuum or otherwise), there has been considerable progress in the last three
decades. Global non-linear stability proof of de-Sitter spacetime by [24] marked the
initiation of this progress. This was followed by the proof of the stability of Minkowski
space by [25]. Later [26] provided a simpler proof utilizing the so-called ‘weak null
condition’ of Einstein’s equations in the spacetime harmonic gauge. In the context
of cosmological spacetimes, Andersson and Moncrief [27] established the stability of
3+ 1 dimensional Milne universe in constant mean extrinsic curvature spatial harmonic
gauge (CMCSH) and later generalized to arbitrary dimensions (n + 1, n > 3) [28].
Following these fundamental studies, numerous studies have been performed regarding
small data global existence and stability problems associated with Einstein’s equations
including various sources [30} 29, [31) B2, 34, B3]. Two of the studies that are most
relevant to us are the ones by Rodnianski and Speck [35] and Speck [36]. Rodnianski
and Speck [35] studied the small data perturbations of R x T? type FLRW model with
a positive cosmological constant in spacetime harmonic gauge, where an irrotational
perfect fluid model was used as the source term. This essentially reduced the problem
to Einstein’s equations coupled to a nonlinear scalar field. Later Speck [36] extended
this analysis on the same topology and removed the irrotational condition. Both of these
two studies utilize the rapid expansion induced by the positive cosmological constant
to avoid pathology such as shock formation associated with perfect fluid source. The
issue of shock formation is tremendously important in the non-linear setting (this is
another important difference between linear and non-linear stability analysis of FLRW
spacetimes). [37] proved the formation of shocks in relativistic perfect fluids evolving
on Minkowski background for arbitrary small initial data. This may be attributed to
the physical fact that the Minkwoski space does not posses the expansion property and
therefore the purely geometric dispersion alone is not sufficient to suppress the shock
formation. On a compact spatial topology, the energy concentration (and subsequent
formation of singularities) is more favorable since there are no non-compact directions
through which energy may run away (decay). Therefore, the expansion becomes the
only factor that may prevent energy concentration by non-linearities and the problem
essentially turns out to be a competition between the dissipation caused by expansion
and energy concentration by non-linearities. The global existence or finite-time blow-
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up then depends on which of these two opposing forces dominate. For accelerated
expansion, it turns out that the expansion dominates the non-linearities for small data
perturbations yielding global existence.

Despite the large amount of studies that are present in the literature, there are
no non-linear stability results for the FLRW spacetimes to our knowledge that contain
spatially compact slices with constant negative sectional curvature. In addition, the
proof of the stability of R x T% model by [36] contains a fatal flaw which we discuss now.
Both of our proofs uses a form of energy current (a n+ 1 vector field on the spacetime)
that was derived by Christodoulou [37]. The energy current that is used by speck is the
following

cH= %—_1[)21#‘ + 2(va — D) p + vyaput g(u, i), (2)

a
where u* is the n 4 1 velocity of the fluid normalized to satisfy g, utu” = —1, p is the
mass energy density, and 7, is the adiabatic index lying in the range =, € (1, ”T“) Here
U := Ozu and p = Jz(p — p) are the multi spatial derivative of the fields p — p (p is
the background mass energy density) and u. Oz is defined as 0z = Oy 8;‘2_’11 8;5_’22....8;‘11
with o = Y"1 | o and (2!, 2%, 2%, ..., 2") denotes the local spatial coordinates. It was
shown by [] that if v, € (1, ”T“), then [, C° is positive definite and controls the required
norm of the matter density (or perturbed matter density to be precise) and the fluid’s
n-velocity field for sufficiently small data. While evaluating the time derivative of the
energy through a divergence identity, one needs to compute 9,C*. In order for the
energy argument to close, d,C* should not contain any derivative terms of the fields
p and u (or even if there are derivative terms they should be of total divergence form
so that after integration they disappear). This cancellation of top order derivatives of
the physical fields is the main purpose of constructing this special energy current since
the relativistic Euler’s equations are not of the diagonal form and therefore an ordinary
definition of energy fails to close the energy argument. Now if one uses the commuted
Euler’s equations and compute 9,C* then the top order term reads after cancellation
Uau*uMV ,p which must vanish in order for the energy argument to close. [36] assumes
uau® = 0 which clearly never holds on a dynamical spacetime (which is the case in
the current context). This is due to the fact that the application of the multi spatial
derivative operator dy on the normalization condition g,,u*u” yields Og(gutu”) = 0
which does not imply u,%” = 0 since there are additional terms which contain all the
mixed terms containing 0 5 G #0 (' < ) and therefore u,u*u*V ,p neither vanishes
nor yields a lower order term. This ends any hope of closing the energy estimate and
defies the purpose of constructing the energy current. In the context of Christodoulou
(see pages 26-27 of [37]), the spacetime is Minkowski and fixed once and for all, therefore
the variation (which is slightly different from the multi spatial derivative operator) passes
through and as a consequence u,u® = 0 holds. However, in the current context this
does not work due to aforementioned reason. Due to this obstruction, we construct an
energy current by hand, which is a modified version of Christodolou’s energy current.
Spacetime divergence of this modified energy current does not contain any derivative of
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the fields % and p thereby closing the energy argument.

Another technicality that arises in our study is that the trivial solutions (or
background solutions (I))) form a finite dimensional sub-manifold (center manifold)
of the infinite dimensional configuration space if the dimension is strictly larger than
3+ 1. This occurs simply because the trivial solutions are described by R[v];; = —%%j
which form the Einstein moduli space after a gauge fixing (CMCSH) is performed.
The stability analysis is slightly tricky in this situation since the perturbations that
are parallel to the moduli space do not have detectable dynamics in the sense of
Einstein’s evolution equations since each perturbed metric v* will satisfy the criteria
Riv*)i; = —%'ﬁj and therefore will be a trivial solution of the Einstein’s equations.
In order to handle this additional technicality, we invoke the shadow gauge condition
introduced by [2§]. Implementation of shadow gauge enables us to explicitly handle the
perturbations that are parallel and perpendicular to the moduli space.

Our analysis indicates that if the expansion factor a(t) appearing in the background
solutions obeys suitable integrability conditions and the adiabatic index 7,4 lies in
the range (1, 2%) ((1,4/3) in the physically relevant ‘3+1" case; Yo = 1 and 7,4 = 4/3
correspond to a pressure-less fluid or ‘dust’ and a ‘radiation’ fluid, respectively), then
the energy functional remains uniformly bounded by its initial value and moreover
the perturbations decay in the expanding direction. This is in a sense equivalent to
the fact that if the perturbations to the matter part are restricted within a smaller
cone contained in the ‘sound’ cone (in the tangent space; to be defined later), that
is, they do not propagate at speed higher than \/% (in the unit of light speed), then
the stability (Lyapunov or asymptotic to be clarified later) holds. On the other hand,
there exists a seemingly contradictory result in the purely non-relativistic case of a
self-gravitating fluid system. For a self-gravitating non-relativistic 3-dimensional fluid
body (Euler-Poisson system), Chandrasekhar [39] used a virial identity argument to
show that the static isolated compact solution of the Euler-Poisson system is stable for
Yad > %. However, if one observes carefully, our result and Chandrasekhar’s result are
not contradictory since the notions of stability are different in the two contexts. In
the context of Chandrasekhar’s argument, stability is defined by the negativity of total
energy i.e., the domination of gravitational energy (stable <= gravitationally bound
system i.e., the fluid body does not disperse). Now, of course, a system with strong
gravity is stable in the sense of Chandrasekhar (since total energy is dominated by
gravitational energy and therefore negative) which is nonsensical in our fully relativistic
context (ultra-high gravity could focus and blow up forming a singularity, indicating
instability in our context).

The stability criteria are satisfied by the universe model in which one includes a
positive cosmological constant A (inclusion of A forces the integrability conditions on a(t)
to hold) and in such case, one obtains a uniform asymptotic decay (in a suitable sense)
which matches with that of the linear theory. However, turning off the cosmological
constant results in losing the uniform boundedness property simply because one does
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not have the desired integrability properties for the scale factor. This may be attributed
to the fact that a positive cosmological constant induced accelerated expansion wins
over the gravitational effect at the level of small data. However, we do not claim that
turning off the cosmological constant leads to instability but simply we are unable to
reach a definite conclusion with the currently available method. It is worth pointing
out that [38] proved the non-linear asymptotic stability of the Milne universe (devoid
of background matter density) including a dust source. In such a case, the individual
dust particle travels along their respective geodesics and the sound speed vanishes. This
intuitively suggests that one may avoid shock formation in such a scenario with the help
of ordinary polynomial expansion. However, if such a result hold for FLRW spacetimes
where the background mass-energy density does not vanish is currently unknown. We
will investigate the borderline cases of Y4g = 0 and y,q = 2

T on

in the future using special
techniques.

1.1. Notations

The ‘n + 1’ dimensional C* spacetime manifold is denoted by M. We are interested
in spacetime manifold M of globally hyperbolic type i.e., the topology is the product
topology R x ¥, where ¥ denotes a n-dimensional closed spatial manifold diffeomorphic
to a Cauchy hypersurface (i.e., every inextendible causal curve intersects ¥ exactly
once). We denote the space of Riemannian metrics on ¥ by My. We explicitly work in
the L? (with respect to a background metric) Sobolev space H® for s > 5 + 2. General
L? Sobolev space of order s is denoted by W*P. We will consider tensors as sections of a
rank-k (k > 0) vector bundle B* of tensors over (¥, g), where g € My, is the dynamical
metric that solves the Einstein’s equations written in n + 1 form. The L? inner product
on a fibre of such a rank-k bundle is defined as

<u’U>L2 = / uilim’sm-ikUj1j2j3~--~]'k7i1j17i1j27i3j3""’yikjk:uga (3)
)
where v € My is a C* background metric lying in a small enough neighbourhood of g
in a suitable space and u, = /det(g;;)dzt Ada? AdzP A ... Adx™ is the volume form
associated with the metric g. The standard norms are defined naturally as follows
1/2
[ul 2 = {ulu) (4)
||| oo = Slxlp(uz‘lmg....ikUj1j2j3....jk’yml’7”]2713]3o-~-71k]k)1/2 (5)

and so on. We adapt the following definition of a twisted rough Laplacian acting on
sections of B¥
1 .
Aju = ——Vi(g"” g VInlu). (6)

Hg
This Laplacian is self-adjoint with respect to the following inner product on derivatives

(VIulVIyJv) e == / 9V itz i V) Vo p VY 2y W g, (T)
>
where p,, is the volume form \/det(g)dz' Adz* Adaz® A.... Adz™. The covariant derivative

with respect to the dynamical metric g will be denoted simply by V while that with



FEinstein Flow 7

respect to vy will be denoted by V[vy]. We denote the connection coefficients of metric
g and v by I'[¢g] and T'[y], respectively. The Riemann and Ricci curvatures are also
denoted similarly. We define the ordinary Laplacian of g in the following way such that
it has non-negative spectrum i.e.,

A, =—g"V,V;. (8)

We define the ordinary Laplacian of ¢ in the following way such that it has non-negative
spectrum i.e.,

Ag = —gijViVj. (9)

We also define a Lichnerowicz type Laplacian £, - acting on sections of symmetric rank-2
vector bundle, which will play a crucial role in our analysis

Cgﬂuij = Agu” — QR[’}/L k j lukl. (10)

The spectra of this operator is assumed to be non-negative [2§].

Lastly, for functions f(t) € Rso and g(t) € Rs¢ f(t) < g(t) means f(t) < Cyg(t)
and f(t) = g(t) means f(t) > Cyg(t), and f(t) ~ g(t) implies C1g(t) < f(t) < Cag(t)
for 0 < (4, Cy, C < oo. The involved constants may depend only on a fixed background
geometry. The spaces of symmetric covariant 2-tensors and vector fields on ¥ are
denoted by S9(X) and X(X), respectively. By A and ATT, we will denote symmetric
trace-less and transverse-trace-less 2-tensors, respectively.

1.2. Motivation and Overview

In this section we describe our motivation for this study, state a rough version of the
main theorem and discuss the overall structure of the article. As we have mentioned
in the introduction before, the obvious motivation is to understand whether the
purely theoretical FLRW solutions are predicted by general relativity. If the overall
characteristics of this model still persist after adding perturbations (in a suitable sense),
then we may hope that this purely theoretical model is physically realized. This question
is directly related to several aspects of modern cosmology and therefore very crucial to
answer.

In addition to the above motivation, we want to study the stability properties of
this particular variant of FLRW models because several recent studies [40], 41] have
suggested that the observed local homogeneity and isotropy (almost) of the physical
universe may be derived dynamically from the Einstein’s equations (including physically
reasonable matter sources). This idea is supported by the temporal behavior of certain
weak Lyapunov functional (takes the form of a re-scaled volume functional of the spatial
manifold; the spatial manifold is assumed to be of negative Yamabe for a technical
reason, see [41] more detail) that controls the lowest norm of the gravity and matter
fields. Such a Lyapunov functional monotonically decays in the expanding direction and
achieves its infimum on solutions that are isometric to our background solutions . In
that limit, the Lyapunov functional becomes a topological invariant of the manifold
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(the so-called o-constant that is closely related to the Yamabe invariant). Applying a
well-established theorem from geometry [42], one then observes that the value of the
Lyapunov functional (and hence the volume of the physical universe) is dominated by
the hyperbolic components that are present in the spatial manifold. Since the compact
hyperbolic manifolds are locally homogeneous and isotropic, this result tends to indicate
that there is a dynamical mechanism at work within the framework of Einstein flow
that drives the physical universe towards an asymptotic state which is characterized by
a locally homogeneous and isotropic spatial metric.

However, since the Lyapunov functional only controls very rough norm (H' x L2
of (metric, second fundamental form)) of the data, one is unable to draw a definite
conclusion without studying the long time behavior of the classical solutions (or solutions
that lie in the higher Sobolev spaces) of the Einstein’s field equations. This is due
to the fact that gravitational energy can concentrate and blow up before the weak
Lyapunov functional ever achieves its infimum. In the presence of matter sources,
there are additional complications since matter-energy could blow up as well. The
prototypical example of such matter singularity is present in the current context. The
matter source in the context of FLRW cosmology is the perfect fluid and it is known
that the relativistic perfect fluid forms shock singularities in finite time regardless of the
size of the initial data on Minkowski background ([37]). These are the associated issues
and therefore in order to understand the extent to which the weak Lyapunov functional
decays to its infimum (or maybe obstructed from doing so), it is necessary to study the
global properties of the solutions. As it happens, in the current context we would only
want to study a ‘small data’ problem, which is expected to provide a level of insight
into several physics associated with the asymptotic behavior of the physical universe.
Without going into the technical details, we state the main theorem and discuss a few
physical implications. Let us denote the gravitational degrees of freedom by (g, k), where
g and k are the first and second fundamental forms of the constant time hypersurfaces
foliating the spacetime. The fluid’s mass-energy density and the spatial velocity fields
are denoted by p and v, respectively. A rough version of the main stability theorem is
as follows
Rough sketch of the main theorem: Let (go, kL, po,vo) € H® x H*™' x H* ! x
Hs 1 s > 5 + 2 be the initial data for the re-scaled FEinstein-Euler-A system with
the cosmological constant A > 0. Let us also consider that the Cauchy data for
the re-scaled background solutions are (9p.c, k% &, pB.G, VB.G) which satisfy Rlgp.cli; =
—2(98.6)ij: k5o = 0,ppc = Cpvge = 0, C, is a constant. Now assume that
we + kG — kg gllm— +
llpo — peGllEs— + |lvo — vBGl|lEs—r < 6, & > 0 is chosen sufficiently small. If
t — (g(t), k" (t), p(t),v(t)) is the mazimal development of the Cauchy problem for the
re-scaled Finstein-Fuler-A system in constant mean extrinsic curvature spatial harmonic
gauge (CMCSH) (51{56) with initial data (go, kY, po,vo), then the following holds in the

the following open smallness condition holds ||go — 9B.q|
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limit of infinite time

lim (9(t). K (8). p(t), v(t) = (1,0, 0). (11)
where y' satisfies R[Y'] = —1 and p depends on the initial re-scaled density py and

9ip # 0 in general.

Let us now explain the main theorem putting aside the technical details. The
statement essentially deals with the asymptotic stability of the solutions that are
characterized by constant negative scalar curvature (—1 to be precise on this occasion)
and sufficiently close to the FLRW solutions. This corresponds to a Lyapunov stability
of the FLRW solutions. In other words, the solutions of linearized Einstein-Euler-A
equations about the background FLRW solutions decay to nearby solutions which
have constant negative scalar curvature. While the background solutions the FLRW
spacetimes are described by the property that the spatial metric gp o is negative
Einstein i.e., Rlgp.clij = —%(gB,G)ij. Now, the space of negative Einstein metrics is
a subset of the space of metrics with constant negative scalar curvature. Simple use
of triangle inequality shows that the asymptotic state should be the space of constant
negative scalar curvature sufficiently close to and containing the background FLRW
solutions. Since the latter is a subspace of the former, one may fine-tune the initial
conditions to obtain the asymptotic solution to be exactly of FLRW type (i.e., the
solution has a spatial metric that is negative Einstein). But such a procedure proves to
be too restrictive and physically undesirable.

If for the moment we focus on the physical 3 + 1 case, then ideally we want the
asymptotic solution to have constant negative sectional curvature (i.e., hyperbolic or
negative Einstein by Mostow rigidity) not just constant negative scalar curvature and a
spatially uniform background energy density. In other words, if one perturbs an FLRW
solution, it does not generically come back to an FLRW solution in infinite time. Now
notice that the local spatial homogeneity and isotropy criteria required constancy of
the sectional curvature and as such in 3 spatial dimensions, a negative Einstein metric
automatically has constant sectional curvature. However, the space of metrics with
constant negative scalar curvature is a much larger space and does not necessarily exhibit
the local spatial homogeneity and isotropy criteria (only a subspace that is described
by hyperbolic metrics do). This result is not completely satisfactory but on the other
hand, physically expected as these inhomogeneous and anisotropic characteristics may
be attributed to the structure formation (see [22, 43] about the role of cosmological
perturbation theory in structure formation). This is indeed a remarkable fact that
indicates there is a dynamical mechanism at work within the Einstein-Euler-A flow that
naturally drives the physical universe to an anisotropic and inhomogeneous state (small
deviation from homogeneity and isotropy in a suitable sense) leading to cosmological
structure formation. On the other hand, Lyapunov functional that controls a very
rough norm of the data is may be unable to detect any structure that is smoothed out
by the expansion of the universe. However, at the moment, we do not claim that such a
mechanism of structure formation is yet so compelling since we can not prove that these
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background solutions are not asymptotically stable and approaches a homogeneous and
isotropic state.

We note that [44] reported this behavior of the FLRW spacetimes as well considering
‘dust’ as the matter source through a rather heuristic argument. They constructed
a finite-dimensional dynamical system by spatially averaging out the inhomogeneities
and showed that FLRW cosmologies are unstable in some relevant cases: averaged
models are driven away from the background through structure formation and accelerated
expansion. The phenomenon of accelerated expansion driving the solutions away from
the background is previously noted in [45] which dealt with a particular case of vacuum
gravity (background solutions were described by the compact hyperbolic manifolds)
including a positive cosmological constant. The solutions decay asymptotically to the
nearby ones described by constant negative scalar curvature. On the other hand, in
the same problem if the cosmological constant is turned off (i.e., the vacuum energy
is absent), then the perturbed solutions do come back to the background solution
asymptotically [27] 28]. Similar phenomena of asymptotic stability are observed in the
study of [38], where the background solutions once again are simply the Milne universe
that does not contain a non-zero energy density. In order to reach a definite conclusion
about forming large-scale structures by non-linear perturbations of background with
non-vanishing energy density would require further analysis including radiation sources
and possibly more observational inputs.

Now we discuss the overview of the article. Section 2 provides the necessary
detail about the formulation of the gauge fixed Einstein-Euler field equations including
a positive cosmological constant A, the re-scaling of the field equations, and the
background solutions. Here we state a local well-posedness theorem (local existence,
uniqueness, and Cauchy stability of the solution as well as the conservation of gauge
conditions and constraints along the solution curve) for the coupled Einstein-Euler
system in CMCSH gauge. This yields an ‘in time’ continuation criteria for the solutions
and plays a crucial role in the final step of the global existence proof. We do not describe
in detail the properties of the background solutions rather only the key features that
are essential to our analysis. Since we are studying the general ‘n + 1’ dimensional case,
the trivial solutions need to be handled carefully since they form a finite-dimensional
manifold for n > 3 (Einstein moduli space). Therefore, we briefly describe the center
manifold of the re-scaled dynamics when the Einstein moduli space is non-trivial and
the kinematics of the perturbations (this is crucial) under the assumption of a shadow
gauge condition (introduced by [28]).

Section 3 is one of the most important sections of the article. In this section,
we construct the energy current for the fluid and from which we construct suitable
energy. We prove that under the physical assumptions, this energy is positive
definite. Simultaneously, we construct a wave equation type energy functional for the
gravitational degrees of freedom and show that the total energy of the system controls
the suitable norms of the fluid and gravity degrees of freedom for sufficiently small data
(coercive property). In this section, we explicitly compute the time evolution of the
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fluid energy functional as well. In order to do so, we first obtain a set of commuted
Euler’s equations for the fluid degrees of freedom. Using these commuted equations, we
show that the spacetime divergence of the energy current C*9d, does not contain any
contribution from the principal terms. This is an essential feature of a hyperbolic system.
In a sense, the relativistic Euler’s equations are examples of hyperbolic equations and
as such theoretically derivable from a Lagrangian (see [46, 48, [47, 49]). The gravity
part of the total energy is relatively easy to handle since the application of CMCSH
gauge cancels the problematic terms obstructing the ellipticity of the map g — Ricci[g]
therefore also making the Einstein’s evolution equations hyperbolic (essentially we
assumed this property while stating a local existence theorem).

While computing the time derivative of the total energy, we will encounter terms
involving the lapse function and the shift vector field and therefore need to be estimated
by other means. However, the applications of the CMCSH gauge condition yields elliptic
equations for the lapse function and the shift vector field that are sourced by the matter
degrees of freedom. Therefore, we obtain the necessary elliptic estimates and use those to
control the time derivative of the energy. One subtlety is that apart from estimating the
lapse and the shift vector fields, we also need to estimate the time derivative of the lapse
function. We complete these estimates in section 4.2. Using the necessary estimates for
the gauge variables, in section 4.3 and 4.4, we obtain a differential inequality for the
energy, which upon integration and using the smallness of the data yields the uniform
boundedness property of the energy (essentially closing a bootstrap argument). Utilizing
the local existence theorem, we immediately then obtain a global existence theorem.
Using the uniform boundedness property, we prove decay separately. We close this
section by stating the fully rigorous version of the main theorem and sketching proof of
the geodesic completeness of the perturbed spacetimes.

2. Gauge fixed field equations and re-scaling

2.1. Complete Einstein-Euler system and gauge fixing

The ADM formalism splits the spacetime described by an ‘n+1’ dimensional Lorentzian
manifold M into Rx M. Here each level set {t} x M of the time function # is an orientable
n-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a
Cauchy hypersurface) and equipped with a Riemannian metric. Such a split may be
executed by introducing a lapse function N and shift vector field X belonging to suitable
function spaces on M and defined such that

0, = N+ X, (12)

where t and n are time and a hypersurface orthogonal future directed timelike unit

vector i.e., g(n,n) = —1, respectively. The above splitting writes the spacetime metric

2

g in local coordinates {z*}"_, = {t,z', 2% ..., 2"} as

g= — N*dt ®@dt + g;;(dr" + X'dt) ® (da’ + X7 dt) (13)
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and the stress-energy tensor as
T=En®n+2JOn+S, (14)

where J € X(M), S € S}(M), and A® B = $(A® B+ B® A). Here, X(M) and
S2(M) are the space of vector fields and the space of symmetric covariant 2-tensors,
respectively. Here F := T(n,n) is the energy density observed by a time-like observer
with n 4+ 1-velocity n, J; = —T(9;,n) is the momentum density, J; = —T(n,d;) = is
the energy flux density, and S;; = T(0;, 0;) is the momentum flux density (with respect
to the chosen constant ¢ hypersurface M). The choice of a spatial slice in the spacetime
leads to consideration of the second fundamental form k;; which describes how the slice
is curved in the spacetime. The trace of the second fundamental form (tr,k = 7) is the
mean extrinsic curvature of the slice, which will play an important role in the analysis.
Under such decomposition, the Einstein equations

Ry, — %ng + Mgy = T (15)
take the form (87G =c¢=1)
8hgi; = — 2Nkij + Lxgi, (16)
Oikij = — ViV;N + N{Ry; + Tk;; — 2kyk} — - i . (2A — S+ E)g;;
— Sy} + Lxki

along with the constraints (Gauss and Codazzi equations)
R(g) — |k|* + 7% = 2A + 2FE, (17)
V,k] = Vi = —J; (18)

where S = ¢*S;;. The vanishing of the covariant divergence of the stress energy tensor
ie., V,T" =0 is equivalent to the continuity equation and equations of motion of the

martter
oE . ‘ .
E =LyxE+NET—-NV;J' —2J'V,;N + NSUI{:Z‘]‘, (19)
aJ' i i ij i i i
5 =LxJ'"+N7J —Vj(NSJ)—i—ZNijJ—EV N. (20)

Here we want to study the Einstein-Euler coupled system. Let the ‘n+1" velocity field of
a perfect fluid be denoted by u which satisfies the normalization condition g(u,u) = —1.
One may for convenience decompose the n + 1 velocity u into its component parallel
and perpendicular to constant ¢t hypersurface M as follows

u=v—g(u,n)n (21)

where v is a vector field parallel to the spatial manifold M i.e., v € X(M). Importantly
note that u; = v; but u’ # v* unless the shift vector field X vanishes. The stress energy
tensor for a perfect fluid with n + 1 velocity field u reads

T=(P+puxu+ Pg, (22)
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where P and p are the pressure and the mass energy density, respectively and ¢ is the
spacetime metric. After projecting onto the spatial manifold M, several components of
the stress energy tensor may be computed as follows

E=(P+p)(Nu")?—PJ = (P+p)y/1+g(v,o), (23)
S=(P+pv®v+ Pg.

However, notice that the field equations do not close with the information of the stress-
energy tensor alone, and therefore one needs an equation of state relating pressure
P and mass-energy density p. The choice of the equation of state is non-trivial and
there is numerous study about the equation of state alone in the cosmology literature
(e.g., [50, BI), 52]). In the standard model of cosmology (ACDM), one frequently uses
a barotropic equation of state of the type P = (7,0 — 1)p, where 7,4 is the adiabatic
index. The speed of sound C; is defined as C? := %—1;, where the derivative is computed
at constant entropy. However, for the barotropic equation of state chosen here, the
entropy equation decouples from the field equations and therefore plays no role in our
analysis. The speed of sound is then a constant \/v,q — 1. Due to causality, one must
have 0 < C? < 1 yielding v4q € [1,2]. This is equivalent to the fact that the sound
cone is contained within the light cone in the tangent space. Here 7,4 = 1 corresponds
to pressure-less fluid or ‘dust’ and 7,4 = 2 corresponds to a ultra-relativistic stiff fluid.
We note an important fact that choosing this equation of state, we ignore the rest
energy of the fluid which may be relevant in the late epoch of the universe evolution.
In other words, the equation of state P = (7.q — 1)(p — ne), n being the baryon number
density and e the fluid rest energy per particle, may be more appropriate [53]. Here
we will stick with the equation of state P = (7,4 — 1)p here for simplicity and in such
case, the baryon number conservation equation V,(nu*) = 0 is a simple consequence
of the Euler’s equations i.e., V,T* = 0. With the barotropic equation of state, the
components of the stress energy tensor is computed to be

E=(P+p)L+g(v,v)) =P =p+.apg(v,v) (24)
J" = Yap V14 g(v,0)0", S = Yaipv ® v + (Yaa — 1)py.
The complete system of evolution and constraint equations reads

vpN Vﬂ)i = Lyp— 'Vadpg(atv,v) /Yadek?(’U7U) B 27ad,OUiLXUi

8tp +

[1+ g(v,v)]'/? 14 g(v,v) 14 g(v,v) 14 g(v,v)
VadeLvN NLUP

- Nkip— .
T+ g(o, o) 2 P T [t go, o)1

and
Yaap [u°0pv" — 2Nukiv? — u®(Lxv)' +v'Vu' + (14 g(v,0))V'N|  (25)
+(Yaa — 1) [V'p 4+ v'Lyp + u’v*(8p — Lxp)] =0
Ogij = — 2Nkij + Lxgij, (26)

2A
Okij = —V,;V;N + N {Rij + Tk — Qkikk?f L (27)

—1
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Yad
—YadPViV; + —sz'j} + Lxkij,

n—1
R(g) — [k* + 7% = 2A 4+ 2p {1 + Yaag(v,v)}, (28)
VK9 — Vit = — YaapV/ 1+ g(v,v)0", (29)

0 _ [+g(ww)]/?
el

where 1 is explicitly computed to be u°

As clearly seen from the field equations, the gauge variables N and X do not
satisfy evolution equations as physically expected. Therefore, we need to fix the gauge
choice (or choose a gauge slice) to obtain equations for N and X. As we have explicitly
mentioned before, we will use the constant mean extrinsic curvature spatial harmonic
gauge (CMCSH). Setting the mean extrinsic curvature (7 := try k) of the hypersurface
> as a constant over X allows it to play the role of time. However, one is obligated to
address the issue related to the existence of a CMC hypersurface in the spacetime M
[54], 55, 56, [57]. Luckily, our background solution possesses constant mean extrinsic
curvature slices, which is evident through explicit calculations. Therefore simply setting
the mean extrinsic curvature of the perturbed spacetimes to be constant on each spatial
slice seems to be a reasonable choice

ot = 0. (30)
Such an assumption can be made without loss of generality for solutions that are close

to the background solution [58, 59]. If one evaluates the time derivative of 7 using the
evolution equations, one obtains the following equation

0 2 2A
o+ e+ (22 g - 2 v Lo G

n—1
which upon utilizing the CMC gauge condition yields the elliptic equation for the
lapse function

2) 2A }N_ﬁT (32)

A {2 gl - 2 v =5

Note that we may obtain an elliptic equation for 0; N by commuting the lapse equation

(32) with the vector field J;. Since this causes equivalent loss of one derivative of every

field present in the equation, care must be taken in order to estimate 9;N. We will do
so in a later section.

In addition to the temporal gauge fixing, we need to fix the spatial gauge as well.

We use the spatial harmonic gauge introduced by Andersson and Moncrief [60] to study

the local well-posedness of the vacuum Einstein equationi. I;et x:(2,9) = (X,7) be a

maps are, by definition, critical points of this Dirichlet energy functional, x satisfies the

harmonic map with Dirichlet energy functional % fz g Vijiltg- Since the harmonic

following formal Euler-Lagrange equations

9" (3i0;x" — Tlgl};0" + Tk 30ix“0;x”) = 0. (33)
Now the spatial harmonic gauge fixing amounts to setting y = id, which yields a
vanishing tension field

—g" (Tlgll; —T5) = 0. (34)
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A subtle issue that arises in the context of spatial gauge fixing is the existence of a
harmonic map between (3, g) and (X,~). There are a plethora of studies that address
such questions [61]. The one study that is most relevant to the current context is
the one by Eells and Sampson [62] who proved if M is a compact manifold with non-
positive Riemann curvature, then any continuous map from a compact manifold into
M is homotopic to a harmonic map. Andersson and Moncrief [60] applied this gauge
to prove a local existence theorem for the vacuum Einstein’s equations in arbitrary
dimensions. Later they have successfully implemented this gauge to prove a small data
nonlinear stability result of the ‘Milne’ model and its higher-dimensional generalization
(so-called ‘Lorentz cone spacetimes’) [27, 2§]. In addition to the study by [27], there
have been several other studies where the spatial harmonic gauge is utilized to study
the long-time existence issues of Einstein field equations coupled to matter sources. The
implementation of the spatial harmonic gauge condition yields the following elliptic
equation for the shift vector field

AgX'— RIXT = — 2kV;N — 2NV k" + rV'N (35)
+ (2N — 2V XM (T[g)t — Thliy) — g7 Y]k

We designate this gauge fixed system as the CMCSH-Einstein-Euler-A system.

2.2. Re-scaled equations and local well-posedness

The background solution we are interested in is the constant negative sectional spatial
curvature FLRW model in ‘3 + 1’ dimensions. In higher dimensions (n > 3), however,
the spatial metrics are negative Einstein (not necessarily hyperbolic). The solution is
expressible in the following warped product form

"y = — dt @ dt + a(t)’yda’ @ da?, (36)
where R;j(7) = —1v;; and ¢ € (0,00). Clearly we have N =1, X' =0, g;; = a(t)*y;;-

These spacetimes are globally foliated by constant mean curvature slices which is evident
from the following simple calculations

1 .

kij = — ﬁatgij = —aavg;, (37)
o . | na

T(t) = kijg” = —aa%jmvj =

An standard linear algebra decomposition k;; = k7 + trfL i 9ij, where ki7 is the trace-less

part of k;; and tryk = 7 is its trace, yields k' = 0 for the background solution (36)).
Note that in order to study the dynamics of the perturbations, we need to re-scale

the field equations. We want to re-scale in such a way as to make the background
time independent and then analyze the associated re-scaled dynamical system. For this
particular purpose, we will need the background density and n—velocity. Let us now
explicitly calculate the scale factor a(t), the background density, and the velocity. Note
that we are only interested in the asymptotic behaviour of the scale factor at ¢ — oo
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instead of its precise expression for our stability analysis. The evolution equation for
energy density of the background solutions reads

dp a
= = — NYea—p, 38
ot e dap ( )

integration of which yields

pa(t)"ed = C,, (39)
for some finite time independent positive constant C,. The momentum constraint
equation yields

v =0 (40)
since k" = 0 and 9;7 = 0 in CMCSH gauge. Utilizing the Hamiltonian constraint, we
obtain the following ODE for the scale factor

Lo _ Vﬁ (22 5 25 ()
integration of which yields at t — oo
an~ e (42)
where o := \/E . Taking A = 0, integration of yields
a~a(0)+ L (43)
n(n —1)

as t — oo.
Now let us focus on obtaining a re-scaled system of evolution and constraint
equations. Recall that the metric in local coordinate (¢, ) may be written as

§= — N%dt @ dt + g;;(dz’ + X'dt) @ (da? + X7dt) (44)
and the background solutions are written as

" Gbackgrouna = —dt @ dt + a*v;;da’ @ da?, (45)
where R[y];; = —17;; and t € (0,00). If we assign a the dimension of length (natural)

(similar to the re-scaling used by [28]), the dimensions of the rest of the entities follow
t ~ length, ' ~ (length)®, g;; ~ (length)?, N ~ (length)?, X' ~ (length)™', 7 ~
(length)~', Ki5 ~ length. Therefore, the following scaling follows naturally

. 1 -
Gij = a’gij, N = N, X' = X', kiry; = akfj. (46)
Here, we denote the dimension-full entities with a tilde sign and dimensionless entities
are left alone for simplicity. The Hamiltonian constraint and the momentum
constraint take the following forms
R(g) = [K"* + 1+ 2C,a® ™™ = 2a(t)"p (1 + 74ag (0, 9)) , (47)
VK" = a(t)*Vaap/1 + §(0,0)7".
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Notice that we are yet to re-scale the matter fields i.e., (p,v). We have already noticed

C
—— for some constant C, > 0
a"Vad P

that the background energy density satisfies p(t) =

depending on the initial density. Therefore, we naturally scale the energy density by
1 .

T ad 1.e.,

1

a(t)n’Yad

p= p (48)

so that the background density becomes time independent and an O(1) entity. Notice
that C, is a constant with dimension of (length)™=4~2. Now, since, the background
n—velocity vanishes for the background solution, we do not have a straightforward
scaling. However, we have the normalization condition for the n + 1—velocity field
u=—""g(u,n)n+v

—(N0°)? + g o't = — 1, (49)

and therefore scaling of the metric g;; = a*g;; yields the following natural scaling of v’
) 1 .

~i_ Lo 50

vt =7, (50)

since the right hand side is simply a constant. The complete evolution and constraints
of the gravity coupled fluid system may be expressed in the following re-scaled form

9gi; a 2 ry 1
8_25] = 25 (N —1)gi; — aNk?fj + a(LXg)ija (51)
k!t a 2 1
_(%ﬂ = - (N=1)(n—2)+n—1)k — ENkf,Qk;-”“ + aNRij (52)
e _— , —
should be <0 to generate decay gauge fixing is required
B 1( 5 2nA )+ NYad — 2a1*m‘ldC B N(1+2C,a*>™)
n2 n—1 " n(n-1) ’ a(n —1)
ad 2 1 !
_i_/ynd_ a al—n’yadegij) 9ij — EVzVJN — al_"%d]\fypvivj + E(Lthr)ija

Yaap NV ;0 N (N — 1)nyaapa

0 53
0+ all + g(v, v)] 1/ a (53)
_! p— DaiPg(0:0,0) _ NLup YaaPN lktr(v v) — gg(v v)
a L4+g(v,v)  a[l +g(v,v)]Y2  1+g(v,v) \a ’ a’
Yaapvi Lx v _ YaaN pLy N
a[l +g(v,v)]  a[l + g(v,v)]"/?’
. a . 27.apNulktrivi wapu° .
Yaapt? 00" + Yaapu’[2N — 1 — n(Yag — 1)]5 vt — JadP - J _Z dj Lxv"

J/

~~
should be >0 to generate decay

adP ; aap|1 , , wd — 1 , . A
+’y;pvjvjv,+ Yadp| +ag(v v)]v,NJr% (Vip+ v Lop + auv'dyp(54)

—uofuiLXp) =0,
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R(g) — \k"!Q — 2a2’”7“d,0{1 + Yaag(v,v)} + 1+ ZCPQQ*"V =0, (55)

ik = —yga® 0 /T4 g0, D)0, (56)

T 7 2A —n (nfytld - 2)
AQN + ‘k’t |2 + a(t)Q(E — . 1) + a? ’Y“d[ﬁ + ’yadg(v, U)]p N

. S

~
should be >0 for elliptic regularity

or
AX = RIXT = —n(l1— 2)aV'N —2VINK" = 2NV (58)
n ———

use momentum constraint
+@NE" — 2V XF) (Dlglj — T5) — ag? oL [y}
In CMCSH gauge, the time function is obtained by setting 7 =monotonic function of
t alone. Now, we have 7 evaluated for the background solution which is a monotonic
function of ¢ alone since utilizing the Hamiltonian constraint and the lapse equation at

the background solution one obtains

or 1,5, 2nA n NYad — 2

o nt a1

— a”"C, (59)

n—1

1
= (1 C,a®"™Mad) > (),
=) G
We set the time function to be the solution of this equation
or 1

% = a = (L mCpalt) ), o)

i.e., t = t(7) which settles the business of choosing a time coordinate. One subtlety
we need to address here regarding the structure of the background solution space for
dimensions strictly greater than 3 + 1. We do so in the next section. For now, we will
state a local well-posedness theorem which may be proved using the method developed
by [60] or [63]. The proof will require an energy current for the fluid sector, which will
be defined in the next section. However, since the proof of a local existence theorem
follows in a standard way by using technique developed by [60], we will not state the
proof here. In addition, one needs to preserve the gauge conditions and constraints
along the solution curve as well. The constraints and gauges read

1 e
Al = tI'g k — / <_a(t)2<n _ 1) (1 + anadCPCL(t)Q ? d)) dt’ (61>
Ay - g" (Clgl = Thli), (62)
AL = VKT 4+ y,qa® el pr /1 + g(v, v)0', (63)
Ay = R(g) — [K")? — 2a® 4 p{1 + y,ag9(v,v)} + 1 + 2C,a®> ™. (64)

Explicit computations utilizing the evolution equations, one obtains a hyperbolic system
for (A;, Ay, A% Ay) in CMCSH gauge. Using energy similar to the one presented in
section 4 of [60], one shows that if (A;, A}, A%, Ay) = 0 initially then (A;, A%, AL, A)) =0
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along the solution curve t — (g(t), k" (t), p(t), v(t), N(t), X (t)). The local well-posedness
theorem is stated as follows
Local Well-posedness Theorem: Let (go, k&', po, vo) € HS X HS ' x HS 1 x H571, s >
5 + 2 be the initial data for the Cauchy problem of the re-scaled Einstein-Euler-A
evolution equations in Constant Mean extrinsic Curvature Spatial Harmonic
(CMCSH) gauge satisfying the constraint equations -@ This CMCSH Cauchy
problem is well posed in C ([0, t*]; H® x H*™' x H*~' x H*™1). In particular, there exists
a time t* > 0 dependent on ||go|| s, ||k5 || zs-1, || po|lzs-1, ||vo||gs—1 such that the solution
map (go, kY, po, vo) — (g(t), k" (t), p(t),v(t), N(t), X (t)) is continuous as a map
H® x H' x H' x H*! (65)
— H* x H*' x H*' x H' x H*™' x H5H,

Let t* be the maximal time of existence of a solution to the CMCSH Cauchy problem
with data (go, k&, po, vo), then either t* = oo or

tim sup max (C(2), |[VHIg(0) o |15 2. [V (D], (66)
ViAo (@) Lo, [Jo(E)]] L) = o0,
where C(£2) is a constant dependent on the ellipticity constant of the metric § defined
o be Qe i= WDy UG, il = gl + [INze + INUlow + IXle, and

Q1 (£,6) < g(&,6) <€), VE € sections{TX}.
In addition the gauges and constraints are preserved along the solution curve t

(g(t), k' (), p(t),v(t), N(t), X (t)) if they are satisfied initially.

2.3. Center Manifold of the dynamics

The following mathematics concerning the center manifold dynamics in the setting of
Einstein flow was first established by the work of Andersson-Moncrief [27]. We now
present some of this work and adapt it to the Einstein-Euler-A setting. A center manifold
of a dynamical system is associated with fixed points of the dynamics. Essentially a
center manifold of a fixed point corresponds to the nearby solutions (in phase space) that
do not exhibit exponential growth or decay. This may be zero-dimensional or a subspace
of the phase space and admits a manifold structure (so the name center ‘manifold’). For
a more precise and mathematically rigorous definition, we refer the reader to [64] [65].
In a finite-dimensional setting, the existence of a center manifold roughly corresponds
to the case when the linearization of the flow vector field has purely imaginary spectra.
In an infinite-dimensional setting, moduli spaces play the role of a center manifold (in
an appropriate sense of course). As we shall see, the center manifold in this particular
occasion is played by the Einstein moduli space, which consists of non-isolated fixed
points of the Einstein-Euler-A flow and is characterized by the negative Einstein metrics
modulo gauge transformations.

Unlike the n = 3 dimensional case where the negative Einstein spaces are hyperbolic
(and the center manifold of the gravitational dynamics consists of a point), the higher
dimensional case is more subtle. The matter degrees of freedom corresponding to the
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background solution (in its re-scaled version) in CMCSH gauge is essentially described
by v' = 0,p = ppg. It becomes more interesting when we consider the gravitational
degrees of freedom. In the case of n = 3, a negative Einstein structure implies
hyperbolic structure through Mostow rigidity theorem and therefore the manifold
describing the fixed point of the dynamics is essentially zero-dimensional. In other
words, the particular solution ({7|Ricci[y] = =37,k = 0,p = C,,v" = 0) serves as an
isolated fixed point of the Einstein-Euler dynamics. However, in the higher dimensional
cases (n > 3), a new possibility arises of having non-hyperbolic negative Einstein
spaces. When we linearize about any member of such a non-isolated family of negative
Einstein metrics, the linearized equations will always admit a finite-dimensional space
of neutral modes. Naturally, this represents (modulo the matter degrees of freedom) the
tangent space to the background spacetimes . These smooth families of background
spacetimes determined by the corresponding families of negative Einstein metrics and
zero-dimensional matter degrees of freedom (v = 0,p = C,) form the ‘center manifold’
for the dynamical system defined by the re-scaled Einstein-Euler-A equations. The
spatial metric satisfies

Ry() =~ (67)
Let us denote the space of metrics satisfying equation by Sinfi.

Let v* € &in_1 and V be its connected component. Also consider &, to be the
harmonic slice of the identity diffeomorphism i.e., the set of v € £in_1 for which the
identity map id : (X,7) — (X,~*) is harmonic (since any metric v € Ein_. verifies the
fixed point criteria R[Yy|;; = —%’yij, it should also satisfy the CMCSH galfge condition
with respect to a background metric and in this case the background metric is simply
chosen to be 7%, another element of £in_1 and llv —7*|| < 0,0 > 0 sufficiently small).

This condition is equivalent to the vanishing of the tension field —V* that is

~VE = (Tl - T = o (63
For v € £in_1, S, is a submanifold of My, for v sufficiently close to v* (easily proven
using standard procedure and therefore we omit the proof, see [28] for detail). The
deformation space N of v* € £in_1 is defined as the intersection of the v*—connected

component V C £in_1 and the harmonic slice S, ie.,
N:=VnS§s,. (69)

N is assumed to be smooth (i.e., equipped with C'* topology). In the case of n = 3,
following the Mostow rigidity theorem, the negative Einstein structure is rigid [4]. This
rigid Einstein structure in n = 3 corresponds to the hyperbolic structure up to isometry.
For higher genus Riemann surfaces ¥,c,.s (genus > 1), space of distinct hyperbolic
structures is the classical Teichmiiller space diffeomorphic to R%9"%=6  Tangent space
to any point in the Teichmiller space corresponds to the ‘neutral modes’ of 2 + 1
gravity defined by transverse-traceless tensors. However, 2 + 1 gravity is fundamentally
different from the higher dimensional cases since the former is devoid of gravitational
waves degrees of freedom. For n > 3, the centre manifold N is a finite-dimensional
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submanifold of My (and in particular of M_;). Following the analysis of [2§], the
formal tangent space T, in local coordinates is expressible as

0
5_; = Z;FTH + LW,‘;'% (70)
where [0 7 € ker(L,,) = CTTI(S2x) c CT7(52%), Wl € %(X) satisfies through the
time derivative of the CMCSH gauge condition —y7(T'[y]}; — T[v*]};) = 0

~ V"V 4 RAL W+ (T 4 Lyiy)™™ (T = T )

and, {q“}zﬁ(m is a local chart on /', X(X) is the space of vector fields on X (in a suitable
function space setting), C77(S%%) is the space of y—fransverse-traceless 2—tensors on
Y. v* is close to 7y i.e., ||y —7*|| < 0,9 > 0 sifficiently small (the norm is arbitrary since
both v and ~* are elements of a finite dimensional vector space ). An important thing
to note is that all known examples of closed negative Einstein spaces have integrable
deformation spaces and that the deformation spaces are stable i.e., Spec{L,,} > 0.
The spectrum of the operator £, plays an important role determining the decay rates
in the pure vacuum case considered by [27, 2§]. We stress that the equation plays
a crucial role in the energy argument.

2.4. Kinematics of the perturbations and shadow gauge

As discussed in the previous section, the Einstein moduli space is finite-dimensional for
n > 3 and serves as the center manifold of the dynamics (the deformation space N to
be precise). On the other hand, for the n = 3 case, following Mostow rigidity, negative
Einstein structure implies hyperbolicity and therefore the moduli space reduces to a
point. We will consider the general case when the moduli space is finite-dimensional
since the zero-dimensional moduli space case does not require special treatment. Let
N be the deformation space of v*. Now suppose, we perturb the metric about v*. The

perturbation is defined to be u := g — ~v* such that ||u||g: < ¢ for a sufficiently small
d > 0. Due to the finite dimensionality of N, ¢g in fact could be an element of AN/
lying within a d—ball of v* i.e., while perturbing one may choose directions tangent to
N. But if g lies on N, then corresponding solution satisfies the fixed point condition
Ric(g) = —%g. Therefore these ‘trivial’ perturbations do not see the dynamics. The
question is how to treat such perturbations which are tangent to N. This was precisely
handled by invoking a shadow gauge condition in the study of the fully nonlinear stability
problem of the vacuum Einstein’ equations by [2§] and later used in [45] to handle the
case with a positive cosmological constant. The shadow gauge reads

(9—7 LN (71)

for v € N, where the orthogonality is in the L? sense with respect to the metric ~.
This precisely takes care of the motion of the orthogonal perturbations by studying the
time evolution of h := g — v, while the motion of the tangential perturbations is taken
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Figure 1. Kinematics of the perturbations for the Einstein-Euler system. Instability
materializes in N iff v(t) leaves every compact set of A i.e., approaches ON. Stability
occurs when (t) evolves from one point of N to simply another point of A". The
instability of g(t) is naturally defined by the unbounded growth of g(¢t) — v(¢) in a
suitable function space.

care of by evolving v € N. This does not affect the characteristics of the background
spacetimes as v does not leave the moduli space i.e., it is still a negative Einstein metric
with Einstein constant —%. However, if we write the perturbations as w;; = ¢i; — Vij,
then % = % + % and therefore, % enters into the evolution equation for the
metric. Therefore this additional contribution arising as a result of finite dimensionality
of the moduli space N needs to be estimated properly since this will inevitably show

up in the time derivative of the energy functional as well.

The shadow gauge condition is explicitly written as follows

oY
i — Yii)—— b = 0, 72
[ = )50 (72)
where %Zij' is a local basis for the tangent space of A in local coordinates {q“}si:ni(m and
%71: = —yikvﬂ%. Technically, this shadow gauge condition is equivalent to projecting

g onto v € N. In other words there words, there is a projection map P : M — N such
that

7= Plg). (73)
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Since the deformation space N (finite dimensional) is assumed to have a C*° structure,
this projection map P can also be interpreted as a smoothing map. Through explicit

computations under the assumption of ||g — v||gs < J, 6 > 0 is sufficiently small, one

may explicitly show that the following estimates hold
0 dg
— || < Cl|==]|gs—1 4
I < I, (74

where C' is a fixed constant depending only on the dimension and the norm on the
left hand side may be arbitrary since N is finite dimensional yielding an equivalence
between Sobolev norms of all orders.

3. Commuted equations for perturbations and Energy current

In this section, we obtain evolution equations for the perturbations and construct the
commuted equations for the fluid variables. We explicitly construct an energy current
motivated by the energy current that was constructed by Christodoulou [37] in the
context of special relativistic perfect fluid dynamics. This current has a remarkable
property that while contracted with a time-like vector field it yields positive definite
energy. Since the Euler’s equations are theoretically derivable from a Lagrangian (see
[66] for a symmetric hyperbolic formulation of Euler’s equations and [46], 47, 48] for a
Hamiltonian formulation of relativistic perfect fluid coupled to gravity), one naturally
expects a compatible current (see Christodoulou [67]) associated with the Euler’s
equations. Due to the reasons mentioned in the introduction, we will not use the energy
current constructed by [37] rather define a current by hand which satisfies the necessary
properties. Let us define the following perturbation entities

wi=g—7 k" =k"—0, wi=N-1, X:=X -0, dp:=p—C,, (75)

The evolution equations for the perturbations to the gravitational degrees of freedom
are as follows

8u,;» a 2 r TT|| 1
8tj = QEWQU' - ENkfj +hy A+ E(LX“)M + Ly 2x7)i (76)
akfr a tr 2 tr.trk
1—nye WYaCp + N (72 — 2)dp w )
+<a n—1 +a(n—l) &

2

where we have used the fact that 0yy;; = —h;TFjTH — Ly (hTT” is parallel to
N 1ie., belongs to the kernel of £, . and Y I satisfies the equation with (77l
replaced by h'7ll) and J contains first derivatives of u, quasi-linear and satisfies

1 1 1 1
- avivjw — a' "M Noypugu; + E(LthT>ij + 5N (_‘Cg,'yuij + 31’]’) ;
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e

1 ms, $ > 5 + 2 which directly follows from its expression

~ 1 mn mn 1 mn . ls
‘jij = 5 (ullu R[ ]m]n + uﬂu R[ ]mm) + 2g fyl (V[V]]unsv[’y]lulm

Vst V0 )stin — 5V ens Vit + VsV s
Vv ]muzlv[ Jswin) ,

where u¥” := y%*~dly;; and SH gauge condition is implemented. From the structure of
the above equations , it is clear that these are hyperbolic evolution equations
since the map u — L, ,u is elliptic. Since the scenario is slightly different for the case of
Euler’s equations, we will first define the commuted entities and obtain their evolution
equations.

Multiple applications of the operator D := (V[4]) = (1+A,)"? on the fields would
produce the desired higher order energy since W*?(¥) = D*LP(X), 1 <p < o0, s € R,
(D? acts on the spectral side) with norm defined as

[ollwsrsm) = [ID*0]|Lr(s). (78)

Here A, is defined as A, := —49V[y];V[y];. If s is a non-negative integer, then
Wer 1 < p < oo is the closure of C*°(X) with respect to the equivalent norm
D_i1<s IV[Y]"0|o(s)- Let us define the following entities corresponding to the fluid

variables
pi=D"p—C,), i =D, s> g +2. (79)
The evolution equations for the commuted entities read
_ PNV 0 1 P90, v NL,p
Oy + — P 12:_LXp_7pg(t ) p —0)
all +g(v,v)]"2  a L+g(v,v)  a[l+g(v,0)]Y
YapUi Lx 0"
——=+ T
all +g(v, )]~
1 a a . a 1 7 - i
Yapul Oyt — Y’ —Lx +7pvjvjvz+M(Vp+vap+auv@p
a a

—u UZLXp) 7’2

where 7; and 75 are defined as follows

’yapNvi 3 1 S—
a[1+g(v U)]1/2]U +5[D 17LX]p (81)

WP 000 . 1 NL, _ L
(D, Py - Do Jo+ 7D, LU
I+ge)” a T [LHgl o) all + g (v, v)]

B PN (1 a [ ~YuNpL,N
D3 1 VaP _k,tr _ - —_Ds 1
’ {1 +9(0,0) ( (v:7) ag“”“))] Lu +g<v,v>w2}

-1 [(N - l)maap} |

a

Th = —[Ds_l,at]P — [DS_l,

Jv*
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a

s

Tii=— 2N =1 —n(y, — D)5 (82)

one of the most import;;t term: generates decay
5= g S— 7 27& sS— ri -
+7a[D 17pu08t]v — Ya [D 1’,0U0[2N —1—n(y, — 1)]} vt 4 TD l[pNu0k§- V]

pll + g(v,v)]

ViN
N

+E[Ds’1, pu’ Lx]v" — E[Ds’l, P! V' + Japs—1
a a a

a— 1 - ] - ‘ - ' B '
e " )‘{[DS LV e+ [P Lo+ a[DT w9 p — [P, uv' Lxp}

Notice that we have only retained the principal and decay generating terms in the
evolution equations for commuted entities and collected remaining terms as 7; and 7s.
These terms need to be estimated carefully, which we will do in a later section. Now
we define the energy current. The components of energy current C associated with the
commuted fluid variables are defined as follows

-1 : gij V"0 ,
CO::(%—l /252 4 o =1 i
N (14 g(v,0)]p" +2(y )N[1+g(v7v)]1/2p
ol 1/2 12 o
_i_’y p[ +g(U,U)] o g(U,’U) +gz‘j1}l®j
N 1+g(v,v)

and

o (= Do'p? i 9, 9)°
C'i= ————4+2(7, — D)U'p + opv' (——————
Yab ( ) 1y 9(v,v)

The energy current vector field is C := C%), + +C'0;. Now we show how this

+ gij0'07).  (83)

energy current may be used to obtain an energy. The energy is naturally defined by

contracting the current with the unit time-like Cauchy hypersurface orthogonal vector
field n := %&5 — ﬁX

Eflu’id = _/Cunuﬂgv (84)
>

positivity, coercivity, and convexity of which will be shown in lemma (2). We need to
define an energy associated with the gravitational degrees of freedom as well. Motivated
by the energy associated with the linear stability analysis [23], we define a natural
wave equation type of energy (can be read off from the evolution equations) for the
gravitational degrees of freedom introduced by [28]

- 1 T - T 1
Egin = Z (§(kt ,Eéﬁlkt Yoz + §<u, Eufmu)Lz) . (85)
=1
One may explicitly write down the lowest order gravitational energy as follows

1

= g/ (V[Y]kuz‘jv[V]zumnngWiman + (R[W]k ij "+ R[V]k ji m)ukmUZnVHan)Mg
M

1 o
—|—§/Mk:f;k,i§'y’k7ﬂug.
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We want to establish the coercive property of these energies. In other words we would
like to show that these energies control the desired norm of the data (u, k', p,v). Let
us define the total energy as follows

Etotal = Efluid + EE'm (87)
(Va—1) 1/2 -2 gijv'v?
= —_— 1 + 9 + 2 a ~ 1
/z ( Yap L g(o 05+ 2y )[1 T g(v, o) 2"
\2
ol 12 [ g(v,7) i
+Yap[1 + g(v,v)] ( Ttow) + 95007 ) | g

- 1 r i— r 1 7
+Z (§<kt ,Egﬁlkt >L2 + §<u,£gﬁu>Lz) .
=1

The following two lemmas establish the coercive property of the energy for small data.
Let us write u = g — 7 as follows

u=g—vy=ul4+ut+z (88)
where ull € ker(L, ), ut L ker(L, ) and ||z|
ull ut e CTT(S%Y).

Lemma 1: Let (v, g,k ) be such that (g,7) satisfy the shadow gauge and g — v = u.

There exists 6 > 0 sufficiently small, and a constant C = C(6) > 0 such that if
(u, k') € B5(0) € H® x H*"',s > 2 + 2 the following estimate holds

2o + ||ut]|%s. In particular,

e S [ful]

la'llmre < C (Il s + 1K) - (89)

Proof: Following the shadow gauge (u is L*-orthogonal to N') (72), we may write
(g =), A"+ Lyiy) 1 =0 (90)
<UII+UJ'+Z, RTTI + Lyyv)r2 =0

<U||, hTTH>L2 —+ <Z, hTT” + LYl\’Y)L? = 0

where we have used the facts that (u*, R”"7I) 2 = 0 and (ull + u', Ly 7) 2 = 0. Using
the relation obtained, we may say that ! is a smooth function of z which satisfies

[12lle < C(IJul |+ [, (91)
and therefore, ull satisfies the following estimate

Lemma 2: Let s > § +2, 7 € N, and E,,q be the the total energy defined in
and Yaq € (1,2). Then 36 > 0,C = C(8) > 0, such that ¥(u, k', 6p,v) € Bs5(0) €
HS x HY x H*=1 x H*71, the following estimate holds

[Ju| i1 + |l < CEyorar (93)

irs + vl |31 4 116p]

Proof: Firstly notice that the following holds by definition

16p1 571 = AlIZ2, [[0llFer = [[0]]72- (94)
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First we show that the total energy is positive definite. Assuming spec{L, .} > 0, it
follows that the gravitational energy is non-negative definite i.e.,

- 1 r 1— T ]' [
EEin = Z (§<kt "CQ,’ylkt >L2 + §<U, Eg,7u>L2) >0 (95)
i=1
for u ¢ ker(L, ) and small data assumption. The positivity of the fluid energy follows
due to the following calculations. Cauchy-Schwartz yields g(v,v)* < g(v,v)g(v,9) and

therefore
g(v,9)? i . g, v)g(v,9) g9(v,9)
1—|—g(v,v)+gﬂjv = 9(0,9) 1+ g(v,v) 1+ g(v,v) (96)
and
. 2 . . . .
— g(’U,'U) + ngl’l]] < g(U,U) + g(?),’U)g(U,U) _ g(U,’l))(l + 2g<U,"U))‘
1+ g(v,v) 1+ g(v,v) 1+ g(v,v)
Now consider the following
[1+ g(v,v)]'/? a(n)yap (1+ g(v,v))3/?
_ P+ g(, )] L ()%apg(v, v)g(0, 9)
— an)yep (14 g(v,v))*?
which yields
Efia > (98)
[ (B0 a2 4 e
5\ Yap a(n) ’ [1+g(v,v)]'/?

~a(n)va(va — Dpg(v,v)g(v, ) I
(14 g(v,v))*? !

Yo — 1 1 1/2 -2

= 1———)[1+g(w,v P
[ (2R a0

apPg (0, 0)
(14 g(v,v))>?
provided a(n)(y, — 1) < 1 and a(n) > 1. The assumption v, < 2 yields a solution

n

(14 90, ) — a(n) (e — Dg(v, v>>) 4y >0

a(n) depending only on the dimension n.
We now compute the hessian of Fyy at (u, k', p,v) = (0,0,0,0) for variations
(p,q,r,y) and obtain

s

1 . o
D2Etotal|(0,0,0,0) : ((pa q,7, y)a (p> q,7, y)) = Z (Z(p7 'C?y;yp>L2 + <Q7 'Crly7ry1q>L2)
=1

Yo — 1
YaP
and equality holds if and only if (¢,r,y) = (0,0,0) and p € ker(L,.). Therefore,
D?Eorail0000) : (H® — ker(L,,)) x H' x L? x L? — Image(D?Eipa](0,0,0,0) is an
isomorphism yielding
[l | + R 1 Frees + (161172 + (191172 (99)
< CDQEtotal|(0,0,0,0) ’ ((pa q,7, y)’ (p7 q,7, y))

+ r* +7.Coy(y,y) >0
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which upon utilizing the Hilbert space version of the Morse lemma (or Taylor’s theorem)
yields

[Ju|

2o 4 1ol Byecs + 1001 Bpems + [0lrems < CFrota 7100)

Now using the previous lemma (lemma 1), we obtain the following coercive property
of the total energy

irs 10l res + 1106l o1 + 0l5rs1 < CBiorar. (101)

[l

This is one of the most important property that is necessary for the global existence
proof. Now we will obtain a differential equation for the total energy. Time derivative
of the total energy reads

dEtotal dEEzn dEfluid
= . 102
dt dt + dt (102)

Here the gravitational part dEEm can be evaluated the same way as [28] only the matter

coupling terms need to be kept track of. The delicate part is the Computatlon of the
time derivative of the fluid energy. Therefore we focus on evaluating f i first. The
following lemma yields a differential equation for the fluid energy.

Lemma 3: Let the adiabatic index yoq lie in the interval (1,2) and a(t),
t € (0,00) be the scale factor. Assume (u, k', p,0) solve the Finstein’s and commuted
Euler’s equations . Then the fluid energy Efuiq = _fz Ctny, g satisfies the
following differential equation in time

dE locis(toxist
fluzd / N . 1 ,U/g / (atco + avzcl + (EVZXZ + N@tN)CO
¥

—CZVl-N Nu,.
+aN > Ha

Proof: The proof is a consequence of elementary divergence identity for the energy
current C. Integrating the divergence identity (on the scale-free geometry)

1
ViC = o0 (NiC) (103)

over a Cauchy hypersurface ¥ yields
1 .
[ ¥ueNig = [ 0uvmer) = [ avmned) + [aiey (10
N N N by
d AE t1yiq
=9, | NC° cu =
Yl T T Ho = g
where we have used Stokes’s theorem on closed manifold to remove the total derivative

term. Explicit computation of V,CH yields the following differential equation for the
fluid energy Efiyia

dEﬂmd na/N —1)C%uy + /(3tco—|— —V.C' + (1V¢Xi+%atN)Co
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Notice that this energy equation contains the top order term 9,C° + %Vl-Ci which from
the definition of the energy current, will consist of terms that are derivatives of the
commuted variables p and ©. This is dangerous since the energy does not contain
any differentiated p and ©° terms. However, by using explicit computations, we will
show that such dangerous terms cancel point-wise with their negative counter-parts or
yield terms that are of total derivative forms and therefore vanish by integration. This
cancellation property exhibits the hyperbolic nature of Euler’s equations.

Claim: The entity 0,C° + éViCi contains purely algebraic terms of p and v modulo
terms inwvolving Lie derivatives with respect to the shift vector field X .

Proof: We compute the term 9,C° 4+ 2V,;C? explicitly. First we compute 9,C° and
V,C! separately. We write the following

atco = [atco]principal + [8tco]remaindem (105)
Vzcl = [Vici]pm'ncipal + [Vici]remaindem (106)
where the subscript principal denotes the terms that involve highest derivatives of p

and © and remainder denotes the terms that are purely algebraic in (p, o). Explicit
calculation yields

27 — 1 . gij v y
[atco]principle = M[l + g(va U)]1/2Pat,0 + 2(’7& - 1) ( L Qatvj

YapN N[1+ g(v,v)]"/

)+ R oo - 2T

N[+ g(v, )2 N T+ g0, 0)
[ViC'lprincipte = %%;Upvivm +2(7, — 1) [pVi0" + 0"V ] (107)
et [zokvm’“ _ 2 (f’f)gg&’gw)] ,

[atco]remainder
e (L R I e L

B N gi;v’ _ gijv"
N2[1+g(v,0)]'2 N[+ g(v,v)]3/?

+2(7, — 1)pi (

1

[pO, N + Natﬂ]) P’

[0:g(v,v) + 29(0v,v)]

1 +g(v,v)]"/

(D90 +gijatvi)) +Ya [9(?’1,0) _ o) } (

+N[1 + g(v,v)]/? 1+ g(v,v)

Pl g(v,v)] 71/

(Org(v,v) + 29(0pv,v)) — P T 90, U)]1/2 atN)

2N N2
Vap[l +g<vvv)]l/2 g g(U7®)2
+ N [(&tgij)v v+ m(&g(v,v} +2g(0pv,v))
g(v,9)

__ IV gt 4 giidd) | |
1_’_9(@’”)( 19 V'V + gi;0" O )}
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[vici]remainder (109)
w— 1p% . w— 192 . . .
N p—QUZVip + i 'O—Vivl + Ya[v'Vip 4+ pV0']
Ya P Yo P
9(v,9) - } i (29(% Viv)g(v,0)?  2g(v, 0)g(d, Vzv))
———— 4 g(5,9) | + 7a - .
1+ g(v,v) 9(0, )| + Yapv 1+ g(v,0)]2 1+ g(v,0)

Now notice that there are several terms involving derivatives of the commuted fluid
variables (p,?) in the expressions of [0;C°principar and [ViC¥principar that appear in a
complicated fashion. Therefore we need to carefully combine these terms to obtain
cancellation of the dangerous terms. Using the commuted equation , we expand the
first term 20= D1 + g(v, 0)]Y2)0up of [O1C)principar as follows

2(va — 1 .
20D+ (0,0 %50 (110)
2(7a — 1) "y Vap NV’ Lo 7apg(0i0,v)
—2le g / _ L _ falPIATET T
U R N s e A Ty
B NL,p YapV; L x 0 T
all+g(v,0)]/2 " a[l+g(v,0)] "~

Now collection of the principal terms together with the previous expression yields

1 .
(atco + —Vﬂ) (111
a principal
2(7.— 1) "y Yap NV 0’ Lo 7pg(0,v)
—2Ne g 251 — - _ faPI\TET T
’YapN [ +g('U7’U)] P a[1+g(v,v)]1/2 a xpP 1—1—9(’0,1})
B
N Nva ”)/aPUiLX@i ‘I‘ 2(7a - 1)pg(va atv)
all + g(v, )2 " a[l+g(v,v)] )T N[+ g(v,v)]12

-~

—-B

o6, 0y0) — PaP9(v:0)g(v, 99)

N[+ g(v,0)[2

2(7a — Dg(v, )0 27ap[1 + g(v, v)]V/?
N1+ g(v,v)]"/? N

1A: Combine and use equations of variations

[\

1 /2va—1). ;o . e i i s _ . 29(v, ¢ , Vit
+-— <Mpvzvip +2(va — D[pVi0" + 0'V,p] + ’yapv‘[kaVifuk — 9(v, 0)g(v U>])
a Yo 1+ g(v,v)

We have numbered the terms here so that we can keep track of each dangerous term and
how they cancel with their negative counterpart. First notice that the terms denoted
by B and —B cancel each other (we denote them accordingly). Now we consider the
combination of three terms denoted by 1A

2(va = 1)g(v,9)0p  27ap[L + g(v, v)]"/? 27.p9(v, ©)g(v, O;0)

R TR0 T N 900:00) = "N g, o)
__ 2(0) : L 20l g0 )]
- N[l + g(v, v)]l/g ((7{1 - 1)atp - f)/apg(va at'U)) + N g(v, at’U)

QQ(Ua U) . ’}/ap . ’7ap k . 'Ya - ]- .
= a 1 - y L — —
N1+ g(v,v)]/? ((7 )0 — g(v g XU gl Vv o Vp
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1 -1 T
_Ja” vLyp — (Yo — Dvdsp + Ja vLxp+ 2)>

CLO
(z_l . 'Ya 1

L+ g(v,0)]"2 (7, a
[ g(U U)] g vpLXv_rylz kaU— > Vp_ ULU,O
au au au?

-1 T
vLxp+ —(2))
u
2[1 + g(v,v)]"/?

_ 2¢g(v,0) .
= N[t g(o. o) ((Ya = 1)Aup(1 + g(v,v))) — N (Ya

+

(e — D0dip+ 2
- 1)g(v,v)8tp

J/

vV
point—wise cancellation

Va7 (000 ) 4 St o) 2

+7¢;;Olg(v, V) Lyp — %T_lg(v, v)Lxp — g(v, %))

L2 g](\i;,v)]l/Q <%pg(@’LX®) B %g(i},vkvkb) B %;;)1@’“%/)

—%;;)lg(u, ) Lop+ 2L g0, 6) L + 9(0, %)) 4 20a - 1>ip+]\[9(v, v)]l/zp.Th

2g(v, ) Yap | YaP ko oy, Ya— 1.
= — L% (v, L v e Cr,
N1+ g(v,v)]'/2 ( 9o, Lxd) + auog(v, vIV0) + aud P

’Ya - 1 .
P Lv
+ 2 g(v,v)

-1 : T
o0 L g0, ) )

20 1/2 —1
[1+g(v, )] (w (6, Lxd) = 220 9(0, 0" Vi) — =itV
au

N
Ya=1 o e TR 200 = D[+ g(v,0)]2
a0 )L g0 L+ g, 1)) + 20

Substitution of 14 in the expression of (9,C° +
the possible point-wise cancellations) yields

+

éViCi)prmm-pal (after carrying out

o 2a—1) .o o 20— DA+ glv, o)
OC° + =ViC)principat = ————=pV;0’ : L 112
(O +-V Yprincipal pVi0" + i pN pLxp (112)
b
20%a—1) . . 2(7%a—1) . .
_ — L, L
_ @ap ! p+be[1 +g(v,v)]1/2pg(v sz
}? I‘I,I

L[ 2(v.—1) 2¢(v,0)g(v, V)
+= | L' Vip +2(Ye — D[pVid" +0'Vip] + yapv'[20: V0" —
po'Vip if] + Yap Q/_/ 1t g(0,0)

al  vap
~- v ~
—1I VI
2g(v, ) Yap Yap K Ya— 1 Yo — 1 :
- L Lol v L, L
N[1+ g(v,v)]'/? a 9(v, Lxd) Ta g(v " kvz _aud P 9(v,v) vp,
VII

7VI
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. . aP . .
N g(v,LXv)—Wg(v,kakv)— 0 V"V ip
v 1V
P)/a_l . . '-Ya_l . . . 75
- aud g(U,U)va/—F\ N g(Uﬂ])LX,?_{—g(U)E)
VI 1T
2(7a — D1+ g(v,v)]"/?
200 = DL+ g2
YapN

Here the terms that are denoted by the same number belong to the same category, that is,
the combination of these terms yields lower-order innocuous terms. The remaining terms
are denoted by numbers and their negative counterparts are denoted by the negative
of their numbers. Note that there are three terms that fall under the category I11
that requires the following few lines of additional calculations to generate lower-order
innocuous terms

pg(v, Lx®) = pg(v, X"V — 0"V, X) (113)
= pX Vig(v,0) = pg(X Vv, 0) — pg(v, 0" Vi X)
= X"Vi(pg(v,0)) = g(v,0)Lxp — pg(X* Viv,0) = pg(v, 9"V, X)
= —g(v,0)Lxp — Lx(pg(v,0)) — pg(X* Vv, 0) — pg(v, "V X).
After all the possible cancellations, we collect the remaining terms to obtain the following
final expression for 9,C° + %Vici

1 .
/(&CO + —ViCZ)N,ug
) a

2(7(1 — 1)(1 + g(U, U))1/2 . . 27apg<va U) g
= Lxp— L
/E‘ a”)/apN P ij aN[l—l—g(U,U)]lﬂg(U’ XU)
b 7
29(v, 0) Toy 2Pl +gw, o) 21+ g(v, )]
_ = L
N1+ g(v, v)]l/Qg(U’ uo) N alN 9(0, XU)/+ N
i1
2(7, — 1 . . : . . .
e | Lxlg(o,0) +h0CX V0. + a0, 9,0
v
2(v, — D1 4 g(v,v)]/? .
LR ES TR
Yo—1 (114 g(v,v)]71/? 1+ g(v,v)]"/?
+ 5 <[ 2<pN>] (Org(v,v) + 2g(0w,v)) — [ ,02(N2 )

(114)
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8tNgz‘jUi . gijvi
L+ g(v,v)]'? N1+ g(v,0)PP/?

+2(7, — 1)pi? (— e

1
+

[0eg (v, v) + 29(Orv, v)]

[1+ g(v,v)]"?

(atgijvi‘f‘gijatvi)) + % {Q(M)— oo, 0 } (

N[1+ g(v,v)]/? 1+ g(v,v)

el g(v,v)] /2

(i9(v, ) + 290, v)) — LTI @N)

2N N?
| Darll +inf(v, v)]'? {(&gm)@w Ty ot oF i(;’&s’)i)]z (0ig(v,v) + 29(dp,v))
1 i(;(:}}) v) (G105 + 94 Diatvj)} - é <—%’y: : :i_zvivip - %7: : %iwji b Ve
R I e
Ny

The terms that are numbered I, I1, I11, and IV contain derivatives of p and v. However,
these are innocuous since these derivatives involve Lie derivatives with respect to the
shift vector field X. We will reduce these terms to lower order terms through integration
by parts operation which will be discussed in the next section. The remaining terms are
purely algebraic in nature. This completes the proof of the claim. Recall from equation

(102) and lemma 3 that the time derivative of the total energy reads
dEtotal dEE’zn

1, 1 |
_ 0 N7 .t A vl 's’ _ 0
T +/E(8tc +aVZC +(aV@X +N8tN)C

1 . na
—C'V;N | N — [ N(N = 1)C,.
+aNCV > Mo+~ /E ( )C g

Using the reduced expression for 9,C° + %ViCi 1} we will estimate %.

4. Energy estimates

In this section, we will obtain a differential inequality for the total energy. For this
purpose, we will need the following set of inequalities.

4.1. Important inequalities

1. [68] Let fi € H", fo € H” and k < min(ty, tg,t1 +12 — %), t; > 0 and some t; > 0,
then the following estimate holds

1 follme < Cllfillae | fol e (115)

2. [69] For P € OP*, s € R, the following holds
1P fller < ClIf]

Here OP? denotes the space of pseudo-differential operators with symbol in Hormander’s
class S5 (see [69]). For ezample V[y] € OP'.

I;Is-‘,—r7 T E R (116)
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3.169] Assume P € OP*®, s> 0, then
1P, Al fellae < CUIVIVAl ool ol l[mromrve + (L fillmese I folle) — (117)

4.[69] Let 1 < s < p and F € C*R) with F(0) = 0, where C*(R) denotes the Holder
space. Then for f € H°* N L*, the following inequality holds

IEH as < ClL s (1411172 (118)

5.[70) If s > 0, then H® N L™ is an algebra i.e.,

[ fifellms < CUlfillze [ follms + [ fullms ] foll ) (119)
and for s > 5 +1
[ fifollms < Cllfillmsl] follas (120)

due to Sobolev embedding.
In addition to these inequalities, we will also use Holder’s and Minkowski’s
inequality whenever necessary. First we obtain the necessary elliptic estimates

4.2. Elliptic estimates

In this section, we will obtain estimates for the perturbation to lapse function w = N—1,
the shift vector field X, and the shifted shift vector field Yl + %X . These estimates
will be obtained by utilizing the elliptic equations that are obtained by means of gauge
fixing. Before moving to the analysis of the elliptic equations, we need to obtain an
estimate for 0,y describing the motion parallel to the center manifold A/. The following
lemma provides an estimate for 0y

Lemma 4: Let v € N be the shadow of g such that ||g — v||gs < 0 for a suitable
6 >0, s> %4 2. The N—tangential velocity O,y verifies the following estimate

9o 2
a 1
< 0 (Elhollaon (14l + 50+ oK
1 1
X sl + 11X )
a a

for a constant C that depends on a fixed background geometry.
Proof: In the light of the shadow gauge condition , the N'—tangential velocity d;y
satisfies

10y < ClOcgl[ -1, (122)

where the norm in the left hand side refers to Sobolev norm of arbitrary order (since
Oy is an element of a finite dimensional vector space). Utilizing the evolution equation
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(51) and Minkowski’s inequality together with the fact that H** < H®2 for s; > s, we
obtain

11 (123)
a 1
<C (EHM Hs+1(1 + ||U| H) + E<1 + ||W| HS“)Hktq Hs-1
1 1
—|——||X| Hs+1||u| Hs + —||X| Hst1 ],
a a
and in particular
1071 (124)
a 1
<c (a||w| s (1 1) = (1 [l
1 1
21X e e + 11X et
a a
with a possible modification of the constant C'. [

Now we will obtain the estimates for w, 9, N and X utilizing the elliptic equations
obtained through gauge fixing. The following lemma provides an estimate for the
perturbation to the elapse function.

Lemma 5: Let Bs(0) C H® x H* ! x H*=' x H*™ be a ball for sufficiently small
d > 0 and (u, k', dp,v) € Bs(0) solve the re-scaled Einstein-Euler-A system in CMCSH
gauge. Then the following estimate holds for the perturbation to the lapse function
(w=N-1)

[|w]
C(IK" o1 + a* ™| [0p]

et < (125)
e+ a2 ol B (1 + [[0p ).
Proof: The elliptic equation for the perturbation w = N — 1 to the lapse function N

reads
, 2C,a* " 1 e (MY — 2)
Agw + (\kt % + 7’;_ : — + a® 7a[ﬁ + Ya9(v,)](C, + 6p) | w
>0
9
= —\k:“"|§ — m—a2_"7“(5p — 7aCpa® ™M g(v,v) — yua* "M g(v,v)dp.

-1

2C,a%~"a
n—1

Now the elliptic operator Ag+(|k:”"]2 + + 5 4 a? e [(12e=2) 4 o (v, 0)](C, + 5p)> id :

n—1

H*™' — H*~!is an isomorphism yielding the following estimate

e < (126)

CIE" [ Fremr + a*7][0pl | rro=1 + @[ [0]Fa=s (L + [|0p] [ 11-1)).

A short proof by contradiction may be as follows. Let us denote the elliptic operator in
o1 S || Q|| gs—1 does
Hs+l — 1 and HQer’ Hs—1 — 0
as i — 00. Now ¥ is compact and therefore H**! is compactly embedded into H*~!

]

question operator by Q. Assume that an estimate of the type ||w]|
not hold. Then there exists a sequence {w;}°, with ||w;]

notice s > 2 + 2). This yields a sub-sequence {w;. } converging to w* € H*! strongly
2 J
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in H° ', which by construction satisfies Qw* = 0. This contradicts the fact that the
gsr1 S |JAw||gs-1 holds

operator (2 is injective. Therefore an estimate of the type ||w]|
Vs > 1 (which is satisfied here since s > 5 + 2).

Estimation of the shift vector field is slightly more involved since the CMCSH gauge
is known to exhibit the so called Gribov degeneracy [71],[72]. The shift equation reads

) 7 j 2 s\ 7% j 0 1]
AgX'— R X7 = —n(l— ;)av N —2V/NE" — 2NV k" (127)

+2NE" — 2V XF) (Dlglj — T5) — ag? oL [y}
In order to estimate X in terms of the remaining variables, we want to show that
the map X — A X’ — RIX7 + 2VIXF* (T[g]i, — Tly]i;) is an isomorphism. However,
apart from the operator A,, the remaining two terms do not have a definite sign.
Therefore, it is not obvious that such an isomorphism property holds. However, here

we will explicitly prove the isomorphism property of this operator using the small data

assumption (||g — v||gs < §). The following lemma provides the necessary estimate for
the shift vector field.

Lemma 6: Let Bs(0) C H® x H*" ' x H* ' x H*™! be a ball for sufficiently small
§ >0 and (u, k', 0p,v) € Bs(0) solve the re-scaled Einstein-Euler-A system in CMCSH

gauge. Then the following estimate holds for the shift vector field
X |1 < C (al|w|]rsr + [[w] grssr [|K7 || =1 + @®7 ™ (128)
{loll7=s (1 [l [2=) + [[0] o=} + |57 i)
+C (allw|lmeer (1+ [Jul =) + 167
Proof: The first step in obtaining the estimate for X is to prove that map X ~—
AgX' — RiX7 4+ 2VIX* (T[g)i, — T[y]i) is an isomorphism between suitable function
spaces. Let us denote the flow of X on a constant time hypersurface by s (s being the

Hsfl||u|

o)

flow parameter). Let us pull back V* (where V? := ¢*(T'[g]i, — '[7]%,) is the negative of
the tension vector field) by the flow of X to obtain the following

[(EEV)]) = (0ig)* (:(Tlg) = T))iu = (2i9)™ (Tleig] — Ll

which holds because of the fact that the difference of connections transforms as a section
of a suitable vector bundle. Differentiating both sides with respect to s and setting s = 0

yields
LxV* = (L) (Dlgly — TRl + < (Tlio] — TleinD)i) oo
= (Lxg) " (Tlgly ~ Tl + 50" [V, (Exgue) + Vil Lxg)
—Vi(Lxgjx)] — %gjk”yﬂ VIV (Lxvie) + VIv(Lxvi) — VIvi(Lx )]
Explicit computation in CMCSH gauge (V* = 0) yields
VeV X+ REXT + 2VF X (D[gli, — Tk (129)

= "V VX, + M RV © 1 X7
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where X! := X;7%. Now the map P : X — —g"V [y, V[7],.X] — ¢" R[y|mr * 1 XJ" is an
isomorphism which may be shown as follows. Let’s consider that ker(P) is not empty
and 0 # Z € ker(P) i.e.,

—d"VIV VN2 = " R )i 1 2™ = 0. (130)
Multiplying both sides of the above equation by Z and integrating over X yields

/ (=d"Z VWV IV Z = M Z RV 1 Z27™) 1y = 0 (131)
>

/ (VN ZVIZE = A R 22T — (g™ — A Z NV [ V2
b}

—(le - ’Ykl)R[’Y]mkizZiZm) py =0

s < 0 sufficiently small, we have

Now for ||g — 7|
(VVIZVINZ = A RN mka Z2' 2™ = (9" = A" ZV WV 2T (132)
—(g" = YR ]mka Z2'Z™) > 0
since Ricci[y](Z,Z) < 0 yielding
Z=0 (133)
i.e., ker(P) = {0}. Since X is compact and P is second order elliptic, showing injectivity
is enough to ensure its isomorphism property. Therefore in CMCSH gauge, we establish
the isomorphism of the map X — ¢"V,V, X" + Ri X7 + 2V* X (T[g]}; — T[7]},). Using
the equation for the shift (127]), this isomorphism yields the following estimate for the
shift vector field

1X]

2 . ) )
e < O] ((1 — 2)arV'N — 2VI Nk
n

—2N (’yaa2_”7“p(Nu0 — 1" + ’yaa2_”7“pvi) + 2Nk:tTjk(F[g]§k — F[y];k)
—ag”@tFMZ) |
The source term that is present in the right-hand side of the previous estimate ((134)

contains several terms that are multiplied by a which may be potentially dangerous.
?j
needs to be estimated (notice that it is multiplied by a). Since d;y is tangent to N, it

Hs—1.

We need to keep track of these terms carefully. The most problematic term ag®”9,I'[7]

may be written as follows

oy = — R — Ly, (134)
with Yl satisfying
VIV ] Y1+ RIYYT) = (KT 4 Lyy) ™™ (T[] (135)

and AT € ker(L,.). Now v, [y] = v DI [] - Oyy for Oyy € T,N may be
written as

= 29"V V"0 vin — V] (tr,07),
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from which v™* DI [v]hTT!l = 0 follows immediately since Vh]ih-T-TH =0, tr, ATl =

ij
0. The remaining terms lead to the following

—™ Dby - By = 29V )" (VLY + V) = 291 (9 1)y 1)
= 27" (VY V1Y ™ + Rk Y I™) + 2V 3]V 3], Y1 = 2V 3] (V[ Y1)
= 2(VH]"Vy]n Y1 + R[yL, Y1)
= 2(Lyiy + K™ (P = Ty Tan)
= 2(0)™ (T[] = T[7" T -

This yields
|Iy™" DT[], 007

Therefore, using triangle inequality, we have the following

g™ DY 0l < Clllg — o

Utilizing the estimate of J;y from lemma 4, we obtain the following estimate for the
shift vector field X
X (1= Clulle + by ="l )3+ ) (139
< C (allwllge+r + |l (167 [ o1 + a® =™ (1 +[[0pl [ r+-1)
(lollFrems (U Nl ) ol + ([0l re=r) + & |- | Jul | )
+C (a]|w]| =1 (L4 [[ullgs) + (1 + |Jw]|zs1) ]| E"]

w1 < Clly = 2= 1067 [ 11 (136)

o+ 17 =78l (137)

o o)

which for sufficiently small ||u||gs + |7 — v*||gs yields
| X |rs+1 < C (a|w]
(1ol F7er (1 + [l

+C (a

wret |67 |1+ a*7 (1 + []6p]
Hsfl) ‘I— ||k,t’f‘| H571||U/| Hs)
Hsfl) . |:|

Hs+1 + ||(_U| Hsfl)

Hs—1 + ||U|
me) + ||K]

Here several terms contain the factor @ which may be potentially dangerous. However,

He) U|

1 (1 + ||ul

wl

the structure of Einstein’s equations is such that these potentially problematic terms
are always multiplied by % in the energy estimate thereby turning these into innocuous
terms. We will discover this fact in a later section where we study the energy estimates.

It is worth mentioning that the smallness of u := g — 7 is extremely important in
the proof of the isomorphism property of P. The size of the Gribov domain is essentially
defined by the smallest value of ||g — v||gs for which the isomorphism property of P
holds. If g leaves the Gribov horizon, then the CMCSH gauge orbit develops direction
(or directions) of tangency to the gauge slice introducing degeneracy [71], [72]. However,

in the current context of stability problem, such problem does not arise due to the
smallness of the data.

In addition to estimating the shift vector field X, we note that a new vector field
Yl 4+ %X enters into the field equations . In order to estimate this new vector
field, we will have to perform a series of calculations. The following lemma provides an
estimate for Yl + %X
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Lemma 7: Let B5(0) C H*x H* ' x H¥ ' x H*"', s > 242 be a ball for sufficiently
small 6 > 0 and (u, k™, dp,v) € Bs(0) solve the re-scaled Einstein-FEuler-A system in
CMCSH gauge. Then the following estimate holds for the vector field Yl + %X

X
hd +E| et | KT

1
Hs+1 + —||w|
a

ae=1)([[0]

1
me + —|[ul
a

a
e < C <—||w|
a

+a' e (1 + [|w]

Hs—1

=1+ [0l (1+ [

o) (L+ 1160

1))
0l )

Proof: Let us recall that the A'—tangential velocity 0,y verifies 9,y = —h™7Il — Ly v

1
(L [l [[K7] 1 He

X

ol o+ Ilul

and an explicit calculation shows that the following holds
YO Wi = Y™ DY Wi - 07 = =7 DTy ]5 - (B 4 Lyiy) (139)
= =" DU - Ly = ="V V[ 1 = RLY Y.

The calculations from the previous lemma yields
g'ViVIX' + RIXT 4+ 2VEX (Dlglyy — Thl) (140)
= "V VX 4 ¢ R T X

which by the virtue of the shift equation (127)) yields

X! X! 2 4 .
— "V IV = "RV T 1= = —(1 = =)n—V'N
a a n a
9 9 9 . . )
—VINK = =NV R + ath”k (Tlglse — CIVke) — g7 0TI,
or
X! o Xm 2 4. 2 ‘
— V"V VI— = ARkt 1 —= = —(1 = =)n=V'N — =V/ Nk
a a n a a
2 9 ) ‘ ‘ » X
—=NV K™ 4+ =NEF (Plgly = Thie) — 9700 + (6% = ") VIV L—
X
+(g" = YRV ! 177

which yields after adding —v*V 1], V[1YA" = Y¥R[Y]r * 1YA™ and using equation
(739

X . XM 2 4
2 ) 7 2 1] 2 ] 7 7 mn 7
—=VINK" = =NV + =NE"* (Clgl = T5) — 97" [
X! X

+(g" = OVOLV L= 4 (6" = 3™ Bl 1=
which yields using momentum constraint and H®' — H*2 s1 > 59

X a 1
HY%_wmﬂsc(ﬂmmﬂ+%wmeﬂmm
a a a
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ao=1) ([[0]

1
ms + —||ul
a

+al " (1 [|w]

o) (1+ [13p)

Hs—1 + H'U’

?{571(1 + H/U/’

He))
@ﬂmo.

In addition to the above estimates, we need to estimate 0;/N as well since it appears

in the time derivative of the fluid energy current (105). We commute the vector field 0,
with the elliptic equation for the lapse function to obtain

2C > 1 (nYa —2)
A N ktr 2 P 2—n7aq a
@)+ (ke 2P L e e (0, 0))

N

met1)||K7

H571||u|

X

Hs H5+1 + ||u| Hs

1
—(1
= (14 ol

J/

-~

>0

N

aN a 2 — —
= —NOJK"|; - le)at(a2 M96p) = YNOW(a> g (v, ) (141)

2C ,a* e 1 (ny, —2)
—0 £ C,a® "Me 022
‘ ( n—1 * n—1 MG n—1

—g70,I[g]%;ViN.

) (N —1) + 89" V][giV;N

The following lemma provides the necessary estimate for 0;/V.
Lemma 8: Let Bs(0) C H® x H*"' x H*' x H*™! be a ball for sufficiently small
d >0 and (u, k™, dp,v) € Bs(0) solve the re-scaled Einstein-Euler-A system in CMCSH
gauge. Then the following estimate holds for the time derivative of the lapse function
10N |z < C (|0 3]

+aa' ™| |v|

Hs—2 + dalin’yaH(Sp‘ Hs—1 + a27”7“]](9t5p]|H5_2

7rem1 + a*7([|0:9(v,v) + 29(Ov, V)| fre-2) + aa' T |wl

Hs+1
HOgl o2 ([[wl o+t + [|ullas [|wl[mo+1) + Cllw]| oo (1 + [[ul[ )
a 1 1
(bl (0 Dl + 20+ ol s+ 20X el
H(L A+ [lul o)1 X |5+1)))

Proof: Elliptic regularity theory when applied to the equation for the time derivative
of the lapse function (141]) yields

10N |77+ (142)
aN a 2 — —
< 01— Nower g - 22 2 sy o N (a2 g 0, 0)
2C,a?~ "% 1 9 nve (MVa — 2) g
o nYa N —1 v V.N
8t( — —|—n_1+0pa — ( )+ 09" V[gliV,
_gijatr[g]fjka| Hs—2

<C (||at|ktr|3| mo2 4 aa"™"||6p||gs—2 + a* |00 p|| o2 + aatT™ |||
+a2_”7“(||3tg(v, v) + 29(0v, v)||gs—2) + dal_m"||w||Hsfz
10l o2 (|l s + Null e[|l ra-1) + |17 AL (9]} VN =) -

Now we need to estimate the last term i.e., |[g”9,I'[g]};ViN]|
following way. Explicit calculations yield

197 0.L (9] V|

2
Hs—1

s—2. We do so in the

Hs—2 (143)
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= Hgijgkl<viatglj + Vjatgil - vlatgij)ka‘

Hs—2

Now before applying the algebra property of the Sobolev spaces, we do the following

Vibigi; = Vi0gi; — (Clgliy — TVi)Oegms — (Tlgliy — T3] ) Orgmi (144)

and write (Lxg)ij = X*V[v]xui; + gixV[V]; X5 + gx; V[7]; X*. Combining everything, we
obtain the following estimate

197 0.L (9] V|

Hs—2 (145)

a
< OIN = Hfgs (1 + [[ul o) <5|IN— U g (1 +[lul|-2)

1
He-2 +a(\|X\

el

1
(L [N = 1 ) [ oot

+( A+ [ullg-2) | X |o-1)) -

Collecting all the terms and using H®* — H®, s > Sy, we obtain the
result. O

Notice that there are terms such as ||0y[k" [2|| s, ||0:0p|| o2, and [|g(Opv, v)|| s
estimation of which require the evolution equations. The following two lemmas provide
the necessary estimates.

Lemma 9: Let s > % 42 and Bs(0) C H* x H*' x H*"! x H*"! be a ball for
sufficiently small & > 0. Also let (u, k", dp,v) € Bs(0) solve the re-scaled Einstein-
Fuler-A evolution equations. Then O:k'" and 8t]k“"|§ verifies the following estimates

10K

152 )| |K"]

me=2)||K"]

2
Hs—2

a 1
mzso(;rHW| s+ (L4

+al ™" (]|w]

o2+ [[0pl| e (1 + [|wl[mo-2))
e+ al "ol [ (1 [[w][ms-2) (1 + [0p]|rre2)

1
+—{|w]
a

1
—(]|X
+= (1]

H572||k‘tr| Hsfl||kztr|

mzo,

T éL 1 T
0 il < € (Cllollo + 50+ lell-2)l 1K

a1 + || X|

H572)

1
+—(llul frs) (1 + |||

ms + ||ul

1
+-|1X]
a

me=2))[|E"]

o2l e+ 11X s (14 [ 2o

(4 [ull =) 10k |[z75=2] K" || =) -

Proof: Let us write down the evolution equation for k;f; in the following way

Ok} a L1 1, |
a—t] = —5(71 — 1)kfj — EV[’}/]ZVJLU + EX V[’}/]kkfj + %Nﬁmuzj -+ fgij,

where F; is defined as follows

2 . WYaCp + N (7, — 2)0p w
]:i‘ ] ktrk,trk 1—n7vyq a~’'p a ”
21g (I( +w) ik'Vy +{a n—1 +CL(TL—1) Gij
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1
2a
1-n7v44 1 tr k 1 tr k
—Yadd a (1 + w)(Cp =+ 6p)vivj + ak’sz[’}/]]X + akkJV[’}/]ZX

a
+— " (V[Viwj + Vi — VV]kw) Viw — 5(” — 2wk (146)

1
+5( 14 w)Jis-
Using Product estimate (119)), other elementary inequalities, and ||J||gs—1 < Cllul|%s,

the estimate for 9;k"" follows. For 9y|k"|2, we write the following using symmetry of k*"
and g

QK" (5 = 09" g kijkiy) = 20,9™ g KT Riy + 29" g7 Ok Ky, (147)
and use the product estimate , equation of motion for g , and elementary
calculus inequalities to obtain the desired estimate.

Lemma 10: Let s > % 4+ 2 and Bs(0) C H* x H*™' x H*~! x H*™" be a ball
for sufficiently small 6 > 0. Also let (u, k', dp,v) € Bs(0) solve the re-scaled Einstein-
FEuler-A evolution equations. Then the 0;0p and Oy verify the following estimates

a 1
1002 < C (EHvl -1 (L4 [[w][ren) + (K e o]

- (148)

1 1 1 1
11X g ol rems - Hollems ol lecs iz + 1ol o] oo

a
-1+ —||w]
a

1 1
+-10p| 1) + —|[v]
a a

=1 (1 + [[v]

o +]1X

H571||U| H5+1||U| Hs+1

1 1 1o
X e 10pl e + 0]l a2 1]0p] [ o2 + EIW | zzs=1[[0] 3o

a 1
2 olees + =l

1
bl Xl -+ 1ol ol )
a 1
00> < € Sl 0+ ollo) + I ol (149)

1
+-|1X]
a

1
o=l ul e + = ||l

we)) I

1
2 —_—
Hs—1 + aHUl

1
T
a

HH'IHU’ Hs+1

1
+-lop|
a

e (14 [[o] Ho1)

e 4 11X

esallo]

1 a 1
ol ol 1+ ) + Sl + 11X Lo 6l

o1 X

1 a 1
mo-1|[0p]| s + aHk’m o=t | ] 3 n + 5HU| 1+ EHU! Het1

Hs—l)

Proof: In order to estimate 0;0p and 0;v, we need to obtain their explicit expressions.
We do so by using the original evolution equations (53H54)) and elementary linear algebra

Yap 1+ g(v,v)

1
+=|[v]
a

1
+—HUJ‘ HSHHU’
a

O = 1+ 29(v,v) — Y49(v, v)g(Zz’ v) + 1+ 2g(v,v) — va9(v,v) Z1{150)
T __ (7(1 B 1)9(22; ’U) . (’7@ B 1)(1 + g(vvv))zl Ui
e s vty B o i KW
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+Z5.
Here Z; and Z! are defined as follows
Yap NV 0 (N — Dnyepa 1
Zy = — — -L 152
! a[l + g(v,v)]1/? a e (152)

NL, PN 1 ' WPV L xv°
all +g(v,0)]'? ~ 1+4g(v,v) \a a a[l + g(v,v)]

YaNpLyN
all + g(v,v)]/2’

‘ a 2Nl<;§.”vj 1 ‘
Zi=—2N—-1—n(y, — 1)]-v'+ —2—+ —Lxv'
a a a
Vi1 : o= 1 i a—1 a1
_U ]U o +g(v7v)va_ 7 vz _ '7 Ulva—i—’Y UZLXP'
au? alNu ayopud ayqpud Y

Now since p = 6p+C, (C, is a constant), action of derivative on p and dp are same and
therefore 0,p and 0,0p will have the same meaning. Using the normalization condition

Nu® = /1 + g(v,v), the composition estimate 1’ the product estimate 1' and

Sobolev embedding, we obtain the following for Z; and 25

1 a 1
1Z21]|gs2 < C <E||U| o=t (L Jfullge) 4 = flwllgen + =X | zes[[0p] -1
1 1 a 1
ol [8pll—s + =K et ol Brocs + ol s+ = el s X e
1
Dl ol )
a
d 1 tr
HZQ‘ Hs—2 S C gH’U’ Hs—1(1+ HW‘ Hs+1) +5Hk ’Hs—lHU’ Hs—-1 (153)
X e ol et S0l rms + 1ol By lal e + 21l
a Hs+1 v Hsfl a v Hs_l a v Hs—l u Hs a w Hs+1
1
8l (L flollaees + 1 X s o HM)) ,

where we have replaced lower order Sobolev norms by the maximum available ones.
Using the equations (150H151)), the estimates for 0;0p and v follow. O

4.3. Time evolution of total energy

Utilizing the elliptic estimates obtained in the previous section and the calculations
associated with the fluid energy current in section (3), we will explicitly estimate the
time derivative of the total energy. We need to estimate the time evolution of the total
energy &;

dEiotar  dEpim | dEfiid

= 154
dt dt dt (154)
Since we have already taken care of the principal terms that arise in the expression
CZEZZ#, we will focus on on the gravity part instead. Explicit calculations yield
dEgin
" (155)

dt
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s

1 d 1 . d I—1gtr tr ik
=2 E/zﬁmuuumvuﬁﬁza/ﬁ ki k™ g
-1 =1
. — (1 ik, jl 1 I ik, jl
_Z 3 z 8tuw UptY Y ,ug+§ L’muij@tum 7 Hg
I=1
1 ' T
+3 [ 10 L5 Juisuny ™ g + / (L4 Ok Ve ™ g
¥

1
w5 | LRk g+ 5 [ 0]

J ] 1 — r1.tr 7 1
8/ Lyoytigtuad (Y g + 5 /Eﬁfz,fkfjk‘il CheI
! I-1g.trytr ik
6 ). Ly uiguny™ " g trg(0eg) + 3 | Lo kT Y g tr4(Deg) ) -
s

Now using the self—adjoint property of L., we simplify the previous expression and
obtain the following

dEpim < 1 ‘
df :Z (/z <Zﬁtu1j££ﬁukwm7ﬂ—|—ktrﬁl L0, kim)y Ayt (156)
=1
1 1 ik . gl 1 tr I-177.tr . ik
+§uij[at7£g,'y]ukl/y ¥ +§kij[at7£g,'y]kkl’7 Y g

+/ ( g £g o (0" " + 4" 00") + 3 o (aw"“v”vw”“av]l))lt
%

1 o 1 1
+/2( uwﬁl ukl'y’k'y]l—{—51{:;;5;:/11{:}?;7“7 )Etrg 8tg,ug).

We will handle I = 1 case first and then use the inequalities listed in section 4.1 to
control the higher order terms. Let us denote the energy corresponding to I = 1 by
E},,.. First let us write down the evolution equations for (u, k") as follows

Ouij 2 e T Lk
o aNkij +hi "+ EX Vilwwi; + Fuij, (157)
okl a o1 1 .1
8_-; = —a(n — 1)1{% — EV[’}/],V]LU + EXkV[’}/]kkfj + %Nﬁgﬁuzj + inj,
where F; and F; are non-linear terms which will be estimated separately
a 1 1
Frij = 2-wgij + (Lyis2x7)ig + auikv[’y]ij + auij[W]iXk, (158)
2 e WYaCy + N(7a — 2)dp w
= — 1 ktrktrk 1—n7vyq a~'p a ”
]:2] a( +CU) k™™g +(CL n—1 +(1,(77,—1> Gij
1 a
+%glk(vmiug‘k + V] jua — V[V]kuz’j)vlw - E<n — 2wk (159)
1

—Yaa@' (1 4 w)(C, + Sp)vivy + k V) XE+ ak,t;;-V['y]iXk

1 ~
—I—a(l + w)Jij-
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The following lemma yields the estimate for the first order total energy coming from
gravity sector.

Lemma 11: Let s > % 4+ 2 and Bs(0) C H® x H*' x H"! x H*"! be a ball
for sufficiently small 6 > 0. Also let (u, k™, dp,v) € Bs(0) solve the re-scaled Einstein-
Euler-A evolution equations and E},, be the ﬁrst order energy of the gravitational sector

defined by equation (84) for I = 1. Then “Ein satisfies the equation

dt

dE%, (n—1)a
in _ _ KR s 4 ER 160
o p (K"K )2 + 1, (160)
where ER satisfies
1 1
ol 1B e+ 11X e [ s+ 2]
a H H a H Hs— a

1 1 1 .
+H|Y !+ ~ Xl fulls + =11 X s [l + = (04 ol laroe) IR |-
+at 7" |w] | e || K7 rs-1|[K"|

a1 ||E] a1 ||ET|

me-1 +al (5]

Hs—1

1
+—|Ju|
a

w|

a
-1 + —||w]
a

2
Hs Hs

a
o+ ol

+a1—”’7ad(1 —+ Hw||Hs+l)(1 + ||5p‘

1
o) [Vl 1K o1+ =1 X [

i 1
18 e+ — (1 [

s+ (1+ ||ul

a
o Mol 1 s + | 211 )

1 1
U ol R s+ 511 s a1+ )
(Nl + 1K Fe1)) -
Proof:
dElin
—p reads
dEg,, 1 ik_j r 1 ik j
d—f = / (3 0ruis Loy S KOk )y 7jl+§uij[at7£g,7]ukl7 I g
T 7
+ /Z <§Uijﬁg,7um(3w”“7ﬂ+7’kaw”l)+ Sk ki (0 7”l+v”“3w”l)) o
1
1 il trtr ik 1
+ guijﬁ 7ukm Fydl 4 k Tk ! étrgﬁtg,ug.
5
?\7

Once again, we consider collection of terms that would yield necessary cancellations to
remove the dangerous terms.

Estimating terms of type I: We first control the terms of type I as follows

1 )
I :/ (Z—latuijﬁgﬁusz ’)/]l -+ ktr(atkkl)’}/ ’}/ >/,Lg
b
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1 2N, 1 ., ik
N /2 (Z (_kaj + - X"V — hy !+ fliﬂ') Ly upy™y" (161)

¢ a w1 1 w IV
+k;; (_5(” — Dk — av[V]kvlw + ava[V]mk?kl + %Cmukl
+F2) 1Y) g
Now notice that the principal term kff L, ,upy™7 cancels point-wise with its negative
counterpart. This is essential since controlling this term requires one order of extra
regularity (since in the case of I = 1, we can not have terms that involve the derivative
of k). We still do have derivatives of k" (and of u) in the direction of the shift vector

field. However, the derivatives in the direction of the shift vector field X are good and
can be controlled through integration by parts as follows

/E XV [Y]mttis Lozway™ ¥ g (162)
= /EXmV[V]mUij (=" VIV [Ysur = V'V [nw = 2R[Y]kpgu™) 14" g,

= [ X"V (= V) Pl = 2R )7

= [ L) Vb L™ =2 [ XVt R
= /E (97 VIV X"V [ ]mui VI ]suny ™" + g7 X"V ]V 3]s V [Y]suay™ ) g
—/EgrsXm (R et + RV jrmttin) VY suray™ ¥ g

=2 [ X"Vl Bl

— 5 Lo X OV V™

+ [ I X Vs V™

— X RAP sty + ROt VD)™
—2/2XmV[V]muin[v]kplqupqvik’yﬂﬂg

1

1
=5 [T blag™ + 6Vl X" + 507 (it + V2t = V2 )
¥

V)i V Y sy v g + / 9"V I X"V [V [ sy ™y g
P

- / X (RIYP irmtipy + RV jrmtip) VY] sumy ™ g
»

_2 / vah/]muz]Rh/] kplqupq'yikryjllu’ga
%

where we have used the SH gauge condition (i.e., V = 0) and Stokes’s theorem on closed
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manifold Y. Notice that all the terms can be estimated in terms of EL, since, the terms
of the type X™V[y]|mu;; Ly ur have disappeared by the virture of integration by parts
and H® < W™ for s > % + 1 (we assume s > 2 + 2 throughout). Here we have used
the definition of £,., and V= g"(T'[g]i, — T[7]i;) = 0 in CMCSH gauge. Therefore the
term fz X"V Y] mwi; £g oty yﬂug is estimated as follows

|/va Y imUsj gvukl'yik’yﬂﬂg‘ (163)

< CUIX =1Vl + (IVIYIX 2o + [1X |z ) full7

Hs

and following Sobolev embedding (since s > % + 2), we obtain

| [ X7V g™ (164
)
< ClXgross (1 [l [rz) el e
The term containing the directional derivative of k' may be reduced to lower-order

terms in a similar fashion. Another potentially dangerous term that appears in [ is the
following term

/ hiTanﬁmukl’yik'yﬂug. (165)
2

Upon utilizing the self-adjoint property of £, . (with respect the inner product used
in this context), we obtain

rr ik ., j T ik j
/ hz‘j H‘agﬁukl’y k’yﬂ,ug = / EQ,’Yhij Hukl’y k’yﬂ,ug. (166)
) Y

RITI|

Now utilizing the definition of £, and the property that £, , = 0, we will reduce

this term to an innocuous term. We have
Loohi = AIRIT — 2Ry T, (167)
= — g™ (VI Viahy ) = V7V lwhy " = 2Rk,
= — (g™ =" (VDI V by ) vmnvmmvmnh?f”
o QR[,Y]ikjlhTTHkl’
= — (0" ="V DIV Olhy ) + Lonhi

where we have used the identity V[y],, (g9 ")™ = —V"u,, and set V™ = 0 since we
are working in CMCSH gauge. Using £, ,hT7!l = 0 (by the definition of A7)

Lo bt = = (g™ = ™) (VWY [ah ™). (168)

ij
Notice that we have already gained a factor of g — 7 in the expression of £,.,hT7Il.
Now we will exploit the shadow gauge condition to obtain an expression for AT7Il. The
shadow gauge together with the expression of an N'—tangent vector J,.7 reads

vy
(9 — 7|a—qa>L2 =0, (169)

(ulhTTN 4 Loy 2 = 0 (170)
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which upon time differentiation becomes
(0| WY1 4 Ly j1ay) 12 + second order terms = 0,
2 1
(== + @k + BT+ =XV gu+ F R+ Lyja) 1o
+second order terms = 0.

Now, in the light of elliptic estimates, w satisfies a second order estimate. Since the
remaining terms are clearly of second order, using the identity (ATT|L 7). = 0 for any
transverse-traceless tensor A7 and vector field Z € X(M), we immediately obtain

2
(=K' — hTT|||hTT”O‘>L2 + second order terms = 0 (171)
a
which leads to
2 24
RITI — Zptrll _ _awgu + second order terms, (172)
a a

where k"Il is the projection of k' onto the subspace of TT tensors belonging to the
kernel of L, .. Now since RTTIl is an element of a finite dimensional vector space, its
Sobolev norm of any order may be estimated by the H*~! norm of %k‘" and H**! norm
of %w ie.,

1
IR < ¢ (a||k”| HsH) , (173)

where the norm on the right hand side denotes Sobolev norm of arbitrary order. Even

a
He-1 + —||w]
a

though w is harmless, we kept the term due to the presence of % factor which may be

potentially dangerous. Therefore the term fz HEQ Suk Yy, is estimated as

T & j 1 a
| ) < € (Gl s + Sl ).

The term fz Frii Ly upy*y3 u, may be controlled as follows. Using the expression of
Fiij (158)), integration by parts, and H*' — H®2, s; > sy, we obtain

’/}—ujﬁg,wukl’yik’yﬂﬂﬂ (174)
b))

a 1 1 .
= | g 2-wgij + (Lyieix V)i + i VYL X™ 4~ VI iX

['g,‘yukl’yiklyjlug |
a 1
<0 (Sl lulla + 1Y+ 21 ).

1
ellle + =X e

Similarly we estimate the term [, k”]—" okt g

I/%BW%WA

e n—1 a(n —1)

a N(v, —2)d
= ’/k (—_ 1 +w>ktr k,trm <a1n,ya&)’y Cp + (ry ) p N w

a
2CL (V[’Y] Ujm, + v[ ] jUim — v[’y]mum)vnw - a(n - 2)‘*}]{33

) 9ij
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1 r
<0 (04 a1k
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1 ‘s
—|—a(1 A [ s ) ||| 3 || B Hsl) .

Collecting every individual terms, I computed as follows
1
I = —u<k”]k”>p + I, (175)
where I, is estimated as (we keep track of the factor 1/a)
1 ., 1

[Ier| < C <5HU||12qs||kt a1+ A1 X o (1 (el [z e[z

1 tr 1 tr)|2 a
ol K s X sl s + 21l

1 1 1
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s+1)||ul
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Estimating terms of type ILIII, and IV: The term /] reads

1 o
IT= g/uij[ata»cgﬁ]ukzl'ym’yﬂ,ug (176)
b
We will control this term as follows
1 o
IT= g/Uz‘j[ataﬁgﬁ]um’yzk’yﬂﬂg (177)
%
1 ik . gl 1 ik 4l
= < | O (Lorur) V" v g — 5 | wiiLynOuy™ " g
8 Jx 8 Jx
Ld g, L i
= - | wiiLgupy"™ Y pg — 2 (@uij)ﬁmukm ¥ g
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8 /2 wis Lo uindh (77" 1g) = 8 /E wig Lo Oy ™ g
1d

ik, j 1 .y
Uij Lg Uy k’yjlﬂg ) /E i L g ura Oy k'yjlﬂg)
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1 o
1 / Uijﬁg,fyatukl’YZk”YﬂMga
b

where we have used the self-adjoint property of £, . Now we explicitly write down £,

and obtain
Il = ga uij(Agukl - 2R[ﬂkplqu )7 Y Mg — g uijﬁgﬁuklﬁt(y v :U’g) (178)
> b
1 o
—Z/Zuijﬁmatuml’wﬂug
L e ik gl 1 pa ik jl
1 o 1 o
8 /s 4 /s
1 - P B . o
N é/ (0eg™ )V [t V [0ty ™ 1ty + 5 / 9™V Ym0t V [mtirry 7 g
= b
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e ] .
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where we have used the fact that [, u; AJury* ' g = [5 9™V [V]mti; V [Y]ntwey™ v pg.
Now we combine terms I1, II], and IV to yield

1 o
IT+I1II+1V = S /(Otgm")V[v]muith]nukwlkVﬂ,ug (179)
>
1 w1 o
+Z/Egmn[atavh]m}uijvh]nukl’y Pyt g + Z/EuijatR[’V]kplqupq’V "y g
1 o ) . 1 o
+ /E (SRR (0" " 4+ "0 ) g + /E TRk trg g

which using the evolution equations together with H®' — H®  s; > s, leads to the
following estimate

1[I+ IIT+1V|< (180)
a 1 : 1

([l -+ ) 4 50+ o IR s+ X sl
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(L [l l)] (ul 77 + 15| Fs-1))

Collecting all the terms concludes the proof of the lemma. 0

Now we will obtain estimates for the higher order energies in a similar way as the
first order energy. Only, in this case, there will be extra innocuous commutator terms
which may be estimated using the inequalities listed in section 4.1. The following lemma
provides the estimate for the total energy associated with the gravitational part.

Lemma 12: Let s > % + 2 and B;(0) C H* x H*"' x H*"' x H*"! be a ball for
sufficiently small § > 0. Also let (u, k', 0p,v) € Bs(0) solve the re-scaled Einstein-Euler-
A evolution equations and Eg;, be the total energy of the gravitational sector defined by
equation Then Eein sqtisfies the equation

dt
dt

where ER 4 satisfies

o 1 . S
__[n - ) Z(k”|£§;1k”>L2 + ER,, (181)

I=1

1 . 1
ER, < C (5!\UII?{sIIkt a1+ A1 X 1o (1 (el [z |7
1
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+EHW\ e || e + EHX’ e | |K ]| Fems + EHW\
1 1 1
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Hs—1 ‘I" _||X|
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1 a
+a(1 + |w!] g+ | [l 3 |16 || =1 + E'M a1 ( )
1 o 1
+5(1 + [w| e ) [|E7 || 5o -1 + 5||X| mor|[ul| s (14 [|ul|ms)
(ull7s + & [7r-1))

Proof: The proof follows in an exact similar way as that of the previous lemma (lemma
). We use the commutator estimates noted in section 4.1 to handle the terms that arise
m, 2<I<s(and k' byﬁégl). O
Now we turn our attention to estimating the fluid energy. This is the most

due to commuting u with £~

important part and therefore we will include every detail of the calculations. Recall
the following expression ((105)) from lemma 3

dEflmd _ /N _1 ,Ug / (atco + 2V, CZ (1V¢Xi + %(%N)CO

Lo N | N
—l—aNCV > Lg

1
- / (@CO + gViCl> Npg + ER fruidar
s
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where ER fiuian reads

ER fruiar (182)
- n_a/ N(N - 1)Cu +/ (VX' + <ON)C+ —CVN ) N
a Jy I s\ a ‘ N' alN ' -

We first estimate this error term ER f1,541. The following lemma provides the necessary
estimate.

Lemma 13: Let s > % +2 and Bs(0) C H® x H*' x H*"' x H*"! be a ball
for sufficiently small 6 > 0. Also let (u, k', dp,v) € Bs(0) solve the re-scaled Einstein-
Euler-A evolution equations. Then the following estimate holds for the fluid energy error
term ngluidl

1
Hs+1 + —||X|
a

Hs+1 (1 + ||u|

a
Rl < (1 ) (155)

e+ {(L 4 [[0p]|rs-1)]|v]
101 Fre—1 A+ 10l s [[6p] s+ [0l o=t (1 4 [[wl [1) (1 + [[6p] [ 115-1) })
Proof: Noting N — 1 =w and — [, C*nypuy = [, NC°1iy = Ef1yia, we have

+(1 + ||w]

Hs+1)||8tN|

1
5] Efuia + E||w| He1

na 1 , 1
Rl < (%l + LIVl + 10N o ) B (18

1
+—||VW||L°<>/ IClpg-
a )

Now writing V; X* = V[y]; X® + (T'[g]F, — T[7]§,) X", using the expression for C* (83))

(e — Dvip? . o g(v,0)’ i
Clim —————+ 207 — D)0"p + yapv' (=57 + 9i0"07),  (185)
Yal 1+g(v,v) 7Y
and using Sobolev embedding, we obtain the desired estimate. 0J

Now we will estimate fz (@CO + iVZ-Ci) N g, the most important term in the fluid
energy. The following lemma provides the necessary estimates for this term. The proof
of this lemma is the longest one of this article. We will carefully keep track of each and
every term and show the explicit calculations behind the estimates obtained. The most
important point to note here is that there are terms that are multiplied by % which may
be potentially dangerous. We will keep track of these terms very carefully.

Lemma 14: Let s > % +2 and Bs(0) C H® x H*' x H*"' x H*"! be a ball
for sufficiently small 6 > 0. Also let (u, k', dp,v) € Bs(0) solve the re-scaled Einstein-
Euler-A evolution equations. The principal terms fz (@CO + ivici) Ny verifies the
following equation

1 » ]
/ (&CO + EVZ'C’> Npy, = —2/ YapNuP 2N — 1 — n(Yaq — 1)]%9(1’}, V) g
= s
+ER fruid2,

where ER fruiaz satisfies the estimate

me 1ol + ol + ([0

1
1ER fiuiaz| < C <a||XHH$+1 [1 + [|u)

sl
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Proof: Recall from section 3, the expression 1' for [ (8tCO + %VZC") Ny,

1_
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P 0 20,09 - LI )

Yap[1 + g(v,v)]!/? g 9(0)?
h@%”“'%u+wqu

N
g(v,@) (a i'j+ za j) + 1 ’Ya_lp2 ] 'Ya—lp
4 g(o,0) e o\ 2 T

o [ ] o (S22 )

+2(7y, — 1)pi? ( [0rg(v,v) + 29(Ov, v)]

+

5 (0rg(v,v) +29(0v, v))

Nipig.

As we mentioned previously, the terms I, 1, I11, and IV contain derivatives of p and
© in the direction of the shift vector field X. We will reduce these derivative terms to

lower order terms by integration by parts. We proceed sequentially starting with the
term [

2(y, — 1 1+gv, o2
r= 20020 [ULI0ONE,, (187

vl [ Lol [ g
a, /(LX( p ) = p"Lx( 0 )) Hg
_Ja— 1 P H gl PP+ g, )]

2 1+ v, v 1/2 2
Y [ g( )] LXp—p_LX[1+g('U,'U)]1/2 /Il/g
p? p

L —1 21 1/2 ) 21 1/2
g /(_p[ +g(v,v)] Viner[ +g(2v,v)] I
a%a 1% P

p? 1/2
—?Lx[l + g(v,v)] ) T

where we have used Stokes’s theorem on closed manifold >. Notice that the directional
derivative of p has disappeared. Using usual trick, we now express V;X* as follows

ViX' = VX' + (Tlglly, — Tli) X" (188)
= V[ X"+ %gil (VYVigiw + VVkga — VIV)igie) X*

\VE

+

Xxp

= V[ X"+ §gllv[7]kgil-

Substituting the expression (188]) of V;X* together with elementary calculations yield
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the following

;%=1 / (_p‘?[l T g(v,0)]?
a%a P

) 1/2 52
p 1+ glv,v 4 - ' ‘
[ p(z ) Lxp— ?[1 +g(v,0)] 7295 XM (Vo

+%gil(VMk9lm + VIV mgr — V[v]lgkm)vm)) Lhg-

Utilizing inequalities (115H119)) and Sobolev inequalities for s > & + 2, we estimate I as
follows

(VX + 56"V riga) (159)

+

1+ g(v,0)]'?
C,+dp

1
n=c =2

1 +g(v,v)]"/?

[|zoe (VI X |zoe 4+ [IX]|oe IV 7 ]ul | o) (1

[1+g(v, )]

+| [z [[ X | 2oo [V pl | oo + ] [|zoo [[ X | oo 0] o

(Cp +dp)? Cp+0p
(1 [ful[e=) IV Dol + [[VINTull oo [[0]] 250 ) Eftuia
Ya — 1
=C (L ol + [Tl oo [0[[Z2)(Co + 110pl] o) IV [V X 200 + X | [V [l |

HL A+ [[ol[Zee + [[ullzee[[0]]2)(CF + [[0p] [0 )1 X | oo [V | 2=
X oo [vl] Lo (1 + [[ul Lo ) ([[V [Y]0]| oo 4+ [V []ullLoo|[0]|2o¢)) Efruia
C(v, — 1
< %(1 vl + [l 0] [Z0) (14 [[0pl o) IV [YIX | zoe + [|X o< | [V Y]] |

(L4 10pl 7o)X oo [0l zoe (1 + Hul [ o) IV Y0l e + IV ull e [[0llz)) Epruia
O Yo — 1
% 2e) (14 [16p] | s)

we-1) + (L [10p] -0 [1X]

-1+ ||ul

< (L+ Il

o1+ |lullas[|v]

(X e + [1X]
(1 [l =) ([ 0]

Now we need to estimate term 7. In order to do so, first note the following calculations

g(v,0)g(v, Lx?) = g(v,)g(v, X V0 — 0*V, X) (191)
= Q(U, U)kakg(va 1}) - g(”? i))g@)? Ukka)
1 . . .
= 5 X"V ((9(v,9))?) = g(v, )g(v, PV X),
substitution of which together with usual integration by parts argument yield
2%a py(v,0) :
I =— L 192
o ] T+ gl opd 12
_ Y [ X'Vi(g(0,9)?) 27 [ g(v,0)g(v, 0"V X)
a ) gl o ?™ " "a | Ti+glo,o 7 1
Ya 2 X* 2%/9(%@)9(%@%)()
= —— v —
o EAl (e o) Ol s e e

o 4(v,0)’ o g(v,0)2X*g(Vi0,0)
" ([Hg(v,vww 1+ g0, 0 >

Hst1 | |U|

Hs+1 | |U| Hsfl

vl

ae| v as—1)) E fruia-
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. zrya / g(U, U)g(va Ukka)

a 1+ g(v, vz M

T g(v,0)? K Ko kO vk
T /([1+g(v,v)]1/2(vka + (Tlglk; — Tl X7)

_Q(U,Q'J)?ng(vkv,v) 27 g(v, 0)g(v, "V, X)
[1+g(v,v)]3/2 ) 7 a / [1+ g(v,v)]/2 Hg-

Therefore 11 is estimated as follows
1111 < 22 (ol B (VX N+ VBl 1) 4+ 11X Lo

(IVRllze + IV ul e [o]l2=) + ][ IV X e + [Vl [z [ X || 20) } Eftuia

< D ol (1

Hs—1 + Hul

X||xor1) + || X]
(Hv! wo-1 ([1X]

Expressing the covariant derivatives with respect to the metric g to that of the metric
v ie, Vo' = Vo' + (Tlgli; — Tli,)v7, the term IT1 reads

s [ X (TRl + (Tlgl, — TP
iy S (p 1+ 90,07
(VIIX* + (Tl — TRIE)XY) + (14 g0, o) X4

o | Pl (0, 0)) gt 0 (VX + (gl = T X,

e+ + |[ul ao |[v]| o

X

HS

me-1) + | [v] e+t + ||ul 1) } Epuia-

sret o] -

plL+g(v,0)]"?

which is estimated as follows
[111] < % (ol Zoe IV [ ul oo [ X (e 4+ [ X [2oe |[0]] oo [V [7]0] [ 2o (193)
HL A+ (ol + [0l Zee lullzo) (ol = (VX o + X || zoe [V ]l 20)
X[ Lo [[V]| ) Eftuia
< & (ol 1X]

Hs Hs—1

s+ + || X]|

e ol e [l

(L [ollz-r + NollFe fellzz) (L 110pl et ) (1X o + X o |l [ 122)
+||X| H5+1||5p| H5*1>)Efluid-
Similarly, the term IV
2(7, — 1) . .
1V = — L 194
/Za[1+g(v,v)]1/2 X(pg(l},?})),ug ( )

— W/Epg(v,b)vk([l_|_g)(i’v)]1/2):ug

20 =) o (VX £ (Tl —ThI)XTY) - Xg(v, Vi)
— /2”9( ’ )( 1+ g0, 0)] 2 [1+g<v,v>13/2)

is estimated as

|IV| S C(fyaa_ 1) || (V["Y]ka + (F[g]kz — F[Fy]llzz)XZ) ng(?}, Vkv) ) ||Loo

[1+g(v,0)]'/2 [1+g(v,0)]*2
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/E (7 + 90, 9)*)ty
C(7a - 1) (

IN

|1 X]

ue))

e |02 (1 [l

Hs+1 + ||X|

tro-1 (1 + [Jull ) E pruia-

Now we will control the remaining terms. One of the terms that is most important to

e + || X]

s+ |ul

(1 + [[o]

us is the following

1/2
M, = / 2“9](\;””)] 906, 2)N . (195)
b u

which upon using the normalization condition Nu® = [1 + g(v,v)]"/? yields

201 + g(v,)|Y? . Ty .
M, :/ [ 9](\?[’ v)] (0, = )Npy = 2/ Ng(0,T2) - (196)
¥ Uu by

Now recall the expression for 73 from equation (82))

Ty = — Yapu’[2N — 1 — n(7y, — 1)]%17 (197)

J/

TV
one of the most important term: generates decay

. 9 o
+ 7D, pul Oy v’ — 4, [P pu® 2N — 1 — n(y, — D]] o' + lefl[pNuokﬁ-”v]]
(. ~~ 7 . ~~ " a S/

i1 29 e

3

a
(. J/ N
—~ —~ ~

+ LD, pu Lo’ = D gl Vo + LD oL+ g(0,0)]V'N]

i4 15 i6

L — 1 o L B . B 4
_i_(’y ) \[Ds ljvz]p/_i_[nps 1’U1Lv]p+g[ps lju(),uzat]p/_\[ps 1,U0U’LLX]€

a/ TV N TV - TV TV
i7 i8 i9 410
a .,
= - %puo [2N -1- n(’ya - 1)}_,01 + Zi‘emainder (198)

a

J/

vV
one of the most important term: generates decay

and substitute in the expression of I M; to yield

1M, = —2 / Yp NN = 1= (700 — 1)) Sg(0,0)p1, (199)
5 a

+2 / Ng(“? Eremainder)ﬂg-
P

This essentially yields the first part of the lemma. Now We will estimate the term
2 fE Ng(l), 7iQ’r‘enuzinder)Mg as follows

|/Ng(7']775remainder),ug| (200)
by

< (1 + ||u||L°°)||®||L2||N75remainder||L2

S O(l + ||u| HS) |®||L2||N75TemaindeT||L2-

In order to obtain ||Taremainder||z2, We use its expression (198)) and estimate each term
involved i.e., terms i; throuh i19. In doing so we use the commutator estimates (116)),
the composition estimate (118)), and the Sobolev inequalities for s > & + 2.
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lirllz2 = || = Nva[D*, pudy] ||

1
<|INpu® Yy DH(T,D - 0) D) 12 + D, (pu = G902
=1
< C((Cp + 110pl ) ([[Nu? = 1]z + 1)][017]

+([IVII(Npu® = Cp)l =030

Hs—1 ‘ ‘/U‘
e+ INpu = G|

Hs—1

HsﬂHﬁtvi\ |L00))

Now utilizing the Sobolev embedding and composition estimate (118)), we obtain for
small data

NG — 1| < Cl[NU — 1|1 < O[]

-1 (1 [[ul o), (201)
which yields
lir]|z2 < € ((C, + [|0p]
+ (Ilv]

tr=2) ([0l (1 + [
w1 (L [Julle) + 110l o2 (1 + o]

Hs) + 1)||(9t7| Hsfl||U| Hs—1
?{5—1(1 + HUHHS))’ at’U||Hs—2)> .

Similarly, we estimate

[[i2][ 2
s—1 0 n+1 i s—1 i
=|[{ [P, (pu” = Cp) [ 2(N = 1) = n(va — ) )"+ D7, 2C,(N = )]v" ) ||z
S C (Hpuo - Cp‘ Hs—l(l + HN - 1| Hs—l) + HN - 1‘ Hs—l) H'U’ Hs—1
< C (ol zpemr (L4 |IN = 1| ge=1) + [|N = L |grs=1) [|V] o1,
. 1 S— ri, ] ri, .7
|[i3][z2 = EIID Hp(Nu® — 1)ES " + pkl o) || 2
C
< = (Ilp = Collas—1||Nu® = 1|[gs=1 + [|p — Cpl|gs—1 + [|Nu® = 1]|grs-1 + 1)
(L lall e K et o] e
C
<< (8ol g |07 (1 + [[ul|gs=1) + 18pl| a1 + [[v][From1 (1 4 || [ grs-1) + 1)
(L4 [Juf| =) [E" | o= [J0] [ g1,

: 1 5— 7
[ Nia|lz2 = ~[IN[D L puL]v'|| 2

< C Nl X4 T + [0, XV — oD, VX
D TR+ (D, (N = CIXT bl — Bl )12

< (U4 a0 4 10— 1) + 1IN0~ 1]]5)

(X s el + IV BIX e IV ol + [l X

11X e [Vl -+ ol [VB1X L) + (9N — Gy~ | XHPe
AT s+ N = Gyl 1YV et? — oK )
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C
< — (U 110pl e (1 [l e (14 el =) + ol s (U (e[ 1s1)
X azsea [0l e+ 110p] e (L4 [0l Fromr (14 Huallzrs=2) + [0l e (14 [l 772-1))
X | s+ [|0]] prs-1)

. 1 s i
|[i5][L2 = EWD L ot Vv e
C

IN

— [ (po" D1, Vo' + po (D™, (Tlg] = T’ + [P, o]
Vet + (Claly — T0Je) s

< ool liolse-s + IVl 1o
HIVI(po)lle= IV Y]l o2 + [l 0]
ol 19l o)

C
< P ((1 + |[0p

(
<

i1 IV ull - |[ollZe
a1 [Vl + [V (p0) [ [[ VIV ]ul

e-2lll e

=) [0l 3o |l 1rs-1)

ms + (14 |dp|

=) [0l [gar 4 [[0llZre-a ]

: L e ij
[lisl[22 = ~IID*™ (p(1 + (v, v))g" V;N) ||

#re=1) (1 [0l e (14 [l

1)) |[N =1

C
< " ((1 + |]0p

Hs)a
: 1 s—1 _ij

lizllze = —II[D*, g Vnslpll:
Lo

= —[I[D*, g7V ;1o 2

< — ([IVopllz= + IV [y]ull = [[Vp]

w1 |[Vpl| oo + [[ul] o=|0p]

Hs—1 “I‘ HU,| H372)

<

op|

([0pl] s + [Jul|ms 1)
. 1 s—1 1
|lig|[z2 = 5|HD U Ly pl|r2
1 1
= EH[DS L' Ly)6p|| 2

< — (IlllZ=[1dp]

w1 + [0V ol | |[Vp]

=2 + ||l o1 [[VOpl| )

2[Q=Q

<

#s-110p]

||v] o1,

1 Nig]|z2 = [|N[D*, u®%',)5p]) 12

s—1

<c (HNUOW - D (T D 0D 6p) 1+ [IN[DP, u%ﬂatpuy)
=1

< C ([Jof| e (L + [[Nu® = 1| ) [|00]

(VN0 | o ||Oepl | r+-2 + [|N©' || 121 || Oepl | 22
< C ([[oll e (1 + ol Fpe-s (0 + [Jllzr-) )0 7o |0l [ -2
+HA+ [N =1 sre=1 (14 ([0l [ (14 [Jul | r+-1)) || ep]

e [19pllare—s + (14 1V = 1] =)
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|[Niol|r2 = EHN[D L uPv' Lx]pl |2

1 .
= |IN[D* Lol

IN

(I[ollz (14 [[Nu® = 1] | ) [| X[ o< ]]0p]
I(NuPv X)L ][Vl -2 + [[NuvX]

1)) X]

The estimates of the terms i, — 410 yield the requires L? estimates for Taremainder- USINg

w4 (L4 [[N = 1|z=)
w1V [Y]plll <))

[

—~

IN
2| Q <l®IQ@|Q

IN

—(1+|lolf;

Hs— 1(]. + ||U|

Hs—1 | |U| Hs—1.

these estimates, we may also estimate the following term that appears in the energy

integral
2g(v,0) Ts
= [ - N T (202
279(v,v) + 2u(v, v)
- | / LN (60T + w0, T)

S Mollzee (0]l INT2ll22) + [Jul o [[0] |20 ([10]]22 N T2 2)
HlullZe l[v][Ze (0] 22 [N T | 2)
and since 7;1 = _%puo [2N —1- TL(’YQ - 1)]%UZ + 27;1"emainder7
INT|| 2 (203)

a
< C—(llvl ae-1) (L4 {10p]| a1 ) (1 + [[N =1

Hs—l(l + Hu‘

Hs-‘,—l )

—H ’Eremainder‘ |L2 .

The next term reads

14 g(v,v)]V? . . T
IM3 = |/ [ .0 ATiN | < |1+ g(0, )] Y2 oo ]| 22| = | 2
> pN p

o
=[|[L+g(v,)]"* — 1 + 1||L°o||p||L2||?|IL2

: T
< (L4 I[L+ g(v,0)] 2 — 1HL°°)H9HL2H?1HL2' (204)

In order to estimate I Mj, we recall the expression of 7; from equation (81)

T _ 1 1 1 7PNV oLl
— == | =[P 9]p—- D, v+ =D L 205
D p [ . t]p E a[l +g(U,U>]1/2] a[ X]p ( )
e P ii3
o1 VPGV, ;1o NL, o pvilx
_[D 1? y t]v __[D 17 1/2]p+7a[ID 1? ]U
. l+g(v,v) o« [1+g(v,v)]"2 all +g(v,v)]"

_ N 1 a _ YaNpL, N
DS 1 YaP _ktr _ D3 1 a v
w0 [ (2w = fate L+ g(0.0)]

-~

~
17 118

/

(INu®" XD, Valelpll e + (14 [IN = 1[z=) I[P, 6’0" XF]V 3] 12)
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We proceed to estimate T;/p exactly the same way, that is, term by term

— [DSilv at]p
p

et {(N - 1)%%%}

[léia]|2 = || Iz

s—1

1 o _
< H;I|Loo||ZD (1D - 9y)D )| e
=1

< ClE =10l
o _1 s—1 Yap NV, o
= P i gt 200
= Lot PVl + gl — Tl
p' Ta[l+g(v,v)]? Z . .
YalN s—1 i s—1 : N
b (D VRl + [ (Tl ~ Bl )
We write [ng(v{\;W as follows
pN B 1
T o8 = = Gt GO = 1) ([ = 1)
— (0= CIWN = 1)+ (o= G+ GV =)+ ) (e = )
+((p=C)(N =1+ (p—=C,) + Cp(N = 1)+ C))
Therefore the commutator reads
[ s—1 pN ]
1+ g(v, v)]H2
= [Ds_lu ((P - Cp)(N - 1) + (p - OP) + CP(N - 1) + OP) ([1 _}_g(i 2))]1/2 - 1)
+((p=C)(N =1+ (p—C,) + Cp(N = 1) + C))]
s—1 1 _
= [D°7, (6pw + 6p+ Cow + C,) <[1 T IYE 1>

+ (6pw + dp + C,w)]
which after substituting to the expression (206]) of iiy yields

T eVl + Tl — Bl
C 1

1
< 1= | s -
< Il (|N(<5pw+6p+0pw+cp>([HQ(U,UW 1)
+ (8pw + 8p+ Cpo)) Nl (19 Jollae-s + IV

1
+[| (0pw + dp + Cpw + C,) <[1 g e VR 1)

g .1 .
[léda]| 2 = —[|=[D*,
a p
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+ (6pw + dp+ Cyw) |

c, 1
—||;||Loo [(Hopllrre=sllwllzrssr + N10pll o= + llewl[prs2) (1 + Jo]

(Wl re=s +{lullze o] o) ,

where we have used the commutator, composition, and product estimates (1164119)).
We continue to estimate the remaining terms

w“—L)(]’| __H

1,1 _
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1 L1 YaPgi
oo || 5[ [|[D37Y, LY 5,450
e+ [0, 2o
In order to estimate the last term in the previous inequality (207), we perform the

following calculations and use the commutator, composition, and product estimates
(116H119))
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Note that in the view of Sobolev inequalities, the terms ||0;v|| = is once again dominated
by |[0¢v||gs—2 since s > § + 2. This completes the estimation of the term 4iy. The last
two terms 15 and iig
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1

m—l))||Lw[||X|

Hs—2 | |U| Hs—1

+[vl

Hsfl:l

1
1+ g(v,v)

- 1)

el = (19b) @) = (1]
s (X = IV el + oLzl V11X L)

+I(gi507( ot ([ X[z IV Iyl + HUHLwHV[’V]X!ILw)>

o+ o]

H572||X|

H572||'U| Hsfl)

+[(gijv” |
which yields after simplification and applications of Sobolev inequality for s > & + 2

c, 1
itellzz < Tl 7o (X[l

Hs— 1(].+ ||U|

io-1)) (L + [[0p]|o-1) (211)

+[v]

HS*1HX||HS+1) (1 + [fullms).

Estimating #ir,iig, and dt9 is straightforward. Using product estimates, Sobolev
inequality, and H*' — H®2 s; > s9, we obtain

D1 [8055 (3 (0,0) — g0, )]

p

|2 (212)

)

")),

|ltiz|| 2 = |]

-1 (1 [l

a
et llolees + Sl

1 1,
<l- (—||/<:t|
p a

(L + [[0plzr-2) (1 + e[ [z ) (1 + [[0] o (1 + [

. 1, YaINpL,N
— || =51t 213
L LI 213)
C, 1
< I el ol 1 s (0 )1+ )
(14 opll),
) 1 [(N = Dnyaa
il =11 - 52 [ =2 (214)

a1
< CaH;HLwHwHHHI(l + [l0p[]17+-1)
Estimates of ii; — iig determines M3 in (204). The remaining terms (apart from
I,II,I11,IV,IM,,IM,, and IMs) in the expression 1) of [(9,C°+ %ViCi)Nug are

straightforward to estimate. The estimates read

[1+ g(v,v)] /2 .
=4 [ (B gt + 2000, 0] ) 280

< CH;HLM (10eg(v, v)ll L + 2[lg(ev, v)l|z=) |10l 771,
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1+ g(v,v)]"/? )
[ (o + Now) (215)
b

1 1 1
< COllV1+g(v,0)llze= |l 57l (H;HLOOH@NHLOO + H;HLOOH@WHLw(l + HM\L%))

6p]|7

Hs—1,

0N gi;v° giv’
200000 (- S ~ et + 2000a0)

(atgijvi + gijatvi)) g

T g(v, Rk
1
<c (HNHLOOII@NHLOOHvlb»(l - {fuall ) + [0l 2o (1 + [l [ )(|Org (v, )] e

Hlg(v, 00)l|o) + ([[0eg (- 0)|ze + [[0ev]] e (1 + [ful| o)) [0}

H571||6p| Hsfl) 3

| /%[ oy S (s -

1+ g(v,v)
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N2
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HIVulloe (L4 [[ull o) [0l z2)) [10p] 51 + ClIN 2o (0] 202V p]| s
Hlollzee (IVl[zee + [Vl | oo (1 + [Jul[ o) [[0]] )

(ol[Zee (14 Tul[Zo) + (1 [l zoe)) [[0][77 -

+C[[N ]zl lpllzoe[[vl]oe ([[0]1 o0 (1 + [Juul[ o)

IV IY]ollzee + [IVIull oo [[0]]oe (1 + [Jul| o) + [[ol] 2o (1 + [l [ ) IV []0]| oo
HIVIull oo [[o]] o (1 + [Jul| <)) [[0]

2
Hs—l‘

In the view of the Sobolev embedding with s > 2 + 2, all of these terms are controlled
by the maximum available Sobolev norms of the perturbed fields (u, k', dp,v,w :=
N — 1, X). In addition, assuming small data, composition and product estimates
, and Sobolev embedding, we may write the following

1 1 1

1 1
—Npe =1l — 5+ =l < Cllp = C,llgs—1 + 5~ < C(1+ |0
Il =10 = &+ grllie < Cllo= Gl + & < O+ 6

1 1

V14 g(v, )|z < 1+ Clol[Fer (L + [ull+) (218)

which take care of the terms H%HL“’; || %]z, and ||\/1 4 g(v,v)||z=. In addition, we
also note the following estimate using the evolution equation of the metric g in

H571)7

terms of the maximum Sobolev norms of the perturbed fields

prs ) [[K7 || s

a 1
Ol < € (Sl 0+ lulla) + 0+ 11

1
(X e - + HXHHsH)) |

Collecting all the terms and carefully keeping track of the scale factor a, the estimate
follows. This completes the proof of the lemma. O

Now we obtained all the necessary estimates we require in order to obtain an energy
inequality. The next section contains the energy inequality, the boundedness of the total
energy and decay of spatial velocity field (of fluid), and the trace-less second fundamental
form. Utilizing these estimates, we will sow the geodesic completeness of the perturbed
spacetimes as well.

4.4. Lyapunov stability and geodesic completeness

In the last section, we have obtained all the necessary estimates. Using these estimates,
we will obtain an inequality for the total energy. As we have mentioned earlier, due to
the non-autonomous characteristics of Einstein’s equations, there are terms such as %
and % appear explicitly in the estimates obtained so far (a is the time-dependent scale
factor). Therefore, we will find that the global existence will be critically dependent on
a precise integrability property of the scale factor a. The following lemma provides the

desired energy inequality.
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Lemma 15: Let s > 2 4+ 2 and Bs(0) C H® x H* ' x H"! x H*' be a ball
for sufficiently small 6 > 0. Also let (u, k', dp,v) € Bs(0) solve the re-scaled Einstein-
Euler-A evolution equations. Then the total energy satisfies the following inequality

(219)

deBroar < == [(n = 1) = O(|[ull e + 15" o1 + [l Byoes + 157

el e A R peer + 16l o1 + 1ol o1 + 11601 2t + [0l pems

1ol e )] R 1L k)22 = = (290 {0+ 1) = n7aay = C18pl o1 + [0l
oo 4 1901 Fyems + [l + [101Erecs + 1901 )] 10l recs
a0 [0p] s + =008l s 0] s + 20?06 s

2
Hs—1

2?06l g IR s + =027 ol sl 4+ =0~

a a

s 0 ol 9l 4+ Za® ™ol s + @'l o]

b ol By K s 1991 By + 4ol e 6] By

=B 15 ems + 0 K g 18

_ 1 1

17 g 0By B 1161 s | K s el + 181 3
1 1 1

[ [

1 1 1
=180l ol 3res + = ol ems I s + [0l

Proof: The proof of this energy inequality is straightforward. Recall from equation

(102) of section 3 that we have
Aot dEpin  dEfnq
= ) 220
dt a (220)

Now using the lemmas (4-14), we may substitute the expressions for db;% and

dEf1uid
dt .

However, as we have discussed earlier, the presence of non-autonomous terms such
as the scale factor a(t) makes the analysis a bit more subtle. This is accomplished
in four steps. We notice that there are four types of non-autonomous terms that

arise. First one contains the term % and is most dangerous. We collect these terms

together. Secondly, the terms of type %a%"% appear, which seem to be innocuous
given that certain integrability criteria holds. Next, we encounter terms of the type
al~™%d and %, which once again could be innocuous provided that the scale factor
satisfies suitable integrability criteria. Collecting all the terms together and using the
elliptic estimates forw = N—1, X, Y+ %X, 0N from lemmas (5-9), and estimates for
0;6p and Opv from lemma (10), we obtain the desired differential inequality for Ejuq.
O

Note that we have kept all the higher-order terms as well. This is done so simply
because the explicitly time-dependent terms such as a and a appear which may cause
trouble. However, the structure of Einstein’s equations is such that the potentially

Hs—1



FEinstein Flow 68

problematic terms containing the factor % either contribute a decay factor or are of
higher orders. This enables us to control these terms in the small data limit. Now let
us obtain a global existence result. The following lemma provides the boundedness of

the total energy.

Lemma 16: Let s > % +2 and B.(0) C H* x H*' x H*"' x H*"! be a ball for
sufficiently small € > 0. Also let (ug, k&', dpo, vo) € Be(0) be the initial data at time
t =ty € (0,00) for the re-scaled Finstein-Euler-A evolution equations. Then there exists
a small § = 0(€) > 0 such that the following boundedness holds for all t € (to, 00)

)|+ K" @)1 + [[6p)|[r=-1 + [J0()][ o1 <0 (221)
Proof: Recall the energy inequality
a
di ot < == [(n = 1) = C([[ullue + |[K"]
+]ul

i+ 167

. -

we + 11K [ [3gss =+ 110p]

?_[sfl

T T a
mre-1)] (R 1Lg k) 12 = = 290 {(n + 1) = n3aa} — C(16p] [
#s-1 + 110p] we-1)] ]

Heon | [0]

a1+ [[0p]

ms=1 4 |[v]

+[]

H[olls— + 0]

Homr 4 [ul B+ ol Fe-r + 119p]

1
+d&17n’yad7‘[51 + alin’yad%(c;g + —H(c:g,
a

2
Hs—1

where the terms HE, HE, and HE3 may be bounded by the total energy in the small
data limit. Since we are assuming v,g < “t, we set {(n+ 1) — ny.e} = B > 0 fixed.

n )
Let 0 > 0 be such that it satisfies § < min(%, %) Now, if we assume the small

data limit i.e., Eiprq < 62 (essentially a boot-strap assumption), then the potentially
problematic terms —% [(n — 1) — C(||ul|g= + || || s—1 + [Jul[%ems + || |31

Hul s + [1E Gems + 110l mre=1 + [[0]|ms=1 +110p] Fro-s + [ [0]Fe-r + [[0][Fe-1)] and

— % 27 {(n + 1) = nyaa} — C(10pllms—1 + [[0] |1

o] Zrems 4 116p] 3ot + [l 3 + 0] 30— + [|0p]]3;5-1)] are both negative i.e.,
d T T
—— [(n = 1) = C(l[ullus + K" s + el e + (B |l
Hlull[Fzs + 11K s + (1801l zre=1 + ([0l a1 + [10p] 771 + [[0][Fremr + [0l [37-1)]
an—1
a 27
a
=~ [2%a{(n +1) = nyaa} = C|I0pl[ g + |[vllzre— (222)
a’}/adﬁ
Hl[ollFzer + 110l 7 + el + [Joll7a— + [10pll7-1)] < =
Therefore we immediately obtain the following energy inequality
dFEyotq )
— < Oaal ™ 4 0l 4 07 B (223)

Integration of this energy inequality yields

Etota[ (t) S CEtotal (to)ec(_7"7a1d_2a2_n7ad+‘]:0 al="Vad dt +ftt0 a=ldt ) (224)
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Noting that ny,y —2 > 0 (n > 3 and 7,q € (1,2H)), the integrals in the exponential

n

are finite if the following integrability criteria hold

/ a'TMeddt < oo, / a ldt < . (225)
to

to
In our cosmological model where a positive cosmological constant is included , both
of these integrability criteria hold yielding

Etotal(t> S CEtotal<t0)- (226)
Now in order to close the bootstrap assumption, the following must hold
Etotal<t> S OEtotal(tO) < 52 (227)

which can be satisfied by a 6 = d(e) > 0 if the initial data (ug, k{", 0po,vo) € B(0) is
chosen sufficiently small i.e., € > 0 is chosen sufficiently small. This yields

(@)= + 1K @)l lme=r + [0p(0)][m:=1 + [[0(B)]| 51 < 8 VE € (fo,00). O

Once we have proven the lemma 16, we apply the local existence theorem of

section 2.2 to yield a global existence result. Note that, we have proved that the
solution remains unifromly bounded in terms of initial data for all time or we have
proved a Lyapunov stability of FLRW cosmological models in the presence of a positive
cosmological constant. On the other hand, the expectation would be that a decay
estimate holds since there is a positive cosmological constant involved, which causes
accelerated expansion. Since we have noticed that in the energy inequality , we
only have decay terms that involve k' and v. A natural attempt would be to construct
modified energy similar to the one defined by Andersson and Moncrief [28]. However,
that does not seem to work in the current context due to the presence of the factor
1/a with the higher-order terms. As such we will not be able to obtain decay to zero
behavior of all the fields involved. The following lemma provides the necessary decay
estimates.

Lemma 17: Let s > % +2 and B.(0) C H* x H*' x H*"' x H*"' be a ball for

sufficiently small € > 0. Also let (ug, k¥, dpo,v0) € Bc(0) be the initial data at time

2A
n(n—1)’

and B :={(n+1) —nyw} >0 fized. Then there ezists a small § = 6(e) > 0 such that
the following decay estimates hold
o1 S 02 |[E a2 S 07, o

¢
e S 0em @ as t — o0,

t =ty € (0,00) for the re-scaled Einstein-Euler-A evolution equations, o =

S (228)

g — |
o= r]
where ¢ := min(a, B), R(g") = =1, and dip’ # 0 in general.
Proof: In order to proof these decay estimates, we will need to consider time evolution

of the following two entities separately and use the boundedness result of the previous
lemma (lemma 16)

s—1

1
By = > KT LI (229)

gl
I=1
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and

1,
Ey =5 I(D )z (230)

Notice that we have lowered the regularity level by one, the reason of which will be clear
soon. Explicit calculations yield

dFEk
iy 231
a s—1
< == [(n = 1) = C(IF" o + 17|57 )] D KLy E
I=1
C T T i
(R o2 ([l e + [l e + 1F ez + a7 o] 7.
a0 |3 e2),

where we notice that the term = (k‘“"|£ ) does not cancel out due to the absence of the
term (u|L£5 'u) in the expression of Ek . Therefore we need to estimate the term
(k| L5 u) in a brute force way. We distribute 2(s — 1) derivatives among u and k'
by integration by parts in the following way: put s — 2 derivatives on k" and remaining

Hs—2 | |u| Hs
allowing us to control the time derivative of Fx. In the view of the boundedness of the

s derivatives are left to act on u. Therefore this term is dominated by ||k |

total energy (lemma 16), and a ~ e* t = o0, a =, /n(fﬁl) (equation of section
2.2), the differential inequality for Fx (231)) may be written as follows

dd% < —2a(n — 1) — C§|Ex + Ce 6% (232)

Now in the view of the smallness of § i.e., § < the previous inequality takes the

2C ’
following form

dEk

— < —(n —1)aEg + Ce 5? (233)

integration of which yields

Ep < 6% (234)
since n — 1 > 2. This yields the following estimate for ||k'"||gs-2

K[| oz < Se™ 7 (235)
In fact we may improve this estimate by substituting in the inequality

d% < —2a(n — 1)Ex + C§2% 0+ (236)
integration of which yields

By < §2e (2t (237)

Continuing in the similar fashion (estimate ||k'"||gs—2 from Ex after each step and
substitute it in the inequality (231])) we obtain the following final (saturated) decay

estimate of Ex

By < 8% o155 (It )t _ 52,20t (238)
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which yields
K [ ro-2 S de™ (239)
Utilizing this decay estimate for ||k""|| -2, the boundedness result (221]) and the elliptic

estimates (125}{128)), we obtain the following decay estimates for the perturbations to
the lapse function and the shift vector field

|w|| e S 0% + ge (Mrea=2)ot, (240)

1X|]| < det + ge™(Maa=2at g5 ¢ 5 o0, (241)
Integration of the evolution equation for the metric

dg; .G 2 1

=Y = 92— (N —1)g;; — =NEI" + =(Lxg)i; 242

ot CL( )gj a z]+a< Xg)] ( )

yields

o' = 9Ol < [ 100l 5 e 213)

t

since (nYaq — 2)or > a for 7,4 € (1, 2F) and g' := g(t = 00). In order to show that the
limit metric ¢' satisfies R(g") = —1, we use the Hamiltonian constraint

R(g) — |K"[* = 20> p{1 4 74ag(v, 0)} + 1 + 2C,a* ™ = 0. (244)

The decay estimates obtained so far yields
Jim R(g(t) = -1, (215)

which makes sense since s > 7 + 2 and since g € H®. This is due to the fact that
H* — H*™! compactly for compact manifold ¥ and therefore the limit metric ¢ actually
lies in H*. Therefore gt € M¢ , where M¢ is a sufficiently small neighbourhood of the
space of Einstein metrics A/ (the center manifold defined in section 2.3) in the space of
constant negative scalar curvature —1. This completes the proof of the first part of the
lemma.

For the second part, we perform similar calculations with E, := |[(D* 20)|[3..
Using the commutation equations for v and dp (equations but we commute by
(D)*~2 instead of (D)*~'; this is done so simply because of the regularity issue since the
evolution equation for (dp,v) contain spatial derivatives of (dp,v)) we obtain

dF,
dt

C
- lll—2(]]op]
HIX|s—2[10pl| s [[0] |2 + [1X]
+a® "0 ||| ggs-1 + a® "0 o]

+aa? ™| |5p)

< =2[{(n +1) = nYaa} = C([0l[F—> + [|K"[[Fe-2)] B0 (246)

w1+ 1100+ 10l Fer + |l

Hs—1

ms—1 + ||k

2o+ 4] 3l |

H571||U| H571||U| Hs—1

%{571)-

Using the boundedness property from lemma 16 and the smallness of § we may obtain
at t — oo
dE,
dt

< —BE,+C8%e ™™, Bi=(n+1) —ny. > 0 fived, (247)
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integration of which yields

E, < 6%, (248)
where ¢ := min(f, «). This yields
[ (249)

Using the estimate (148)) of 0;dp (or of O;p), we obtain

10" = p(t)]| - S/ 10y pllre-sdt’ < de @20 (250)
t

where p := p(t = o0). In general, d;p° # 0. This concludes the proof of the
lemma. 0

Now we establish the geodesic completeness of the perturbed spacetimes using
the estimates obtained so far. To be precise, we show that if we perturb the FLRW
background, then this perturbed spacetime is causally complete. In order to establish
this future completeness of the perturbed spacetime, we need to show that the solutions
of the geodesic equation must exist for an infinite interval of the associated affine
parameter. We provide a rough sketch of the proof in this context following [27]. Let’s
designate a timelike geodesic in the homotopy class of a family of timelike curves by .
The tangent vector £ = Z—’; = "0, to x for the affine parameter A satisfies g(§,§) = —1,
where g is the spacetime metric. As y is causal, we may parametrize it as (¢, x?),

1 =1,2,3. We must show that lim; ,,, A = 400, that is,

Lax
li —dt = . 251
Ly +00 (251)
Noting that £ = 4, we must show
Y1
tliglo t g_odt = 400. (252)
0

Showing that |N €9 is bounded and therefore lim;_, fti Ndt' = +o0 is enough to ensure

the geodesic completeness. We first show that ]N €°] is bounded. Proceeding the same
way as that of [45] together with the estimates obtained from lemma 17, we obtain

N <C (253)

as t — oo for some C' < 0o. Therefore, we only need to show that the following holds
t

lim [ Ndt = o0 (254)
t—00 to

in order to finish the proof of timelike geodesic completeness. Notice that N =N =
14 w. Now |w(t)] < C'(6%e20 4 fe=(Maa=2) () < C" < 00 as t — oo yielding

¢
lim </ dt — C’la(2(e—2at° —e 2 4 (ny — 2)(6_0‘(”%d—2)t0 _ e—a(mad—2)t)))
t

t—o00
t

< lim | Ndt

t—o00 to
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t
< lim (/ dt + Ca(2(e720%0 — ¢720) 4 (ny — 2)(e"*Mea=Dt0 _ ea(mad2)t)))
to

t—o0
t ~
=> lim Ndt = 0.

t—o00 to

This completes the proof of the geodesic completeness of the spacetimes of interest under
fully nonlinear perturbations. Collecting the results of lemma 16, lemma 17, and the
geodesic completeness, we obtain the following main theorem.

Main Theorem: Let (go, k&', po, vo) € Be(7,0,C,,0) C H® x H"! x H¥"' x H*™!,
where s > % 4+ 2 and € > 0 is sufficiently small. Also consider that N is the integrable
deformation space of v and A > 0 is the cosmological constant. Assume that the adiabatic
index Yoq lie in the interval (1,%1). Let t — (g(t), k" (t), p(t),v(t)) be the mazimal
development of the Cauchy problem for the re-scaled Einstein-Euler-A system (77-77)
in constant mean extrinsic curvature spatial harmonic gauge (CMCSH) with initial data
(90, k&, posvo). Then there exists a v € M, NS, and v* € N such that (g,7, k', p,v)
flows toward (v, ~*,0,p',0) in the limit of infinite time, that is,

lim (g(t,2),2(8,2), K (8, 2), plt,2), 0(t, ) = (71 (), (2), 0, (), 0),

or v* is the shadow of 4T and the convergence is understood in the strong

*

where vT = 7
sense i.e., with respect to the available Sobolev norms..
In addition, this Cauchy problem for the re-scaled Einstein-Euler system in constant
mean extrinsic curvature (CMC) and spatial harmonic (SH) gauge is globally well posed
to the future and the space-time is future complete. Here M€, denotes the space of
metrics of constant negative (—1) scalar curvature sufficiently close to and containing
the deformation space N'. S, denotes a harmonic slice through the metric . p s
dependent on the initial density and 0;p # 0 in general.

Since the perturbed solutions do not, in general, return to the background solutions
rather stay in a small neighbourhood of the later for all time, we designate this
stability as the Lyapunov stability.

5. Concluding Remarks

We have proven a fully non-linear Lyapunov stability of the spatially compact
negative spatial sectional curvature FLRW solutions (and their higher-dimensional
generalizations). A serious difficulty that arises in the context of the Einstein-Euler
system is the formation of shocks in addition to concentration and blow-up of the
gravitational energy. The inclusion of a positive cosmological constant removes such
possibility at the level of small data since the rapid expansion of the space does
not allow for energy concentration. If, on the other hand, one were to turn off

the positive cosmological constant, then one would expect formation of shocks (or
1
a(t)
as a(t) ~ t, t — oo when A = 0. Currently, we cannot prove a precise statement

gravitational collapse) since the integrability condition ftzo dt is no longer satisfied

about the shock formation (or gravitational singularity). There is however a recent
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Light cone
Sound cone

Stability cone

Figure 2. The tangent space picture of null-geometry associated with the Einstein-
Euler equations. The nonlinear stability criteria is essentially defined by the fact that
the perturbations to the matter part do not travel at a speed more than \/1/7 ie.,
they are restricted within the innermost cone.

study by [38], which proves the asymptotic stability of the dust-filled Milne universe
(isometric to negative curvature FLRW model but background energy density vanishes)
in the absence of a positive cosmological constant. An advantage of dust matter
sources is the absence of sound phenomena (responsible for shock formation) since the
pressure vanishes for such sources and the individual fluid particles propagate along
their respective geodesics. It is however currently unknown whether such a result holds
true for the FLRW spacetimes (physical interest).

Since Fuler’s equations are not of a manifestly diagonal nature, it is not trivial to
prove their hyperbolic character. To that end, we have constructed an energy current
motivated by the energy current first constructed by Christodoulou [37]. Prior to us,
Speck [36], used the exact form of Christodoulou’s energy current to establish non-
linear Lyapunov stability of the spatially compact flat FLRW model. However, as we
have described in the introduction, such an exact adaptation on a curved spacetime
introduces additional complications which were not handled by speck rendering his proof
to be incomplete. In order to avoid such complications, we construct the energy current
by hand, which satisfies all the required properties including positivity (for arbitrarily
large data), coercivity, and convexity (for small data) in addition to the cancellation
of principal terms its divergence expression to close the energy argument. Application
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of CMCSH gauge turns the Einstein’s equations into an elliptic-hyperbolic system and
together with the aforementioned energy current for the fluid degrees of freedom, we
obtain a coupled elliptic-hyperbolic system. This is an advantage of using this particular
choice of gauge, where the analysis of Einstein’s equations simplifies substantially.

In addition, the re-scaled Einstein-Euler system considered in the current context
is an example of a non-autonomous (infinite-dimensional) dynamical system since the
explicitly time-dependent scale factor a appears in the equations. This makes the
analysis non-trivial since there are terms in the equations of motion which involve
factors such as %, %, aa'~™ed and aq'~™%d. The decay estimates that we obtained
in the last section heavily depended on the fact that these factors exhibit a particular
pattern in their appearances such as % should only multiply the term that generates
decay or higher-order terms. Remarkably, the structure of Einstein’s equations is such
that all these factors appear in the field equations in an innocuous way. The stability
is then found to be dependent on an integrability criteria of this scale factor namely
ft:o at™™Meddt < oo, ftzo a~ldt < oo. Notice that the crucial integrability criterion
ft:O a~'dt < oo does not appear at the linear level (in the study of [23], this integrability
criterion arises due to the consideration of the motion tangential to the center manifold,
necessarily a nonlinear effect and as such is absent for n = 3 case). It is therefore
tempting to conjecture these integrability criteria to be the condition to avoid shock
and naked singularity formation. However, there is much left to be done. It is worth
mentioning that there are studies in the literature [73, [74] that deal with such issue of
shock formation on a background expanding spacetimes.

Our results only provide a notion of the Lyapunov stability of the FLRW solutions
considered here. In other words, the perturbed solutions to the Einstein-Euler field
equations around this class of spatially compact FLRW metrics (spatial slices are
compact negative Einstein spaces in general and hyperbolic for physically relevant
n = 3 case) arising from regular Cauchy data remain uniformly bounded and decay
to a family of metrics with constant negative spatial scalar curvature. Since the metrics
with constant scalar curvature do not imply constant sectional curvature for dimensions
greater than 2 and the final mass-energy density is not spatially constant, the asymptotic
state is essentially described by an inhomogeneous and anisotropic physical universe
filled with dispersed quiet fluid. This may be slightly unsatisfactory since one would
expect the perturbed solutions to return to the FLRW family. However, since the
physical universe does consist of large-scale structures, it is tempting to conjecture
that our result indicates a possibility of structure formation through Einstein flow. In
addition, it provides yet another reason to believe that FLRW models are physical
contrary to its isometric cousin Milne model (devoid of background energy density)
which does not exhibit a possibility of an inhomogeneous and anisotropic final state
in the absence of a positive cosmological constant. This notion of structure formation
through perturbing the FLRW solution was noted in several heuristic studies (e.g.,
[7, [8 [44., [75]). It would be worth investigating this issue further in future studies due
to its tremendous physical implications.
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Lastly, it is worth pointing out that our stability result heavily relies on the
assumption on the allowed range of the adiabatic index 7,4 in the chosen barotropic
equation of state (P = (7,g — 1)p). The non-linear stability result holds if ~,4 lies
in the range (1,2) ((1,4/3) for physically relevant n = 3 case). We recall that the

same condition was obtained in the linear stability analysis by [23]. Prior to our study,

Rodnianski and Speck [35] and Speck [36] obtained the same condition for nonlinear
stability of small data on R x T3. In addition to [35] and [36], avoidance of shock
formation by exponential expansion was also studied by [76] for radiation fluid (S?
spatial topology), by [T7] for v.q € (4/3,3/2) (T? spatial topology), and [78] for dusts
(T3 spatial topology). It would be interesting to extend our study to these special cases
and include different types of equations of state as well.
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