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Abstract
Here we prove the linear stability of a family of ‘n + 1’-dimensional cosmo-
logical models of general relativity locally isometric to the Friedmann Lemaître
Robertson Walker (FLRW) spacetimes including a positive cosmological con-
stant. We show that the solutions to the linearized Einstein–Euler field equations
around a class of FLRW metrics with compact spatial topology (negative Ein-
stein spaces and in particular hyperbolic for n = 3) arising from regular initial
data remain uniformly bounded and decay to a family of metrics with constant
negative spatial scalar curvature. To accomplish the result, we express the Ein-
stein–Euler system in constant mean extrinsic curvature spatial harmonic gauge
and linearize about the chosen FLRW background. Utilizing a Hodge decom-
position of the fluid’s n−velocity one-form, the linearized system becomes
elliptic–hyperbolic (and non-autonomous) in the CMCSH gauge facilitating an
application of an energy type argument. Utilizing the estimates derived from
the associated elliptic equations, we first prove the uniform boundedness of an
energy functional (controlling an appropriate norm of the data) in the expand-
ing direction. Utilizing the uniform boundedness, we later obtain a sharp decay
estimate which suggests accelerated expansion (for Λ > 0) of this particular
Universe model may be sufficient to control the non-linearities (including pos-
sible shock formation) of the Einstein–Euler system in a potential future proof
of the fully non-linear stability. In addition, the rotational and harmonic parts
of the fluid’s n−velocity field only couple to the remaining degrees of freedom
in higher orders, which once again indicates a straightforward extension of cur-
rent analysis to the fully non-linear setting in the sufficiently small data limit.
In addition, our results require a certain integrability condition on the expan-
sion factor and a suitable range of the adiabatic index γad ((1, n+1

n ) i.e. (1, 4
3 )

in the physically relevant ‘3 + 1’ Universe) if the barotropic equation of state
p = (γad − 1)ρ is chosen.
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1. Introduction

Recent astronomical observations [1, 2] indicate a possibility that the spatial Universe may
have slightly negative curvature. This leads to the consideration of the well-known Friedmann
Lemaître Robertson Walker (FLRW) spacetime with negative spatial curvature as a possi-
ble cosmological model. Of course, the spatial manifold of this model is H

3 and it satisfies
the global homogeneity and isotropy criteria as dictated by the cosmological principle. How-
ever, the astronomical observations that motivate the cosmological principle are necessarily
limited to a fraction (possibly small) of the entire Universe and such observations are compat-
ible with spatial metrics being locally but not globally homogeneous and isotropic. Once the
restriction on the topology (a global property) is removed, numerous closed manifolds may be
constructed as the quotients of H3 by discrete, proper, and torsion-free subgroups of SO+(1, 3),
with each satisfying the local homogeneity and isotropy criteria but no longer being globally
homogeneous or isotropic. In other words, the indication of the spatial Universe to have a con-
stant negative curvature opens up the possibility of quite ‘exotic’ topologies. In fact, there are
infinitely many closed (compact without boundary) hyperbolic three−manifolds topologically
distinct from each other. Each such manifold may serve as a possible candidate model for the
spatial Universe. These spatially compact model spacetimes may be written as the following
warped product form in their ‘n + 1’ dimensional generalization

n+1g = −dt ⊗ dt + a(t)2γi j dxi ⊗ dx j, (1)

where R[γ]i j = − 1
nγi j, t ∈ (0,∞), a(t) is the scale factor satisfying ∂ta > 0 for this expand-

ing Universe model, and R[γ]i j is the Ricci tensor of the metric γ. Restricting to n = 3 yields
the compact hyperbolic manifolds by Mostow rigidity [3]. However, an important question
remains to be answered. Are the FLRW models (variants of FLRW to be precise since spatial
manifolds of these models are not globally isotropic and homogeneous only locally so) pre-
dicted by general relativity? To conclude that they are may seem to hinge on proof that the
purely theoretical FLRW models with compact hyperbolic spatial parts are dynamically sta-
ble. A natural first step toward such proof would be to establish stability at the level of linear
perturbation theory.

The theory of cosmological perturbations and linearization stability is not new. A substan-
tial amount of work has been done on the topic by several authors (e.g. [5–8]) since the first
study by [4]. Despite the tremendous amount of existing work in the literature, these are not the
‘true’ linear stability problem rather ‘formal’ mode stability results where the relevant fields
are decomposed into modes via eigenfunction (of Laplacian) decomposition and the problem
is subsequently reduced to ordinary differential equations in time. However, the true problem
of linear stability concerns general solutions to the linearized Einstein–Euler system about (1)
arising from regular initial data, not simply the fixed modes. Consider the following two lin-
ear stability statements [11]: (a) whether all solutions of the linearized Einstein–Euler system
about [1] remain bounded for all times in terms of a suitable norm of their initial data, (b) the
asymptotic stability i.e. whether all solutions to the linearized equations asymptotically decay.
The mode analysis yields necessary but not sufficient conditions for either (a) or (b) of ‘true’
linear stability. In addition, the mode analysis does not work at the non-linear level due to ‘all
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to all’ coupling (of modes) and therefore a straightforward extension of the linearized mode
analysis to study the fully non-linear problem (irrespective of the size of the data) becomes
tremendously difficult if not impossible. In particular, we want to extend our analysis in the
future to study the fully non-linear problem in our choice of gauge (CMCSH-to be described
later) on spacetimes of topological type M × R (where M is compact negative Einstein for
n > 3 and in particular compact hyperbolic for n = 3).

In the regime of fully non-linear stability of Einstein’s equations (vacuum or coupled to
suitable matter sources), there has been considerable progress in the last three decades. Global
nonlinear stability proof of de-Sitter spacetime by [29] marked the initiation of this progress.
This was followed by the proof of the stability of the Minkowski space by [30]. Later [31]
provided with a simplified proof of the same in spacetime harmonic or wave gauge. Anders-
son and Moncrief [33] proved the global existence of ‘3 + 1’ dimensional vacuum Einstein’s
equations for sufficiently small however fully nonlinear perturbations of spacetimes of the type
R× Mt in constant mean curvature spatial harmonic (CMCSH) gauge, where Mt is a compact
hyperbolic manifold. Following these fundamental studies, numerous studies have been per-
formed regarding the small data global existence issues associated with Einstein’s equations
including various sources [35, 37–39, 41, 42]. Two of the studies that will be most relevant
to the current study are that by Rodnianski and Speck [48] and Speck [58]. Rodnianski and
Speck [48] studied the small data perturbations of the R× T

3 type FLRW model with a pos-
itive cosmological constant in spacetime harmonic gauge, where an irrotational perfect fluid
model was assumed. Later Speck [58] extended this analysis on the same topology (and same
gauge) to include non-zero vorticity utilizing suitably defined energy currents. Commonly, the
perfect fluid matter model is considered to be ‘bad’ because of its finite time shock singular-
ity formation property without even coupling to gravity (e.g. [36, 45]). One would surely not
hope that while coupled to gravity, this property may be ‘suppressed’ by gravity since gravity
itself may yield finite-time singularity. However, [40, 48, 58] have utilized the property that the
presence of a positive cosmological constant induces an accelerated expansion of the physical
Universe, which avoids shocks in the regime of a small data limit (rapid expansion obstructs
energy concentration by non-linearities). With an accelerated expansion, there are universally
decaying ‘good’ terms in the evolution equations that dominate the nonlinearities and drive the
Universe toward a stable configuration. Recently, [64] proved a nonlinear stability result for
Milne Universe including dust fluid source. This model is devoid of a positive cosmological
constant and therefore slowly expanding.

Our analysis indicates that if the expansion factor a(t) obeys a suitable integrability condi-
tion and the adiabatic index γad lies in the range (1, n+1

n ) ((1, 4/3) in the physically relevant
‘3 + 1’ case; γad = 1 and γad = 4/3 correspond to a pressure-less fluid or ‘dust’ and a
‘radiation’ fluid, respectively), then the Lyapanuv functional remains uniformly bounded by
its initial value and moreover the perturbations decay in the expanding direction. This is in a
sense equivalent to the fact that if the perturbations to the matter part are restricted within a
smaller cone contained in the ‘sound’ cone (in the tangent space; to be defined later), that is,

they do not propagate at speed higher than
√

1
n (in the unit of light speed), then the asymptotic

stability holds. On the other hand, there exists a seemingly contradictory result in the purely
non-relativistic case of a self-gravitating fluid system. For a self gravitating non-relativistic
three-dimensional fluid body (Euler–Poisson system), Chandrasekhar [10] used a virial iden-
tity argument to show that the static isolated compact solution of the Euler–Poisson system is
stable for γad > 4

3 . However, if one observes carefully, our result and Chandrasekhar’s result
are not contradictory since the notions of stability are different in the two contexts. In the
context of Chandrasekhar’s argument, the stability is defined by the negativity of total energy
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i.e. the gravitational energy dominates (stable ⇐⇒ gravitationally bound system). Now of
course, a system with strong gravity is stable in the sense of Chandrasekhar (since total energy
is dominated by gravitational energy and therefore negative) which is nonsensical in our fully
relativistic context (ultra high gravity could focus and blow up forming a singularity, indicating
instability in our context).

The stability criteria is satisfied by the Universe model in which one includes a positive
cosmological constantΛ and in such case, one obtains a uniform decay at the linear level. How-
ever, turning off the cosmological constant results in losing the uniform boundedness property
simply because one does not have the integrability property for the scale factor. This may be
attributed to the fact that a positive cosmological constant induced accelerated expansion wins
over the gravitational effect of the fluid source at the level of linear theory. However, we do not
claim that turning off the cosmological constant leads to instability but simply we are unable
to reach a definite conclusion with the currently available method. In addition, we also note
that in the borderline case γad =

n+1
n , we can only prove uniform boundedness of the energy

functional (no decay). We will investigate the borderline cases of γad = 0 and γad = n+1
n using

special techniques in the future. Considering this stability criterion holds, we hope to extend
our analysis in a potential future proof of non-linear stability of (1) in the CMCSH gauge using
the energy current method developed by Christodoulou [12].

1.1. Notations and facts

The ‘n + 1’ dimensional spacetime manifold is denoted by M̃. We are interested in spacetime
manifolds M̃ with the product topology R× M, where M denotes the n-dimensional spatial
manifold diffeomorphic to a Cauchy hypersurface (i.e. every inextendible causal curve inter-
sects M exactly once). We denote the space of the Riemannian metrics on M byM. A subspace
M−1 of M is defined as follows

M−1 = {γ ∈ M|R(γ) = −1},

with R(γ) is the scalar curvature associated with γ ∈ M. We explicitly work in the L2 (with
respect to a background metric γ) Sobolev space Hs for s > n

2 + 1. The L2 inner product on the
fibers of the bundle of symmetric covariant two-tensors on (M, γ) with co-variant derivative
∇[γ] is defined as

〈u|v〉L2 :=
∫

M
ui jvklγ

ikγ jlμγ. (2)

The standard norms are defined naturally as follows

‖u‖L2 :=

(∫
M

ui juklγ
ikγ jlμγ

) 1
2

(3)

‖u‖L∞ := sup
M

(ui juklγ
ikγ jl)1/2 (4)

and so on. The inner product on the derivatives is defined

〈∇[γ]u|∇[γ]v〉L2 =

∫
M
∇[γ]mui j∇[γ]nvklγ

mnγ ikγ jlμγ ,

where μγ is the volume form associated with γ ∈ M

μγ =
√

det(γi j)dx1 ∧ dx2 ∧ dx3 ∧ . . . ∧ dxn.
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We will use μγ to denote both the volume form as well as
√

det(γi j) (slight abuse of notation).
We define the rough Laplacian Δγ on (M, γ) for any γ ∈ M in the following way so that it has
a non-negative spectrum i.e.

Δγ ≡ −γ i j∇i∇ j. (5)

For a, b ∈ R>0, a � b is defined to be a � Cb for some constant 0 < C < ∞. This essentially
means that a is controlled by b (in this context a and b could be norms of two different enti-
ties). For example ‖A‖L2 � ‖B‖L2 means ‖A‖L2 � C‖B‖L2 , where 0 < C < ∞. The spaces
of symmetric covariant two-tensors and vector fields on M are denoted by S0

2(M) and X(M),
respectively. The adiabatic index in denoted by γad.

1.2. Overview of the paper

Section 2 provides the necessary detail about the formulation of the gauge fixed Einstein–Euler
field equations including a positive cosmological constant Λ, the motivation of the study, and
the main result. Note that we do not however discuss the technicalities associated with the main
result in this section rather a few physical consequences.

Next in section 3, we introduce the re-scaled system of Einstein–Euler field equations with
a positive cosmological constant and state the key properties of the re-scaled background solu-
tions describing a class of fixed points. In addition, we describe the center manifold of the
re-scaled dynamics when the Einstein moduli space is non-trivial. Lastly, we describe the
kinematics of the perturbations under the assumption of a shadow gauge condition (intro-
duced by [34]) when the center manifold is finite-dimensional in addition to computing a
crucial term that appears in one of the elliptic equations obtained through imposing the gauge
condition.

In section 4 we linearize the re-scaled field equations about the background solutions
described in sections 2 and 3. Let us for the moment denote the field equations by O[A] = 0
where A denotes the associated fields with their background values being AB.G. The lin-
earized equations about the background AB.G are obtained by setting the first variation to
zero i.e. DO|AB.G · δA = d

dtO(AB.G + tδA)|t=0 = 0, where the first variations to the fields are
denoted by δA. The linearized equations are studied with the assumption that the suitable
function space norms of the higher-order terms are significantly smaller compared to the lin-
ear terms. Note that the relativistic Euler’s equations are essentially a hyperbolic system of
partial differential equations that are derivable from a Lagrangian (see [13–15] for a Hamil-
tonian structure of a relativistic perfect fluid). At the linearized level, this may be shown
explicitly by employing Hodge decomposition of the n−velocity vector field (projection of
the n + 1−velocity field onto the spatial hypersurface M). Doing so we reduce the relativis-
tic Euler’s equations to a wave equation for the associated scalar potential of the irrotational
part (with respect to the associated ‘sound’ metric) while the rotational part and the har-
monic part (a topological contribution) of the velocity field become decoupled and satisfy
ordinary differential equations in time. Therefore the linearized coupled Einstein–Euler field
equations become an ‘elliptic–hyperbolic’ system in our choice of gauge. Lastly, we close this
section by stating a local well-posedness theorem for this coupled system and necessary elliptic
estimates.

Section 5 is the most important chapter in terms of the proof of the main theorem of the
paper. To address stability issues of a dynamical system, the use of energy functional is indis-
pensable. On this particular occasion, we model the energy functional after the wave equation
type energy introduced by [34]. We construct a similar wave equation type energy and its
higher-order analog. First, we show the uniform boundedness of this energy functional in the
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expanding direction, and later utilizing this uniform boundedness we prove the decay property
of the desired fields. Doing so we derive the required conditions for the stability results to
hold. Finally, we close the section with a sketch of the proof of the geodesic completeness of
the perturbed spacetimes at the level of linear perturbation theory.

2. Complete Einstein–Euler system and gauge fixing

The ADM formalism splits the spacetime described by an ‘n + 1’ dimensional Lorentzian
manifold M̃ into R× M. Here each level set {t} × M of the time function t is an orientable
n-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime admits a Cauchy
hypersurface) and equipped with a Riemannian metric. Such a split may be executed by intro-
ducing a lapse function N and shift vector field X belonging to suitable function spaces on M̃
and defined such that

∂t = Nn + X, (6)

where t and n are time and a hypersurface orthogonal future directed timelike unit vector
i.e. ĝ(n, n) = −1, respectively. The above splitting writes the spacetime metric ĝ in local
coordinates {xα}n

α=0 = {t, x1, x2, . . . ., xn} as

ĝ = −N2 dt ⊗ dt + gi j(dxi + Xi dt) ⊗ (dx j + X j dt) (7)

and the stress–energy tensor as

T = En ⊗ n + 2J � n + S, (8)

where J ∈ X(M), S ∈ S2
0(M), and A � B = 1

2 (A ⊗ B + B ⊗ A). Here, X(M) and S2
0(M) are the

space of vector fields and the space of symmetric covariant two-tensors, respectively. Here
E :=T(n, n) is the energy density observed by a time-like observer with n + 1-velocity n,
Ji = −T(∂i, n) is the momentum density, Ji = −T(n, ∂i) = is the energy flux density, and
Si j = T(∂i, ∂ j) is the momentum flux density (with respect to the chosen constant t hyper-
surface M). The choice of a spatial slice in the spacetime leads to consideration of the second
fundamental form ki j which describes how the slice is curved in the spacetime. The trace of
the second fundamental form (τ := trgk) is the mean extrinsic curvature of the slice, which will
play an important role in the analysis. Under such decomposition, the Einstein equations

Rμν −
1
2

Rĝμν + Λĝμν = Tμν (9)

take the form (8πG = c = 1)

∂tgi j = −2Nki j + LXgi j,

∂tki j = −∇i∇ jN + N

{
Ri j + τki j − 2kikkk

j −
1

n − 1
(2Λ− S + E)gi j − Si j

}
+ LXki j (10)

along with the constraints (Gauss and Codazzi equations)

R(g) − |k|2 + τ 2 = 2Λ + 2E, (11)

∇ jk
j
i −∇iτ = −Ji, (12)

6
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where S = gi jSi j. The vanishing of the covariant divergence of the stress energy tensor i.e.
∇νTμν = 0 is equivalent to the continuity equation and equations of motion of the matter

∂E
∂t

= LXE + NEτ − N∇iJi − 2Ji∇iN + NSi jki j, (13)

∂Ji

∂t
= LXJi + NτJi −∇ j(NSi j) + 2Nki

jJ
j − E∇iN. (14)

We want to study the Einstein–Euler system. Let the ‘n + 1’ velocity field of a perfect fluid
be denoted by u which satisfies the normalization condition ĝ(u, u) = −1. One may for con-
venience decompose the n + 1 velocity u into its component parallel and perpendicular to
constant t hypersurface M as follows

u = v − ĝ(u, n)n, (15)

where v is a vector field parallel to the spatial manifold M i.e. v ∈ X(M). Importantly note
that ui = vi but ui �= vi unless the shift vector field X vanishes. The stress energy tensor for a
perfect fluid with n + 1 velocity field u reads

T = (P + ρ)u ⊗ u + Pĝ, (16)

where P and ρ are the pressure and the mass energy density, respectively and ĝ is the spacetime
metric. After projecting onto the spatial manifold M, several components of the stress energy
tensor may be computed as follows

E = (P + ρ)(Nu0)2 − P, Ji = (P + ρ)
√

1 + g(v, v)vi,

S = (P + ρ)v ⊗ v + Pg. (17)

However, notice that the field equations do not close with the information of the stress–energy
tensor alone, and therefore one needs an equation of state relating pressure P and mass–energy
density ρ. The choice of the equation of state is a non-trivial fact and there is numerous study
about the equation of state alone in cosmology literature (e.g. [49–51]). In the standard model
of cosmology, one frequently uses a barotropic equation of state of the type P = (γad − 1)ρ,
where γad is the adiabatic index. The speed of sound Cs is defined as C2

s := ∂P
∂ρ , where the

derivative is computed at constant entropy. However, for the barotropic equation of state (for
which pressure is only a function of mass–energy density) chosen here, the entropy equation
decouples from the field equations and therefore plays no role in our analysis (e.g. see [12]).
The speed of sound is then a constant

√
γad − 1. Due to causality, one must have 0 � C2

s � 1
yielding γad ∈ [1, 2]. This is equivalent to the fact that the sound cone is contained within the
light cone in the tangent space. Here γad = 1 corresponds to pressure-less fluid or ‘dust’ and
γad = 2 corresponds to an ultra-relativistic stiff fluid. We note an important fact that choosing
this equation of state, we ignore the rest energy of the fluid which may be relevant in the late
epoch of the Universe evolution. In other words, the equation of state P = (γad − 1)(ρ− ne),
n being the baryon number density and e the fluid rest energy per particle, may be more appro-
priate [16]. Here we will stick with the equation of state P = (γad − 1)ρ here for simplicity
and in such case, the baryon number conservation equation ∇μ(nuμ) = 0 is a simple conse-
quence of the Euler’s equations i.e. ∇νTμν = 0 [12]. With the barotropic equation of state, the
components of the stress energy tensor is computed to be

E = (P + ρ)(1 + g(v, v)) − P = ρ+ γadρg(v, v)

Ji = γadρ
√

1 + g(v, v)vi, S = γadρv ⊗ v + (γad − 1)ρg.
(18)

7
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The complete system of evolution and constraint equations is expressible as follows

∂tρ+
γρN

[1 + g(v, v)]1/2
∇iv

i = LXρ−
γadρg(∂tv, v)
1 + g(v, v)

+
γadρNk(v, v)
1 + g(v, v)

− 2γadρviLXv
i

1 + g(v, v)
− γadNρLvN

[1 + g(v, v)]1/2
+ Nki

iρ

− NLvρ

[1 + g(v, v)]1/2

and

γadρ

[
u0∂tv

i − 2Nu0ki
jv

j − u0(LXv)i + v j∇ jv
i +

1 + g(v, v)
N

∇iN

]
+ (γad − 1)

[
∇iρ+ viLvρ+ u0vi(∂tρ− LXρ)

]
= 0 (19)

∂tgi j = −2Nki j + LXgi j, (20)

∂tki j = −∇i∇ jN + N

{
Ri j + τki j − 2kikkk

j −
2Λ

n − 1
gi j

− γadρviv j +
γad − 2
n − 1

ρgi j

}
+ LXki j, (21)

R(g) − |k|2 + τ 2 = 2Λ + 2ρ {1 + γadg(v, v)} , (22)

∇ik
i j −∇ jτ = −γadρ

√
1 + g(v, v)vi. (23)

In order to obtain equations satisfied by the lapse function and the shift vector field, we
need to fix a choice of gauge. Setting the mean extrinsic curvature (τ ) of the hypersurface M
to a constant allows it to be a suitable time function. This choice of temporal gauge yields
an elliptic equation for the lapse function N. However, not all spacetimes admit a constant
mean extrinsic curvature (CMC) hypersurface. Existence of a CMC slice is far from obvious
and is a part of active mathematical research (for detail see [18–21]). Luckily the background
spacetimes (1) that we are interested in, do admit a CMC slice which is verified through explicit
calculations. Therefore simply setting the mean extrinsic curvature of the perturbed spacetimes
to be constant on each spatial slice seems to be a reasonable choice

∂iτ = 0. (24)

Such an assumption can be made without loss of generality for solutions that are close to the
background solution [24, 61]. This choice allows τ to play the role of time i.e.

t = monotonic function of τ. (25)

To utilize the property ∂iτ = 0, one may simply compute the entity ∂τ
∂t to yield

∂τ

∂t
= ΔγN +

{
|k|2g +

[
(nγ − 2)

n − 1
+ γadg(v, v)

]
ρ− 2Λ

n − 1

}
N + LXτ. (26)

8
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Using equation (24), we obtain the desired elliptic equation for the lapse function

ΔgN +

{
|k|2g +

[
(nγ − 2)

n − 1
+ γadg(v, v)

]
ρ− 2Λ

n − 1

}
N =

∂τ

∂t
. (27)

Once we have fixed the temporal gauge, we need to fix the spatial gauge which would yield
an equation for the shift vector field. We follow the work of [33, 34] regarding spatial gauge
fixing. Let ζ : (M, g) → (M, γ) be a harmonic map with the Dirichlet energy 1

2

∫
Mgi j ∂ζk

∂xi
∂ζl

∂x j γklμg.
Since the harmonic maps are the critical points of the Dirichlet energy functional, ζ satisfies
the following formal Euler–Lagrange equation

gi j
(
∂i∂ jζ

k − Γ[g]l
i j∂lζ

k + Γ[γ]k
αβ∂iζ

α∂ jζ
β
)
= 0. (28)

Now, we fix the gauge by imposing the condition that ζ = id, which leads to the following
equation

−gi j(Γ[g]k
i j − Γ[γ]k

i j) = 0, (29)

where Γ̂[γ]k
i j is the connection with respect to some arbitrary background Riemannian metric

γ. Choice of this spatial harmonic gauge yields the following elliptic equation for the shift
vector field X after time differentiating equation (29)

ΔgXi − Ri
jX

j = −2ki j∇ jN − 2N∇ jk
i j + τ∇iN

+ (2Nk jk − 2∇ jXk)(Γ[g]i
jk − Γ[γ]i

jk) − gi j∂tΓ[γ]k
i j. (30)

However, one natural question arises while imposing the spatial harmonic gauge. Does there
exist a harmonic map between the manifolds (M, g) and (M, γ)? This is an extremely important
and nontrivial issue. There are explicit results in geometry about the existence of harmonic
maps between Riemannian manifolds. The one that is relevant to the current study is that
of Eells and Sampson [25] who proved if M is a compact manifold with non-positive Rie-
mann curvature, then any continuous map from a compact manifold into M is homotopic to
a harmonic map. Andersson and Moncrief [32] applied this gauge to prove a local existence
theorem for the vacuum Einstein’s equations in arbitrary dimensions. Later they have success-
fully implemented this gauge to prove a small data nonlinear stability result of the ‘Milne’
model and its higher-dimensional generalization (so-called ‘Lorentz cone spacetimes’) [33,
34]. We designate our gauge fixed system as CMCSH Einstein–Euler-Λ system.

2.1. Motivation of the study and main result

In this section, we describe the motivation for the current study. Firstly, for a Universe model
to be a viable candidate for a physical cosmological model, it must be stable against pertur-
bations in a suitable sense. Therefore, one should ideally prove the fully non-linear stability
assuming certain smallness condition on the data. A natural first step toward such stability
would be to establish the stability at the level of linear perturbation theory. In addition to this
obvious motivation, based on a few preliminary studies [43, 44, 47] we are led to believe that
these expanding (accelerated expansion since Λ > 0) spacetimes may be stable under small
perturbations. From a physical viewpoint, the accelerated expansion tends to kill off the per-
turbations. Let us describe this point in a slightly more formal way. First, we decompose the
second fundamental form k as follows

ki j = kTT
i j +

trgk
n

gi j +

(
LY g − 2

n
(∇ · Y)g

)
i j

, (31)

9
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where kTT is a transverse-traceless (with respect to the metric g) symmetric two-tensor, trgk is
the trace of the second fundamental form with respect to the metric g, and Y is a vector field
tangent to M. Now consider the Hamiltonian constraint (22)

n − 1
n

(
τ 2 − 2nΛ

n − 1

)
= |kTT|2g + |LY g − 2

n
(∇ · Y)g|2g + 2ρ(1 + γadg(v, v)) − R(g) (32)

and construct the following integral

n − 1
n

∫
M

(
τ 2 − 2nΛ

n − 1

)
μg =

∫
M

(
|kTT|2g + |LYg − 2

n
(∇ · Y)g|2g

+ 2ρ(1 + γadg(v, v)) − R(g)

)
μg > 0, (33)

then we readily observe that the integral contains the L2 norm of ktr = kTT
i j +

(LYg − 2
n (∇ · Y)g)i j in addition to the physical energy density and is strictly positive

since the re-scaled volume is positive (note that τ 2 > 2nΛ
n−1 for spacetimes of interest; spatial

manifold is of negative Yamabe type; see [44] for detail about Yamabe classification; this
inequality can be showed as follows: the left-hand side of (32) contains non-negative term
except −R(g). But since M is assumed to be negative Yamabe, R(g) < 0 must hold at
some point on M. But τ 2 − 2nΛ

n−1 is constant on M due to constant mean extrinsic curvature
assumption on each spatial slice. Therefore τ 2 > 2nΛ

n−1 ). Motivated by such property, [43]
studied the monotonic decay of the entity

∫
M τ 2μg for pure vacuum case and [44] studied

the same for
∫

M(τ 2 − 2nΛ
n−1 )μg in the vacuum case with Λ > 0 in the CMC gauge (also see

[22, 23]). In each of these cases, this re-scaled volume acted as a Hamiltonian while expressed
in terms of suitable ‘reduced’ phase space variables. Subsequently, [47] studied the monotonic
decay (in the expanding direction) of the entity

∫
M(τ 2 − 2nΛ

n−1 )μg in the presence of matter
sources satisfying suitable energy conditions in particular perfect fluids, where this entity
played the role of a Lyapunov functional.

Naively, monotonic decay of this Lyapunov functional indicates the stability of a class of
expanding solutions (on which the Lyapunov functional attains its infimum) against arbitrary
large data perturbations. Motivated by this result, we are interested in pursuing the stabil-
ity property of a perfect fluid-filled spatially compact Universe model. Before proceeding to
the fully nonlinear study of the stability problem, it is important to prove the linear stabil-
ity in a rigorous way (not simply the mode stability) and obtain decay estimates if possible.
In a sense, the linear stability and decay should these hold provide motivation toward study-
ing the fully non-linear stability and may also become useful in handling the higher-order
couplings and defining appropriate energies. However, this does not imply stability since the
Lyapunov functional does not control the norm that is required by the local existence theorem
(for vacuum and Λ-vacuum the function space required for (g, k) by the local existence is
Hs × Hs−1, s > n

2 + 1). It only controls the minimum regularity (H1 × L2 of (g, k)) and there-
fore is not sufficient to state a global existence for arbitrarily large data (one may therefore
call this Lyapunov functional as a ‘weak’ Lyapunov functional). Even though the re-scaled
volume functional controlling the minimum norm decays monotonically in the expanding
direction and attains its infimum for a particular class of spacetimes (see the relevant sections of
[43, 44, 47] for details), the classical solution may form a finite time singularity via curvature
focusing. In other words, a suitable norm of arbitrarily large data (physically interesting solu-
tions) may be obstructed to decay monotonically to its infimum since pure gravity could blow
up before the spatial volume of the Universe tends to infinity. The addition of perfect fluids

10
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adds additional problems since they are known to form shock singularities in the fully non-
linear setting. Christodoulou proved that perfect fluids form shock on Minkowski background
for arbitrary small data [45]. Of course, Minkowski space does not have the expansion property
(accelerated expansion includingΛ > 0) like the spacetimes (1) of the current investigation do.
We denote a ball centered at (x, y, z, . . .) with radius δ by Bδ(x, y, z, . . .). The Einstein structure
of the manifold M (or the deformation space of an arbitrary Einstein metric γ on M) is denoted
by N . This will be defined later in a rigorous way. Now we summarize the result in terms of
the following ‘rough’ version which is equivalent to the main theorem stated in the later part of
the paper.

A rough version of the main theorem. Let (g0, ktr
0 , ρ0, v0) ∈ Hs × Hs−1 × Hs−1 ×

Hs−1, s > n
2 + 2 be the initial data for the re-scaled Einstein–Euler-Λ system with Λ > 0.

Let us also consider that the Cauchy data for the re-scaled background solutions are
(gB.G, ktr

B.G, ρB.G, vB.G) which satisfy R[gB.G]i j = − 1
n (gB.G)i j, ktr

B.G = 0, ρB.G = Cρ, vi
B.G = 0, Cρ

is a constant. Now assume that the following smallness condition holds ‖g0 − gB.G‖Hs +
‖ktr

0 − ktr
B.G‖Hs−1 + ‖ρ0 − ρB.G‖Hs−1 + ‖v0 − vB.G‖Hs−1 < δ, δ is chosen sufficiently small. If

t �→ (g(t), ktr(t), ρ(t), v(t)) is the maximal development of the Cauchy problem for the linearized
re-scaled Einstein–Euler-Λ system about the background solutions (gB.G, ktr

B.G, ρB.G, vB.G) in
constant mean extrinsic curvature spatial harmonic gauge (CMCSH) (109)–(116) with initial
data (g0, ktr

0 , ρ0, v0), then the following holds in the limit of infinite time

lim
t→∞

(g(t), ktr(t), ρ(t), v(t)) = (γ†, 0, ρ′, 0), (34)

where γ† satisfies R[γ†] = −1 and ρ′ depends on the initial re-scaled density ρ0 and ∂iρ
′ �= 0

in general.
Let us now explain the main theorem putting aside the technical details. The statement

essentially deals with the asymptotic stability of the solutions that are characterized by con-
stant negative scalar curvature (−1 to be precise in this occasion) and sufficiently close to
the FLRW solutions. In other words this corresponds to a Lyapunov stability of the FLRW
solutions. In other words, the solutions of linearized Einstein–Euler-Λ equations about the
background FLRW solutions (1) decay to nearby solutions which have constant negative scalar
curvature. While the background solutions the FLRW spacetimes (1) are described by the
property that the spatial metric gB.G is negative Einstein i.e. R[gB.G]i j = − 1

n (gB.G)i j, the per-
turbed solutions decay in infinite time to the space which does not share the same property.
More specifically, the spatial metric γ† of the asymptotic solution satisfies R[γ†] = −1. Now,
the space of negative Einstein metrics is a subset of the space of metrics with constant negative
scalar curvature. Simple use of triangle inequality shows that the asymptotic state should be the
space of constant negative scalar curvature sufficiently close to and containing the background
FLRW solutions. Since the latter is a subspace of the former, one may fine-tune the initial con-
ditions to obtain the asymptotic solution to be exactly of FLRW type (i.e. the solution has a
spatial metric that is negative Einstein). But such a procedure proves to be too restrictive and
physically undesirable.

If for the moment we focus on the physical 3 + 1 case, then ideally we want the asymp-
totic solution to have constant negative sectional curvature (i.e. hyperbolic or negative Einstein
by Mostow rigidity) not just constant negative scalar curvature and a spatially uniform back-
ground energy density. In other words, if one perturbs an FLRW solution, it does not generically
come back to an FLRW solution in infinite time. Now notice that the local spatial homogene-
ity and isotropy criteria required constancy of the sectional curvature and as such in 3 spatial
dimensions, a negative Einstein metric automatically has constant sectional curvature. How-
ever, space of metrics with constant negative scalar curvature is a much larger space and does

11
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not necessarily exhibit the local spatial homogeneity and isotropy criteria (only a subspace
that is described by negative Einstein metrics or hyperbolic metrics do; these correspond to
compact hyperbolic manifolds that are locally homogeneous and isotropic by construction).
This result is not completely satisfactory but on the other hand, maybe physically expected
as these inhomogeneous and anisotropic characteristics may be attributed to the structure for-
mation (see [4, 27] about the role of cosmological perturbation theory in structure formation).
This is a remarkable fact that indicates there is a dynamical mechanism at work within the
Einstein–Euler-Λ flow that naturally drives the physical Universe to an anisotropic and inho-
mogeneous state leading to cosmological structure formation. We do not of course claim such
a strong result only based on our linear stability analysis.

We note that [26] reported this behavior of the FLRW spacetimes as well considering ‘dust’
as the matter source. They constructed a finite-dimensional dynamical system by spatially
averaging out the inhomogeneities and showed that FLRW cosmologies are unstable in some
relevant cases: averaged models are driven away from them through structure formation and
accelerated expansion. However, presently we do not claim that our theorem indicates such
a strong result since we need to execute the full nonlinear analysis to incorporate the possi-
bility of shock formation. Nevertheless, the phenomenon of accelerated expansion driving the
solutions away from the background is previously noted in [59] which dealt with a particular
case of vacuum gravity (background solutions were described by the negative Einstein spaces)
including a positive cosmological constant. The solutions decay asymptotically to the nearby
ones described by constant negative scalar curvature. On the other hand, in the same problem
if the cosmological constant is turned off, then the perturbed solutions do come back to the
background solution asymptotically [33, 34]. Nevertheless, the presence of a positive cosmo-
logical constant yields universal decay rates that do not depend on the background geometry
unlike the zero cosmological constant case, where the decay rate explicitly depended on the
spectra of a Lichnerowicz type Laplacian operator defined on the background geometry (see
[34] for detail).

3. Re-scaled field equations and background solutions

The background solution we are interested in is the constant negative sectional spatial curvature
FLRW model in ‘3 + 1’ dimensions. In higher dimensions (n > 3), however, the spatial metrics
are negative Einstein (not necessarily hyperbolic). The solution is expressible in the following
warped product form

n+1g = −dt ⊗ dt + a(t)2γi j dxi ⊗ dx j, (35)

where Ri j(γ) = − 1
nγi j and t ∈ (0,∞). Clearly we have N = 1, Xi = 0, gi j = a(t)2γ i j. These

spacetimes are globally foliated by constant mean curvature slices which is evident from the
following simple calculations

ki j = − 1
2N

∂tgi j = −aȧγi j,

τ (t) = ki jg
i j = −aȧγi j

1
a(t)2

γ i j = −nȧ
a
.

(36)

Note that in order to study the linearized perturbations, we need to re-scale the field equations.
We want to re-scale in such a way as to make the background time independent and then
analyze the associated re-scaled dynamical system. For this particular purpose, we will need
the background density and n−velocity. Let us now explicitly calculate the scale factor a(t),

12
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the background density, and the velocity. Note that we are only interested in the asymptotic
behavior of the scale factor at t →∞ for our stability analysis instead of its precise expression.
The following lemma states the asymptotic behavior of the scale factor.

Lemma 1. Let γad be the adiabatic index. The background energy density, n−velocity vector
field, and the scale factor satisfy the following

ρ(t)a(t)nγad = Cρ,

vi = 0,

a ∼ eαt for Λ > 0,

a ∼ t as t →∞ for Λ = 0,

where α :=
√

2Λ
n(n−1) , a(0) := a(t = 0), and ∞ > Cρ > 0 is a constant.

Proof. The energy equation yields

∂ρ

∂t
= −nγad

ȧ
a
ρ, (37)

integration of which leads to

ρa(t)nγad = Cρ, (38)

for some finite positive constant Cρ. The momentum constraint (23) equation yields

vi = 0 (39)

since ktr = 0. Utilizing the Hamiltonian constraint, we obtain the following ODE for the scale
factor

1
a

da
dt

=

√
1

n(n − 1)

(
2Λ +

1
a2

+
2Cρ

anγad

)
, (40)

integration of which yields at t →∞

a ∼ eαt, (41)

where α :=
√

2Λ
n(n−1) . Taking Λ = 0, integration of (40) yields

a ∼ a(0) +
t√

n(n − 1)
(42)

as t →∞, which completes the proof of the lemma. �
Now let us focus on obtaining a re-scaled system of evolution and constraint equations.

Recall that the metric in local coordinate (t, x) may be written as

ĝ = −N2 dt ⊗ dt + gi j(dxi + Xi dt) ⊗ (dx j + X j dt) (43)

and the background solutions are written as

n+1gbackground = −dt ⊗ dt + a2γi j dxi ⊗ dx j, (44)

13
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where R[γ]i j = − 1
nγi j and t ∈ (0,∞). If we assign a the dimension of length (nat-

ural) (similar to the re-scaling used by [34]), the dimensions of the rest of the
entities follow t ∼ length, xi ∼ (length)0, gi j ∼ (length)2, N ∼ (length)0, Xi ∼ (length)−1, τ ∼
(length)−1, κtr

i j ∼ length. Therefore, the following scaling follows naturally

g̃i j = a2gi j, Ñ = N, X̃i =
1
a

Xi, k̃tr
i j = aktr

i j. (45)

Here, we denote the dimension-full entities with a tilde sign and dimensionless entities are left
alone for simplicity. The Hamiltonian constraint (22) and the momentum constraint (23) take
the following forms

R(g) − |ktr|2 + 1 + 2Cρa
2−nγ = 2a(t)2ρ̃ (1 + γadg̃(ṽ, ṽ)) ,

∇ jk
tri j = a(t)3γadρ̃

√
1 + g̃(ṽ, ṽ)ṽi. (46)

Notice that we are yet to re-scale the matter fields i.e. (ρ, v). Now, of course, in lemma 1, we
have already seen that the background energy density satisfies ρ(t) = Cρ

anγad for some constant
Cρ > 0 depending on the initial density. Therefore, we naturally scale the energy density by

1
anγad i.e.

ρ̃ =
1

a(t)nγad
ρ (47)

so that the background density becomes time independent. Notice that Cρ is a constant with
dimension of (length)nγad−2. Now, since, the background n−velocity vanishes for the back-
ground solution, we do not have a straightforward scaling. However, we have the normalization
condition for the n + 1−velocity field u = −n+1g(u, n)n + v

−(Ñũ0)2 + g̃i jṽ
iṽ j = −1, (48)

and therefore scaling of the metric g̃i j = a2gi j yields the following natural scaling of vi

ṽi =
1
a
vi, (49)

since the right-hand side is simply a constant. The complete evolution and constraints of the
gravity coupled fluid system may be expressed in the following re-scaled form

∂gi j

∂t
= 2

ȧ
a

(N − 1) gi j −
2
a

Nktr
i j +

1
a

(LXg)i j, (50)

∂ktr
i j

∂t
= − ȧ

a
((N − 1)(n − 2) + n − 1)︸ ︷︷ ︸
should be <0 to generate decay

ktr
i j −

2
a

Nktr
ikktrk

j +
1
a

NRi j︸ ︷︷ ︸
gauge fixing is required

−
(

a
n2

(
τ 2 − 2nΛ

n − 1

)
+

nγad − 2
n(n − 1)

a1−nγadCρ

− N(1 + 2Cρa2−nγ)
a(n − 1)

+
γad − 2
n − 1

a1−nγadNρgi j

)
gi j

− 1
a
∇i∇ jN − a1−nγadNγρviv j +

1
a

(LXktr)i j, (51)
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∂tρ+
γadρN∇iv

i

a[1 + g(v, v)]1/2
+

(N − 1)nγadρȧ
a︸ ︷︷ ︸

should contribute to higher order since N−1�0

=
1
a

LXρ−
γadρg(∂tv, v)
1 + g(v, v)

− NLvρ

a[1 + g(v, v)]1/2

+
γadρN

1 + g(v, v)

(
1
a

ktr(v, v) − ȧ
a

g(v, v)

)

+
γadρviLXv

i

a[1 + g(v, v)]
− γadNρLvN

a[1 + g(v, v)]1/2
, (52)

γadρu0∂tv
i + γadρu0[2N − 1 − n(γad − 1)]

ȧ
a︸ ︷︷ ︸

should be >0 to generate decay

vi −
2γadρNu0ktri

j v
j

a

− γadρu0

a
LXv

i +
γadρ

a
v j∇ jv

i +
γadρ[1 + g(v, v)]

aN
∇iN

+
(γad − 1)

a

(
∇iρ+ viLvρ+ au0vi∂tρ− u0viLXρ

)
= 0,

R(g) − |ktr|2 − 2a2−nγadρ{1 + γadg(v, v)}+ 1 + 2Cρa2−nγ = 0, (53)

∇ jk
tri j = −γada2−nγadρ

√
1 + g(v, v)vi, (54)

ΔgN +

⎛
⎜⎜⎜⎝|ktr|2 + a(t)2

(
τ 2

n
− 2Λ

n − 1

)
+ a2−nγad

[
(nγad − 2)

n − 1
+ γadg(v, v)

]
ρ︸ ︷︷ ︸

should be >0 for elliptic regularity

⎞
⎟⎟⎟⎠N = a2 ∂τ

∂t
,

(55)

ΔgXi − Ri
jX

j =

(
1 − 2

n

)
τ∇iN − 2∇ jNktri

j − 2N∇ jk
tri j (56)

+ (2Nktr jk − 2∇ jXk)
(
Γ[g]i

jk − Γ[γ]i
jk

)
− agi j∂tΓ[γ]k

i j.

Note that an straightforward maximum principle argument applied to the lapse equation yields
N � 1. In CMCSH gauge, the time function is obtained by setting τ = monotonic function of
t alone. Now, we have τ evaluated for the background solution which is a monotonic function
of t alone since utilizing the Hamiltonian constraint and the lapse equation at the background
solution one obtains

∂τ

∂t
=

1
n

(
τ 2 − 2nΛ

n − 1

)
+

nγad − 2
n − 1

a−nγadCρ

=
1

a(t)2(n − 1)

(
1 + nγadCρa2−nγad

)
> 0. (57)
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We set the time function to be the solution of this equation

∂τ

∂t
=

1
a(t)2(n − 1)

(
1 + nγadCρa(t)2−nγad

)
, (58)

i.e. t = t(τ ) which settles the business of choosing a time coordinate. Let us analyze the
background solutions in a bit more detail.

Lemma 2(a). The background re-scaled solution of the Einstein–Euler system verifies the
following equations

NB.G = 1, Xi
B.G = 0, R[gB.G]i j = −1

n
gB.Gi j,

ktr
B.G = 0, vi

B.G = 0, ∂iρB.G = 0, (59)

and the spacetime is foliated by CMC slices.

Proof. The background spacetime

n+1g = −dt ⊗ dt + a(t)2γi j dxi ⊗ dx j (60)

yields ÑB.G = 1, X̃i
B.G = 0, g̃B.Gi j = a2γi j and therefore yields NB.G = 1, Xi

B.G = 0, gB.Gi j =
γi j. A simple calculation yields

k̃B.Gi j = −aȧγi j (61)

and therefore

ktr
B.G = 0, τ = −nȧ

a
. (62)

The momentum constraint (54) yields

vi
B.G = 0 (63)

which together with the equations of motion (53) for the fluid leads to

∂iρB.G = 0. (64)

From the previous calculation τ = − ȧ
a , it is obvious that the spacetime is foliated by constant

mean curvature spatial slices. �

Lemma 2(b). The transverse-traceless part of the traceless second fundamental form van-
ishes for the background solutions i.e. ktr

B.G = kTT + LYgB.G − 2
n (∇[gB.G]mYm)gB.G reduces to

ktr = kTT = 0 and moreover Y ≡ 0 for background solutions.

Proof. The vanishing of the re-scaled trace-less second fundamental form ktr = 0 for the
background solutions yields the following through the decomposition of the symmetric trace-
less two-tensors

kTT + LYγ − 2
n

(∇[γ]mYm)γ = 0, (65)
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which may be converted to∫
M

(
kTT + LYγ − 2

n
∇[γ]mYmγ

)
i j

(
kTT + LYγ − 2

n
∇[γ]mYmγ

)i j

μγ = 0

∫
M
|kTT|2γμγ +

∫
M
|LYγ − 2

n
∇[γ]mYmγ|2γμγ = 0 (66)

since kTT and LYγ − 2
n∇[γ]mYmγ are L2 orthogonal with respect to the metric γ. Therefore we

readily obtain

kTT ≡ 0, (67)

LYγ − 2
n
∇[γ]mYmγ ≡ 0, (68)

where we have used the fact that kTT and LYγ − 2
n∇[γ]mYm are L2 orthogonal (with respect to

the background metric γ). Now the covariant divergence of the conformal Killing equation (68)
yields

∇[γ]i

(
∇[γ]iY j +∇[γ] jYi −

2
n

(∇[γ]mYm)γi j

)
= 0

∫
M

(
Y j∇[γ]i∇[γ]iY

j + R j
i Y

iY j +

(
1 − 2

n

)
Y j∇[γ] j(∇[γ]iY

i)

)
μγ = 0

−
∫

M

(
∇[γ]iY j∇[γ]iY j +

1
n
γi jY

iY j +

(
1 − 2

n

)
|∇[γ]iY

i|2
)
μγ = 0

⇒ Y ≡ 0 (69)

throughoutM since n � 3. Here we have used R(γ)i j = − 1
nγi j together with integration by parts

and the Stokes’ theorem for a closed (compact with ∂M = {0}) manifold. This is equivalent
to the fact that the isometry group of (M, γ) is discrete. The spacetimes (1) admit a timelike
conformal Killing field K :=Kμ ∂

∂xμ = a(t) ∂
∂t i.e.

La(t) ∂
∂t

n+1g = 2ȧn+1g. (70)

The results obtained so far yields the following theorem characterizing a class of fixed points
of the re-scaled Einstein–Euler-Λ system. �

Theorem. Let M be a closed (compact without boundary) connected orientable man-
ifold that admits a negative Einstein metric. Then the fixed point solutions of the
re-scaled Einstein–Euler-Λ flow (50)–(56) in constant mean extrinsic curvature spa-
tial harmonic gauge (CMCSH) on (t−, t+) × M, 0 � t− < t+ � ∞ have the Cauchy data
(gB.G, ktr

B.G, NB.G, XB.G, ρB.G, vB.G) that satisfy the following equations

Ri j[gB.G] = −1
n

(gB.G)i j, ktr
B.G = 0, NB.G = 1, (71)

XB.G = 0, ρB.G = Cρ, vi
B.G = 0.

The physical spacetimes (35) constructed by this Cauchy data admit K := a(t)∂t as a globally
defined time-like conformal Killing vector field. Here a(t) is the scale factor.
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3.1. Center manifold of the dynamics

The following mathematics concerning the center manifold dynamics in the setting of Einstein
flow was first established by the work of Andersson–Moncrief [33]. We now present some of
this work and adapt it to the Einstein–Euler-lambda setting. A center manifold of a dynam-
ical system is associated with fixed points of the dynamics. Essentially a center manifold of
a fixed point corresponds to the nearby solutions (in phase space) that do not exhibit expo-
nential growth or decay. This may be zero-dimensional or a subspace of the phase space and
admits a manifold structure (so the name center ‘manifold’). For a more precise and mathemat-
ically rigorous definition, we refer the reader to [52, 53]. There is a crucial theorem namely the
‘center manifold theorem’ which plays a significant role in the analysis of dynamical systems.
In general, center manifolds do not have the uniqueness property, unlike stable and unstable
manifolds which do [54–56]. In a finite-dimensional setting, this roughly corresponds to the
case when the linearization of the flow vector field has purely imaginary spectra. In an infinite-
dimensional setting, moduli spaces naturally play the role of center manifold (in an appropriate
sense of course). As we shall see, the center manifold in this particular occasion is played by
the Einstein moduli space, which consists of non-isolated fixed points of the Einstein–Euler-Λ
flow.

Unlike the n = 3 dimensional case where the negative Einstein spaces are hyperbolic (and
the center manifold of the gravitational dynamics consists of a point), the higher dimensional
case is more interesting. The matter degrees of freedom corresponding to the background solu-
tion (in its re-scaled version) in CMCSH gauge are essentially described by vi = 0, ρ = ρB.G.
It becomes more interesting when we consider the gravitational degrees of freedom. In the
case of n = 3, a negative Einstein structure implies hyperbolic structure through Mostow
rigidity theorem and therefore the manifold describing the fixed point of the dynamics is zero-
dimensional. In other words, the particular solution ({γ|Ricci[γ] = − 1

3γ, ktr = 0, ρ = Cρ, vi =
0) serves as an isolated fixed point of the Einstein–Euler dynamics. However, in the higher
dimensional cases (n > 3), a new possibility arises of having non-hyperbolic negative Einstein
spaces. When we linearize about any member of such a non-isolated family of negative Ein-
stein metrics, the linearized equations will always admit a finite-dimensional space of neutral
modes. Naturally, this represents (modulo the matter degrees of freedom) the tangent space
to the background spacetimes (1). These smooth families of background spacetimes deter-
mined by the corresponding families of negative Einstein metrics and zero-dimensional matter
degrees of freedom (vi = 0, ρ = Cρ) form the ‘center manifold’ for the dynamical system
defined by the re-scaled Einstein–Euler-Λ equations. A family of background solutions of
the Einstein–Euler-Λ system in CMCSH gauge is the spacetimes as described in the previous
section. The spatial metric component of these spacetimes is a negative Einstein metric i.e. the
spatial metric satisfies

Ri j(γ) = −1
n
γi j. (72)

Let us denote the space of metrics satisfying equation (72) by E in− 1
n
.

Let γ∗ ∈ E in− 1
n

and V be its connected component. Also consider Sγ to be the harmonic
slice of the identity diffeomorphism i.e. the set of γ ∈ E in− 1

n
for which the identity map

id : (M, γ) → (M, γ∗) is harmonic (since any metric γ ∈ E in− 1
n

verifies the fixed point criteria

R[γ]i j = − 1
nγi j, it should also satisfy the CMCSH gauge condition with respect to a back-

ground metric and in this case the background metric is simply chosen to be γ∗, another element
of E in− 1

n
). This condition is equivalent to the vanishing of the tension field −Vk that is
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−Vk = −γ i j(Γ[γ]k
i j − Γ[γ∗]k

i j) = 0. (73)

For γ ∈ E in− 1
n
, Sγ is a submanifold of M for γ sufficiently close to γ∗ (easily proven using

standard procedure and therefore we omit the proof, see [34] for detail). The deformation space
N of γ∗ ∈ E in− 1

n
is defined as the intersection of the γ∗−connected component V ⊂ E in− 1

n
and the harmonic slice Sγ i.e.

N :=V ∩ Sγ. (74)

N is assumed to be smooth (i.e. equipped with C∞ topology). In the case of n = 3, following
the Mostow rigidity theorem, the negative Einstein structure is rigid [3]. This rigid Einstein
structure in n = 3 corresponds to the hyperbolic structure up to isometry. For higher genus
Riemann surfaces Σgenus (genus > 1), space of distinct hyperbolic structures is the classical
Teichmüller space diffeomorphic to R6genus−6. Tangent space to any point in the Teichmüller
space corresponds to the ‘neutral modes’ of 2 + 1 gravity defined by transverse-traceless ten-
sors. However, 2 + 1 gravity is fundamentally different from the higher dimensional cases
since the former is devoid of gravitational waves degrees of freedom. For n > 3, the center
manifold N is a finite dimensional submanifold of M (and in particular of M−1). Following
the analysis of [34], the formal tangent space TγN in local coordinates is expressible as

∂γ

∂qa
= lTT‖

a + L
W‖

a
γ, (75)

where lTT‖
a ∈ ker(L) = CTT‖(S2M) ⊂ CTT(S2M), W‖ ∈ X(M) satisfies through the time deriva-

tive of the CMCSH gauge condition −γ i j(Γ[γ]k
i j − Γ[γ∗]k

i j) = 0

− [∇[γ]m∇[γ]mW‖i + R[γ]i
mW‖m] + (lTT‖ + LW‖γ)mn(Γ[γ]k

mn − Γ[γ∗]k
mn) = 0,

and, {qa}dim(N )
a=1 is a local chart on N , X(M) is the space of vector fields on M (in a suitable

function space setting), CTT(S2M) is the space of γ−fransverse-traceless two-tensors on M.
An important thing to note is that all known examples of closed negative Einstein spaces have
integrable deformation spaces and that the deformation spaces are stable i.e. Spec{Lγ,γ} � 0.
The spectrum of the operator Lγ,γ plays an important role determining the decay rates in the
pure vacuum case considered by [33, 34].

3.2. Kinematics of the perturbations at the linear level

As discussed in the previous section, the Einstein moduli space is finite-dimensional for n > 3
and serves as the center manifold of the dynamics (the deformation space N to be precise).
On the other hand, for the n = 3 case, following Mostow rigidity, negative Einstein structure
implies hyperbolicity and therefore the moduli space reduces to a point. We will consider the
general case when the moduli space is finite-dimensional since the zero-dimensional moduli
space case is trivial. Let N be the deformation space of γ∗. Now suppose, we perturb the
metric about γ∗. The perturbation is defined to be h := g − γ∗ such that ‖h‖Hs < δ for a suitable
δ > 0. Due to the finite dimensionality of N , g in fact could be an element of N lying within a
δ−ball of γ∗. But if g lies on N , then corresponding solution satisfies the fixed point condition
Ric(g) = − 1

n g. Therefore these ‘trivial’ perturbations do not see the dynamics. The question is
how to treat such perturbations which are tangent toN . This was precisely handled by invoking
a shadow gauge condition in the study of a small data fully nonlinear stability problem of the
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Figure 1. Kinematics of the perturbations for the Einstein–Euler system. Instability
materializes in N iff γ(t) leaves every compact set of N i.e. approaches ∂N . Stability
occurs when γ(t) evolves from one point of N to simply another point of N . The insta-
bility of g(t) is naturally defined by the unbounded growth of g(t) − γ(t) in a suitable
function space.

vacuum Einstein’ equations by [34] and later used in [59] to handle the case with a positive
cosmological constant. The shadow gauge reads

(g − γ) ⊥ N (76)

for γ ∈ N , where the orthogonality is in the L2 sense with respect to the metric γ. This precisely
takes care of the motion of the orthogonal perturbations by studying the time evolution of
h := g − γ, while the motion of the tangential perturbations is taken care of by evolving γ ∈ N .
This does not really affect the characteristics of the background spacetimes as γ does not leave
the moduli space i.e. it is still a negative Einstein metric with Einstein constant − 1

n . However,

if we write the perturbations as hi j = gi j − γi j, then ∂gi j
∂t =

∂hi j
∂t +

∂γi j
∂t and therefore, ∂γi j

∂t enters
into the evolution equation for the metric. But an important question is how exactly to control
this term since it will enter into the time derivative of the energy as well. We will obtain the
necessary estimates in a later section when we study the energy inequality. But how does the
instability (if it occurs) materialize in N ? The instability is precisely described by the fact
that the curve γ(t) runs off the edge of N (leaves every compact set of N ) similar to the case
of 2 + 1 gravity where the solution curve runs off the edge of the Teichmüller space (played
by N in the current context) at the limit of the big-bang singularity [17, 28]. See figure 1
which depicts the kinematics of the perturbations (notice that this notion of stability/instability
is general; here we specialize to the linearized problem). This notion of stability/instability
is true in a general non-linear setting as well. Linearization is a special case which we will
consider here.

One subtle point left to discuss is how to control the time derivative term ‘gi j∂tΓ[γ]k
i j’

(or ‘γ i j∂tΓ[γ]k
i j’ at the linear level) in the equation for the shift vector field (56). By a sim-

ple calculation, we will show that this contribution vanishes at the linear level. ∂γi j
∂t may be

written as (equation (75))

∂γi j

∂t
= lTT‖

i j + (LZ‖γ)i j, (77)
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where Z‖ satisfies through the CMCSH gauge condition (29),

−[∇[γ]m∇[γ]mZ‖i + R[γ]i
mZ‖m] + (lTT‖ + LZ‖γ)mn(Γ[γ]k

mn − Γ[γ∗]k
mn) = 0.

At the linear level, however, the term ‘(lTT‖ + LZ‖γ)mn(Γ[γ]k
mn − Γ[γ∗]k

mn)’ vanishes since it is
of second order. This yields

∇[γ]m∇[γ]mZ‖i + R[γ]i
mZ‖m = 0 (78)

leading to

−
∫

M

(
∇[γ]iZ

‖
j∇[γ]iZ‖ j +

1
n
γi jZ

‖iZ‖ j

)
μγ = 0 ⇒ Z‖ = 0 (79)

on M. Therefore, the pure gauge part of the N -tangential velocity ∂γi j
∂t vanishes yielding

∂γi j

∂t
= lTT‖

i j . (80)

A direct calculation yields the following

γ i j∂tΓ[γ]k
i j = γ i jDΓ[γ]k

i j ·
∂γ

∂t

= γki∇[γ] j(∂tγi j) −
1
2
∇[γ]ktrγ(∂tγ)

= γki∇[γ] jlTT‖
i j − 1

2
∇[γ]ktrγ(lTT‖)

= 0, (81)

since lTT‖ is transeverse-traceless with respect to γ. We are left with one task of estimating the
tangential velocity lTT‖, which will be done in a later chapter.

4. Linearized Einstein–Euler system

In this section we linearize the complete Einstein–Euler system and state a local existence
theorem for such system. The background (re-scaled) solution obtained previously reads
(gB.G, ktr

B.G, NB.G, XB.G, ρB.G, vB.G) = (γ, 0, 1, 0, Cρ, 0), where Ri j(γ) = − 1
n and Cρ is a posi-

tive constant. Of course, in the previous section, we have recalled that the Einstein struc-
ture is not rigid for the n > 3 cases. The perturbations to the background solutions may be
described as follows h := g − γ, δktr = ktr − ktr

B.G = ktr − 0 = ktr, δN = N − NB.G = N − 1,
δX :=X − XB.G = X − 0 = X, δρ := ρ− ρB.G = ρ− Cρ, δv := v − vB.G = v − 0 = v. Now
we linearize the Einstein–Euler system about this background solution. The linearized Euler
equations read

∂δρ

∂t
= −Cρnγadȧ

a
δN − 1

a
γadCρ∇[γ]iv

i, (82)

∂vi

∂t
=

nȧ
a

(
γad −

n + 1
n

)
vi − 1

a
∇[γ]iδN − γad − 1

aγadCρ
∇[γ]iδρ. (83)
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Now, an obvious problem is that the n−velocity vector field vi consists of irrotational, rotational
and harmonic parts. Utilizing a Hodge decomposition [60] of the n−velocity one-form on the
spatial manifold M, one may simply write the velocity vector field as follows

v = (dφ)� + (δψ)� + (H)�, (84)

where φ ∈ Ω0(M),ψ ∈ Ω2(M),H ∈ Ω1(M), and ΔH = (dδ + δd)H = 0 (in the weak sense).
Existence of a metric ensures the required isomorphism between the space of vector fields and
the space of one-forms and such isomorphism is denoted by �. At the linear level, the covariant
divergence of the evolution equation for the velocity (83) yields

Δγ

(
∂φ

∂t
− nȧ

a

(
γad −

n + 1
n

)
φ+

1
a
δN +

γ − 1
aγadCρ

δρ

)
= 0. (85)

Now clearly, the kernel of the rough LaplacianΔγ on a closed connected M consists of constant
functions only and therefore

∂φ

∂t
− nȧ

a

(
γad −

n + 1
n

)
φ+

1
a
δN +

γ − 1
aγadCρ

δρ = C(t). (86)

One may absorb C(t) in the scalar field φ since φ is unique up to functions constant on Mt. Let
us make the transformation φ �→ φ+ F(t). The evolution equation for φ yields

∂φ

∂t
− nȧ

a

(
γad −

n + 1
n

)
φ+

1
a
δN +

γ − 1
aγadCρ

δρ

+
dF(t)

dt
− nȧ

a

(
γad −

n + 1
n

)
F(t) = C(t).

Now setting dF
dt −

nȧ
a (γad − n+1

n )F(t) = C(t) (which has a unique solution F(t) =

F(t0)( a(t)
a(t0) )

n(γad− n−1
n ) + a(t)n(γad− n−1

n )
∫ t

t0
C(t′)

a(t′)n(γad−
n−1

n )
dt′), the fluid equations reduce to the

following wave equation for the scalar potential φ (propagating with the speed of sound
cs =

√
γad − 1)

∂φ

∂t
=

nȧ
a

(
γad −

n + 1
n

)
φ− 1

a
δN − γad − 1

aγadCρ
δρ,

∂δρ

∂t
= −Cρnγadȧ

a
δN +

1
a
γadCρΔγφ.

(87)

Notice that this is precisely the wave equation with respect to the ‘sound’ metric Sμν := ĝμν +
(1 − c2

s )uμuν (this sound metric was first derived by [46] in the context of the stability of a black
hole accretion problem). Therefore, we observe that the irrotational part of the n−velocity
field is decoupled from the rotational and the harmonic parts. The question remains how do
we extract the evolution equations for the remaining parts of the velocity vector field. Let us
now focus on the harmonic contribution. For closed (closed negative Einstein in this case to
be precise) manifolds, the space of harmonic forms (one-forms in this particular case) is a
finite-dimensional vector space. Therefore, the harmonic form contribution of the n−velocity
one-form field may be written as

H =
L∑

k=1

mkAk, (88)
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where {A}l
k=1 form a basis of the space of harmonic forms. Here L is the first Betti number

or the dimension of the first de-Rham cohomology group (or the space of the first singular
cohomology group H1(M) with real coefficients). Now we may utilize the L2 orthogonality
property of the three constituents in the Hodge decomposition of the velocity field with respect
to the natural Riemannian metric γ i.e.∫

M
〈dφ,H〉γ =

∫
M
〈δψ,H〉γ = 0 (89)

sinceH ∈ ker(dδ + δd). Therefore, the harmonic contribution decouples to yield the following
set of ordinary differential equations for each harmonic part

dmk

dt
=

nȧ
a

(
γad −

n + 1
n

)
mk. (90)

Integration of this equation yields

mk(t) = mk(t0)

(
a(t)
a(t0)

)n
(
γad− n+1

n

)

. (91)

Once we have extracted the time evolution of the harmonic contribution, the pure rotational
part may be extracted by the application of a double ‘curl’ operator δ ◦ d. Notice that (δψ)�,
the pure rotational contribution and H�, the harmonic contribution to the velocity field, both
have zero covariant divergence (see the appendix A). Let us denote the vector field counterparts
(δψ)� of δψ and H� of H by ξ and χ, respectively i.e.

vi = ∇[γ]iφ+ ξi + χi. (92)

Here ξi and χi satisfy (in the weak sense of course since they belong to Hs−1, s > n
2 + 1)

∇[γ]iξ
i = 0, (93)

∇[γ]iχ
i = 0. (94)

(i.e. ∃Θ ∈ C∞(M) such that
∫

M(∇[γ]iΘ)ξi = 0 =
∫

M(∇[γ]iΘ)χi) The action of double curl δ ◦
d on the evolution equation for the velocity (83) yields

∂[(δ ◦ dv�)�]i

∂t
=

nȧ
a

(
γad −

n + 1
n

)
[(δ ◦ dv�)�]i, (95)

since the action of curl annihilates the gradient by definition (exterior derivative to be pre-
cise). Noting (δA)i = ∇[γ] jAi j ∀A ∈ S0

2(M), d2φ = 0 = dχ�, One may explicitly evaluate
[(δ ◦ dv�)�]i to yield

[(δ ◦ dv�)�]i = ∇[γ] j(∇[γ]iξ j −∇[γ] jξi),

= −∇[γ] j∇[γ] jξi +∇[γ]i∇[γ] jξ
j + Ri

jξ
j

= (δi
jΔγ + R[γ]i

j)ξ
j, (96)

where we have used the divergence free property of ξ. Therefore, one obtains the following
evolution equation for ξ

(δi
jΔγ + R[γ]i

j)

(
dξ j

dt
− nȧ

a

(
γad −

n + 1
n

)
ξ j

)
= 0. (97)
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Now, the kernel of the Hodge Laplacian (dδ + δd) is precisely the space of harmonic forms.
Therefore,

∂ξi

∂t
− nȧ

a

(
γad −

n + 1
n

)
ξi = ζ i(t, x) (98)

for ζ� ∈ ker(dδ+ δd). On the other hand, ξ� is always unique up to a harmonic form κ�

since δξ� = δ(ξ� + κ�). Therefore, if we make a transformation ξ(t, x) �→ ξ(t, x) + κ(t, x), the
evolution equation becomes

∂ξi

∂t
− nȧ

a

(
γad −

n + 1
n

)
ξi +

(
∂κi

∂t
− nȧ

a

(
γad −

n + 1
n

)
κi

)
= ζ i(t, x). (99)

Now setting ∂κi

∂t − nȧ
a (γad − n+1

n )κi = ζ i(t, x) (which has a unique solution κi(t, x) =

κi(t0, x)( a(t)
a(t0) )

n(γad− n−1
n ) + a(t)n(γad− n−1

n )
∫ t

t0
ζi(t′ ,x)

a(t′)n(γad−
n−1

n )
dt′), the evolution equation for the rota-

tional part ξ reduces to

dξi

dt
− nȧ

a

(
γad −

n + 1
n

)
ξi = 0 (100)

from which one obtains the following stability criteria

γad <
n + 1

n
. (101)

Direct integration of the evolution equation for the curl part (100) yields

ξi(t) = ξi(t0)

(
a(t)
a(t0)

)n
(
γad− n+1

n

)

. (102)

Clearly, the curl part satisfies an ordinary differential equation in time and therefore we may
control its Sobolev norm of arbitrary order. Provided that the adiabatic index γad lies in the
suitable range (101 (see figure 2)), the curl part of the n−velocity field decays.

Notice another remarkable fact that the three parts of the velocity field are decoupled at the
linear level. In other words, the coupling is necessarily of higher order. Now we turn to the
linearized Einstein’s equations imposing constant mean extrinsic curvature spatially harmonic
(CMCSH) gauge. Note that the following lemma holds

Lemma 3. Let hij be the perturbation to the metric γ ij. The perturbation to the Ricci tensor
in CMCSH gauge satisfies

δRi j +
1
n

hi j = DR[γ]i j · h +
1
n

hi j =
1
2
Lγ,γhi j, (103)

where Lγ,γhi j is defined to be

Lγ,γhi j :=Δγhi j + (R[γ]k
i j

m
+ R[γ]k

ji
m

)hkm. (104)
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Proof. Using the Frechet derivative formula for the connection coefficients DΓ[γ]i
jk · h =

1
2γ

il(∇[γ] jhlk +∇[γ]kh jl −∇[γ]lhi j), one may readily obtain the first variation of the Ricci
tensor in the direction of h

δRi j = DR[γ]i j · h =
1
2

{
Δγhi j + (R[γ]k

i j
m
+ R[γ]k

ji
m

)hkm+∇[γ] j∇[γ]mhm
i

+∇[γ]i∇[γ]mhm
j + R[γ]k jh

k
i + R[γ]kih

k
j −∇[γ]i∇[γ] jtrγh

}
.

(105)

The linearized version of the spatial harmonic gauge ‘id : (M, γ + h) → (M, γ) is harmonic’
yields

γ i jDΓ[γ]k
i j · h = 0

2∇[γ] jh
i j −∇[γ]itrγh = 0. (106)

Therefore, the potentially problematic term ∇[γ] j∇[γ]mhm
i +∇[γ]i∇[γ]mhm

j obstructing the
ellipticity of hi j �→ DR[γ]i j · h becomes

∇[γ] j∇[γ]mhm
i +∇i∇mhm

j =
1
2

(∇[γ]i∇[γ] j +∇[γ]i∇[γ] j)trγh

= ∇[γ]i∇[γ] jtrγh, (107)

which gets canceled with −∇[γ]i∇[γ] jtrγh and therefore

δRi j = DR[γ]i j · h =
1
2

{
Δγhi j + (R[γ]k

i j
m
+ R[γ]k

ji
m

)hkm+ R[γ]k jh
k
i

+R[γ]kih
k
j

}
=

1
2
{Δγhi j + (R[γ] k

i j
m
+ R[γ]k

ji
m

)hkm}

− 1
n

hi j,

i.e.

δRi j +
1
n

hi j = DR[γ]i j · h +
1
n

hi j = Lγ,γhi j, (108)

where we have used the fact that the background metric is negative Einstein (R[γ]i j = − 1
nγi j).

This concludes the proof of the lemma. �
Therefore, we establish that h �→ DR[γ]i j · h is linear elliptic, which will help us to cast

the Einstein evolution equations as a linear hyperbolic system. The linearized Einstein–Euler
evolution and constraint equations read

∂hi j

∂t
= −2

a
ktr

i j +
2ȧ
a
δNγi j + lTT‖

i j︸︷︷︸
I

+
1
a

(LXγ)i j, (109)
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∂ktr
i j

∂t
= −(n − 1)

ȧ
a

ktr
i j −

1
a
∇[γ]i∇[γ] jδN +

γ − 2
n − 1

a1−nγadδργi j +
1

2a
Lγ,γhi j

+
1
a

{
1

n − 1
(1 + γada2−nγadCρ)γi j −

1
n
γi j

}
δN, (110)

∂φ

∂t
=

nȧ
a

(
γad −

n + 1
n

)
︸ ︷︷ ︸

<0

φ− 1
a
δN − γad − 1

Cργada
δρ, (111)

∂δρ

∂t
= −Cρnγadȧ

a
δN +

Cργad

a
Δγφ, (112)

dξi

dt
=

nȧ
a

(
γad −

n + 1
n

)
︸ ︷︷ ︸

<0

ξi, (113)

dχi

dt
=

nȧ
a

(
γad −

n + 1
n

)
︸ ︷︷ ︸

<0

χi, (114)

Δγ trγh +∇[γ]i∇[γ] jhi j − R[γ]i jh
i j = 2a2−nγadδρ, (115)

∇[γ] jk
tri j = −γada2−nγadCρv

i. (116)

along with the elliptic equations for the lapse function (perturbation) and the shift vector field
arising as a consequence of the gauge fixing

ΔγδN +
1

n − 1

(
1 + Cρnγada2−nγad

)
δN = −nγad − 2

n − 1
a2−nγadδρ, (117)

ΔγXi − R[γ]i
jX

j = −(n − 2)
ȧ
a
∇[γ]iδN − 2∇[γ] jk

tri j. (118)

Notice that the negativity of the underlined terms in the linearized evolution equations is crucial
in our analysis since these will generate uniform decay of the matter fields. Here we have used
the fact that the term ‘gi j∂tΓ[γ]k

i j’in the shift equation (56) vanishes at the linear level (as
shown in section 3.2). Notice that a problematic term ∇[γ] jk

tri j arises in the right-hand side
of the shift equation, which requires a higher regularity of the trace-less second fundamental
form ktr. However, we may immediately utilize the momentum constraint (23) to get rid of this
term and obtain

ΔγXi − R[γ]i
jX

j = −(n − 2)
ȧ
a
∇[γ]iδN + 2γadCρa2−nγadvi. (119)

Here v = (dφ)� + ξ + χ. Observe that theN -tangential velocity lTT‖ entered into the linearized
evolution equation for the metric perturbations hi j and we need to estimate it (term I in the

equation). Choosing a basis ∂γ
∂qa = mTT‖

a + L
W‖

a
γ for the formal tangent space of N at γ, the

time derivative of the shadow gauge condition yields at the linear level
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〈∂th, mTT‖
a + L

W
‖
a
γ〉γ = 0

〈−2
a

ktr +
2ȧ
a
δNγ + lTT‖ +

1
a

LXγ, mTT‖
a + L

W‖
a
γ〉γ = 0

〈−2
a

ktr + lTT‖, mTT‖
a + L

W
‖
a
γ〉γ = 0

〈−2
a

(
kTT + LYγ − 2

n
∇[γ]mYmγ

)
+ lTT‖, mTT‖

a + L
W

‖
a
γ〉γ = 0

〈−2
a

kTT + lTT‖, mTT‖
a 〉γ = 0 ⇒ lTT‖ =

2
a

kTT‖. (120)

Here we have utilized the L2 orthogonality between ATT and LBγ for B ∈ X(M) and ATT is a
TT-tensor with respect to γ. kTT‖ denotes the projection of the transverse-traceless part of ktr

onto the kernel of Lγ,γ (as we have discussed in section 3.1). In the energy inequality, we will
observe that the term lTT‖ is rather innocuous at the linear level since action of Lγ,γ annihilates
it (and only contributes at higher order).

4.1. Local well-posedness

[32] proved a well-posedness theorem for the Cauchy problem for a family of elliptic-
hyperbolic systems that included the ‘n + 1’ dimensional vacuum Einstein equations in
CMCSH gauge. [44] sketched how to apply the theorem of [32] to a gauge fixed sys-
tem of ‘Einstein-Λ’ field equations. However, a local existence theorem for the fully non-
linear Einstein–Euler system in CMCSH gauge remains open till today. [61] utilized a
CMC transported spatial coordinate condition (zero shift) to establish a local and subse-
quently a global existence result for the sufficiently small however fully non-linear irrota-
tional Einstein–Euler system on (0,∞) × T

3. In the case of an irrotational fluid, one readily
has a nonlinear wave equation (in a ‘sound metric’) for the scalar potential. One potential
complication that arises in the case of a general Einstein–Euler system is that the rota-
tional contribution and the harmonic contribution of the n−velocity vector field are cou-
pled non-linearly to the scalar field. Such questions are not however relevant at the lin-
ear level and left for future study. At this linear level, the system (109)–(119) forms a
coupled linear elliptic hyperbolic system. A straightforward energy argument together with
a contraction mapping on the Banach space C0([0, T]; Hs × Hs−1 × Hs−1 × Hs × Hs−1 ×
Hs−1) (i.e. (h(t), ktr(t), δρ(t),φ(t), ξ(t),χ(t)) ∈ Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1) with
s > n

2 + 1 would yield an existence result. However, a subtlety is that in the energy expressions,
we will have the shift vector field X and the perturbation to the lapse function δN. Therefore,
we need to ensure that they are uniquely determined or in other words that the following elliptic
equations have unique solutions

ΔγδN +
1

n − 1

(
1 + Cρnγada2−nγad

)
δN = −nγad − 2

n − 1
a2−nγadδρ, (121)

ΔγXi − R[γ]i
jX

j = −(n − 2)
ȧ
a
∇[γ]iδN + 2γadCρa2−nγadvi (122)

in Hs+1 × Hs+1. But, this is equivalent to showing that the operators Δγ +
1

n−1

(
1 + Cρnγada2−nγad

)
id and δi

jΔγ − R[γ]i
j have trivial kernels on Hs+1 × Hs+1. However,
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this follows from the fact that 1 + Cρnγada2−nγad > 0 and R[γ]i j = − 1
nγi j [32, 34]. Note that

once the perturbation to the lapse is uniquely determined in terms of δρ, the shift vector field
is then uniquely determined in terms of v(φ, ξ,χ) and δρ. The detailed elliptic estimates are
stated in the next section. Uniqueness and the continuation criteria is straightforward for
this linear elliptic–hyperbolic system. The only difference between our equations here and
the vacuum work studied by [32] is the appearance of matter terms. However these appear
with good signs and so the analysis proceeds in the same way. For completeness we state the
following theorem concerning the local well-posedness.

Local well-posedness theorem. Let s > n
2 + 1. The CMCSH Cauchy problem of

the linearized Einstein–Euler-Λ system with initial data (h0, ktr
0 , δρ0,φ0, ξ0,χ0) ∈ Hs ×

Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1 and Λ � 0 is strongly well posed in C0([0, T†]; Hs ×
Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1). In particular, there exists a time T† > 0 depend-
ing on ‖h0‖Hs , ‖ktr

0‖Hs−1 , ‖δρ0‖Hs−1 , ‖φ0‖Hs , ‖ξ0‖Hs−1 , ‖χ0‖Hs−1 such that the solution map
(h0, ktr

0 , δρ0,φ0, ξ0,χ0) �→ (h(t), ktr(t), δρ(t),φ(t), ξ(t),χ(t), N(t), X(t)) is continuous as a map

Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1 →

Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1 × Hs+1 × Hs+1. (123)

Let T† be the maximal time of existence of the solution to the CMCSH Cauchy problem with
data (h0, ktr

0 , δρ0,φ0, ξ0,χ0). Then either T† = +∞ or

lim
t→T†

sup max
(
‖h(t)‖Hs , ‖ktr(t)‖Hs−1 , ‖δρ(t)‖Hs−1,

‖φ(t)‖Hs , ‖ξ(t)‖Hs−1, ‖χ(t)‖Hs−1

)
= +∞. (124)

In addition to the local well-posedness, one needs to ensure the conservation of gauges and
constraints, that is, the following entities must vanish identically along the solution curve

Ai :=∇[γ]iτ , (125)

Bk := γ i j(Γ[γ + h]k
i j − Γ[γ]k

i j) = γ i jDΓk[γ]i j · h, (126)

D :=Δγtrγh +∇i∇ jhi j − R[γ]i jh
i j − 2a2−nγδρ, (127)

Ei :=∇[γ] jk
tri j + γa2−nγCvi. (128)

The vanishing of the entity Ai precisely states the imposition of the constant mean extrinsic
curvature gauge i.e. τ is a function of time t alone. Vanishing of D is essentially the con-
servation of the linearized version of the Hamiltonian constraint. One might naturally expect
the conservation of the gauges and constraints due to the Bianchi identities. However, uti-
lizing the evolution equations of the relevant fields, one may also directly obtain a system
of coupled PDEs after a lengthy but straightforward calculation. Utilizing an energy argu-
ment similar to [32], one may show that if (A, B, D, E) = 0 for the initial data (h0, ktr

0 , δρ0, v0),
then (A, B, D, E) ≡ 0 along the solution curve t �→ (h(t), ktr(t), δρ(t), v(t), δN(t), X(t)). At
the linear level, one sees trivially that Ai ≡ 0. Here, of course, by v we mean
the triple (φ, ξ,χ).
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4.2. Elliptic estimates

In this section, we estimate δN and Xi from their respective elliptic equations. These estimates
are necessary to derive the desired energy inequality. At each step, we carefully keep track of
the time dependent expansion factor.

Lemma 4. Let s > n
2 + 1 and assume (δN, Xi, hi j, ktr

i j, δρ, vi) solves the linearized Ein-
stein–Euler system expressed in CMCSH gauge. The following estimate holds for the lin-
earized perturbation to the lapse function δN

‖δN‖Hs+1 � Ca2−nγad‖δρ‖Hs−1 , (129)

where a is the scale factor for the background solution and C > 0 is a suitable constant
dependent on the background solution (1).

Proof. The elliptic equation for the perturbation to the lapse function reads

ΔγδN +
1

n − 1

(
1 + Cρnγada2−nγad

)
δN = −nγad − 2

n − 1
a2−nγadδρ. (130)

Now, we have shown in the previous section that the operator Δγ +
1

n−1(
1 + Cρnγada2−nγad

)
id : Hs+1 → Hs−1 is injective and following its self adjointness,

also surjective (it has closed range). Therefore, following this isomorphism, we immediately
obtain

‖δN‖Hs+1 � Ca2−nγad‖δρ‖Hs−1 . (131)

A short proof may be as follows. Let us denote the operator Δγ +
1

n−1

(
1 + Cρnγada2−nγad

)
id

by A. Assume that an estimate of the type ‖u‖Hs+1 � ‖Au‖Hs−1 does not hold. Then there
exists a sequence {ui}∞i=1 with ‖ui‖Hs+1 = 1 and ‖Aui‖Hs−1 → 0 as i →∞. Now M is com-
pact and therefore Hs+1 is compactly embedded into Hs−1 (notice s > n

2 + 1). This yields a
sub-sequence {ui j} converging to u∗ ∈ Hs+1 strongly in Hs−1, which by construction satisfies
Au∗ = 0. This contradicts the fact that the operator A is injective. Therefore an estimate of
the type ‖u‖Hs+1 � ‖Au‖Hs−1 holds ∀s � 1 (which is satisfied here since s > n

2 + 1). Here, the
constant C depends on the background entities as evident from the elliptic equation. �

Lemma 5. Let s > n
2 + 1 and assume (δN, Xi, hi j, ktr

i j, δρ, vi) solves the linearized Ein-
stein–Euler system expressed in CMCSH gauge. The following estimate holds for the lin-
earized perturbation to the shift vector field

‖X‖Hs+1 � C(ȧa1−nγad‖δρ‖Hs−1 + Cρa2−nγad‖v‖Hs−1), (132)

where a is the scale factor for the background solution and C > 0 is a suitable constant
dependent on the background solution (1).

Proof. The elliptic equation for the shift vector field reads

ΔγXi − R[γ]i
jX

j = −(n − 2)
ȧ
a
∇[γ]iδN + 2γadCρa2−nγadvi. (133)

Now given that γ is negative Einstein i.e. R[γ]i j = − 1
nγi j, the operator P := δi

jΔγ − R[γ]i
j :

Hs+1 → Hs−1 has trivial kernel. We may use a similar argument as that of the previous case to
obtain the following estimate
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‖X‖Hs+1 � C

(
‖−(n − 2)ȧ

a
∇[γ]iδN + 2γadCρa2−nγadvi‖Hs−1

)

� C

(
ȧ
a
‖∇[γ]iδN‖Hs−1 + Cρa2−nγad‖vi‖Hs−1

)

� C

(
ȧ
a
‖δN‖Hs + Cρa2−nγad‖vi‖Hs−1

)
� C

(
ȧa1−nγad‖δρ‖Hs−1 + Cρa2−nγad‖v‖Hs−1

)
. (134)

Here we have used the fact that ‖A‖Hs1 � ‖A‖Hs2 for s1 < s2 and the estimate for the per-
turbation to the lapse function from the previous lemma 4. This concludes the proof of
the lemma. �

5. Energy functional

In the study of hyperbolic PDE, the use of an energy functional is indispensable. Since the
linearized Einstein–Euler system is a linear coupled hyperbolic system (except that the rota-
tional and harmonic parts of the velocity field are decoupled), one may naturally define a wave
equation type of energy and its higher-order extension which controls the desired norm of
the data (h, ktr, δρ,φ, ξ,χ). Note that at the linear level, the rotational (ξ) and the harmonic
(χ) parts of the velocity field simply satisfy ordinary differential equations in time and
therefore, we may control their Sobolev norm of any order. Let us first define the lowest
order energy E1

E1 :=
(γad − 1)
2γ2

adC2
ρ

〈δρ, δρ〉L2 +
1
2
〈φ,Δγφ〉L2 +

1
2
〈ξ, ξ〉L2

+
1
2
〈H,H〉L2 +

1
2
〈ktr, ktr〉L2 +

1
8
〈h,Lγ,γh〉L2 . (135)

Here Δγ ,Δ, and Lγ,γ are defined as follows

Δγ := − γ i j∇[γ]i∇[γ] j, Δξi :=Δγξ
i + R[γ]i

jξ
j,

Lγ,γhi j :=Δγhi j + (R[γ]k
i j

m
+ R[γ] k

ji
m

)hkm. (136)

Clearly, Δ and Lγ,γ are the Hodge Laplacian and a Lichnerowicz type Laplacian, respectively.
They both have non-negativespectrum on M. The lowest order energy may explicitly be written
as follows

E1 =
(γad − 1)
2γ2

adC2
ρ

∫
M

(δρ)2μγ +
1
2

∫
M
∇[γ]iφ∇[γ] jφγ

i jμγ

+
1
2

∫
M
ξiξ jγi jμγ +

1
2

∫
M
HiH jγ

i jμγ +
1
2

∫
M

ktr
i jk

tr
klγ

ikγ jlμγ

+
1
8

∫
M

(
∇[γ]khi j∇[γ]lhmnγ

klγ imγ jn + (R[γ] k
i j

m
+ R[γ]k

ji
m

)

× hkmhln γ ilγ jn
)
μγ.
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Using the structure of the lowest order energy, the higher order energies may be defined as
follows

Ei :=
(γad − 1)
2γ2

adC2
ρ

〈δρ,Δi−1
γ δρ〉L2 +

1
2
〈φ,Δi

γφ〉L2 +
1
2
〈ξ,Δi−1ξ〉L2

+
1
2
〈H,Δi−1

γ H〉L2 +
1
2
〈ktr,Li−1

γ,γ ktr〉L2 +
1
8
〈h,Li

γ,γh〉L2 ,

for 1 � i � s. The total energy is naturally defined as

E :=
s∑

i=1

Ei. (137)

The energy is positive semi-definite and it only vanishes precisely when (h, ktr, δρ,φ, ξ,χ) ≡ 0.
The first variation of the energy about 0 in the direction of X := (u, v,w, x, y, z) vanishes

DE(0) · X = 0, (138)

that is, 0 is a critical point of E in the space Q :=Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1. The
Hessian of E at 0 reads

D2E(0) · (X ,X ) =
(γad − 1)
γ2

adC2
ρ

s∑
i=1

〈w,Δi−1
γ w〉L2 +

s∑
i=1

〈x,Δi
γx〉L2 (139)

+

s∑
i=1

〈y,Δi−1y〉L2 +

s∑
i=1

〈z,Δi−1
γ z〉L2 +

s∑
i=1

〈v,Li−1
γ,γ v〉L2

+
1
4

s∑
i=1

〈u,Li
γ,γu〉L2 � 0.

The equality hold iff u = uTT‖, v = x = y = z = 0 (at the linear level uTT‖ = 0). Therefore,
the positive semi-definiteness of the Lyapunov function on Bδ(0) − {0} ⊂ Q is heavily depen-
dent on the non-negativity of the spectrum of the associated rough Laplacian Δγ , Hodge
Laplacian Δ, and the Lichnerowicz type Laplacian Lγ,γ . Now, since the hessian is positive
definite on Bδ(0) − {0}, the map D2E(0) : Bδ(0) − {0}→ Image(D2E(0)) is an isomorphism
yielding

‖h‖2
Hs + ‖ktr‖2

Hs−1 + ‖δρ‖2
Hs−1 + ‖φ‖2

Hs + ‖ξ‖2
Hs−1 + ‖χ‖2

Hs−1

� D2E(0) · (X ,X ). (140)

Now, using a version of the Morse lemma (Hilbert space version) on the non-degenerate critical
point (0, 0), we obtain that there exists a δ > 0 such that for variations lying within Bδ(0), the
following holds up to a possibly non-linear diffeomorphism E = E(0) + D2E(0) · (X ,X ) =
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D2E(0) · (X ,X ) (notice that E(0) = 0). Therefore, we prove that the energy controls the
desired norm of the perturbations i.e.

‖h‖2
Hs + ‖ktr‖2

Hs−1 + ‖δρ‖2
Hs−1 + ‖φ‖2

Hs + ‖ξ‖2
Hs−1 + ‖χ‖2

Hs−1 � E . (141)

5.1. Uniform boundedness of the energy functional

In this section, we prove the uniform boundedness of the energy functional and it is possible in
time decay. In the process, we obtain the necessary and sufficient conditions for such estimates
to hold. To obtain the uniform boundedness property of the energy, the necessary ingredients
such as elliptic estimates are at hand. We therefore explicitly compute the time derivative for
the lowest order energy defined in the previous section. An analogous calculation holds for the
time derivative of the higher-order energies as well. We will use the Sobolev embedding on a
compact domain ‖A‖L∞ � ‖A‖Ha for a > n

2 and the following product estimates

‖AB‖Hs � (‖A‖L∞‖B‖Hs + ‖A‖Hs‖B‖L∞), s > 0, (142)

‖AB‖Hs � ‖A‖Hs‖B‖Hs , s >
n
2

, (143)

‖[P, A]B‖Ha � (‖∇A‖L∞‖B‖Hs+a−1 + ‖A‖Hs+a‖B‖L∞), (144)

P ∈ OP s, s > 0, a � 0,

where OP s denotes the pseudo-differential operators with symbol in the Hormander class
Ss

1,0 (see [57] for details). The first and second inequalities essentially emphasize the alge-
bra property of Hs ∩ L∞ for s > 0 and of Hs for s > n

2 , respectively. In addition, we of course
use integration by parts, Holder’s and Minkowski’s inequalities whenever necessary.

Lemma 6. Let s > n
2 + 1, γ ∈ E in− 1

n
be the shadow of g ∈ M and assume (h = g −

γ, ktr, δρ,φ, ξ,χ) satisfy the linearized Einstein–Euler system. Also assume there exists a δ >
0 such that (h, ktr, δρ,φ, ξ,χ) ∈ Bδ(0) ⊂ Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1. The time
derivative of the lowest order energy reads

∂E1

∂t
= −(n − 1)

ȧ
a
〈ktr, ktr〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈φ,Δγφ〉L2

+
nȧ
a

(
γad −

n + 1
n

)
〈ξ,Δξ〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈H,ΔγH〉L2 + B, (145)

where B satisfies

|B| � (γad − 1)
ȧ
a
‖δρ‖Hs−1‖δN‖Hs+1 +

1
a
‖φ‖Hs‖δN‖Hs+1

+
1
a
‖δN‖Hs+1‖ktr‖Hs−1 +

ȧ
a
‖δN‖Hs+1‖h‖Hs +

1
a
‖X‖Hs+1‖h‖Hs

+
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E1.
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Proof. A direct calculation using the evolution equations (109)–(116) yields

∂E1

∂t
=

γad − 1
γ2

adC2
ρ

〈∂tδρ, δρ〉L2 + 〈∂tφ,Δγφ〉L2 + 〈∂tξ, ξ〉L2

+ 〈∂tχ,χ〉L2 + 〈∂tk
tr, ktr〉L2 +

1
4
〈∂th,Lγ,γh〉L2 + ER

=
γad − 1
γ2

adC2
ρ

〈−Cρnγadȧ
a

δN +
1
a

CργadΔγφ, δρ〉L2

+ 〈nȧ
a

(
γad −

n + 1
n

)
φ− 1

a
δN − γad − 1

aCργad
δρ,Δγφ〉L2

+ 〈nȧ
a

(
γad −

n + 1
n

)
ξ, ξ〉L2 + 〈nȧ

a

(
γad −

n + 1
n

)
χ,χ〉L2

+ 〈−(n − 1)
ȧ
a

ktr − 1
a
∇[γ] ⊗∇[γ]δN

+
1
a

{
1

n − 1
(1 + γada2−nγadCρ)γ − 1

n
γ

}
δN

+
γad − 2
n − 1

a1−nγadδργ +
1

2a
Lγ,γhi j, ktr〉L2 +

1
4
< −2

a
ktr

+
2ȧ
a
δNγ + lTT‖ +

1
a

LXγ,Lγ,γh〉L2 + ER

=
nȧ
a

(
γad −

n + 1
n

)
〈φ,Δγφ〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈ξ, ξ〉L2

+
nȧ
a

(
γad −

n + 1
n

)
〈χ,χ〉L2 − (n − 1)

ȧ
a
〈ktr, ktr〉L2

− (γad − 1)n
γadCρ

ȧ
a
〈δN, δρ〉L2 −

1
a
〈δN,Δγφ〉L2

− 1
a
〈∇[γ] ⊗∇[γ]δN, ktr〉L2

+
1
2

ȧ
a
〈δNγ,Lγ,γh〉L2 +

1
4a

〈LXγ,Lγ,γh〉L2 + ER. (146)

Here (∇[γ] ⊗∇[γ]δN)i j :=∇[γ]i∇[γ] jδN. Now the rationale behind choosing the coeffi-
cients of different terms in the energy expression (such as γad−1

γ2
adC2

ρ
term with 〈δρ, δρ〉L2 ) may

be seen as follows. Note that in the time evolution of the lowest order energy, we have
terms like 〈δρ,Δγφ〉L2 and 〈ktr,Lγ,γh〉L2 . These terms are dangerous because, when we reach
the term with highest Sobolev regularity, the higher order versions of these mixed terms〈
δρ,Δs

γφ
〉

L2 ,
〈
ktr,Ls

γ,γh
〉

L2 require regularity more than the maximum available regularity.
Therefore, we want these terms to get canceled with their negative counterparts. Note that
with this particular choice of the positive coefficients of different terms in the energy expres-
sion, these dangerous terms are canceled point-wise. Therefore, we are able to control the
time derivative of the energy functional in terms of the maximum available Sobolev norms of
the perturbations. �
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There are additional terms that appear when we apply ∂t on the volume form μγ since ∂tγ =

lTT‖ = 1
a kTT‖. However, since ∂tμγ = 1

2μγ trγ(∂tγ), this term does not contribute as a result of
γ−trace-less property of kTT‖. In addition there are terms that arise due to appearance of the
metric γ in the definition of the inner product. We denote these additional terms by ER. Making
use of the γ−traceless property of ktr and kTT‖ i.e. γ i jktr

i j = 0 = γ i jkTT‖
i j and Lγ,γkTT‖ = 0, the

error term ER may be written as follows (using Sobolev embedding ‖kTT‖‖L∞ � ‖kTT‖‖Hs−1

for s > n
2 + 1)

|ER| � 1
a
‖kTT‖‖Hs−1E1. (147)

Now using the momentum constraint (116), ktr
i j = kTT

i j + (LYγ − 2
n∇mYmγ)i j, (LYγ)i j :=

γik∇[γ] jYk + γki∇[γ]iYk, and 2∇mYm = trγ(LYγ), we obtain

|ER| � 1
a

(
‖ktr‖Hs−1 + ‖Y‖Hs

)
E1, (148)

where Y satisfies the following elliptic equation

∇[γ]i∇[γ]iY
j + R[γ] j

i Y
i +

(
1 − 2

n

)
∇[γ] j(∇[γ]iY

i) = a2−nγadCρv
i. (149)

Elliptic regularity yields the following estimate for Y

‖Y‖Hs+1 � Cρa2−nγad‖v‖Hs−1 . (150)

Therefore, ER satisfies |ER| � 1
a (‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E1. Putting everything

together, we obtain

∂E1

∂t
= −(n − 1)

ȧ
a
〈ktr, ktr〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈φ,Δγφ〉L2

+
nȧ
a

(
γad −

n + 1
n

)
〈ξ, ξ〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈H,H〉L2 + B. (151)

Trivial power counting of a and ȧ yields the desired estimate of B

|B| � (γad − 1)
ȧ
a
‖δρ‖Hs−1‖δN‖Hs+1 +

1
a
‖φ‖Hs‖δN‖Hs+1

+
1
a
‖δN‖Hs+1‖ktr‖Hs−1 +

ȧ
a
‖δN‖Hs+1‖h‖Hs +

1
a
‖X‖Hs+1‖h‖Hs

+
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E1.

Similarly, the time derivatives of the higher order energies may be computed. The following
lemma states the time derivatives of the higher order energies.

Lemma 7. Let s > n
2 + 1, γ ∈ E in− 1

n
be the shadow of g ∈ M and assume (h = g −

γ, ktr, δρ,φ, ξ,χ) satisfy the linearized Einstein–Euler system. Also assume there exists a
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δ > 0 such that (h, ktr, δρ,φ, ξ,χ) ∈ Bδ(0) ⊂ Hs × Hs−1 × Hs−1 × Hs × Hs−1 × Hs−1. The
time derivative of the higher order energy reads

∂Ei

∂t
= −(n − 1)

ȧ
a
〈ktr,Li−1

γ,γ ktr〉L2 +
nȧ
a

(
γad −

n + 1
n

)
〈φ,Δi

γφ〉L2

+
nȧ
a

(
γad −

n + 1
n

)
〈ξ,Δi−1ξ〉L2 +

nȧ
a

(
γad −

n + 1
n

)
〈H,Δi−1

γ H〉L2

+ Bi,

where B satisfies

|Bi| � (γad − 1)
ȧ
a
‖δρ‖Hs−1‖δN‖Hs+1 +

1
a
‖φ‖Hs‖δN‖Hs+1

+
1
a
‖δN‖Hs+1‖ktr‖Hs−1 +

ȧ
a
‖δN‖Hs+1‖h‖Hs +

1
a
‖X‖Hs+1‖h‖Hs

+
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)Ei

for 1 � i � s.

Proof. With a similar type of calculation using the evolution equations of the Einstein–Euler
system together with the inequalities (142)–(144) whenever necessary, we obtain the time
derivatives of the higher order energies. The estimate of the residue terms Bi may be obtained
by carefully keeping track of the explicitly time dependent terms a and ȧ. Utilizing the previ-
ous two lemmas, we may now obtain the time derivative of the total energy. The total energy
satisfies the following differential equation

∂E
∂t

= −(n − 1)
ȧ
a

s∑
i=1

〈ktr,Li−1
γ,γ ktr〉L2 +

nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈φ,Δi
γφ〉L2

+
nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈ξ,Δi−1ξ〉L2

+
nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈H,Δi−1
γ H〉L2 + G, (152)

where G satisfies

|G| � (γad − 1)
ȧ
a
‖δρ‖Hs−1‖δN‖Hs+1 +

1
a
‖φ‖Hs‖δN‖Hs+1

+
1
a
‖δN‖Hs+1‖ktr‖Hs−1 +

ȧ
a
‖δN‖Hs+1‖h‖Hs +

1
a
‖X‖Hs+1‖h‖Hs

+
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E .

Now we make use of the elliptic estimates (lemmas 4 and 5). An estimate of the shift vector
field reads

‖X‖Hs+1 � C(ȧa1−nγad‖δρ‖Hs−1 + Cρa2−nγad‖v‖Hs−1). (153)
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Now the n−velocity field v may be estimated in terms of its irrotational, rotational, and
harmonic parts as follows

‖v‖Hs−1 � ‖(dφ)�‖Hs−1 + ‖ξ‖Hs−1 + ‖H‖Hs−1

� ‖φ‖Hs + ‖ξ‖Hs−1 + ‖H‖Hs−1 . (154)

Therefore, the shift vector field may be estimated as follows

‖X‖Hs+1 � ȧa1−nγad‖δρ‖Hs−1 + a2−nγad (‖φ‖Hs + ‖ξ‖Hs−1 + ‖H‖Hs−1) (155)

which together with the estimate of the lapse perturbation (lemma 4)

‖δN‖Hs+1 � a2−nγad‖δρ‖Hs−1 , (156)

yields

G � ȧa1−nγad‖δρ‖2
Hs−1 + a1−nγad (‖φ‖2

Hs + ‖δρ‖2
Hs−1)

+ a1−nγad (‖δρ‖2
Hs−1 + ‖ktr‖2

Hs−1) + ȧa1−nγad (‖δρ‖2
Hs−1 + ‖h‖2

Hs)

+ a1−nγad (‖φ‖2
Hs + ‖ξ‖2

Hs−1 + ‖χ‖2
Hs−1 + ‖h‖2

Hs)

+
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E

� (ȧa1−nγad + a1−nγad )‖δρ‖2
Hs−1 + a1−nγad‖φ‖2

Hs + (ȧa1−nγad + a1−nγad )‖h‖2
Hs

+ a1−nγad‖ktr‖2
Hs−1 +

1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E

� (ȧa1−nγad + a1−nγad )E +
1
a

(‖ktr‖Hs−1 + Cρa2−nγad‖v‖Hs−1)E . (157)

In the view of small data we may absorb ‖ktr‖Hs−1 and ‖v‖Hs−1 in 1
a (‖ktr‖Hs−1 +

Cρa2−nγad‖v‖Hs−1)E with a suitable constant. Therefore, the energy inequality becomes

dE
dt

� −(n − 1)
ȧ
a

s∑
i=1

〈ktr,Li−1
γ,γ ktr〉L2 +

nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈φ,Δi
γφ〉L2

+
nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈ξ,Δi−1ξ〉L2

+
nȧ
a

(
γad −

n + 1
n

) s∑
i=1

〈H,Δi−1
γ H〉L2

+ C(ȧa1−nγad + a1−nγad + a−1)E ,

which upon utilizing the first stability criterion

γad � n + 1
n

(158)

becomes

dE
dt

� C(ȧa1−nγad + a1−nγad + a−1)E . (159)
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Integration of the energy inequality yields

E(t) � E(t0)eC
(
− 1

nγad−2 a2−nγad+
∫ t

t0
a1−nγad dt′+

∫ t
t0

a−1dt′
)
. (160)

Noting that nγad − 2 > 0 (n � 3), a second stability criterion in the expanding Universe is
obtained as ∫ ∞

t0

a1−nγad dt < ∞,
∫ ∞

t0

a−1 dt < ∞. (161)

Analysis up to now holds for Λ � 0. However, in order to conclude that the FLRW models
considered are stable, we need to consider two separate cases: (1) Λ > 0, (2) Λ = 0. �

5.2. Λ > 0 case

We may immediately check whether the stability is satisfied by the spacetimes under consid-
eration including a positive cosmological constant Λ. From lemma 1, we know that the scale
factor exhibits the following asymptotic behavior for Λ > 0

a ∼ e
√

2Λ
n(n−1) t (162)

as t →∞. Let
√

2Λ
n(n−1) = α > 0. The integrability conditions

∫∞
t0

a1−nγad dt < ∞ and∫∞
t0

a−1 dt < ∞ are trivially satisfied since, 1 − nγad < 0 for γad ∈ (1, n+1
n ), n � 3 and∫∞

t0
e−(nγad−1)αt dt < ∞,

∫∞
t0

e−αt dt < ∞. We may in fact establish the decay of the re-scaled
perturbations (in a suitable norm) once we have established the uniform boundedness condi-
tion, that is,

‖h(t)‖Hs + ‖ktr(t)‖Hs−1 + ‖δρ(t)‖Hs−1 + ‖v(t)‖Hs−1 (163)

� ‖h(t0)‖Hs + ‖ktr(t0)‖Hs−1 + ‖δρ(t0)‖Hs−1 + ‖v(t0)‖Hs−1 < δ

for t > t0 and sufficiently small δ. Following this uniform boundedness of the appropri-
ate norm of the perturbations, we may immediately apply the local existence theorem to yield
a global existence result. However, we may achieve better than the uniform boundedness in
a rapidly expanding background since expansion is expected to ‘kill’ off the perturbations.
We may in fact obtain decay of the perturbations in an appropriate norm. Since, the rotational
and harmonic parts of the n−velocity field exhibit decay, we will focus on the scalar field φ,
density perturbation δρ, and the geometric entities h and ktr. First we obtain the estimates for
the lapse and the shift. Utilizing the elliptic estimates (lemmas 4 and 5) and boundedness of
‖δρ‖Hs−1 , ‖v‖Hs−1 (163) one may obtain the following estimates in a straightforward way

‖δN‖Hs+1 � e−α(nγad−2)t, (164)

‖X‖Hs+1 � e−α(nγad−2)t. (165)

Now let us evaluate the time derivative of the following entities

Ek :=
1
2

s−1∑
i=1

〈
ktr,Li−1

γ,γ ktr
〉

L2 (166)
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and

Eφ :=
1
2

s−1∑
i=1

〈
φ,Δi

γφ
〉

L2 . (167)

An explicit calculation yields

∂Ek

∂t
� −2

nȧ
a
Ek + C

(
1
a
‖ktr‖Hs−2‖h‖Hs +

1
a
‖δN‖Hs‖ktr‖Hs−2

+ a1−nγad (t)‖δρ‖Hs−2‖ktr‖Hs−2

)
+

C
a

,

∂Eφ
∂t

� 2nȧ
a

(
γad −

n + 1
n

)
Eφ

+ C

(
1
a
‖δN‖Hs−1‖φ‖Hs−1 +

1
a
‖δρ‖Hs−1‖φ‖Hs−1

)
+

C
a
.

Now notice the following extremely important fact. Since the dangerous term
〈
ktr,Li

γ,γh
〉

L2

does not get canceled in ∂Ek
∂t , we lose one order of regularity i.e. we may only obtain a decay of

‖ktr‖Hs−2 instead of ‖ktr‖Hs−1 (similarly for φ, we may only control ‖φ‖Hs−1). However, since
we can consider s > n

2 + 2, we will still obtain the desired point-wise decay. Utilizing the
boundedness of the fields as t →∞, we may write the previous inequalities as follows

∂Ek

∂t
� −2

nȧ
a
Ek +

C
a

, (168)

∂Eφ
∂t

� 2nȧ
a

(
γad −

n + 1
n

)
Eφ +

C
a
. (169)

Noticing a ∼ eαt and ȧ
a ∼ α as t →∞, we have

∂Ek

∂t
� −2nαEk + C e−αt, (170)

∂Eφ
∂t

� 2nα

(
γad −

n + 1
n

)
Eφ + C e−αt (171)

yielding

Ek � e−αt, (172)

Eφ � e−ζt, (173)

where 0 < ζ := min
(
α, 2nα( n+1

n − γad)
)
. Note here that we need γad < n+1

n for a decay. This
is extremely important. These decay estimates yield

‖ktr‖Hs−2 � e−
α
2 t, ‖φ‖Hs−1 � e−

ζ
2 t. (174)
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One may actually obtain a better decay estimate for ‖ktr‖Hs−2 by an iterative argument. Going
back to the evolution equation of Ek

∂Ek

∂t
� −2

nȧ(t)
a

Ek + C

(
1
a
‖ktr‖Hs−2‖h‖Hs +

1
a
‖δN‖Hs‖ktr‖Hs−2

+a1−nγad (t)‖δN‖Hs‖ktr‖Hs−2 + a1−nγad (t)‖δρ‖Hs−2‖ktr‖Hs−2

)
and substituting the estimate ‖ktr‖Hs−2 � e−αt/2 yields

∂Ek

∂t
� −2nαEk + C e−α

(
1+ 1

2

)
t (175)

as t →∞. Integrating the previous inequality, one immediately obtains

Ek � e
−α

(
1+ 1

2

)
t

(176)

and therefore,

‖ktr‖Hs−2 � e−
α
2

(
1+ 1

2

)
t
. (177)

Notice that we have gained an extra factor α/4 in the rate of decay. Continuing in a similar
way, we obtain the final decay rate of Ek to be the following sum

α

{
1 +

1
2

(
1 +

1
2

(
1 +

1
2

(1 + . . . . . . . . .

}
= α

∞∑
k=0

1
2k

= 2α (178)

and therefore we obtain

‖ktr‖Hs−2 � e−αt or ‖ktr‖L∞ � e−αt. (179)

Now using the equation of motion for the metric gi j (50), the estimates for lapse and shift (164),
(165), and the uniform boundedness result (163), one readily obtains

‖∂g
∂t

‖Hs−1 � e−αt (180)

which upon integration yields

‖g(t) − g†‖Hs−1 � e−αt as t →∞, (181)

where g† ∈ Hs−1. We need to identify the limit metric g†. Since M is compact, HI is compactly
imbedded in HI−1, ∀I � 1. From uniform boundedness (163), the limit metric g† must therefore
be in Hs. Now we need to estimate the density function. Using the evolution equation for
ρ = Cρ + δρ, we obtain

‖ρ(t) − ρ′‖Hs−2 � e−βt as t →∞ (182)

for ρ′ ∈ Hs−2 and β = min(α(nγad − 2),α+ ζ/2). From uniform boundedness (163) and
compact imbedding, ρ′ ∈ Hs−1. Now utilizing the Hamiltonian constraint (53), Sobolev
embedding (HI(M) ↪→ L∞(M), I > n

2 ), and the decay estimate of the relevant fields, one
readily obtains

lim
t→∞

R(g) = −1 (183)
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i.e.

‖g − g†‖Hs−1 � e−αt (184)

as t →∞. Here g† ∈ Mε
−1, where Mε

−1 is a sufficiently small neighborhood of the space
of Einstein metrics N in the space of constant negative scalar curvature −1. Application of
Sobolev embedding on compact domains (since we are now considering s > n

2 + 2), the final
pointwise decay estimates of the fields are as follows

‖g(t) − g†‖L∞ � e−αt, ‖ktr(t)‖L∞ � e−αt, ‖ρ(t) − ρ′‖L∞ � e−βt,

‖N(t) − 1‖L∞ � e−α(nγad−2)t, ‖X(t)‖L∞

� e−α(nγad−2)t, ‖lTT‖(t)‖L∞ � e−2αt.

(185)

The individual constituents of h and ktr may be estimated by using constraints. Using the
momentum constraint (116) and ktr

i j = kTT
i j + (LYg − 2

n∇mYmg)i j, one obtains

∇[γ]i∇[γ]iY
j + R[γ] j

i Y
i +

(
1 − 2

n

)
∇[γ] j(∇[γ]iY

i) = a2−nγadCρv
i. (186)

Now of course the kernel of the elliptic operator on the left is trivial since the background metric
is negative Einstein. Therefore, noting ‖v‖Hs−1 < C, the following elliptic estimate holds

‖Y‖Hs+1 � e−α(nγad−2)t (187)

as t →∞ and therefore

‖kTT‖Hs−2 � e−αt. (188)

Notice that, by virtue of the transverse-traceless property of kTT, we do not lose regularity of Y .
Similarly, the Hamiltonian constraint (22) together with the spatial harmonic gauge condition
may be utilized to obtain decay of the individual parts of hi j = hTT

i j + f gi j + (LWg)i j [65]. The
first variation of the Hamiltonian constraint (22) with respect to (g, ktr, ρ, v) at (g = γ, ktr =
0, ρ = Cρ, v = 0) yields

DR[γ] · h = 2a2−nγadδρ,

Δγ trgh +∇i∇ jhi j − R[γ]i jh
i j = 2a2−nγadδρ, (189)

where R[γ]i j =
R(γ)

n γi j = − 1
nγi j. Upon substituting the decomposition hi j = hTT

i j + f γi j +
(LWγ)i j into the variation of the Hamiltonian constraint (22) and noticing that Δγ trγ(LWg) +
∇i∇ j(LWγ)i j − R[γ]i j(LWγ)i j ≡ 0 yields

nΔγ f + γ i j∇i∇ j f − R[γ] f = 2a2−nγadδρ

(n − 1)Δγ f − R[γ] f = 2a2−nγadδρ. (190)
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Following the injectivity of 2Δγ − R[γ] for R[γ] < 0 (which is the case here), we immediately
obtain the following estimate

‖ f ‖Hs+1 � a2−nγad‖δρ‖Hs−1 . (191)

The remaining is the estimation of the vector field W. The vector field W is estimated in terms
of f through the following elliptic equation, which follows from the spatial harmonic gauge,
that is, ‘id : (M, γ + h) → (M, γ) is harmonic’. The linearized version of the spatial harmonic
gauge yields

γ i jDΓi
jk[γ] · h = 0

2∇[γ] jh
i j −∇itrγh = 0

ΔγWi − R[γ]i
jW

j = −n − 2
2

∇i f . (192)

Once again, δi
jΔγ − R[γ]i

j is injective since γ is negative Einstein. The estimate of W reads

‖W‖Hs+2 � ‖ f ‖Hs+1. (193)

Since, ‖δρ‖Hs−1 � C and a ∼ e−αt, one immediately obtains the following decay

‖ f ‖Hs+1 � e−(nγad−2)αt, (194)

‖W‖Hs+2 � e−(nγad−2)αt (195)

as t →∞. Using Sobolev embedding on compact domains, we may of course deduce the point-
wise decay

‖kTT(t)‖L∞ � e−αt, ‖Y‖L∞ � e−α(nγad−2)t, ‖ f (t)‖L∞ � e−(nγad−2)αt, (196)

‖W(t)‖L∞ � e−(nγad−2)αt, ‖lTT‖(t)‖L∞ � e−2αt

as t →∞. Notice that the decay property of the matter fields are only possible if the adiabatic
index lies in the interval (1, n+1

n ). In the border line case of γad = n+1
n , one can only prove a

uniform boundedness at the linear level. The uniform boundedness and decay property lead to
the following main theorem.

Main theorem. Let (g0, ktr
0 , ρ0, v0) ∈ Bδ(γ, 0, Cρ, 0) ⊂ Hs × Hs−1 × Hs−1 × Hs−1, where

s > n
2 + 2 and δ > 0 is sufficiently small. Also consider that N is the integrable deformation

space of γ and Λ > 0 is the cosmological constant. Assume that the adiabatic index γad lie in
the interval (1, n+1

n ). Let t �→ (g(t), ktr(t), ρ(t), v(t)) be the maximal development of the Cauchy
problem for the linearized Einstein–Euler-Λ system about (71) in constant mean extrinsic cur-
vature spatial harmonic gauge (CMCSH) (109)–(116) with initial data (g0, ktr

0 , ρ0, v0). Then
there exists a γ† ∈ Mε

−1 ∩ Sγ and γ∗ ∈ N such that (g, γ, ktr, ρ, v) flows toward (γ†, γ∗, 0, ρ′, 0)
in the limit of infinite time, that is,

lim
t→∞

(g(t, x), γ(t, x), ktr(t, x), ρ(t, x), v(t, x)) = (γ†(x), γ∗(x), 0, ρ′(x), 0)

and moreover either γ† = γ∗ or γ∗ is the shadow of γ†. Here Mε
−1 denotes the space of metrics

of constant negative (−1) scalar curvature sufficiently close to and containing the deformation
space N . Sγ denotes a harmonic slice through the metric γ. ρ′ is dependent on the initial
density. The convergence is understood in the strong sense i.e. with respect to the available
Sobolev norms.
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Figure 2. The tangent space picture of null-geometry associated with the Einstein–Euler
equations. The stability criteria is essentially defined by the fact that the perturbations
to the matter part do not travel at a speed more than

√
1/n i.e. they are restricted within

the innermost cone.

5.3. . Λ = 0 case

In our linearized analysis, the scale factor a associated with the background solution plays an
important role. In the time coordinate t, we needed an integrability condition on a(t) (161)
in addition to the suitable range of the adiabatic index γad (101). This integrability condition
was satisfied by the scale factor associated with our background solutions since it exhibits
asymptotically exponential behavior (42)

a ∼ eαt as t →∞, (197)

where α =
√

2Λ
n(n−1) . Now an important question arises. Do we need a positive cosmological

constant? In other words: do we need accelerated expansion to stabilize the self-gravitating
relativistic fluid on a background that is already expanding? If we turn off the cosmological
constant, then we have

a ∼ t as t →∞, (198)

and therefore a satisfies the first integrability condition of (161) (i.e.
∫∞

t0
a1−nγad dt < ∞) but∫∞

t0
a−1 dt < ∞ is no longer satisfied. Therefore, we do not even obtain boundedness. How-

ever, we cannot claim that turning off the cosmological constant leads to instability but are
simply unable to establish stability with the current method. Note that recently, using a special
technique, [64] showed asymptotic stability of Milne Universe in the presence of dust, where
the cosmological constant is turned off (the scale factor behaves ∼ t). However, we want to
point out that the FLRW models considered here are different from the Milne model since the
latter has a vanishing background energy density.

5.4. Geodesic completeness

In order to establish the future completeness of the perturbed spacetime, we need to show that
the solutions of the geodesic equation must exist for an infinite interval of the associated affine
parameter. Here we need to be more precise about what we mean by the perturbed spacetimes.
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If the first variation of the metric is denoted by δĝ which satisfies the linearized equations
along with a certain smallness condition (a re-scaled version of the physical perturbations to
be precise). We show the geodesic completeness for the perturbed spacetimes ĝ = ĝFLRW +
δĝ. We provide a rough sketch of the proof in this context following [33]. Let us designate
a timelike geodesic in the homotopy class of a family of timelike curves by C. The tangent
vector β = dC

dλ = βμ∂μ to C for the affine parameter λ satisfies ĝ(β, β) = −1, where ĝ is the
spacetime metric. As C is causal, we may parametrize it as (t, C i), i = 1, 2, 3. We must show
that limt→∞ λ = +∞, that is,

lim
t→∞

∫ t

t0

dλ
dt′

dt′ = +∞. (199)

Noting that β0 = dt
dλ , we must show

lim
t→∞

∫ t

t0

1
β0

dt′ = +∞. (200)

Showing that |Ñβ0| is bounded and therefore limt→∞
∫ t

t0
Ñ dt′ = +∞ is enough to ensure the

geodesic completeness. We first show that |Ñβ0| is bounded. Proceeding the same way as that
of [59] together with the estimates obtained in section 5.2, we obtain

Ñ2(β0)2 � C (201)

as t →∞ for some C < ∞. Therefore, we only need to show that the following holds

lim
t→∞

∫ t

t0

Ñ dt = ∞ (202)

in order to finish the proof of timelike geodesic completeness. Notice that Ñ = N = 1 + δN.
Now |δN(t)| � C′ e−α(nγad−2)t, 0 < C′ < ∞ as t →∞ yielding

lim
t→∞

(∫ t

t0

dt − C′α(nγ − 2)(e−α(nγad−2)t0 − e−α(nγad−2)t)

)
� lim

t→∞

∫ t

t0

Ñ dt

� lim
t→∞

(∫ t

t0

dt + C′α(nγad − 2)(e−α(nγad−2)t0 − e−α(nγad−2)t)

)

=> lim
t→∞

∫ t

t0

Ñ dt = ∞.

This completes the proof of the geodesic completeness of the spacetimes of interest under
linearized perturbations. The following theorem summarizes the results obtained so far.

Theorem. Let N be the integrable deformation space of γ∗. Then ∃δ > 0 such that for
any (g(t0), ktr(t0), δρ(t0),φ(t0), ξ(t0),χ(t0) ∈ Bδ(γ∗, 0, Cρ, 0, 0, 0) ⊂ Hs × Hs−1 × Hs−1 × Hs ×
Hs−1 × Hs−1 × Hs−1, s > n

2 + 1, the Cauchy problem for the re-scaled linearized Ein-
stein–Euler system in constant mean extrinsic curvature (CMC) and spatial harmonic (SH)
gauge is globally well posed to the future and the space–time is future complete.

43



Class. Quantum Grav. 38 (2021) 225009 P Mondal

6. Concluding remarks

We have proved a global existence result for the linearized Einstein–Euler-Λ system about a
spatially compact negative spatial curvature FLRW solution (and its higher-dimensional gen-
eralization). In addition to the uniform boundedness of the evolving data in terms of its initial
value, we proved a decay (in suitable norm) of the perturbations as well. This is an indica-
tion of the fact that the accelerated expansion-induced linear decay term may dominate the
nonlinearities at the level of small data in a potential future proof of the fully non-linear sta-
bility. However, a serious difficulty—namely the possibility of shock formation—arises at the
non-linear level in the perfect fluid matter model even without the presence of gravity. Cou-
pling to gravity could make the scenario even more troublesome since pure gravity could itself
blow up in finite time through curvature concentration. On the other hand, [48, 58] utilized the
accelerated expansion (i.e. included a positive Λ) of the background solution on the spacetime
of topological type T

3 × R to avoid the shock formation at the small data limit. Our study is
significantly different from that of Rodnianski and Speck [48] or Speck [58] in a sense that
we are concerned with negatively curved background (for physically interesting three spatial
dimensions, we consider compact hyperbolic manifolds) unlike their study where compact flat
torus T3 is used. As mentioned earlier, our study is motivated by the recent observations that
do tend to indicate a negatively curved spatial Universe. Secondly, they study the fully nonlin-
ear stability (of small data perturbations) while we restrict ourselves with linear theory only.
In terms of choice of gauge, [48, 58] used a space–time harmonic gauge or wave gauge first
by Choquet–Bruhat to prove a local existence theorem for vacuum Einstein’s equations. We,
on the other hand, used a constant mean extrinsic curvature spatial harmonic gauge (CMCSH)
introduced by [32]. An advantage of choosing the CMCSH gauge is that one readily has nice
elliptic estimates for the associated lapse function and the shift vector field. Despite these dis-
tinctions, we will observe a similar decay property in the current study with the presence of
a positive cosmological constant. We also obtain a similar stability criterion that is similar to
[48, 58]. A fully nonlinear analysis of the spacetimes of our interest is currently under intense
investigation.

Even though there are numerous studies of cosmological perturbation theory [4–9], they
are primarily ‘formal’ mode stability results and in a sense (described in the introduction) do
not address the ‘true’ linear stability problem. Our study, on the other hand, casts the Ein-
stein–Euler-Λ system into a coupled initial value PDE problem (a ‘Cauchy’ problem to be
precise). This facilitates the study of the ‘true’ linear stability of suitable background solutions
via energy methods. In addition, even the ‘formal’ mode stability analysis is absent in the case
of the spatially compact negatively curved FLRW model. This model is particularly interesting
since there are infinitely many topologically distinct manifolds mathematically constructible
by taking quotients of H3 by discrete and torsion-free subgroups of SO+(1, 3) acting properly
discontinuously. The existence of non-trivial harmonic forms precisely encodes such topolog-
ical information, which as we have seen, inevitably appear in the field equations. In addition,
we study the more general ‘n + 1’ model where the spatial part is described by a compact neg-
ative Einstein manifold (which, while restricted to the n = 3 case becomes compact hyperbolic
through the application of the Mostow rigidity theorem). Our study recovers the mode stability
results in a straightforward way (briefly described in the appendix A). One interesting aspect
of our study is that it hints toward the following fact: the FLRW spacetimes with a compact
spatial manifold of constant negative sectional do not exhibit an asymptotic stability property
with Λ > 0. Simply put, any perturbations to FLRW solutions may not return to solutions of
the same type rather converge to nearby solutions characterized by a compact spatial manifold
with constant negative scalar curvature. Simultaneously, the matter density perturbations may
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not approach zero as well. Since the local homogeneity and isotropy criteria require constancy
of sectional curvature, not just the scalar curvature and a homogeneous matter distribution,
a natural conclusion would be that the Einsteinian evolution asymptotically drives the homo-
geneous and isotropic Universe (local) to an inhomogeneous and anisotropic state. This may
indicate a possibility of ‘structure formation’ [27] which tends to break the homogeneity and
isotropy of the physical Universe. We do not however claim that such a mechanism is yet so
compelling based on only a linear stability analysis.

Lastly, it is worth mentioning that our results indicate the linear stability if the adiabatic
index γad lies in the range (1, n+1

n ). Such a result, while is a necessary condition for stability, is
only valid in the linear regime. It would certainly be interesting to check if this criterion per-
sists in the fully nonlinear level as well. As mentioned previously, in the presence of accelerated
expansion, Rodnianski and Speck [48] and Speck [58] obtained the same condition for non-
linear stability of small data on R× T

3. In addition to [48, 58], avoidance of shock formation
by exponential expansion was also studied by [63] for radiation fluid (S3 spatial topology), by
[62] for γad ∈ (4/3, 3/2) (T3 spatial topology), [66] for dusts (T3 spatial topology). Recently
by [64] removed the positive cosmological constant and proved the asymptotic stability of the
Milne Universe including dust. We will extend our study to the fully non-linear case in the
future.
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Appendix A. Mode stability analysis

Now, we briefly describe the mechanics of ‘mode’ stability analysis of spatially compact and
(spatially) negatively curved ‘FLRW’ spacetimes. A subtlety is that while decomposing the
sections of the vector bundles of the spatial manifold M, the topological invariants provided by
the harmonic forms enter into the picture. We need to keep track of these topological invari-
ants in the mode equations carefully. First, we start by briefly describing the relevant Hodge
decomposition of forms on M.

Our main strategy is to decompose the sections of vector bundles over M in terms of eigen-
modes of suitable self-adjoint operators. For this matter, we will briefly introduce Hodge
theory and discuss how it is applied in the present context. Even though our background is
a closed (compact without boundary) Einstein manifold, the method of this section applies to
the case of any closed Riemannian manifold. The Hodge theorem ([60]) states that the space
of k−forms may be written as the following L2−orthogonal decomposition (with respect to
the given Riemannian metric g on M)

Ωk(M) = Im(d) ⊕ Im(δ) ⊕ ker(Δ = dδ + δd), (203)
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where δ : Ωk+1(M) →Ωk(M) is the L2 adjoint of d : Ωk−1(M) → Ωk(M). In this particular case,
the Riemannian metric is our background metric γ satisfying R[γ]i j = − 1

nγi j. Following the
decomposition, a one-form A may be written as

A = dφ+ Z + Y, (204)

where φ ∈ Ω0(M) and Z ∈ Ω1(M) with Z = δβ, β ∈ Ω2(M) and (dδ + δd)Y = 0. Now notice
an important fact. Clearly Z is divergence-free (and through the metric γ, its vector field coun-
terpart is also divergence-free). The one-form Z corresponds to the ‘curl’ part of A and is
responsible for the local rotational degrees of freedom. This may be interpreted as follows.
Noting the dimension of Ω2(M) to be nC2 = n(n−1)

2 and the skew symmetry of an element
β of Ω2(M), one could identify the n(n − 1)/2 basis elements with the Lie algebra basis of
so(TxM), x ∈ M. But the generators of the Lie group SO(TxM) are nothing but the gener-
ators of local rotation. However, not every divergence-free one-form may be written as the
co-differential of a two-form. That deficit is precisely fulfilled by the harmonic form Y . This
additional contribution is topological and is related to the non-vanishing of the first de-Rham
cohomology group (or singular cohomology group H1(M;R)) the dimension of which is finite
for a compact manifold M and corresponds to its first Betti number. Equivalently, this may
be described as follows. Lets us consider the map δ : Ωk → Ωk−1. Now, of course δ ◦ δζ = 0
for ζ1 ∈ Ωk(M). However, not all the elements κ of Ωk−1(M) which belong to the kernel of
δ (such that δκ = 0) may be written as δζ2 for ζ2 ∈ Ωk. This failure of exactness measured
by ker(δ : Ωk−1 → Ωk−2)/image(δ : Ωk → Ωk−1) is the space of harmonic forms Hk−1(M).
Naturally, Hk(M) is isomorphic to Hk

de–Rham(M)).
Because of the Hodge decomposition, any non-harmonic eigenform may be decomposed

as a sum of exact and co-exact eigenforms. In the case of a closed and connected manifold M
(which we consider throughout) harmonic 0−forms are constant functions and therefore any
non-trivial φ ∈ Ω0(M), admits the following formal eigenfunction decomposition, that is,

φ(t, x) =
∑

a

αa(t)ξa(x), (205)

where

Δγξa = λaξa, (206)

that is, {ξa}∞1 form a complete set of L2 basis elements. The one-form A may be written
formally as

A(t, x) =
∑

a

αa(t)Θa(x) +
∑

c

φc(t)Φc(x) +
N∑

b=1

βb(t)ξb(x), (207)

where N is the dimension of the first Cohomology group (H1(M;R)), which also equals to first
Betti number of M which encodes topological information of M. Elementary calculations yield
the following for Θa = dξa,Φc, ζb ∈ Ω1(M)

ΔΘa = (dδ + δd)Θa = θaΘa, (208)

ΔΦa = (dδ + δd)Φa = φcΦa, (209)

Δζb = (dδ + δd)ζb = 0, (210)
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that is

ΔγΘa + Ric(.,Θa) = θaΘa, (211)

ΔγΦc + Ric(.,Φc) = φcΦc, (212)

Δγζb + Ric(., ζb) = 0 (213)

(dΘa = 0, δΦc = 0, dζb = δζb = 0). Note that the following orthonormality holds∫
M
Θa∧∗Θb = δab,

∫
M
Φa∧∗Φb = δab,

∫
M
ζa∧∗ζb = δab, (214)∫

M
Θa∧∗Φb = 0,

∫
M
Θa∧∗ζb = 0,

∫
M
Φa∧∗ζb = 0, (215)

where the pairing by Hodge star ∗ : Ωk(M) → Ωn−k(M) is defined as follows

ζa∧∗ζb := γ(ζa, ζb)μγ. (216)

Assuming the background metric to be smooth, one may use a variational principle to establish
existence of solutions to these eigenvalue equations. For a rigorous proof, the reader is referred
to the excellent book [60]. Note that through the isomorphism between the space of one-forms
and vector fields induced by the Riemannian metric γ, we may as well use this decomposition
for the vector fields by simply ‘raising’ the index by γ. The associated scalar and vector fields
are expressed formally in the following way

δN(t, x) =
∑

a

Na(t)ξa(x), δρ(t, x) =
∑

a

Da(t)ξa(x),

X =
∑

a

XIRa(t)Θa(x) +
∑

a

XRa(t)Φa(x) +
N∑

b=1

XHb(t)Θa(x),

v =
∑

a

vIRa(t)Θa(x) +
∑

a

vRa(t)Φa(x) +
N∑

b=1

vHb(t)Θa(x). (217)

Here IR, R, and H are used to denote the irrotational, rotational, and the harmonic parts of
the associated vector fields. The two symmetric two-tensors relevant to our analysis may be
decomposed as follows (when expressed in local coordinates)

hi j = hTT
i j + f γi j + (LWγ)i j, (218)

ktr
i j = kTT

i j + (LYγ)i j −
2
n
∇[γ]mYmγi j (219)

where f ∈ Ω0(M), W, Y ∈ sections{TM}, and (hTT, kTT) are symmetric and transverse-
traceless with respect to γ. hTT may formally be written as a linear combination of the
eigensolutions of the Lichnerowicz type Laplacian

Lγ,γmTT
i j = ΔγmTT

i j + (R[γ]k
i j

m
+ R[γ]k

ji
m

)mTT
km = lmTT

i j , l � 0. (220)
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In general, the kernel of Lγ,γ would be finite dimensional on compact manifolds. Expressing
Y and W in formal modes,

Y(t, x) =
∑

a

Y IRa(t)Θa(x) +
∑

a

YRa(t)Φa(x) +
N∑

b=1

Y(t)Hbζa(x), (221)

W(t, x) =
∑

a

W IRa(t)Θa(x) +
∑

a

WRa(t)Φa(x) +
N∑

b=1

WHb(t)ζa(x) (222)

the formal harmonic decompositions of hi j and ki j are as follows

h(t, x) =
∑

a

hTTa(t)mTT
a (x) +

(∑
a

αa(t)ξa(x)

)
γ +

∑
a

W IRa(t)LΘaγ

+
∑

a

WRa(t)LΦaγ +

n∑
b=1

W(t)HbLζaγ,

ktr(t, x) =
∑

a

kTTa(t)mTT
a (x) +

∑
a

Y IRa(t)LΘaγ +
∑

a

YRa(t)LΦaγ

+

n∑
b=1

YHb(t)Lζaγ.

One might raise a natural question of why decompose the symmetric two-tensor fields in terms
of the eigenfunctions of Lγ,γ instead of Δγ (as done in [4, 7] and elsewhere). This is a crucial
point of which the natural answer may be stated as follows. Note the evolution equation (110)
of ktr. The term ‘(R[γ]k

i j
m
+ R[γ]k

ji
m

)hTT
km’ appears on the right-hand side contained in

Lγ,γh [it originates from the variation of the Ricci tensor (of M)]. In the case of n = 3,
one may utilize the constant sectional curvature property of γ (satisfying R[γ]i j = − 1

3γi j)
to express R[γ]i jkl = − 1

6 (γikγ jl − γilγ jk) and therefore, ‘(R[γ]k
i j

m
+ R[γ]k

ji
m

)hTT
km’ simply

becomes− 1
6 hTT

i j . However, in higher dimensions (n > 3), R[γ]i j = − 1
nγi j does not imply that γ

has constant sectional curvature. Therefore, the reduction mentioned above fails. This problem
does not arise if we perform the formal mode decomposition of TT tensors by the eigentensors
of Lγ,γ since in CMCSH gauge the right-hand side of the evolution equation (110) contains
Lγ,γhTT. The following ODEs are obtained from the evolution equations in a straightforward
way

dhTTa

dt
= −2

a
kTTa + lTTa, lTTa = lTT‖a, lTT‖a =

2
a

kTT‖a, (223)

dkTTa

dt
= −(n − 1)

ȧ
a

kTTa +
1
2a

kTTa, (224)

dvIRa

dt
=

nȧ
a

(
γad −

n + 1
n

)
vIRa − 1

a
Na − γad − 1

Cργada
Da, (225)

dDa

at
= −Cρnγȧ

a
Na +

Cργad

a
θav

IRa, (226)
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dvRa

dt
=

nȧ
a

(
γad −

n + 1
n

)
vRa => vRa(t) = vRa(t0)

(
a(t)
a(t0)

)n
(
γad− n+1

n

)

, (227)

dvHb

dt
=

nȧ
a

(
γad −

n + 1
n

)
vHb => vHb(t) = vHb(t0)

(
a(t)
a(t0)

)n
(
γad− n+1

n

)

. (228)

Once the entities (hTTa, kTTa, Da, vIRa, vRa, vHb) are obtained, the rest of the unknowns may be
obtained in terms of these primary variables utilizing the constraint equations and gauge fixing
conditions (109), (116)–(118) (which become simply algebraic equations upon implement-
ing the mode decomposition). Therefore, we avoid writing out these equations. Note that the
condition ‘γ ∈ (1, n+1

n )’ is readily obtained to be a necessary condition for stability.
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Séminaire Equations aux Dérivées Partielles (Polytechnique) pp 1–29

[31] Lindblad H and Rodnianski I 2010 The global stability of Minkowski space–time in harmonic gauge
Ann. Math. 171 1401–77

[32] Andersson L and Moncrief V 2003 Elliptic–hyperbolic systems and the Einstein equations Ann.
Henri Poincare 4 1–34

[33] Andersson L and Moncrief V 2004 Future complete vacuum spacetimes The Einstein Equations
and the Large Scale Behavior of Gravitational Fields (Berlin: Springer) pp 299–330

[34] Andersson L and Moncrief V 2011 Einstein spaces as attractors for the Einstein flow J. Differ. Geom.
89 1–47

[35] Oliynyk T A 2016 Future stability of the FLRW fluid solutions in the presence of a positive
cosmological constant Commun. Math. Phys. 346 293–312

[36] Brauer U, Rendall A and Reula O 1994 The cosmic no-hair theorem and the non-linear stability of
homogeneous Newtonian cosmological models Class. Quantum Grav. 11 2283

[37] Ringström H 2008 Future stability of the Einstein-non-linear scalar field system Invent. Math. 173
123–208

[38] Fajman D and Wyatt Z 2021 Attractors of the Einstein–Klein–Gordon system Commun. PDE 46
1–30

[39] Fajman D 2017 The nonvacuum Einstein flow on surfaces of negative curvature and nonlinear
stability Commun. Math. Phys. 353 905–61

[40] Speck J 2013 The stabilizing effect of spacetime expansion on relativistic fluids with sharp results
for the radiation equation of state Arch. Ration. Mech. Anal. 210 535–79

[41] LeFloch P G and Wei C 2021 Nonlinear stability of self-gravitating irrotational Chaplygin fluids in
a FLRW geometry Ann. Inst. Henri Poincare C 38 787–814

[42] Rodnianski I and Speck J 2018 A regime of linear stability for the Einstein-scalar field system with
applications to nonlinear Big Bang formation Ann. Math. 187 65–156

[43] Fischer A E and Moncrief V 2002 Hamiltonian reduction and perturbations of continuously self-
similar (n + 1)-dimensional Einstein vacuum spacetimes Class. Quantum Grav. 19 5557

[44] Moncrief V and Mondal P 2019 Could the universe have an exotic topology? Pure Appl. Math. Q.
15 921–66

[45] Christodoulou D 2007 The formation of shocks in three-dimensional fluids Eur. Math. Soc. 2
[46] Moncrief V 1980 Stability of stationary, spherical accretion onto a Schwarzschild black hole

Astrophys. J. 235 1038–46
[47] Mondal P 2019 Asymptotic behavior of a matter filled universe with exotic topology Class. Quantum

Grav. 37 075006
[48] Rodnianski I and Speck J 2013 The stability of the irrotational Euler–Einstein system with a positive

cosmological constant J. Euro. Math. Soc. 15 2369

50

https://doi.org/10.5169/seals-116964
https://doi.org/10.5169/seals-116964
https://doi.org/10.5169/seals-116964
https://doi.org/10.5169/seals-116964
https://doi.org/10.1023/a:1006642209413
https://doi.org/10.1023/a:1006642209413
https://doi.org/10.1023/a:1006642209413
https://doi.org/10.1023/a:1006642209413
https://doi.org/10.1088/0264-9381/33/23/235018
https://doi.org/10.1088/0264-9381/33/23/235018
https://doi.org/10.4310/cag.2020.v28.n7.a2
https://doi.org/10.4310/cag.2020.v28.n7.a2
https://doi.org/10.4310/cag.2020.v28.n7.a2
https://doi.org/10.4310/cag.2020.v28.n7.a2
https://doi.org/10.1137/15m1030236
https://doi.org/10.1137/15m1030236
https://doi.org/10.1137/15m1030236
https://doi.org/10.1137/15m1030236
https://doi.org/10.2307/2373037
https://doi.org/10.2307/2373037
https://doi.org/10.2307/2373037
https://doi.org/10.2307/2373037
https://doi.org/10.1088/0264-9381/28/16/165004
https://doi.org/10.1088/0264-9381/28/16/165004
https://arxiv.org/abs/2002.03551
https://doi.org/10.1007/bf01205488
https://doi.org/10.1007/bf01205488
https://doi.org/10.1007/bf01205488
https://doi.org/10.1007/bf01205488
https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.4007/annals.2010.171.1401
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.1007/s00220-015-2551-1
https://doi.org/10.1007/s00220-015-2551-1
https://doi.org/10.1007/s00220-015-2551-1
https://doi.org/10.1007/s00220-015-2551-1
https://doi.org/10.1088/0264-9381/11/9/010
https://doi.org/10.1088/0264-9381/11/9/010
https://doi.org/10.1007/s00222-008-0117-y
https://doi.org/10.1007/s00222-008-0117-y
https://doi.org/10.1007/s00222-008-0117-y
https://doi.org/10.1007/s00222-008-0117-y
https://doi.org/10.1080/03605302.2020.1817072
https://doi.org/10.1080/03605302.2020.1817072
https://doi.org/10.1080/03605302.2020.1817072
https://doi.org/10.1080/03605302.2020.1817072
https://doi.org/10.1007/s00220-017-2842-9
https://doi.org/10.1007/s00220-017-2842-9
https://doi.org/10.1007/s00220-017-2842-9
https://doi.org/10.1007/s00220-017-2842-9
https://doi.org/10.1007/s00205-013-0655-3
https://doi.org/10.1007/s00205-013-0655-3
https://doi.org/10.1007/s00205-013-0655-3
https://doi.org/10.1007/s00205-013-0655-3
https://doi.org/10.1016/j.anihpc.2020.09.005
https://doi.org/10.1016/j.anihpc.2020.09.005
https://doi.org/10.1016/j.anihpc.2020.09.005
https://doi.org/10.1016/j.anihpc.2020.09.005
https://doi.org/10.4007/annals.2018.187.1.2
https://doi.org/10.4007/annals.2018.187.1.2
https://doi.org/10.4007/annals.2018.187.1.2
https://doi.org/10.4007/annals.2018.187.1.2
https://doi.org/10.1088/0264-9381/19/21/318
https://doi.org/10.1088/0264-9381/19/21/318
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4171/031
https://doi.org/10.1086/157707
https://doi.org/10.1086/157707
https://doi.org/10.1086/157707
https://doi.org/10.1086/157707
https://doi.org/10.1088/1361-6382/ab5e91
https://doi.org/10.1088/1361-6382/ab5e91
https://doi.org/10.4171/jems/424
https://doi.org/10.4171/jems/424


Class. Quantum Grav. 38 (2021) 225009 P Mondal

[49] Babichev E, Dokuchaev V and Eroshenko Y 2004 Dark energy cosmology with generalized linear
equation of state Class. Quantum Grav. 22 143

[50] Chavanis P-H 2018 A simple model of universe with a polytropic equation of state J. Phys.: Conf.
Ser. 1030 012009

[51] Nakamura T and Chiba T 1999 Determining the equation of state of the expanding universe: inverse
problem in cosmology Mon. Not. R. Astron. Soc. 306 696–700

[52] Mardsen J E and McCracken M 2012 The Hopf Bifurcation and Its Applications vol 19 (New York:
Springer)

[53] Lanford O E 1973 Bifurcation of periodic solutions into invariant tori: the work of Ruelle and Takens
Nonlinear Problems in the Physical Sciences and Biology (New York: Springer) pp 159–92

[54] Kelly A 1967 The Stable, Center-Stable, Center, Center-Unstable, and Unstable Manifolds (New
York: Benjamin)

[55] Takens F 1974 Singularities of vector fields Publ. Math. Inst. Hautes Sci. 43 47–100
[56] Osipenko G 2011 Center Manifolds Mathematics of Complexity and Dynamical Systems (New York:

Springer)
[57] Taylor M 2012 Pseudodifferential Operators and Nonlinear PDE vol 100 (New York: Springer)
[58] Speck J 2012 The nonlinear future stability of the FLRW family of solutions to the Euler–Einstein

system with a positive cosmological constant Sel. Math. New Ser. 18 633–715
[59] Mondal P 2020 Attractors of the ‘n + 1’ dimensional Einstein-Λ flow Class. Quantum Grav. 37

235002
[60] Warner F W 2013 Foundations of Differentiable Manifolds and Lie Groups vol 94 (New York:

Springer)
[61] Rodnianski I and Speck J 2018 Stable Big Bang formation in near-FLRW solutions to the Einstein-

scalar field and Einstein-stiff fluid systems Sel. Math. New Ser. 24 4293–459
[62] Oliynyk T A 2021 Future global stability for relativistic perfect fluids with linear equations of state

p = Kρ where 1/3 < K < 1/2 SIAM J. Math. Anal. 53 4118–41
[63] Lübbe C and Kroon J A V 2013 A conformal approach for the analysis of the non-linear stability

of radiation cosmologies Ann. Phys., NY 328 1
[64] Fajman D, Ofner M and Wyatt Z 2021 Slowly expanding stable dust spacetimes (arXiv:2107.00457)
[65] Koiso N 1979 A decomposition of the space of M Riemannian metrics on a manifold Osaka J. Math.

16 423–9
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