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Abstract
Here we prove a global existence theorem for sufficiently small however fully
nonlinear perturbations of a family of background solutions of the ‘n + 1’
dimensional vacuum Einstein equations in the presence of a positive cosmolog-
ical constant Λ. The future stability of vacuum solutions in the small data and
zero cosmological constant limit has been studied previously for both ‘3 + 1’
and higher dimensional spacetimes. However, with the advent of dark energy
driven accelerated expansion of the Universe, it is of fundamental importance
in mathematical cosmology to include a positive cosmological constant, the
simplest form of the dark energy for the vacuum Einstein equations. Such Ein-
steinian evolution is here designated as the ‘Einstein-Λ’ flow. We study the
background solutions of this ‘Einstein-Λ’ flow in ‘n + 1’ dimensional space-
times in constant mean curvature spatial harmonic gauge, n � 3 and establish
both linear and non-linear stability of such solutions. In the cases of number of
spatial dimensions being strictly greater than 3, the finite dimensional Einstein
moduli spaces form the centre manifolds of the dynamics. A suitable shadow
gauge condition [Andersson L and Moncrief V 2011 J. Differ. Geom. 89 1–47]
is implemented in order to treat these cases. In addition, the autonomous char-
acter of the suitably re-scaled Einstein flow breaks down as a consequence of
including Λ(> 0). We construct a Lyapunov functional (controlling a suitable
norm of the small data) similar to a wave equation type energy for the non-linear
non-autonomous evolution of the data and prove its decay in the direction of cos
mological expansion utilizing the structure of the non-autonomous terms and
smallness assumption on the data. Our results demonstrate the future stabil-
ity and geodesic completeness of the perturbed spacetimes, and show that the
scale-free geometry converges to an element of the space of constant negative
scalar curvature metrics sufficiently close to and containing the Einstein moduli
space (a point for n = 3 and a finite dimensional space for n > 3), which has
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significant consequences for the cosmic topology while restricting to the case
of n = 3.

Keywords: Einstein flow, global existence, cosmological constant, asymptotic
stability

(Some figures may appear in colour only in the online journal)

Since the Einstein equations formulated as a Cauchy problem leave the spatial topology
of the Universe unrestricted, a natural question arises whether one may constrain the topol-
ogy through studying the dynamics of the Einsteinian evolution, while also satisfying the
cosmological principle. Recent articles [12, 13] unfolded such a possibility i.e., a dynamical
mechanism at work within the Einstein flow (both with and withoutΛ) which strongly suggests
that many closed three-manifolds that do not admit a locally homogeneous and isotropic met-
ric at all (and thus are incompatible with the cosmological principle) will nevertheless evolve
under Einsteinian evolution to be asymptotically compatible with the observed, approximate,
spatial homogeneity and isotropy of the Universe. Results of these studies, based on the mono-
tonic decay of a weak Lyapunov functional namely the reduced Hamiltonian, suggested that
a three-manifold of negative Yamabe type, if it contains parts supporting hyperbolic metrics
in its connected sum decomposition, will be volume dominated by these hyperbolic compo-
nents asymptotically by the Einstein flow (Einstein-Λ flow for Λ �= 0). On the other hand, if
one takes the cosmological principle literally, the so-called FLRW model restricts the choice of
global spatial topology of the Universe to a small set consisting of negatively curved hyperbolic
space H3, flat Euclidean space E3, positively curved three-sphere S3 with its canonical round
metric and its two fold quotient PR3 = S3/Z2. However, the astronomical observations that
motivate the cosmological principle are necessarily limited to a fraction (possibly small) of the
entire Universe and such observations are compatible with spatial metrics being locally but not
globally homogeneous and isotropic. Once the restriction on the topology (a global property)
is removed, numerous closed manifolds may be constructed as the quotients of H3, E3, and
S3 by discrete, proper, and torsion free subgroups of their respective isometry groups, with
each satisfying the local homogeneity and isotropy criteria but no longer being globally homo-
geneous or isotropic. In order for these topologically rich spatially compact spacetimes to be
possible candidates for the cosmological models, it is crucial to study the asymptotic behaviour
of the fully nonlinear perturbations of these models. Non-linear stability of these spacetimes
clearly opens up the possibility for the Universe to have an exotic spatial topology. In this
paper, we study the linear (which acts as a motivation towards studying non-linear stability)
and non-linear stability of the spacetimes with spatial part being negative Einstein for the cases
of n � 3 (hyperbolic for n = 3). However, we will assume certain smallness condition on the
fully nonlinear perturbations.

The family of background solutions (a class of fixed points of the Einstein-Λ flow) desig-
nated as ‘conformal spacetimes’ (due to the fact that each of these spacetimes admits a timelike
conformal Killing field) with the spacetime topology R × M (M being the spatial manifold) in
constant mean curvature spatial harmonic gauge (CMCSH), may be written in the following
warped product form

ĝ = − n2

(τ 2 − 2nΛ
n−1 )2

dτ ⊗ dτ +
1

(τ 2 − 2nΛ
n−1 )

γi j dxi ⊗ dx j, (1)

where γ is an Einstein metric satisfying Ri j(γ) = − n−1
n2 γi j and τ ∈ (−∞,−

√
2nΛ
n−1 ) is the mean

extrinsic curvature of M in the globally hyperbolic spacetime on R × M. For the special case
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of n = 3, the negative Einstein spaces are hyperbolic i.e., the Einstein moduli space reduces to
a point. In the limit of Λ = 0, [6] calls these spacetimes the Lorentz cone space times (these are
constructed by taking quotient of the interior of the future light cone in Minkowski space by
SO+(3, 1) in case of n = 3). Stability of these ‘3 + 1’ Lorentz cone spacetimes was proven by
[14] utilizing the Bel–Robinson energy. In the more general setting of n > 3, a finite dimen-
sional space of Einstein metrics provides the ‘centre manifold’ towards which the re-scaled
spatial metric is flowing in the limit of infinite cosmological expansion. [6] proved the stability
of these background solutions by invoking a so called shadow gauge condition and later utilized
a wave equation type of energy for the sufficiently small however fully nonlinear perturbations.
This energy acts like a Lyapunov functional for these perturbations (and, in particular vanishes
at fixed points), which is defined to control the desired norm of perturbations. In the case of the
‘2 + 1’ Einstein flow on R × Σgenus with genus > 1, Teichmüller space plays the role of the
Einstein moduli space and special techniques [3, 11] were used to study the global existence (by
utilizing the properness of the Dirichlet energy functional defined on the Teichmüller space).
Recently [8] studied the Lyapunov stability of these background solutions including a positive
cosmological constant. However, in order to establish the ‘attractor’ property of certain solu-
tions, it is necessary to prove their asymptotic stability. [1, 13] constructed a reduced phase
space as the cotangent bundle of the higher dimensional analogue of the Teichmüller space
and obtained the following true Hamiltonian of the dynamics while expressed as a functional
of the reduced phase space variables through a conformal technique

Hreduced :=
2(n − 1)

n

∫
M

∂τ

∂t
μg. (2)

They have shown that the reduced Hamiltonian acting as a Lyapunov functional decays
along certain solutions of the Einstein equations and achieves its infimum precisely for the
background Lorentz cone spacetimes (conformal spacetimes for Λ �= 0). Such a property pro-
vides a notion of the stability of these background solutions for arbitrarily large perturbations.
However, the Lyapunov function only controls the H1 × L2 norm of the reduced data and there-
fore, such a notion of stability is weak. Motivated by these results, we intend to study the
stability of these background solutions for sufficiently small fully nonlinear perturbations in
the case when a positive consmological constant is included in the Einstein equations. A sub-
tlety is that the properties of the wave equation type energy exploit the information about the
lowest eigenvalue of the Lichnerowicz type Laplacian (acting on the space of symmetric (0, 2)
tensors on M, that is, S0

2(M)) which enters into the evolution equation.
In this paper, we consider the complete generality of the problem in a framework of suffi-

ciently small however fully nonlinear perturbations of the background solutions. However,
the inclusion of a positive cosmological constant introduces several seemingly restrictive
features of the field equations. A few examples may be seen as follows. In the CMCSH gauge,
the vacuum Einstein equations with Λ = 0 are non-autonomous due to the fact that the mean
extrinsic curvature acting as time explicitly appears in the equations. However, after a suitable
re-scaling, the equations can be made to be autonomous. In the presence of a nonzeroΛ, such a
property is lost. This is one of the major differences from the case of Λ = 0. Nevertheless, one
may still obtain estimates necessary to prove the decay property of a suitably defined Lyapunov
function by introducing a Newtonian like time co-ordinate. In particular, we take the advan-
tage of the structure of the Einstein’s equations. The explicitly time dependent terms appear
in the field equation in such a way as to help drive the flow towards a class of fixed points.
Roughly speaking, the potentially problematic terms in the expression for the time derivative
of the energy either gets cancelled point-wise or are multiplied by asymptotically decaying fac-
tor e−T (T ∈ (−∞,∞)). Therefore, one needs to keep track of the explicitly time dependent
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terms accurately to reach the conclusion of energy decay. This subtlety does not arise in the
case of vanishing cosmological constant and one may easily obtain the decay of the suitably
defined Lyapunov function by introducing a correction factor (see [6] for detail). In the process
of controlling the energy decay, invoking the shadow gauge in order to handle the nontrivial
moduli space (such moduli space is assumed to have a smooth structure and be stable) becomes
necessary. In the Λ = 0 case, the scale-free geometry converges to the Einstein structure and
therefore the attractors of the Einstein flow is identified to be the Einstein spaces. However,
in the presence of Λ > 0, the scale-free geometry exponentially converges to space of met-
rics with constant negative scalar curvature sufficiently close to and containing the Einstein
structure. In other words, if we start the evolution with an arbitrary metric g sufficiently close
to the Einstein moduli space such that the difference is L2 orthogonal to the moduli space then
the conformal geometry converges in infinite time to an element of the space of metrics with
constant negative scalar curvature sufficiently close to and containing the Einstein structure.
On the other hand perturbations tangential to the Einstein moduli space exponentially decays
such that the metric converges to another element of the moduli space, that is, tangential per-
turbations exhibit trivial asymptotic stability. Therefore, the attractor of the Einstein-Λ flow
is identified to be the space of constant negative scalar curvature metrics lying sufficiently
close to and containing the Einstein moduli space. In addition, the only requirement for the
asymptotic stability of these spacetimes is the stability of the negative Einstein structure i.e.,
the non-negativity of the eigen spectrum of the associated Lichnerowicz type Laplacian opera-
tor. These are some major differences between the Λ = 0 and Λ > 0 cases. The asymptoically
stable physical conformal spacetimes are given by the following warp product metric

ĝ = − n2

(τ 2 − 2nΛ
n−1 )2

dτ ⊗ dτ +
1

(τ 2 − 2nΛ
n−1 )

γ†
i j dxi ⊗ dx j, (3)

where R(γ†) = − n−1
n . Our strategy would be to perturb the fixed point solutions described by

the negative Einstein spaces and employ the shadow gauge to treat the evolution of the pertur-
bations orthogonal and tangential to the Einstein moduli space. Using necessary estimates, we
then prove that the spatial metric exponentially converges (in appropriate norm topology) to a
point of the space of constant negative scalar curvature metrics sufficiently close to and con-
taining the moduli space. In summary, the structure of the paper is the following. We start with
the gauge fixed Einstein-Λ equations and state the necessary theorems ensuring local well-
posedness of the Cauchy problem. Next, we move on to computing background solutions and
study their linear stability. After obtaining a series of estimates utilizing the elliptic equations
arising as a result of gauge fixing and imposing the shadow gauge condition, we construct a
Lyapunov function for the small data. In the last part, utilizing the obtained estimates, we prove
the decay of the constructed energy functional (which vanishes only for the spacetimes of type
(1) and remains constant for the spacetimes of type (3)) thereby establishing the stability of
the background solutions.

1. Notations and facts

We denote the ‘n + 1’ dimensional (n � 3) spacetime manifold by M̃ with its topology being
R × M, M being the n-dimensional spatial slice diffeomorphic to a Cauchy hypersurface. The
space of Riemannian metrics on M is denoted by M. M− n−1

n
is defined as follows

M− n−1
n

:=

{
g ∈ M|R(g) = −n − 1

n

}
,
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with R(g) being the scalar curvature associated with g. Ri jkl[g] and Γ[g]i
jk denote the Riemann

curvature and connection coefficients with respect to the metric g, respectively. In terms of the
function space of fields (metric, second fundamental form etc), we work in the L2 (with respect
to a given metric) Sobolev space Ws,2 for s > n

2 + 2, also denoted by Hs (our most of most of
the analysis holds with s > n

2 + 1; we only need s > n
2 + 2 to obtain a sharp decay estimate).

We denote the L2 inner product between two 2-tensors on M with respect to a background
metric γ as

〈u|v〉L2 =

∫
M

ui jvklγ
ikγ jlμg

and the inner product on derivatives as

〈∇[γ]u|∇[γ]v〉L2 =

∫
M
∇[γ]mui j∇[γ]nvklg

mnγ ikγ jlμg,

where μg is the volume form associated with g ∈ M

μg =
√

det(gi j)dx1 ∧ dx2 ∧ dx3 ∧ · · · ∧ dxn.

Abusing notation, we use μg to denote both the volume form as well as
√

det(gi j). The rough
Laplacian Δg,γ acting on a vector bundle (symmetric covariant two-tensors are sections of this
bundle) over (M, g) is defined as

Δg,γhi j := − 1
μg

∇[γ]m(gmnμg∇[γ]nhi j). (4)

This rough Laplacian is self-adjoint with respect to the L2 inner product on covariant two-
tensors. Using the rough Laplacian, a self-adjoint Lichnerowicz type Laplacian which will be
crucial later is defined as follows

Lg,γhi j :=Δg,γhi j − 2R[γ]i
k

j
lhkl. (5)

We may sometimes drop the Sobolev index to simplify the notation. The reader is expected
to assume the function space for (g, k, N, X) to be Hs × Hs−1 × Hs+1 × Hs+1 with s > n

2 + 2.
The Laplacian Δg is defined so as to have a non-negative spectrum i.e.,

Δg ≡ −gi j∇i∇ j. (6)

For a, b ∈ R>0, a � b is defined to be a � Cb for some constant 0 < C < ∞. The spaces
of symmetric covariant two-tensors and vector fields on M are denoted by S0

2(M) and X(M),
respectively.

2. Field equations and gauge fixing

The ADM formalism splits the spacetime described by an ‘n+1’ dimensional Lorentzian man-
ifold M̃ into R × M with each level set {t} × M of the time function t being an orientable
n-manifold diffeomorphic to a Cauchy hypersurface (assuming the spacetime to be globally
hyperbolic) and equipped with a Riemannian metric. Such a split may be implemented by
introducing a lapse function N and shift vector field X belonging to suitable function spaces
and defined such that

∂t = Nn̂ + X (7)

5
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with t and n̂ being time and a hypersurface orthogonal future directed timelike unit vector i.e.,
ĝ(n̂, n̂) = −1, respectively. The above splitting puts the spacetime metric ĝ in local coordinates
{xα}n

α=0 = {t, x1, x2, . . . , xn} into the form

ĝ = −N2 dt ⊗ dt + gi j(dxi + Xi dt) ⊗ (dx j + X j dt) (8)

where gi jdxi ⊗ dx j is the induced Riemannian metric on M. In order to describe the embedding
of the Cauchy hypersurface M into the spacetime M̃, one needs the information about how the
hypersurface is curved in the ambient spacetime. Thus, one needs the second fundamental form
k defined as

ki j = − 1
2N

(∂tgi j − (LXg)i j), (9)

the trace of which (τ = gi jki j, gi j ∂
∂xi ⊗ ∂

∂x j := g−1) is the mean extrinsic curvature of M in M̃.
Here L denotes the Lie derivative operator. The vacuum Einstein equations with a cosmological
constant Λ

Rμν(ĝ) − 1
2

R(ĝ)ĝμν + Λĝμν = 0 (10)

may now be expressed as the evolution and Gauss and Codazzi constraint equations of g and k

∂tgi j = −2Nki j + (LXg)i j, (11)

∂tki j = −∇i∇ jN + N

(
Ri j + τki j − 2kk

i k jk −
2Λ

n − 1
gi j

)
+ (LXk)i j, (12)

2Λ = R(g) − |k|2g + (trgk)2, (13)

0 = ∇iki j −∇ jτ , (14)

where τ = trgk. A solution to the Einstein evolution and constraint equations is a curve
t �→ (g(t), k(t), N(t), X(t)) in Hs × Hs−1 × Hs+1 × Hs+1 (at least in our case where the local
existence theorem holds in this function space) satisfying equations (11)–(14). The space-
time metric ĝ given in terms of (g, N, X) by (8) solves the Einstein equation (93) if and only
if (g, k, N, X) solves the evolution and constraint equations (11)–(14). However, the system
(11)–(14) is not hyperbolic. We may reduce the system to a canonical hyperbolic evolution
equation for g by fixing gauge. The physical concept of gauge fixing (spatial and temporal)
may be described as follows. Let us first consider the spatial gauge. With the spacetime topol-
ogy of R × M, one has the freedom to choose the spatial slice as long as it is diffeomorphic
to a Cauchy hypersurface. Let M be a Cauchy hypersurface with an induced metric g which
together with (k, N, X) satisfies the Einstein evolution and constraint equations (11)–(14). Now
let φ (t−independent) be an element of the identity component of the diffeomorphism group
(D0) of M. Then (φ−1)∗g, (φ−1)∗k, (φ−1)∗N = N ◦ φ−1, and φ∗X solves the Einstein equations
as well, where ∗, and ∗ denote the pullback and push-forward operations on the cotangent and
tangent bundles of M, respectively. This is obvious due to the spatial covariant nature of the
evolution and constraint equations. More generally, let the identity component of the diffeo-
morphism group act on M by a time dependent element φt. The evolution equation (11) under

6



Class. Quantum Grav. 37 (2020) 235002 P Mondal

the action of φt reads

∂t((φ−1
t )∗g)i j = −2(φ−1

t )∗(Nk)i j + (Lφt∗X(φ−1
t )∗g)i j,

((φ−1
t )∗∂tg)i j + (∂t(φ−1

t )∗g)i j = −2(φ−1
t )∗(Nk)i j

+
∂

∂s
((φ−1

t ΨX
s φt)∗(φ−1

t )∗g)i j|s=0,

((φ−1
t )∗∂tg)i j + (∂s(φ−1

t+s)
∗g)i j|s=0 = −2(φ−1

t )∗(Nk)i j + (φ−1
t )∗(LXg)i j,

(φ−1
t )∗∂tgi j + (φ−1

t )∗(LYg)i j = −2(φ−1
t )∗(Nk)i j + (φ−1

t )∗(LXg)i j,

(φ−1
t )∗ {∂tgi j = −2Nki j + (LX−Yg)i j} .

(15)

Here Y is the vector field associated with the flow φt and ΨX
s is the flow of the shift vec-

tor field X. A similar calculation for the evolution equation for the second fundamental form
shows that if we make a transformation X �→ X + Y , the Einstein evolution and constraint (due
to their natural spatial covariance nature) equations are satisfied by the transformed fields.
The choice of spatial hypersurface is fixed by choosing constant mean extrinsic curvature
spatial harmonic gauge. Constant mean extrinsic curvature gauge defines a time function and
therefore it is the temporal gauge choice. We briefly describe the gauge fixing below starting
with spatial harmonic gauge. Let φ : (M, g) → (M, γ) be a harmonic map. Clearly it satis-
fies the Euler–Lagrange equations arising from criticality of the associated Dirichlet energy
1
2

∫
M gi j ∂φk

∂xi
∂φl

∂x j γklμg i.e.,

gi j

(
∂2φk

∂xi∂x j
− Γ[g]l

i j
∂φk

∂xl
+ Γ[γ]k

αβ

∂φα

∂xi

∂φβ

∂x j

)
= 0. (16)

Now, we fix the gauge by imposing the condition that φ = id, which leads to the following
equation

−gi j
(
Γ[g]k

i j − Γ̂[γ]k
i j

)
= 0. (17)

where Γ̂[γ]k
i j is the connection with respect to some arbitrary background Riemannian metric

γ. Choice of this spatial harmonic gauge yields an elliptic equation for the shift vector field X
after time differentiating equation (17). The spatial harmonic slice is chosen to have uniform
mean extrinsic curvature i.e.,

∂iτ = 0, (18)

and thus τ may play the role of time i.e.,

t = monotonic function of τ , (19)

and in this case, we choose t = τ . Choice of the constant mean extrinsic curvature gauge
(CMC) yields an elliptic equation for the lapse N. Note that we do not have evolution equations
for the lapse and shift. However, they are constrained by the elliptic equations obtained through
gauge fixing which together with the evolution equations for g and k comprises the full
‘Einstein-Λ’ system

∂tgi j = −2Nki j + (LXg)i j, (20)

7
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∂tki j = −∇i∇ jN + N(Ri j + τki j − 2kk
i k jk −

2Λ
n − 1

gi j − αi j) + (LXk)i j, (21)

∂τ

∂t
= ΔgN + (ki jk

i j − 2Λ
n − 1

)N, (22)

ΔgXi − Ri
jX

j + LXVi = (∇iN)τ − 2∇ jNki
j + (2Nk jk − 2∇ jXk)

× (Γ[g]i
jk − Γ̂[γ]i

jk) − g jk∂tΓ̂[γ]i
jk, (23)

where αi j =
1
2 (∇iV j +∇ jVi) and −Vi is the tension field defined as

Vi = g jk(Γ[g]i
jk − Γ̂[γ]i

jk). (24)

In addition, we also have the constraints

2Λ = R(g) − |k|2g + (trgk)2, (25)

0 = ∇iki j, (26)

which are conserved throughout the term of evolution as a consequence of the Bianchi iden-
tity. Vi = 0 essentially corresponds to the spatial harmonic gauge. This Cauchy problem with
constant mean extrinsic curvature and spatially harmonic gauge is referred to as ‘CMCSH
Cauchy’ problem.

2.1. Local well-posedness and gauge conservation

[5] proved a well-posedness theorem for the Cauchy problem for a family of ellip-
tic–hyperbolic systems that included the ‘n + 1’ dimensional vacuum Einstein equations in
CMCSH gauge. [13] sketched how to apply the theorem of [5] to a gauge fixed system of
‘Einstein-Λ’ field equations. Since the ‘Einstein-Λ’ field equations only differ from the vac-
uum equations by the addition of some rather innocuous linear terms, most of the technicalities
of this extended application of their theorem are straightforward to verify. There are however a
couple of subtle points involving the elliptic equations for the lapse function and the shift vector
field. Firstly, inclusion of Λ > 0 seemingly creates an obstruction to achieving a trivial kernel
for the lapse equation (22). However, note that we are primarily interested in negative Yamabe
manifolds (see [12, 13] for the relevant definitions) and therefore the scalar curvature R(g) can
never be positive everywhere on M yielding the following range of allowed mean extrinsic
curvature (for cosmologically expanding solutions) by virtue of the Hamiltonian constraint

−∞ < τ < −
√

2nΛ
n − 1

. (27)

This condition indeed guarantees a unique positive solution of the lapse equation (22). Sec-
ondly, allowing for the time dependent behaviour of the background metric (a negative Einstein
metric in our case) introduces the extra term ‘−g jk∂tΓ̂[γ]i

jk’ in the elliptic equation for the shift
vector field. However, our primary concern is the small perturbations about the background
and the term ‘−g jk∂tΓ̂[γ]i

jk’ acts as small perturbation (see lemmas 3 and 4 for the relevant
estimates). Therefore, the extra term in the shift equation due to time dependence of the back-
ground spatial metric does not affect the existence and uniqueness results. In a sense, these
previous studies together complete the desired local well-posedness for the ‘Einstein-Λ’ sys-
tem. For this reason we shall mostly refer the reader to the relevant sections of [5, 6], and [13]
rather than reiterate the detailed arguments herein. The most important point to note is that

8
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the local existence theorem provides the time of existence in terms of the size of the initial
data. Therefore, in the global existence argument, if the appropriate norm of the perturbation
is bounded, one may immediately use to local existence to obtain the desired result.

In addition to proving the local well-posedness of the ‘Einstein-Λ’ quasi hyperbolic evolu-
tion equations, we also need to ensure the conservation of gauges and constraints i.e., whenever
(g, k, N, X) solve the ‘Einstein-Λ’ equations (20)–(23), the following entities, if vanishing
initially, are zero along the solution curve

A = τ − t, (28)

Vi = g jk(Γ[g]i
jk − Γ̂[γ]i

jk), (29)

F = R(g) + τ 2 − |k|2 −∇iV
i − 2Λ, (30)

Di = ∇iτ − 2∇kkki. (31)

One may show by direct calculation using the modified evolution equations (20) and (21) that
the set of constraint and gauge entities (A, Vi, F, Di) satisfy exactly the same induced evolu-
tion equations as those given in equations (4.4a)–(4.4d) in [5]. Thus the energy argument in
section 4 of this reference goes through unchanged and shows that if (A, F, Vi, Di) = 0 for the
initial data (g(t0), k(t0)), then (A, F, Vi, Di) ≡ 0 along the solution curve (g(t), k(t), N(t), X(t)).
This completes the analysis of the desired local well-posedness and gauge conservation criteria.

3. Re-scaled equations

In this section, we convert the evolution and constraint equations to scale free equations after
rescaling the dimensionful entities by suitable powers of the conformal factor φ2 = τ 2 − 2nΛ

n−1
(which is strictly positive according to the condition (27)). Before rescaling, we observe that
the solution of the momentum constraint

∇ jki j = 0, (32)

may be written as

k = KTT +
τ

n
g, (33)

where KTT is transverse-traceless with respect to g. We will obtain equations in terms of KTT.
We denote the dimensional entities by a˜sign, while dimensionless entities are written simply
without˜sign for convenience. The re-scaled entities are given as follows

g̃i j =
1
φ2

gi j, Ñ =
1
φ2

N, X̃i =
1
φ

Xi, K̃TT
i j =

1
φ

KTT
i j , (34)

where φ = −
√
τ 2 − 2nΛ

n−1 such that φ
τ > 0. In CMCSH gauge, the re-scaled evolution and

constraint equations may be written as

∂Tτ = −φ2

τ
, (35)

∂T gi j =
2φ(τ )
τ

NKTT
i j − 2

(
1 − N

n

)
gi j −

φ(τ )
τ

(LXg)i j, (36)

9
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∂T KTT
i j = −(n − 1)KTT

i j − φ(τ )
τ

N

(
Ri j +

n − 1
n2

gi j − αi j

)

+
φ(τ )
τ

∇i∇ jN +
2φ(τ )
τ

NKTT
im KTm

j − φ(τ )
nτ

(
N
n
− 1

)
gi j

− (n − 2)

(
N
n
− 1

)
KTT

i j − φ(τ )
τ

(LXKTT)i j, (37)

R +
n − 1

n
− |KTT|2 = 0, (38)

∇ jK
TTi j = 0. (39)

Here the new time coordinate is defined as

∂T = −φ2

τ
∂τ (40)

which may be integrated explicitly to yield

φ(τ ) = −e−T , (41)

τ = −
√

e−2T +
2nΛ

n − 1
(42)

with T being Newtonian like i.e., −∞ < T < ∞. Note an important fact that 0 < φ(τ )
τ < 1

and φ(τ )
τ

≈
√

n−1
2nΛe−T as T →∞. The re-scaled elliptic equations for the lapse function and the

shift vector field may be expressed as follows

ΔgN +

(
|KTT|2 + 1

n

)
N = 1,

φ(τ )
τ

(ΔgXi − Ri
jX

j + LXVi) =
φ(τ )
τ

(2NKT jk − 2∇ jXk)(Γ[g]i
jk − Γ[γ]i

jk)

− (2 − n)∇i

(
N
n
− 1

)
− 2φ(τ )

τ
∇ jNKTi

j + g jk∂TΓ[γ]i
jk. (43)

3.1. Background solutions: conformal spacetimes

The fixed point solutions are computed as the solutions of the following set of equations in
CMCSH gauge i.e., by setting Vi = 0 and taking τ = a monotonic function of t (t = τ in this
case)

0 =
2φ(τ )
τ

NKTT
i j − 2

(
1 − N

n

)
gi j −

φ(τ )
τ

(LXg)i j, (44)

0 =− (n − 1)KTT
i j − φ(τ )

τ
N

(
Ri j +

n − 1
n2

gi j

)
+

φ(τ )
τ

∇i∇ jN

+
2φ(τ )
τ

NKTT
im KTm

j − φ(τ )
nτ

(
N
n
− 1

)
gi j − (n − 2)

(
N
n
− 1

)
KTT

i j

− φ(τ )
τ

(LXKTT)i j, (45)

10
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1 = ΔgN +

(
|KTT|2 + 1

n

)
N, (46)

φ(τ )
τ

(ΔgXi − Ri
jX

j) =
φ(τ )
τ

(2NKT jk − 2∇ jXk)(Γ[g]i
jk − Γ[γ]i

jk)

− (2 − n)∇i

(
N
n
− 1

)
− 2φ(τ )

τ
∇ jNKTi

j

+ g jk∂TΓ[γ]i
jk. (47)

Contracting equation (44) with KTT, using the momentum constraint ∇ jKTi j = 0, and integrat-
ing over M, we obtain∫

M

2φ(τ )
τ

N|KTT|2gμg = 0. (48)

Standard maximum principle arguments for the elliptic equation (43), yield estimates for the
re-scaled lapse

0 <
1

sup(|KTT|2) + 1
n

� N � n (49)

which, together with equation (48) implies

KTT ≡ 0 (50)

on M. From the lapse equation (43), we immediately obtain

N = n (51)

on M. Substituting equations (50) and (51) into equation (44) leads to

LXg|KTT=0 = 0, (52)

which implies that the shift vector field is a generator of the isometry group of M. After sub-
stituting the available variables into the fixed point equation of the transverse traceless second
fundamental form (45), we obtain the re-scaled metric to be a negative Einstein metric

Ri j(g) = −n − 1
n2

gi j. (53)

Now, the isometry group of compact manifold M with negative Ricci curvature is discrete.
Therefore, the existing Killing fields are only trivial i.e., X = 0. A sketch of the proof is as
follows. The divergence of the Killing equation along with commutation of covariant derivative
yields

−ΔgXi + Ri
jX

j +∇i∇ jX
j = 0. (54)

The trace of the Killing equation provides∇iXi = 0 and therefore, after multiplying both sides
of equation (54) with Xi and integrating over M, the following expression is obtained∫

M
[∇ jXi∇ jXi +

n − 1
n2

gi jX
iX j]μg = 0 (55)

11
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which implies

X ≡ 0 (56)

everywhere on M. One observes that the unknowns obtained from the momentum constraint
and the dynamical equations satisfy the Hamiltonian constraint. Therefore, we have proved the
following theorem.

Theorem 1. Let M be a closed (compact without boundary) connected orientable n-
manifold, n � 3, of negative Yamabe type. Then the fixed point solutions of the re-scaled
‘Einstein-Λ’ flow (44)–(47) on (T−, T+) × M, −∞ � T− < T+ � ∞, have the Cauchy data
(g, KTT, N, X) = (g0, KTT

0 , N0, X0) which satisfy the following equations:
Ri j(g0) = − n−1

n2 g0, KTT = 0, N0 = n, X0 = 0.

For convenience, we may replace g0 by γ with

Ri j(γ) = −n − 1
n2

γi j, (57)

The physical variables are then given by

g̃i j =
1
φ2

gi j =
1

τ 2 − 2nΛ
n−1

γi j, (58)

Ñ =
N

τ 2 − 2nΛ
n−1

=
n

τ 2 − 2nΛ
n−1

, (59)

X̃i =
Xi√

τ 2 − 2nΛ
n−1

= 0. (60)

If M admits an Einstein metric γ, then the corresponding re-scaled variables (γ, 0, n, 0) provide
constant mean extrinsic curvature Cauchy data (g, K, N, X) through equations (50)–(53) for

a vacuum spacetime with a positive cosmological constant on (−∞,−
√

2nΛ
n−1 ) × M, locally

expressible as

ds2 = − n2

(τ 2 − 2nΛ
n−1 )2

dτ 2 +
1

(τ 2 − 2nΛ
n−1 )

γi j dxi dx j. (61)

This so called ‘trivial’ evolution exists for n = 3 if and only if the spatial manifold M is
hyperbolizable (by the Mostow rigidity theorem). For n > 3, the existence of a negative Ein-
stein space is sufficient to guarantee the existence of this Cauchy data. This is the isolated
fixed point for n = 3 and is in general non-isolated (by virtue of non-trivial Einstein moduli
spaces) for n > 3. The spacetime (61) admits a globally defined time-like conformal Killing

field Y =
√
τ 2 − 2nΛ

n−1∂τ i.e.,

LY gn+1 = − 2τ√
τ 2 − 2nΛ

n−1

gn+1. (62)

We therefore designate these spacetimes as ‘conformal spacetimes’. A summary of the results
obtained so far yields the following theorem.

Theorem 2. Let M be a closed connected oriented n-manifold of negative Yamabe type. The
fixed points of the non-autonomous re-scaled ‘Einstein-Λ’evolution and constraint equations

12
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on (−∞,−
√

2nΛ
n−1 ) × M with the gauge condition t = τ and spatial harmonic slice gauge con-

dition are the ‘trivial’ spacetimes given by (61). Such spacetimes admit Y =
√

τ 2 − 2nΛ
n−1∂τ as

a globally defined time-like conformal Killing vector field.

A second class of solutions of the re-scaled equations lying sufficiently close to and con-
taining the one described by the negative Einstein metrics will be of particular importance to
us. These solutions are described by

R(g) = −n − 1
n

, X = 0, N = 0, KTT = 0 (63)

provided that ‖g − γ‖Hs < ε, γ ∈ Ein− n−1
n2

, s > n
2 + 2 and ε � ‖γ‖Hs . Small calcu-

lation similar to the previous case together with lemma 5 shows that the space
described by the set {R(g) = − n−1

n , X = 0, N = 0, KTT = 0} satisfies the scale-free
Einstein’s equations (35)–(39) in CMCSH gauge in the limit φ

τ → 0. Clearly the centre
manifold described by the negative Einstein spaces in theorem 1 is a subset of the solutions
{R(g) = − n−1

n , X = 0, N = 0, KTT = 0} since Ein− n−1
n2

⊂ M− n−1
n

. We will designate the

space of solutions {R(g) = − n−1
n } lying sufficiently close to the Einstein structure with metric

g satisfying the spatial harmonic gauge condition the ‘extended centre manifold’ and denote
it by Mε

− n−1
n

∩ Sγ (the reason for such a notation will be clear in section 4.1). Our intention is

to prove that this extended centre manifold is indeed the attractor of the Einstein-Λ flow.

3.2. Linear stability of the conformal spacetimes

[13] constructed the following reduced Hamiltonian (while expressed as a functional of the
reduced phase space variables)

Hreduced =
2(n − 1)

n

∫
M

∂τ

∂t
μg > 0 (64)

of the dynamics which was shown to decay monotonically along the solution curves and
achieve its infimum precisely for the conformal spacetimes described by equation (61). Such
a reduced Hamiltonian plays the role of a weak Lyapunov function of the reduced dynamics,
which indicates that these background solutions may be stable against perturbations. Moti-
vated by this notion we conduct a linear stability analysis of the re-scaled equations about the
background solutions. Let the perturbation be (hi j = δgi j, δKTT

i j = KTT
i j , δN, δXi). However,

δN and δXi satisfy elliptic equations from which we prove that they vanish if the background
metric is negative Einstein (which is the case here). We state and prove the following lemma
regarding the vanishing of the perturbations to the lapse function and the shift vector field.

Lemma 1. Let M be a closed connected oriented n-manifold of negative Yamabe type. The
fixed points of the non-autonomous re-scaled ‘Einstein-Λ’evolution and constraint equations

on (−∞,−
√

2nΛ
n−1 ) × M with the gauge condition t = τ and spatial harmonic slice gauge con-

dition are the ‘trivial’ spacetimes given by (61). Let the perturbations about these background
solutions be (hij, δπ

Tij, δN, δXi). Then δN ≡ 0 and δXi ≡ 0 everywhere on M.

Proof. Perturbation of the lapse equation leads to

ΔγδN +
1
n
δN = 0. (65)

13
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Application of the standard maximum principle immediately yields δN ≡ 0 everywhere on M,
which completes the proof of the first part. Perturbation of the shift equation yields

ΔγδXi − R[γ]i jδX j = 0. (66)

Now, multiplying both sides with δXi and integrating over closed M, we obtain∫
M

(
δXiΔγδXi − δXiR[γ]i jδX j

)
μγ = 0, (67)

∫
M

(
∇[γ]iδX j∇[γ]iδX j − R[γ]i jδXiδX j

)
μγ = 0. (68)

Substituting Ri j[γ] = − n−1
n2 γi j yields∫

M

(
∇[γ]iδX j∇[γ]iδX j +

n − 1
n2

gi jδXiδX j

)
μγ = 0, (69)

which implies δXi ≡ 0 everywhere on M, completing the second part of the proof. With the
results δN = 0 = δXi, the spacetime perturbations (at the linear level) reduce to (hi j, KTT

i j , 0, 0).
In the next lemma, we prove that utilizing the constraint and gauges, the perturbations hi j to the
spatial metric may be reduced to pure transverse-traceless form with respect to the background
metric. �

Lemma 2. Let the perturbations describing the dynamics be (hi j, KTT
i j ). Full-filling the

Hamiltonian constraint by the perturbed data (gi j = γi j + hi j, KTT
i j = 0 + KTT

i j ) through the
constant mean extrinsic curvature spatial harmonic gauge implies the transverse-traceless
property of the metric perturbations.

Proof. Variation of Hamiltonian constraint (38) reads

DR · h = 0, (70)

which upon using the expression of the Frechet derivative of R yields

Δγ trγh +∇i∇ jhi j − R[γ]i jh
i j = 0. (71)

Following the Hodge-like decomposition, we may write the symmetric two-tensor hi j as

hi j = hTT
i j + f γi j + (LWγ)i j, (72)

where hTT is a symmetric transverse-traceless (w.r.t. the background metric γ i j) two tensor and
f and W are a function and vector field lying in suitable function spaces. Upon substituting
decomposition (72) into the variation of the Hamiltonian constraint and noticingΔγ trγ(LWγ) +
∇i∇ j(LWγ)i j − R[γ]i j(LWγ)i j ≡ 0 one arrives at

3Δγ f + γ i j∇i∇ j f − R[γ] f = 0,

2Δγ f − R[γ] f = 0,
(73)

where R[γ] = − n−1
n . Noting that the operator (2Δγ +

n−1
n ) is invertible on compact M, we

immediately obtain

f ≡ 0 (74)

14
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throughout M. The vector field W may be obtained in terms of f through the following elliptic
equation, which follows from the variation of the spatial harmonic gauge condition (i.e., vari-
ation of the tension field). At the linear level, the gauge condition ‘id : (M, γ + h) → (M, γ) is
harmonic’ yields

γ jk
(
Γ[γ + h]i

jk − Γ[γ]i
jk

)
= 0 (75)

2∇ jh
i j −∇itrγh = 0

−∇i f − 2ΔγWi + 2R[γ]i
jW

j = 0

ΔγWi − R[γ]i
jW

j = −1
2
∇i f . (76)

Now substituting f = 0 and R[γ]i j = − n−1
n2 γi j, yields

ΔγWi +
n − 1

n2
Wi = 0. (77)

Again, invertibility of the operator (Δγ +
n−1
n2 ) in compact M implies W ≡ 0 throughout M.

Therefore, hi j = hTT
i j , which concludes the proof. �

Following the previous lemma, we need only consider the perturbations of the transverse-
traceless type and no information is lost doing so. We will denote hTT

i j simply by hi j if there
is no confusion. Now the linearized equations of motion around the background solution take
the following forms

∂Thi j =
2nφ(τ )

τ
KTT

i j , (78)

∂T KTT
i j = −(n − 1)KTT

i j − nφ(τ )
τ

(
δRi j +

n − 1
n2

hi j

)
, (79)

where we have dropped δN and δXi following lemma 1. We may now obtain the wave equation
for the metric perturbation as follows. Using the perturbation to the Ricci tensor

δRi j =
1
2

[
−2(n − 1)

n2
hi j + (R[γ]ki jm + R[γ]k jim)hkm −∇[γ]m∇[γ]mhi j

]
(80)

along with γ i jhi j = 0, ∇[γ]mhml = 0, and hi j = γikγ jlhkl �= δgi j, the wave equation for the
metric perturbation takes the form

∂2hi j

∂T2
+

[
(n − 1) +

2nΛ
(n − 1)τ 2

]
∂hi j

∂T

+
φ2(T)
τ 2(T)

n2(Δγhi j + (R[γ]ki jm + R[γ]k jim)hkm) = 0. (81)

Let the Laplacian be defined as Δγ = −∇[γ]i∇[γ]i. Utilizing the eigenvalue equation of the
linear differential operator on the right-hand side of the previous equation i.e.,

Δγhi j + (R[γ]ki jm + R[γ]k jim)hkm = λhi j, (82)
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the wave equations for the transverse-traceless metric perturbations reduce to the following set
of ordinary differential equations

∂2hi j

∂T2
+

[
(n − 1) +

2nΛ
(n − 1)τ 2

]
∂hi j

∂T
+

φ2(T)
τ 2(T)

λn2hi j = 0. (83)

Here, we assume that the negative Einstein spaces are stable, that is, λ � 0. No example of an
unstable, compact, negative Einstein space is known [6]. Therefore we will assume λ � 0. This
leads to the result of [1] in the limit of Λ = 0. The time coordinate T satisfies the following
from equation (40)

−φ2

τ

∂

∂τ
=

∂

∂T
, (84)

which yields the range of T as (−∞,∞) for τ ∈ (−∞,−
√

2nΛ
n−1 ). Note that for h in the kernel

of the differential operator i.e., for −Δγhi j − (R[γ]ki jm + R[γ]k jim)hkm = 0, (i.e., λ = 0) the
equation reduces trivially to

∂2hi j

∂T2
+

[
(n − 1) +

2nΛ
(n − 1)τ 2

]
∂hi j

∂T
= 0, (85)

which yields asymptotic stability following the fact that the damping coefficient is strictly
positive. Asymptotic stability of perturbations lying in the space orthogonal to the kernel of
L may be shown by explicitly constructing a Lyapunov function and deriving its monotonic
decay property in the time future direction. Let us convert the second order equation (83) to a
system of first order equations by substituting hi j = u and ∂hi j

∂T = v

∂Tu =
φ

τ
v, (86)

∂Tv = −(n − 1)v − φ(τ )
τ

n2λu, (87)

Let the Lyapunov function be defined as

E =
1
2
v2 +

1
2

n2λu2, (88)

the time derivative of which reads

dE
dT

= −(n − 1)v2 < 0 (89)

i.e., energy decays monotonically and dE
dT = 0 only when v ≡ 0. The equations (86) and (87)

together with the decay of the Lyapunov function yield ∂T u � e−2T , v � e−T as T →∞ and
therefore u remains bounded and limits to u∗ < ∞. The asymptotic solution is as follows

|u − u∗| � e−2T , (90)

|v| � e−T . (91)

We may prove the future completeness of these perturbed spacetimes at the linear level as
follows.

In order to establish the future completeness of the spacetime, we need to show that the
length of a timelike geodesic goes to infinity. For a family (homotopy class) of rectifiable
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timelike curves c : [a, b] → R × M, the length of its geodesic representative is computed as
follows

sup
c

∫ b

a

√
(−ĝ(ċ, ċ))dt = dĝ(a, b) = lĝ(C), (92)

where C is the geodesic representative of the family c and ĝ is the spacetime metric. Note
that the problem arises due to the fact that these family of curves are not necessarily uniformly
timelike. Here we will use a theorem proved in [15], which serves as sufficient condition for the
geodesic completeness. Such condition is satisfied in this particular case and therefore future
completeness holds.

Theorem. [15] . Sufficient conditions for future timelike and null geodesic completeness of
a regularly sliced spacetime are that

(a) |∇N|g is bounded by a function of t which is integrable on [a,∞)
(b) |K|g is bounded by a function of t which is integrable on [a,∞) for some a < ∞. Note

that both of these conditions are trivially satisfied in our case of linearized perturbations.
We will obtain a separate proof of future completeness in the fully nonlinear case.

Theorem 3. Let M be a closed connected oriented n-manifold of negative Yamabe
type. The background solutions (61) of the Einstein-Λ evolution and constraint equations

on (−∞,−
√

2nΛ
n−1 ) × M with the gauge condition t = τ and spatial harmonic slice gauge

condition are stable and future complete against linear perturbations.

4. Fully nonlinear perturbations

Theorem 3 provides us with a notion of stability of the background solutions. However, it
leaves out the fully non-linear evolution of the small perturbations. The reduced Hamiltonian
described in equation (64) is always at hand and may be used to study fully non-linear and
arbitrarily large perturbations. But, it seems to control only the H1 × L2 norm of the reduced
phase space data (see [1, 13] for a definition of reduced phase space). However, following
the local existence theorem developed here, we need to control the Hs × Hs−1 norm with
s > n

2 + 2, n � 3. Therefore we construct a Lyapunov function of the dynamics which indeed
controls the required Sobolev norm (L2 norm of the s > n

2 + 2 spatial derivatives) of the fully
non-linear small perturbations. We show that it decays along the solution curve if we start
sufficiently close to the background spacetime. In addition, as mentioned previously, finite
dimensionality of the Einstein moduli space in the case of higher dimensions (n > 3) has to
be addressed carefully in order to show the attractor property of the centre manifold. However,
before doing so, a few important geometric notions are to be discussed which have substantial
impact on the stability analysis in the case of the spatial dimension n > 3.

4.1. Deformation space

Here we provide a brief description of the deformation space of the Einstein structure neces-
sary for the nonlinear analysis. Details can be found in several studies [4, 6]. The background
solutions of the Einstein-Λ flow in CMCSH gauge are the conformal spacetimes as described in
the previous section. The spatial metric component of these conformal spacetimes is a negative
Einstein metric i.e., the spatial metric satisfies

Ri j(γ) = −n − 1
n2

γi j. (93)
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Let us denote the space of metrics satisfying equation (93) by E in− n−1
n2

and consider the

following map

F : M→M′,

γ �→ Ri j(γ) +
n − 1

n2
γi j,

(94)

where M′ = Image(M) is a subspace of the space of symmetric (0, 2) tensors. E in− n−1
n2

=

F−1(0) will be a submanifold of M provided that the TF−1(0)F is surjective (i.e., F is a sub-
mersion). The differential D(Ric + n−1

n2 γ) · h may be reduced to a second order elliptic dif-
ferential operator acting on the variation h, whose adjoint is injective and thus TF−1(0)F is
surjective. The tangent space of E in− n−1

n2
may be calculated as the kernel of TγF. The oper-

ator TγF = D(Ric + n−1
n2 γ) may be decomposed in terms of the Lichnerowicz type Laplacian

L, via

TγF · h = Lh − 2δ∗δh −∇[γ]d(trh), (95)

where Lhi j = Δγhi j − 2R[γ]ik jlhkl, (δh)i = ∇[γ]jhij, and (δ∗Y)i j = − 1
2 (LYγ)i j. The space of

symmetric two tensors S2M may be decomposed as

S2M = CTT(S2M) ⊕ (F (M) ⊗ γ) ⊕ IM(L), (96)

where CTT(S2M), F (M), and IM(L) are the space of symmetric transverse-traceless two-
tensors, the space of functions on M, and the image of the Lie derivative L acting on γ
with respect to a vector field Y ∈ TM (a section of TM to be precise), respectively. In local
co-ordinates, this decomposition may be represented as

hi j = hTT
i j + f γi j + (LYγ)i j. (97)

The kernel K(TγF) at γ ∈ F−1(0) may be obtained through the solution of the following
equation

L(hTT + f γ + LYγ) − 2δ∗δ(hTT + f γ + LYγ)

−∇d(tr(hTT + f γ + LYγ)) = 0, (98)

where we notice that L(LYγ) − 2δ∗δ(LYγ) −∇d(tr(LYγ)) ≡ 0 and thus LYγ ∈ K(Tγ∈F−1(0)F).
The remaining terms lead to

(LhTT)i j + (Δγ f )γi j − 2 f Ri j +∇i∇ j f +∇ j∇i f − n∇i∇ j f = 0, (99)

which upon taking the trace yields

2(n − 1)Δγ f − 2R(γ) f = 0. (100)

For γ ∈ F−1(0), the scalar curvature R(γ) = − n−1
n and therefore f = 0 everywhere on M. The

resulting tangent space of E in− n−1
n2

= F−1(0) consists of the kernel of the operatorL (a subspace

of the space of transverse-traceless symmetric two-tensors) and the image of the Lie derivative
operator with respect to a vector field

TγE in− n−1
n2

= ker(L) ⊕ IM(L). (101)
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Let γ0 ∈ E in− n−1
n2

and V be its connected component. Also consider Sγ to be the harmonic

slice of the identity diffeomorphism i.e., the set of γ ∈ E in− n−1
n2

for which the identity map

id : (M, γ) → (M, γ0) is harmonic. This condition is equivalent to the vanishing of the tension
field −Vk that is

−Vk = −γ i j(Γ[γ]k
i j − Γ[γ0]k

i j) = 0. (102)

For γ ∈ E in− n−1
n2

, Sγ is a submanifold of M for γ sufficiently close to γ0 [6, 13]. The deforma-

tion space N of γ0 ∈ E in− n−1
n2

is defined as the intersection of the γ0−connected component

V ⊂ E in− n−1
n2

and the harmonic slice Sγ i.e.,

N = V ∩ Sγ. (103)

N is assumed to be smooth. In the case of n = 3, the negative Einstein structure is rigid
which follows from the Mostow rigidity theorem [2, 10] and this structure corresponds to
the hyperbolic structure up to isometry. For higher genus surfaces Σgenus (genus > 1) in two
dimensions, the deformation space modulo isotopy diffeomorphisms is the Teichmüller space
diffeomorphic to R6genus−6. For n > 3, it is a finite dimensional submanifold of M. Examples
of higher dimensional (n > 3) negative Einstein spaces with non-trivial deformation spaces
include Kahler–Einstein manifolds [7]. [6] provides the details of constructing numerous neg-
ative Einstein spaces through a product operation. Therefore, we do not repeat the same here.
Readers are referred to the aforementioned paper.

Following equations (101)–(103), the tangent space TγN in local coordinates is represented
as

∂γ

∂qa
= hTT‖ + LY‖γ, (104)

where hTT‖ ∈ ker(L) = CTT‖(S2M) ⊂ CTT(S2M), Y ∈ X(M) satisfy

−[∇[γ]m∇[γ]mYi + R[γ]i
mYm] + (hTT‖ + LY‖γ)mn(Γ[γ]i

mn − Γ[γ0]i
mn) = 0,

and, {qa}dim(N )
a=1 is a local chart on N ,X(M) is the space of vector fields on M (in a suitable func-

tion space setting). Also note that the space of transverse-traceless tensors may be decomposed
as follows

CTT(S2M) = CTT‖(S2M) ⊕ CTT⊥(S2M), (105)

where CTT⊥ is the orthogonal complement of ker(L) in CTT(S2M). An important thing to note
is that all known examples of closed negative Einstein spaces have integrable deformation
spaces. Note that the extended centre manifold is correctly defined as the intersection of the
ε−neighbourhood of deformation space N in M− n−1

n
∩ Sγ , that is, Mε

− n−1
n

∩ Sγ , γ ∈ Ein− n−1
n2

(since the spatial harmonic gauge is imposed, the metric must lie in the submanifold Sγ as
well). Obviously,N ⊂ Mε

− n−1
n

∩ Sγ and TN ⊂ T(Mε
− n−1

n
∩ Sγ). This concludes the business

of describing the centre (and extended centre) manifold of the dynamics.

4.2. Perturbations and shadow gauge

The previous section describes the non-trivial deformation space of a negative Einstein struc-
ture. The presence of a non-trivial deformation space necessitates the consideration of pertur-
bations L2 orthogonal to the deformation space of the Einstein structures forming the centre
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manifold of the re-scaled dynamics. Perturbations tangent to the deformation space are triv-
ially stable at the linear level, which was shown earlier and will be repeated later as well.
For the treatment of the orthogonal perturbations, we invoke the shadow gauge introduced
by [6] in addition to the CMCSH. Let γ ∈ N and consider metric g ∈ M close to γ0 such
that ‖g − γ0‖Hs < δ, and ‖γ − γ0‖Hs < δ imply that ‖g − γ‖Hs < 2δ through the triangle
inequality. The shadow gauge is defined by requiring that the perturbation (g − γ) be L2

orthogonal to the deformation space N . Adopting the local coordinate system {qa}N
a=1 on

N with N = dim(N ) < ∞, the local basis for the tangent space of N may be written as
∂γi j
∂qa = hTT‖ + LY‖γ. The shadow gauge condition is equivalent to

〈(g − γ),
∂γ

∂qa
〉L2 = 0,

∫
M

(gi j − γi j)
∂γ i j

∂qa
μγ = 0,

(106)

where ∂γi j

∂qa = −γ imγ jn ∂γmn
∂qa . Technically, this shadow condition is equivalent to γ being a

projection of g onto N . In other words, there is a projection map P : M→N such that

γ = P[g]. (107)

Noting that the space N is assumed to have smooth structure, this projection, in a sense, is a
smoothing operation. We call γ the shadow of g. The time derivative of γ in N may be obtained
as

∂γ

∂T
= DP[g] · ∂g

∂T
. (108)

The expression for DP[g] may be obtained by time differentiating the shadow metric condition
i.e.,

d
dT

∫
M

(gi j − γi j)
∂γ i j

∂qa
μγ = 0, (109)

∫
M
∂T gi j

∂γ i j

∂qa
μγ +

∫
M

(gi j − γi j)
∂

∂qb

(
∂γ i j

∂qa

)
∂qb

∂T
μγ

+
1
2

∫
M

(gi j − γi j)
∂γ i j

∂qa
γ lm ∂γlm

∂qb

∂qb

∂T
μγ −

∫
M

∂γi j

∂qb

∂γ i j

∂qa

∂qb

∂T
μγ = 0,

(110)

where the matrix −
∫

M
∂γi j

∂qb
∂γi j

∂qa μγ =
∫

M
∂γi j

∂qb γ
imγ jn ∂γmn

∂qa μγ is invertible due to ∂γi j

∂qb being a basis
for TγN . For the small data limit i.e., (g − γ) < 2δ, δ > 0, the combined matrix

B =

∫
M

(gi j − γi j)

(
∂

∂qb

(
∂γ i j

∂qa

)
+

∂γ i j

∂qa
γ lm ∂γlm

∂qb

)
μγ

+

∫
M
μγ

∂γi j

∂qb
γ imγ jn ∂γmn

∂qa
μγ (111)
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is invertible as well yielding the following time evolution of the shadow metric γ in the
deformation space

∂qb

∂T
= −(B−1)ba

∫
M
∂T gi j

∂γ i j

∂qa
μγ ,

∂γi j

∂T
= −∂γi j

∂qb
(B−1)ba

∫
M
∂Tgmn

∂γmn

∂qa
,

(112)

where ∂gmn
∂T may be obtained from the re-scaled field equation (36). This is again equivalent to

the following projection operation DP : TgM→ TγN

∂γ

∂T
= DP[g] · ∂g

∂T
(113)

In a sense, the following estimate holds∥∥∥∥∂γ∂T

∥∥∥∥
Hs

� C

∥∥∥∥ ∂g
∂T

∥∥∥∥
Hs−1

, (114)

for some constant C = C(δ) > 0. More generally, one may have the following estimate for
z ∈ TgU (g ∈ U ⊂ M) while considering the projection operation P : TgU → TγN

‖DP · z‖Hs � C‖z‖Hs−1 . (115)

In a sense, the projection is a smoothing operation. We are primarily interested in studying the
evolution of sufficiently small however fully nonlinear perturbations under Einstein-Λ flow.
In order to do so, we need to first define the small data. The background solutions (confor-
mal space-times (61)) may be expressed in terms of the re-scaled variables (γ, N = n, Xi = 0)
after dimensionalization by suitable factors of φ2 = (τ 2 − 2nΛ

n−1 ) > 0. In addition to these three
entities, we also have the corresponding background re-scaled transverse-traceless second fun-
damental form KTT = 0. Therefore, the complete set of small data is defined as the difference
between the background and perturbed solutions i.e., (g − γ, KTT, N

n − 1, X) whose norm is
sufficiently small in the suitable function space.

Now we state and prove a series of important lemmas which shall be required later to obtain
several important estimates.

Lemma 3. Let s > n
2 + 2, γ0 ∈ E in− n−1

n2
and N be its integrable deformation space and

γ ∈ N . Also assume g ∈ U ⊂ M and U is a neighbourhood of N in M and g ∈ U satisfies
‖g − γ0‖Hs > δ < 0. Let z ∈ TgU . Then

γmnDΓi
mn[γ]DP · z : Hs−1 → Hs (116)

satisfies the following estimate

‖γmnDΓi
mn[γ]DP · z‖Hs � C(δ)‖γ − γ0‖Hs‖z‖Hs−1 . (117)

with C(δ) > 0.

Proof. Following equation (104), any element belonging to TγN may be written as

h = hTT‖ + LY‖γ, (118)
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with Y‖ satisfying

− [∇[γ]m∇[γ]mY‖i + R[γ]‖i
mY‖m] + (hTT‖ + LY‖γ)mn

(
Γ[γ]i

mn

−Γ[γ0]i
mn

)
= 0. (119)

γmnDΓi
mn[γ]h for h ∈ TγN may be written as

γmnDΓ[γ]i
mnh = γmnγ ik (∇[γ]mhkn +∇[γ]nhmk −∇[γ]khmn)

= 2γ ik∇[γ]nhkn −∇[γ]i(trγh), (120)

from which γmnDΓi
mn[γ]hTT‖ = 0 follows immediately and the remaining terms lead to the

following equation

γmnDΓ[γ]i
mnh = 2γ ik∇[γ]n (∇[γ]kYn +∇[γ]nYk) − 2∇[γ]i(∇[γ]mYm)

= 2γ ik(∇[γ]k∇[γ]nYn + R[γ]mkYm) + 2∇[γ]n∇[γ]nYi − 2∇[γ]i(∇[γ]mYm)

= 2(∇[γ]n∇[γ]nYi + R[γ]i
mYm)

= 2(LY‖γ + hTT)mn(Γ[γ]i
mn − Γ[γ0]i

mn)

= 2hmn(Γ[γ]i
mn − Γ[γ0]i

mn).

Now, using the previous expression, for γ close to γ0, we have the following estimate

‖γmnDΓ[γ]i
mnh‖Hs � C‖γ − γ0‖Hs‖h‖Hs−1 (121)

which upon substituting TγN � h = DP · z together with (115) yields the required estimate

‖γmnDΓi
mn[γ]DP · z‖Hs � C‖γ − γ0‖Hs‖z‖Hs−1 . (122)

We have therefore proved the lemma. �

Lemma 4. Let s > n
2 + 2, γ0 ∈ E in− n−1

n2
, and N be the integrable deformation space of γ0,

and let γ ∈ N be the shadow of g i.e., P[g] = γ, g ∈ U ⊂ M with U being a neighbourhood
of N in M and g ∈ U satisfying ‖g − γ0‖Hs < δ for some δ > 0, then

‖gmnDΓi
mn[γ]DP|gz‖Hs � C(δ)

(
‖g − γ‖Hs + ‖γ − γ0‖Hs

)
‖z‖Hs−1 , (123)

for z ∈ TgU .

Proof.
gmnDΓi

mn[γ]DP|gz = (gmn − γmn)DΓi
mn|γ · DP|gz + γmnDΓi

mn|γ · DP|gz,

‖gmnDΓi
mn[γ]DP|gz‖Hs = ‖(gmn − γmn)DΓi

mn|γ · DP|gz + γmnDΓi
mn|γ · DP|gz‖Hs

� ‖(gmn − γmn)DΓi
mn|γ · DP|gz‖Hs + ‖γmnDΓi

mn|γ · DP|gz‖Hs .

Application of lemma 1 in conjunction with (122) yields the desired estimate

‖gmnDΓi
mn[γ]DP|g · z‖Hs � C

(
‖g − γ‖Hs + ‖γ − γ0‖Hs

)
‖z‖Hs−1 . (124)

�
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Lemma 5. Let s > n
2 + 2, γ0 ∈ E in− n−1

n2
, and N be the integrable deformation space of γ0,

and let γ ∈ N be the shadow of g i.e., P[g] = γ, g ∈ U ⊂ M with U being a neighbourhood
of N in M and g ∈ U satisfying ‖g − γ0‖Hs < δ for some δ > 0, then the following map

P : Hs+1(X(M)) → Hs−1(X(M)), (125)

X �→ ΔgXi − R[g]i
jX

j + (2∇ jXk)(Γ[g]i
jk − Γ[γ]i

jk) (126)

is an isomorphism.

Proof. Let us say ψs is the flow of the shift vector field X and thus a one parameter group
of diffeomorphism of M. Therefore, by ψs at a fixed time, we may push forward and pull back
the sections of the tangent and the co-tangent bundles, respectively. The negative of the tension
vector field is defined as a section of the tangent bundle TM and locally expressible as

Vi = g jk(Γ[g]i
jk − Γ[γ]i

jk). (127)

The co-vector counterpart of V may be pulled back and dualized as

(ψ∗
s V)i = (ψ∗

s g) jkψ∗
s

(
(Γ[g] − Γ[γ])i

jk,

= (ψ∗
s g) jk

(
Γ[ψ∗

s g]i
jk − Γ[ψ∗

s γ]i
jk

)
. (128)

The right-hand side follows as a consequence of the tensor transformation property of the
difference of connection coefficients (Γi

jk). Differentiation with respect to s at s = 0 yields

(
d
ds

(ψ∗
s V)i)|s=0 =

d
ds

((ψ∗
s g) jk

(
Γ[ψ∗

s g]i
jk − Γ[ψ∗

sγ]i
jk

)
)|s=0,

LXVi =
d
ds

((ψ∗
s g) jk)|s=0

(
Γ[g]i

jk − Γ[γ]i
jk

)
+ g jk d

ds

(
Γ[ψ∗g]i

jk − Γ[ψ∗γ]i
jk

)
|s=0,

LXVi = LXg jk
(
Γ[g]i

jk − Γ[γ]i
jk

)
+ g jk d

ds

(
Γ[ψ∗g]i

jk − Γ[ψ∗γ]i
jk

)
|s=0.

(129)

Using the formula for the Fréchet derivative of the connection coefficients, we may obtain

d
ds

Γi
jk[ψ∗

s g]|s=0 =
1
2

gim

[
∇ j(

d
ds

((ψ∗
s g)mk)|s=0) +∇k(

d
ds

((ψ∗
s g) jm)|s=0)

−∇m(
d
ds

((ψ∗
s g) jk)|s=0)

]

=
1
2

gim
(
∇ j(LXgmk) +∇k(LXg jm) −∇m(LXg jk)

)
=

1
2

gim
(
∇ j(∇mXk +∇kXm) +∇k(∇mX j +∇ jXm)−∇m(∇kX j +∇ jXk)

)
=

1
2

(
∇( j∇k)X

i + gim(Rkn jm + R jnkm)Xn
)

=
1
2

(
∇[g]( j∇[g]k)X

i + (R[g]i
jnk + R[g]i

kn j)X
n
)

,
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where ∇(iX j) is the symmetrization of ∇iX j i.e., ∇(iX j) :=∇iX j +∇ jXi. Similarly the follow-
ing holds

d
ds

Γi
jk[ψ∗

s γ]|s=0 =
1
2

(
∇[γ]( j∇[γ]k)X

i + (R[γ]i
jnk + R[γ]i

kn j)X
n
)
. (130)

The previous expressions altogether yield

LXVi = (−2∇[g] jXk)
(
Γ[g]i

jk − Γ[γ]i
jk

)
+ g jk

[
∇[g] j∇[g]kX

i + R[g]i
kn jX

n

−∇[γ] j∇[γ]kX
i − R[γ]i

kn jX
n
]

which leads to

ΔgXi − R[g]i
jX

j + (2∇ jXk)(Γ[g]i
jk − Γ[γ]i

jk) + LXVi

= −g jk(∇[γ] j∇[γ]kX
i + R[γ]i

kn jX
n), (131)

or
ΔgXi − R[g]i

jX
j + (2∇ jXk)(Γ[g]i

jk − Γ[γ]i
jk)

= −g jk(∇[γ] j∇[γ]kX
i + R[γ]i

kn jX
n). (132)

upon imposing the spatial harmonic gauge condition Vi = 0. Given that we have established
the relation (132), it is sufficient to show the injectivity of the map X �→ −g jk(∇[γ] j∇[γ]kXi +
R[γ]i

kn jX
n) (a map from Hs+1(X(M)) to Hs−1(X(M))) in order to prove the isomorphism

property (then surjectivity will follow from self-adjointness) of the map P. Let Z ∈ ker(X �→
−g jk(∇[γ] j∇[γ]kXi + R[γ]i

kn jX
n)) i.e.,

−g jk(∇[γ] j∇[γ]kZi + R[γ]i
kn jZ

n) = 0, (133)

which upon multiplying both sides by Zi and integrating over M after imposing Vi = 0 yields∫
M

(−g jk∇[γ] jZi∇kZi + g jkR[γ]ikn jZ
iZn)μg = 0. (134)

Now g is sufficiently close to γ and Ricγ(Z, Z) = − n−1
n2 γ(Z, Z) < 0. Therefore g jkR[γ]ikn jZiZn

� 0 is satisfied leading to

Z = 0, (135)

and therefore

ker(X �→ −g jk(∇[γ] j∇[γ]kXi + R[γ]i
kn jX

n)) = {0}.

This concludes the proof that P is an isomorphism between Hs+1 and Hs−1.
Using the previous lemmas, we will prove three additional lemmas which will be crucial

towards proving the stability results. �

Lemma 6. Let s > n
2 + 2. Let Bs,δ(γ0, 0) ⊂ Hs × Hs−1 be a ball of radius δ centred at (γ0, 0)

and (g, KTT) ∈ Bs,δ(γ0, 0). Let (τ 2 − 2nΛ
n−1 ) > 0, ∂T = − τ2− 2nΛ

n−1
τ

∂τ = − φ2

τ
∂τ , and assume that
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the CMCSH gauge condition is satisfied. Then there exists a constant C = C(δ) > 0 such that
the following inequality holds for any T satisfying −∞ < T1 < T < T2 < ∞∥∥∥∥N

n
− 1‖Hs+1 � C

∥∥∥∥KTT‖2
Hs−1 . (136)

Proof. Let’s consider the re-scaled Lapse equation

ΔgN +

(
|KTT|2 + 1

n

)
N = 1 (137)

and substitute Q = N
n − 1 i.e., N = n(1 + Q). We obtain

ΔgQ +

(
|KTT|2 + 1

n

)
Q = −|KTT|2. (138)

Clearly, as (|KTT|2 + 1
n ) > 0, “Δg + (|KTT|2 + 1

n )id” is an isomorphism of Hs+1 onto Hs−1.
Therefore, from the elliptic regularity of “Δg + (|KTT|2 + 1

n )id”, we may write the following
inequality [9]

‖Q‖Hs+1 � C‖(Δg +

(
|KTT|2 + 1

n

)
id)Q‖Hs−1 , (139)

and using equation (138), we may immediately write

‖Q‖Hs+1 � C‖KTT‖2
Hs−1 (140)

or
‖N

n
− 1‖Hs+1 � C‖KTT‖2

Hs−1 . (141)

We have thus proved the lemma. �

Lemma 7. Let s > n
2 + 2. Let Bs,δ(γ0, 0) ⊂ Hs × Hs−1 be a ball of radius δ centred at

(γ0, 0) and (g, KTT) ∈ Bs,δ(γ0, 0). Let (τ 2 − 2nΛ
n−1 ) > 0 and ∂T = − τ2− 2nΛ

n−1
τ

∂τ = − φ2

τ
∂τ , 0 <

φ(τ )
τ

< 1, and assume that the CMCSH gauge condition is satisfied. Then there exists a
constant C = C(δ) > 0 such that the following inequality holds for any T satisfying
−∞ < T1 < T < T2 < ∞

‖X‖Hs+1 � C(‖KTT‖Hs−1 +
τ

φ
‖KTT‖2

Hs−1). (142)

Proof. The elliptic equation (47) for the shift X reads

Δg

(
φ(τ )
τ

Xi

)
− R[g]i

j

(
φ(τ )
τ

X j

)
+

(
2∇ j

(
φ(τ )
τ

Xk

))
(Γ[g]i

jk − Γ[γ]i
jk)

=
φ(τ )
τ

(2NKT jk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)

− 2φ(τ )
τ

∇[g] jNKTi
j + g jk∂TΓ[γ]i

jk,

and we have proved in lemma 5 that the operator P : Hs+1 → Hs−1 i.e.,

Xi �→ ΔgXi − R[g]i
jX

j + 2∇ jXk(Γ[g]i
jk − Γ[γ]i

jk)
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is an isomorphism and thus the following estimate holds

‖X‖Hs+1 � C‖ΔgXi − R[g]i
jX

j + 2∇ jXk(Γ[g]i
jk − Γ[γ]i

jk)‖Hs−1 .

Therefore, use of the shift equation yields

‖φ(τ )
τ

X‖Hs+1 � ‖gmn∂TΓ[γ]i
mn‖Hs . (143)

Note that every term on the right-hand side of the equation (143) is of second or higher order
except the last term g jk∂TΓ[γ]i

jk. Using the estimate (123), and the re-scaled field equation (36),

and 0 < φ(τ )
τ < 1, we obtain

‖gmn∂TΓ[γ]i
mn‖Hs � C(‖g − γ‖Hs + ‖γ − γ0‖Hs)

(
‖φ(τ )
τ (T)

X‖Hs+1

+ ‖φ(τ )
τ

KTT‖Hs−1 + ‖KTT‖2
Hs−1

)

� C
φ(τ )
τ

(‖g − γ‖Hs + ‖γ − γ0‖Hs)

× (‖X‖Hs+1 + ‖KTT‖Hs−1 +
τ

φ
‖KTT‖2

Hs−1),

which upon substituting in (143) leads to the desired estimate

‖X‖Hs+1 � C(‖g − γ‖Hs + ‖γ − γ0‖Hs )

(
‖X‖Hs+1 + ‖KTT‖Hs−1

+
τ

φ
‖KTT‖2

Hs−1

)
. (144)

Obviously, we can find a constant C = C(δ), such that the following holds for sufficiently small
(‖g − γ‖Hs + ‖γ − γ0‖Hs)

C(‖g − γ‖Hs + ‖γ − γ0‖Hs) � 1. (145)

Therefore, we have the following estimate for X

‖X‖Hs+1 � C(‖KTT‖Hs−1 +
τ

φ
‖KTT‖2

Hs−1), (146)

and thus we have proved the lemma. Notice an important fact that the potentially dangerous
term τ

φ
which satisfies eT growth as T →∞ appears in the lemma. However, as we shall see,

this dangerous factor cancels with its inverse in the energy inequalities which will be derived
later.

Finally, we obtain an estimate on the term φ(τ )
τ

X + Y‖, which is stated in the next lemma. �

Lemma 8. Let s > n
2 + 2. Let Bs,δ(γ0, 0) ⊂ Hs × Hs−1 be a ball of radius δ centred at (γ0, 0)

and (g, KTT) ∈ Bs,δ(γ0, 0). Let (τ 2 − 2nΛ
n−1 ) > 0 and ∂T = − τ2− 2nΛ

n−1
τ

∂τ = − φ2

τ
∂τ , and assume

that the CMCSH gauge condition is satisfied. Then there exists a constant C = C(δ) > 0 such
that the following inequality holds for any T satisfying −∞ < T1 < T < T2 < ∞

‖φ(τ )
τ

X + Y‖‖Hs+1 � C

(
φ(τ )
τ

‖g − γ‖Hs‖KTT‖Hs−1 + ‖KTT‖2
Hs−1

)
, (147)
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Proof. Now let’s consider γ ∈ N . Thus, TγN � ∂Tγ may be written as

∂Tγ = hTT + LY‖γ, (148)

where hTT is a transverse-traceless tensor and Y‖ solves the following equation

−[∇[γ]m∇[γ]mYi + R[γ]i
mYm] + (hTT‖ + LY‖γ)mn(Γ[γ]k

mn − Γ[γ0]k
mn) = 0.

We have already shown (120) that the following equation holds

γmn∂TΓ[γ]i
mn = γmnDΓ[γ]i

mn∂Tγ = γmnDΓ[γ]i
mn(hTT + LY‖γ) (149)

= γmnDΓ[γ]i
mnLY‖γ = (∇[γ]n∇[γ]nY‖i + R[γ]i

mY‖m) (150)

Now adding (−∇[γ]n∇[γ]n(( φ(τ )
τ

Xi) − R[γ]i
m( φ(τ )

τ
Xm)) to both sides of equation (143), we

obtain

Δg

(
φ(τ )
τ

Xi

)
− R[g]i

j

(
φ(τ )
τ

X j

)
+

(
2∇ j

(
φ(τ )
τ

Xk

))
(Γ[g]i

jk − Γ[γ]i
jk)

+

(
−∇[γ]n∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

m

(
φ(τ )
τ

Xm

))

=
φ(τ )
τ

(2NKT jk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)
− 2φ(τ )

τ
∇[g] jNKTi

j

+ g jk∂TΓ[γ]i
jk +

(
−∇[γ]n∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

m

(
φ(τ )
τ

Xm

))

− g jk

(
∇[γ] j∇[γ]k

(
φ(τ )
τ

Xi

)
+ R[γ]i

kn j

(
φ(τ )
τ

Xn

))

+

(
−∇[γ]n∇[γ]n

(
φ(τ )
τ

Xi

)
− R[γ]i

m

(
φ(τ )
τ

Xm

))

=
φ(τ )
τ

(2NKT jk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)
− 2φ(τ )

τ
∇[g] jNKTi

j

+ g jk∂TΓ[γ]i
jk +

(
−∇[γ]n∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

m

(
φ(τ )
τ

Xm

))

(
−∇[γ]n∇[γ]n

(
φ(τ )
τ

Xi

)
− R[γ]i

m

(
φ(τ )
τ

Xm

))

=
φ(τ )
τ

(2NKT jk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)

− 2φ(τ )
τ

∇[g] jNKTi
j + g jk∂TΓ[γ]i

jk + (γmn − gmn)

×
(
−∇[γ]m∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

m jn

(
φ(τ )
τ

X j

))
.
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Now adding −(∇[γ]n∇[γ]nY‖i + R[γ]i
mY‖m) = −γmn∂TΓ[γ]i

mn to the both sides of previous
equation, we obtain

(
−∇[γ]n∇[γ]n

(
φ(τ )
τ

Xi + Y‖i

)
− R[γ]i

m

(
φ(τ )
τ

Xm + Y‖m

))

=
φ(τ )
τ

(2NKTjk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)

− 2φ(τ )
τ

∇[g] jNKTi
j + gmn∂TΓ[γ]i

mn + (γmn − gmn)

×
(
−∇[γ]m∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

mjn

(
φ(τ )
τ

X j

))
− γmn∂TΓ[γ]i

mn

=>

(
−∇[γ]n∇[γ]n

(
φ(τ )
τ

Xi + Y‖i

)
− R[γ]i

m

(
φ(τ )
τ

Xm + Y‖m

))

=
φ(τ )
τ

(2NKTjk)(Γ[g]i
jk − Γ[γ]i

jk) − (2 − n)∇[g]i

(
N
n
− 1

)

− 2φ(τ )
τ

∇[g] jNKTi
j + (γmn − gmn)

×
(
−∇[γ]m∇[γ]n

((
φ(τ )
τ

Xi

)
− R[γ]i

mjn

(
φ(τ )
τ

X j

))
+ (gmn − γmn)∂TΓ[γ]i

mn.

(151)

Now after applying estimate of N
n − 1, X, smoothing operation by shadow gauge ‖ ∂γ

∂T ‖C∞ �
‖ ∂g
∂T ‖Hs−1 , the elliptic regularity of the operator P, and the algebra property of the space Hs for

s > n
2 , we note that every term in the right-hand side of the previous equation contributes at

least to a second order. Trivial power counting of φ
τ

yields

∥∥∥∥φ(τ )
τ

X + Y‖
∥∥∥∥

Hs+1
� C

(
φ(τ )
τ

‖g − γ‖Hs‖KTT‖Hs−1 + ‖KTT‖2
Hs−1

)
, (152)

for some C = C(δ) > 0. This concludes the proof of the lemma. �

In order to construct a Lyapunov function and to establish its decay property, we need the
evolution equations for the small data (g − γ, KTT). Through the following lemmas and utiliz-
ing equations (36) and (37), we arrive at the final set of evolution equations required to define
an energy functional (Lyapunov function for small data) and obtain its estimate.

Lemma 9. Let (g0, KTT
0 , N, X) = (γ, 0, n, 0) be a fixed point solution of the re-scaled

‘Einstein-Λ’equations, where R(γ) = − n−1
n2 γ. Define u = g − γ, v = 2nKTT, and w = N

n . The
‘Einstein-Λ’ evolution equations are equivalent to the following system

∂Tui j =
φ

τ
wvi j −

φ

τ
Xm∇[γ]mui j − hTT‖

i j + 2(w − 1)(ui j + γi j)

− (L φ
τ X+Y‖γ)i j −

φ

τ
(uim∇[γ] jX

m + um j∇[γ]iX
m),
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∂Tvi j = −(n − 1)vi j −
φ

τ
n2wLg,γui j −

φ

τ
Xm∇[γ]mvi j

− 2
φ

τ
n2w

(
R[g]i j +

n − 1
n2

gi j − αi j

)
+

2φ
τ

n2∇i∇ jw +
φ

τ
wvimv

m
j

− 2
φ

τ
(w − 1)(ui j + γi j) − (n − 2)(w − 1)vi j

− φ

τ
(vim∇[γ] jX

m + vm j∇[γ]iX
m) + 8

φ(τ )
τ

n3wvimv
m
j ,

(153)

where φ2 = τ 2 − 2nΛ
n−1 > 0, vm

j = gmlvl j, and ∂T = − φ2

τ ∂τ .

Proof. A direct calculation after substituting the transformed variables u = g − γ,
v = 2nKTT, and N = nw along with the fact that 0 �= ∂γ

∂T ∈ TγN and thus ∂γ
∂T = hTT‖ + LY‖γ,

we thereby obtain the evolution equation for u. �
Now, we need the following lemma.

Lemma 10 [6] . The following holds for Rij[g]

Ri j[g] − αi j +
n − 1

n2
gi j =

1
2
Lg,γ(g − γ)i j + Ji j, (154)

where αi j =
1
2 (LV g)i j, Lg,γhi j = Δg,γhi j − 2R[γ]ik jlhkl, Δg,γhi j = − 1

μg
∇[γ]m(gmnμg∇[γ]nhi j),

and Jij satisfies the following estimate

‖J‖Hs−2 � C‖g − γ‖2
Hs . (155)

Proof. A direct calculation using the definitions of Lg,γ and Δg,γ yields the result. Note that
Lγ,γ is just L defined in section 4.1.

Using this lemma 10, the evolution equations follow from a direct calculation. �

Lemma 11. The evolution equations for u and v are equivalent to the following system

∂Tu =
φ

τ
wv − φ

τ
Xm∇[γ]mu − hTT‖ + 2(w − 1)γ + Fu, (156)

∂Tv = −(n − 1)v − φ

τ
n2wLg,γu − φ

τ
Xm∇[γ]mv + Fv, (157)

where (Fu)i j = 2(w − 1)ui j − (L φ
τ X+Y‖γ)i j − φ

τ
(uim∇[γ] jXm + um j∇[γ]iXm) and (Fv)i j

= −2 φ
τ

n2wJi j +
2φ
τ

n2∇i∇ jw + φ
τ
wvimv

m
j − 2 φ

τ
(w − 1)(ui j + γi j) − (n − 2)(w − 1)vi j −

φ
τ

(vim∇[γ] jXm + vm j∇[γ]i) + 8 φ(τ )
τ

n3wvimv
m
j , and they satisfy the following estimates.

Proof. Trivial. �

4.3. Linearization

Even though we have already established the linearized stability, we may quickly reprove the
result using the dynamical equations obtained for the perturbations. Here, we construct an
energy functional (Lyapunov function) for the linearized equations, which will motivate the
construction of the energy functional for the fully nonlinear stability problem. At this point,
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we have dynamical equations for perturbations both parallel and perpendicular to N . However,
we will see shortly that the parallel component of the perturbation is trivially stable. Once again
the fixed points satisfy

w0 =
N
n

= 1, Xi
0 = 0, u0 = γ, R(γ) = −n − 1

n2
γ, v0 = 2nKTT

0 = 0. (158)

Linearization about these fixed points preserving the gauges and constraints i.e.,

δu = uTT, δv = vTT, δw = 0, δX = 0, δ

(
φ

τ
X + Y‖

)
= 0, hTT‖ =

φ

τ
v‖

(159)

together with the field equations yield

∂Tu⊥ =
φ

τ
v⊥, (160)

∂Tv
‖ = −(n − 1)v‖, (161)

∂Tv
⊥ = −(n − 1)v⊥ − φ(τ )

τ
n2Lγ,γu⊥, (162)

where we have used the L2 orthogonal decomposition uTT = uTT‖ + uTT⊥, vTT = vTT‖ + vTT⊥,
and uTT‖ = 0 (at the linear level, u is L2 orthogonal to N ). We immediately obtain as T →∞

v‖(T) = e−(n−1)(T−T0)v‖(T0) (163)

The linearized equation for the L2 orthogonal component satisfies the following pdes (let us
write u⊥ = u and v′⊥ = v for simplicity)

∂Tu =
φ

τ
v, (164)

∂Tv = −(n − 1)v − φ(τ )
τ

n2Lγ,γu, (165)

where the operator Lγ,γ satisfies the eigenvalue equation

Lγ,γX = λX (166)

with

λ � 0. (167)

Note that the eigentensor corresponding to λ = 0 is tangent to the centre manifold N . Such
perturbations are trivially stable as evident from equation (164). Since, on the compact mani-
fold, the spectrum of the second order elliptic operator is essentially discrete, we need to focus
on the minimum positive eigenvalue of Lγ,γ . Let the positive minimum of the spectrum of Lγ,γ

be λ0 > 0 i.e., λ > λ0 > 0 ∀ λ ∈ Spec(L). Clearly, the coupled pde system can be reduced
to the following pair of odes

∂Tu =
φ

τ
v, (168)
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∂Tv = −(n − 1)v − φ(τ )
τ

n2λu. (169)

In the linearized analysis section, we have already constructed a Lyapunov function for this
system. The most natural energy (Lyapunov function) may be defined as follows

E =
1
2
v2 +

n2λ

2
u2. (170)

The energy E is positive semi-definite and vanishes precisely when (u, v) ≡ 0, that is, at the
fixed points. The time derivative of the energy reads

dTE = −(n − 1)v2 < 0 (171)

Therefore, we observe that the energy E is monotonically decaying. Utilizing well known
theorem of dynamical system, strictly monotonic decay of Lyapunov function implies asymp-
totic stability. As T →∞, we have the following decay

v(T) � e−T , ∂Tu � e−2T , |u − u∗| � e−2T . (172)

Here we have utilized the fact that φ(τ )
τ

∼ e−T as T →∞. Using the evolution equation, we
observe that the re-scaled metric converges to a limit metric (in the space of metrics with
constant scalar curvature − n−1

n ) as T →∞.

4.4. Non-linear perturbations

From here onward, we will focus on fully non-linear perturbations to the background solutions.
Let us fix a background metric γ0 ∈ E in− n−1

n2
. Let N be the deformation space with respect to

γ0 and assume γ is close to γ0. There exists a harmonic slice Sγ ⊂ M as the solution of the
following equation satisfied by the tension field equation i.e.,

Vi = g jk
(
Γ[g]i

jk − Γ[γ]i
jk

)
= 0. (173)

We want to consider (g ∈ M, KTT) which satisfies the constraint equations (38) and (39) as
well as the harmonicity condition that the idenitity map ‘id : (M, g) → (M, γ)’ is harmonic. Let
us denote this constraint slice by Sc,γ corresponding to Sγ . Following the analysis of [14] (see
lemma 2.3), we may represent the constraint slice Sc,γ as a graph over its tangent space, that
is, we may write (g, KTT) ∈ Sc,γ in the following form

g − γ = uTT + z, (174)

2nKTT = vTT + r, (175)

where uTT and vTT are transverse-traceless with respect to γ with 〈z|uTT〉L2 = 0,
〈vTT|r〉L2 = 0, and ‖z‖Hs � C(‖uTT‖2

Hs + ‖vTT‖2
Hs−1), and ‖r‖Hs−1 � C(‖uTT‖2

Hs + ‖vTT‖2
Hs−1)

for C > 0. From here onward, we will write u and v (resp. v) for uTT + z and vTT + r,
respectively for simplicity.

5. Constructing the Lyapunov functional: definition of energy

The spectrum of the self-adjoint operator Lg,γ will play a vital role in the definition of the
energy. In general for a closed manifold, the spectrum of Lg,γ is non-negative (because, we
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have assumed that the compact negative Einstein spaces are stable) i.e., λ satisfying

Lg,γX = λX (176)

also satisfies

λ � 0. (177)

We will observe later that λ = 0 case is trivially stable provided the smallness condition
(Hs × Hs−1 norm) on the initial data is met. Let us re-write down the fully non-linear evolution
equations for (u, v) ∈ Bs,δ(0, 0),

∂Tu =
φ

τ
wv − φ

τ
Xm∇[γ]mu − hTT‖ + 2(w − 1)γi j + Fu, (178)

∂Tv = −(n − 1)v − φ

τ
n2wLg,γu − φ

τ
Xm∇[γ]mv + Fv, (179)

where (Fu)i j = 2(w − 1)ui j − (L φ
τ X+Y‖γ)i j − φ

τ
(uim∇[γ] jXm + um j∇[γ]iXm) and (Fv)i j

= −2 φ
τ

n2wJi j +
2φ
τ

n2∇i∇ jw + φ
τ
wvimv

m
j − 2 φ

τ
(w − 1)(ui j + γi j) − (n − 2)(w − 1)vi j −

φ
τ (vim∇[γ] jXm + vm j∇[γ]i) + 8 φ(τ )

τ n3wvimv
m
j , and they roughly satisfy a third order estimates.

The exact estimates will be derived later (when necessary).
Motivated by the energy associated with the linear stability analysis, we define a natural

wave equation type of energy (can be read off from the evolution equations) as follows

Ei =
1
2
〈v|Li−1

g,γ v〉L2 +
n2

2
〈u|Li

g,γu〉L2

=
1
2

∫
M

(vi jLi−1
gγ vkl)γ ikγ jlμg +

n2

2

∫
M

(ui jLi
gγukl)γ ikγ jlμg. (180)

The lowest order term E1 may be explicitly calculated as follows

E1 =
1
2

∫
M
vi jvklγ

ikγ jlμg +
n2

2

∫
M

(
∇[γ]mui j∇[γ]nuklg

mnγ ikγ jl

− 2R[γ]i
m

j
numnuklγ

ikγ jl
)
μg. (181)

The total energy may be defined by summing all order energies up to s

Es =

s∑
i=1

Ei. (182)

This energy is positive semi-definite and it vanishes only when (u, v) ≡ 0, that is, on the centre
manifold. We will now check the non-negative definiteness of the hessian of the energy func-
tional, which will be used to obtain several useful estimates. The first variation of the energy
with δu = h, and δv = k at (0, 0) vanishes

DEs(h, k) = 0, (183)

i.e., (u, v) = (0, 0) is a critical point of Es. The second variation about the critical point yields

D2Es((h, k), (h, k)) =
s∑

i=1

〈k|Li−1
γ,γ k〉L2 + n2

s∑
i=1

〈h|Li
γ,γh〉L2
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and we immediately obtain the positive semi-definiteness of the hessian of energy using the
spectrum of Lγ,γ

D2Es((h, k), (h, k)) � 0 (184)

with equality holding if and only if h = hTT‖ and k = 0. Therefore (0, 0) is a non-degenerate
critical point of Es. Once we have established the positive semi-definiteness of the hessian of
the energy functional, we use this property to obtain a control of the desired Hs × Hs−1 norm
of the data (u, v) in terms of the energy. The following two lemmas will in fact provide such
control of the desired norm.

Lemma 12. Let (γ, g, KTT) be such that (g − γ) satisfies the shadow gauge and g − γ = u,
2nKTT = v. There exists a constant δ > 0 sufficiently small, and a constant C = C(δ) > 0 such
that if (u, v) ∈ Bδ(0, 0) ∈ Hs × Hs−1, the following estimate holds

‖u‖‖Hs � C
(
‖u⊥‖2

Hs + ‖v‖2
Hs−1

)
. (185)

Proof. Following the shadow gauge (u is L2-orthogonal to N ), we may write

〈(g − γ), hTT‖ + LY‖γ〉L2 = 0

〈u‖ + u⊥ + z, hTT‖ + LY‖γ〉L2 = 0

〈u‖, hTT‖〉L2 + 〈z, hTT‖ + LY‖γ〉L2 = 0

(186)

where we have used the facts that 〈u⊥, hTT‖〉L2 = 0 and 〈uTT, LY‖γ〉L2 = 0. Using the relation
obtained, we may say that u‖ is a smooth function of z which satisfies

‖z‖Hs � C(‖uTT‖2
Hs + ‖vTT‖2

Hs−1), (187)

and therefore, u‖ satisfies the following estimate

‖u‖‖Hs � C
(
‖u⊥‖2

Hs + ‖v‖2
Hs−1

)
. (188)

Using the above definition of the energy together with the positive definiteness of its hessian
at (0, 0), we have the following crucial lemma which together with the lemma 12 will yield a
control of the Hs × Hs−1 norm of the data (u, v) in terms of the energy. �

Lemma 13. Let s > n
2 + 2, γ ∈ E in− n−1

n2
, and Es be the total energy defined in (182).

Then ∃ δ > 0, C = C(δ) > 0, such that ∀(u, v) ∈ Bδ(0, 0) ∈ Hs × Hs−1, the following estimate
holds

‖u⊥‖2
Hs + ‖v‖2

Hs−1 � CEs. (189)

for φ
τ

� δ.

Proof. We have observed the positive semi-definiteness of the hessian of the energy func-
tional while restricted to the subspace Hs

TT = Hs
TT⊥ × Hs−1

TT (in local co-ordinates (u⊥, v)).
Thus, D2Es : Hs

TT → image(D2Es) is an isomorphism leading to the following inequality

‖u⊥‖2
Hs + ‖v‖2

Hs−1 � CD2Es · ((h, k), (h, k)), (190)

for some finite C > 0. Now, using a version of the Morse lemma (Hilbert space version)
on the non-degenerate critical point (0, 0), we obtain that there exists a δ > 0 such that for
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variations lying within Bδ(0, 0) and restricted to Hs
TT, the following holds up to a possibly non-

linear diffeomorphism Es = Es(0, 0) + D2Es · ((h, k), (h, k)) = D2Es · ((h, k), (h, k)) (notice that
Es(0, 0) = 0). Therefore, we prove the lemma

‖u⊥‖2
Hs + ‖v‖2

Hs−1 � CEs. (191)

Using the previous two lemmas 12 and 13, we immediately obtain the following crucial
result

‖u‖2
Hs + ‖v‖2

Hs−1 � CEs, (192)

which clearly shows that the energy controls the desired norm of the data (u, v). �

6. Decay of the energy (or the Lyapunov function)

In this section we study the time evolution of the total energy functional. In order to obtain the
decay property of the energy, we state several necessary lemmas. Utilizing these lemmas, we
compute the time evolution for the lowest order energy and following analogous calculations,
the time evolution of higher order energies are obtained. Since ‖A‖Hs1 � ‖A‖Hs2 for s1 < s2,
we will bound every Sobolev norm of a tensor or a vector field by its maximum available
Sobolev norm. Occasionally we will use the Sobolev embedding ‖A‖L∞ � ‖A‖Ha for a > n

2
and the following product estimates

‖AB‖Hs � (‖A‖L∞‖B‖Hs + ‖A‖Hs‖B‖L∞), s > 0, (193)

‖AB‖Hs � ‖A‖Hs‖B‖Hs , s >
n
2

, (194)

‖[P, A]B‖Ha � (‖∇A‖L∞‖B‖Hs+a−1 + ‖A‖Hs+a‖B‖L∞),

P ∈ OP s, s > 0, a � 0,

where OP s denotes the pseudo-differential operators with symbol in the Hormander class
Ss

1,0 (see [23] for details). The first and second inequalities essentially emphasize the alge-
bra property of Hs ∩ L∞ for s > 0 and of Hs for s > n

2 , respectively. In addition, we of course
use integration by parts, Holder’s and Minkowski inequality whenever necessary.

Lemma 14. Let s > n
2 + 2, γ ∈ E in− n−1

n2
be the shadow of g ∈ M, g − γ = u, 2nKTT = v,

and assume there exists a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, then the following
estimates hold

(1)|
∫

M
〈Lg,γu, hTT‖〉μg| � C

φ

τ
‖u‖2

Hs‖v‖Hs−1 ,

(2)
∫

M
〈u, ∂TLg,γu〉μg =

∫
M
〈∂T u|Lg,γu〉μg +R, |R| � C‖u‖2

Hs‖v‖Hs−1 ,

(3)
∫

M
〈v, v〉gi j∂T gi jμg � C(

φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1),

(4)
∫

M
〈u,Lg,γu〉gi j∂T gi jμg)
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� C(
φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1),

(5)|
∫

M

φ

τ
〈v, Xm∇[γ]mv〉μg| � C(

φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1),

(6)|
∫

M

φ

τ
〈Lg,γu, Xm∇[γ]mu〉μg|

� C(
φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1), (195)

and C = C(δ) > 0.

Proof.

(a) Using the self-adjoint property of Lg,γ , we may write∫
M
〈Lg,γu, hTT‖〉μg =

∫
M
〈u,Lg,γhTT‖〉μg. (196)

We have

(Δg,γh)i j = − 1
μg

∇[γ]m

(
gmnμg(∇[γ]nhi j)

)
(197)

and the definition of Lg,γ

Lg,γhi j = Δg,γhi j − 2R[γ]ik jlh
kl,

= −gmn(∇[γ]m∇[γ]nhi j) − Vm∇[γ]mhi j − 2R[γ]ik jlh
kl,

= −(gmn − γmn)(∇[γ]m∇[γ]nhi j) − γmn∇[γ]m∇[γ]nhi j

− 2R[γ]ik jlh
kl,

= −(gmn − γmn)(∇[γ]m∇[γ]nhi j) + Lγ,γhi j, (198)

where we have used the identity ∇[γ]m(μgg−1)mn = −Vnμg, and set Vm = 0. Replacing h
by hTT‖

Lg,γhTT‖
i j = −(gmn − γmn)(∇[γ]m∇[γ]nhTT‖

i j ) (199)

as a consequence of Lγ,γhTT‖ = 0. Now we will exploit the shadow gauge condition to
obtain an estimate of hTT‖. The shadow gauge reads

〈g − γ| ∂γ
∂qα

〉L2 = 0, (200)

〈u|hTT‖α + LY‖αγ〉L2 = 0 (201)

which upon time differentiation becomes

〈∂Tu|hTT‖α + LY‖αγ〉L2 + second order terms = 0,

〈φ
τ
wv − φ(τ )

τ
Xm∇[γ]mu − hTT‖ + Fu|hTT‖α + LY‖αγ〉L2

+ second order terms = 0.
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Now, using the estimates on (w − 1), X, and Fu, and the identity 〈ATT|LZγ〉L2 = 0 for any
transverse-traceless tensor ATT and vector field Z ∈ X(M), we immediately obtain

〈φ
τ
v − hTT‖|hTT‖α〉L2 + second order terms = 0 (202)

which leads to

hTT‖ =
φ

τ
v‖ + second order terms, (203)

where v‖ is the projection of v onto the subspace of TT tensors belonging to the kernel of
Lg,γ . Now using the equation (199), we observe that every term of 〈u,Lg,γhTT‖〉L2 is of at
least third order and the following claim follows

|
∫

M
〈Lg,γu, hTT‖〉L2μg| � C

φ

τ
‖u‖2

Hs‖v‖Hs−1 . (204)

(b) We need the estimate for the term 〈u|∂TLgγu〉L2 . Using the explicit expression for Lg,γ ,
we may write

∂TLg,γui j = ∂T

(
Δg,γui j − 2R[γ]ik jlu

kl
)

,

= ∂T

(
−gmn(∇[γ]m∇[γ]nui j) − Vm∇[γ]mui j − 2R[γ]ik jlu

kl
)
(205)

and imposing spatial harmonic gauge Vi = 0

∂TLg,γui j = ∂T

(
−gmn(∇[γ]m∇[γ]nui j) − 2R[γ]ik jlu

kl
)

,

= ∂T

(
−gmn(∇[γ]m∇[γ]nui j) − 2(DR[γ]ik jl · ∂Tγ)ukl

− 2R[γ]ik jl∂Tukl. (206)

Let the operator gmn∇[γ]m∇[γ]n be denoted as D, then we write

∂TD[g, γ]ui j =

(
∂D[g, γ]

∂g
· ∂Tg +

∂D[g, γ]
∂γ

· ∂Tγ

)
ui j +D[g, γ]∂Tui j

(207)

which yields

∂TLg,γui j = Lg,γ∂Tui j −
(
∂D[g, γ]

∂g
· ∂T g +

∂D[g, γ]
∂γ

· ∂Tγ

)
ui j

− 2(DR[γ]ik jl · ∂Tγ)ukl. (208)

Since the metric γ is now time dependent, we need to control the terms involving∂Tγ. For-
tunately, we do have the shadow gauge at our disposal. Utilizing the smoothing operation
via shadow gauge one readily bounds ∂γ

∂T in terms of ∂g
∂T

‖∂Tγ‖Hs � C‖∂Tg‖Hs−1 . (209)
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On the other hand, we of course have the estimate for ∂g
∂T from the evolution equation

‖ ∂g
∂T

‖Hs−1 �
(
φ

τ
‖KTT‖Hs−1 +

φ

τ
‖X‖Hs+1 + ‖KTT‖2

Hs−1

)
(210)

which yields through ‖X‖Hs+1 � (‖KTT‖Hs−1 + τ
φ
‖KTT‖2

Hs−1 )

‖∂Tγ‖Hs � ‖KTT‖Hs−1 . (211)

In fact, following the C∞ topology of the deformation space N , one may write

‖∂Tγ‖C∞ � ‖KTT‖Hs−1 . (212)

Therefore, one is led to the conclusion that the term −( ∂D[g,γ]
∂g · ∂Tg + ∂D[g,γ]

∂γ
· ∂Tγ)ui j −

2(DR[γ]ik jl · ∂Tγ)ukl satisfies a second order estimate. This estimates together yields the
desired result

〈u|∂TLgγu〉L2 = 〈∂Tu|Lg,γu〉L2 + C‖u‖2
Hs‖v‖Hs−1 , (213)

which concludes the proof of the second part. (3), (4) let us explicitly compute gi j ∂gi j
∂T

using the evolution equation

gi j∂gi j

∂T
= −2n

(
1 − N

n

)
− φ

τ
(∇[g]iX

i). (214)

Therefore, we obtain the following expressions

∫
M
〈v, v〉gi j∂T gi jμg = −2n

∫
M
〈v, v〉

((
1 − N

n

)
+

φ

τ
∇[g]iX

i

)
μg,

∫
M
〈u,Lg,γu〉gi j∂T gi jμg = −2n

∫
M
〈u,Lg,γu〉

((
1 − N

n

)
+

φ

τ
∇[g]iX

i

)
μg.

Now we invoke the elliptic equation for the lapse N

ΔgN +

(
|KTT|2 + 1

n

)
N = 1. (215)

An straightforward maximum principle yields the following estimate for N

N � n (216)

throughout M yielding 1 − N
n � 0 and since, 〈v, v〉 and 〈u,Lg,γu〉 are non-negative

definite, we may immediately write∫
M
〈v, v〉gi j∂T gi jμg � −2n

φ

τ

∫
M
〈v, v〉∇[g]iX

iμg,

∫
M
〈u,Lg,γu〉gi j∂Tgi jμg � −2n

φ

τ

∫
M
〈u,Lg,γu〉∇[g]iX

iμg

(217)
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yielding the desired estimates∫
M
〈v, v〉gi j∂Tgi jμg � C

(
φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1

)
,

∫
M
〈u,Lg,γu〉gi j∂Tgi jμg � C

(
φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1

) (218)

upon utilizing the estimate of X from lemma 7. (4) and (5) are straightforward to obtain
using the estimates of X, N in terms of v. Importantly, it is clear that each one satisfies
a third order estimate. The following lemma characterizes the temporal evolution of the
lowest order energy. The higher order energy behaviour may be computed in a similar
way. �

Lemma 15. Let s > n
2 + 2, γ ∈ E in− n−1

n2
be the shadow of g ∈ M, and assume there exists

a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, then the following holds

∂TE1 = −(n − 1)〈v|v〉L2 +A1, (219)

with A1 satisfying

A1 �C

(
‖u‖Hs‖v‖2

Hs−1 + ‖u‖2
Hs‖v‖2

Hs + ‖v‖4
Hs−1 +

φ

τ
‖u‖Hs‖v‖2

Hs−1

+
φ

τ
‖u‖2

Hs‖v‖Hs−1 +
φ

τ
‖v‖3

Hs−1

)
, (220)

and C = C(δ) > 0.

Proof. A direct calculation using equations (156)–(179) yields

∂TE1 = 〈v|∂Tv〉L2 +
n2

2
〈∂T u|Lg,γu〉L2 +

n2

2
〈u|∂TLg,γu〉L2

+
1
4

∫
M

((vi jvkl)γ
ikγ jl + n2(ui jLgγukl)γ

ikγ jl)gmn ∂gmn

∂T
μg

−
∫

M
((vi jvkl)μg + n2(ui jLgγukl))γ imγknγ jl ∂γmn

∂T
μg

= 〈v| − (n − 1)v − φ

τ
n2wLg,γu − φ

τ
Xm∇[γ]mv + Fv〉L2

+
n2

2
〈φ
τ
wv − φ

τ
Xm∇[γ]mu − hTT‖ + 2(w − 1)γ + Fu|Lg,γu〉L2

+
n2

2
〈u|∂TLg,γu〉L2 + B

=− (n − 1)〈v|v〉L2 − φ

τ
〈v|Xm∇[γ]mv〉L2

− n2φ

2τ
〈Xm∇[γ]mu|Lg,γu〉L2 − n2

2
〈hTT‖|Lg,γ〉L2

+ n2〈(w − 1)γ|Lg,γu〉L2 −
n2φ

2τ
〈wv|Lg,γu〉L2

38



Class. Quantum Grav. 37 (2020) 235002 P Mondal

+
n2

2
〈u|∂TLg,γu〉L2 + 〈v|Fv〉L2 +

n2

2
〈Fu|Lg,γu〉L2 + B.

Now utilizing point (2) of lemma 14, we may write∫
M
〈u, ∂TLg,γu〉μg =

∫
M
〈∂T u|Lg,γu〉μg +R, |R| � C‖u‖2

Hs‖v‖Hs−1 ,

and therefore the time derivative of first order energy (note that ‖ ∂γ
∂T ‖Hs � ‖ ∂g

∂T ‖Hs from shadow
gauge) becomes

∂TE1 =− (n − 1)〈v|v〉L2 −
φ

τ
〈v|Xm∇[γ]mv〉L2

− n2φ

τ
〈Xm∇[γ]mu|Lg,γu〉L2 − n2〈hTT‖|Lg,γ〉L2

+ 2n2〈(w − 1)γ|Lg,γu〉L2 −
n2φ

2τ
〈wv|Lg,γu〉L2

+
n2φ

2τ
〈wv|Lg,γu〉L2 + 〈v|Fv〉L2 + n2〈Fu|Lg,γu〉L2 + B

=− (n − 1)〈v|v〉L2 −
φ

τ
〈v|Xm∇[γ]mv〉L2

− n2φ

τ
〈Xm∇[γ]mu|Lg,γu〉L2 − n2〈hTT‖|Lg,γ〉L2

+ 2n2〈(w − 1)γ|Lg,γu〉L2 + 〈v|Fv〉L2 + n2〈Fu|Lg,γu〉L2 + B.

We note that the potentially problematic term n2φ
2τ 〈wv|Lg,γu〉L2 gets cancelled in the previ-

ous expression. Now we will estimate each term in the energy expression utilizing lemma 14
and the basic inequalities stated at the beginning of this section. Once again, we will bound
every term by their maximum available Sobolev norm (since ‖A‖Hs1 � ‖A‖Hs2 for s1 < s2).
The following holds

|〈v|Xm∇[γ]mv〉L2 | � ‖v‖3
Hs−1 +

τ

φ
‖v‖4

Hs−1 ,

|〈Xm∇[γ]mu|Lg,γu〉L2 | � ‖u‖2
Hs‖v‖Hs−1 +

τ

φ
‖u‖2

Hs‖v‖2
Hs−1 ,

|〈hTT‖|Lg,γ〉L2 | � φ

τ
‖u‖2

Hs‖v‖Hs ,

|〈(w − 1)γ|Lg,γu〉L2 | � ‖u‖Hs‖v‖2
Hs−1 ,

B � φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1 +

φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1 .

Now, let us compute the product 〈v|Fv〉L2 and 〈Fu|Lg,γu〉L2

〈v|Fv〉L2 =− 2n2φ

τ
〈v|wJ〉L2 + 2n2φ

τ
〈v|∇ ⊗∇w〉L2

+
φ

τ
〈v|wv · v〉L2 −

2φ
τ
〈v|(w − 1)(u + γ)〉L2
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− (n − 2)〈v|(w − 1)v〉L2 + 8n3φ

τ
〈v|wv · v〉L2

− φ

τ
〈v|v ◦ ∇X〉L2 ,

〈Fu|Lg,γu〉L2 = 2n2〈(w − 1)u|Lg,γu〉L2 − n2〈L φ
τ X+Y‖γ|Lg,γu〉L2

− n2φ

τ
〈u ◦ ∇X|Lg,γu〉L2 ,

where (∇⊗∇w)i j = ∇i∇ jw, (v · v)i j = vimv
m
j , and (v ◦ ∇X)i j = vim∇ jXm + v jm∇iXm. Once

again utilizing lemma 14, basic inequalities, and the elliptic estimates for the lapse function
and the shift vector field, each term of the above expressions may be estimated as follows

|〈v|wJ〉L2 | � ‖u‖2
Hs‖v‖Hs−1 , |〈v|∇ ⊗∇w〉L2 | � ‖v‖3

Hs−1 ,

|〈v|wv · v〉L2 | � ‖v‖3
Hs−1 , |〈v|(w − 1)(u + γ)〉L2 | � ‖u‖Hs‖v‖3

Hs−1 ,

|〈v|(w − 1)v〉L2 | � ‖v‖4
Hs−1 , |〈v|wv · v〉L2 | � ‖v‖3

Hs−1 ,

|〈v|v ◦ ∇X〉L2 | � ‖v‖3
Hs−1 +

τ

φ
‖v‖4

Hs−1 ,

|〈(w − 1)u|Lg,γu〉L2 | � ‖u‖2
Hs‖v‖2

Hs−1 ,

|〈L φ
τ X+Y‖γ|Lg,γu〉L2 | � φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1 ,

|〈u ◦ ∇X|Lg,γu〉L2 | � ‖u‖2
Hs‖v‖Hs−1 +

τ

φ
‖u‖2

Hs‖v‖2
Hs−1 .

(221)

Note that the dangerous factor τ
φ cancel out in the time derivative of the energy by its inverse φ

τ .

Utilizing these estimates and carefully counting powers of φ
τ

, we obtain the desired differential
equation for the first order energy E1

∂TE1 = −(n − 1)〈v|v〉L2 +A1, (222)

with A1 satisfying

|A1| �C
(
‖u‖Hs‖v‖2

Hs−1 + ‖u‖2
Hs‖v‖2

Hs + ‖v‖4
Hs−1

+
φ

τ
‖u‖Hs‖v‖2

Hs−1 +
φ

τ
‖u‖2

Hs‖v‖Hs−1 +
φ

τ
‖v‖3

Hs−1

)
(223)

This proves the lemma. �

Now we need to derive the time derivative of the higher order energies in order to obtain a
time evolution of the total energy. In order to do so, we need a few additional estimates. The
next lemma provides the required estimates.
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Lemma 16. Let s > n
2 + 2, γ ∈ E in− n−1

n2
be the shadow of g ∈ M, and assume there exists

a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, then the following estimates hold

(1)|
∫

M
〈Li

g,γu, hTT‖〉μg| � C
φ

τ
‖u‖2

Hs‖v‖Hs−1 ,

(2)
∫

M
〈u, ∂TLi

g,γu〉μg =

∫
M
〈∂Tu|Li

g,γu〉μg +R′, |R′| � C‖u‖2
Hs‖v‖Hs−1 ,

(3)
∫

M
〈v,Li−1

g,γ v〉gkl∂T gklμg � C

(
φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1

)
,

(4)
∫

M
〈u,Li

g,γu〉gkl∂T gklμg)

� C

(
φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1

)
,

(5)|
∫

M

φ

τ
〈Li−1

g,γ v, Xm∇[γ]mv〉μg| � C

(
φ

τ
‖v‖3

Hs−1 + ‖v‖4
Hs−1

)
,

(6)|
∫

M

φ

τ
〈Li

g,γu, Xm∇[γ]mu〉μg|

� C

(
φ

τ
‖u‖2

Hs‖v‖Hs−1 + ‖u‖2
Hs‖v‖2

Hs−1

)
,

(224)

for 2 � i � s and C = C(δ) > 0.

Proof. Following a calculation analogous to that of lemma 14 and using the formula for the
higher order estimates provided in the beginning of this section (i.e., the product estimates and
the commutator estimates) for s > n

2 + 2, each of the claims follows.
Now that we have the necessary estimates, we may obtain the time derivative of the

higher order energies. The following lemma states the time derivative of the higher order
energies. �

Lemma 17. Let s > n
2 + 2, γ ∈ E in− n−1

n2
be the shadow of g ∈ M, and assume there exists

a δ > 0 such that (u, v) ∈ Bδ(0, 0) ⊂ Hs × Hs−1, then the following holds for 1 < i � s

∂TEi = −(n − 1)〈v|Li−1
g,γ v〉L2 +Ai, (225)

with Ai satisfying

|Ai| �C

(
‖u‖Hs‖v‖2

Hs−1 + ‖u‖2
Hs‖v‖2

Hs + ‖v‖4
Hs−1

+
φ

τ
‖u‖Hs‖v‖2

Hs−1 +
φ

τ
‖u‖2

Hs‖v‖Hs−1 +
φ

τ
‖v‖3

Hs−1

)
, (226)

for C = C(δ) > 0.

Proof. A calculation analogous to that of lemma 15 and the higher order estimates from
lemma 16 directly yield the desired result.
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Now that we have concluded with the proofs of the important lemmas, we will study the
time evolution of the total energy. The time derivative of the total energy may be written using
the lemmas 15 and 17 as follows

∂E
∂T

= −(n − 1)
s∑

i=1

〈v|Li−1
g,γ v〉L2 +

s∑
i=1

Ai, (227)

where each Ai satisfies higher order estimate

Ai �C

(
‖u‖Hs‖v‖2

Hs−1 + ‖u‖2
Hs‖v‖2

Hs + ‖v‖4
Hs−1

+
φ

τ
‖u‖Hs‖v‖2

Hs−1 +
φ

τ
‖u‖2

Hs‖v‖Hs−1 +
φ

τ
‖v‖3

Hs−1

)
(228)

The above expression may be rewritten as follows

∂E
∂T

� −
(
(n − 1) − C(‖u‖Hs + ‖u‖2

Hs + ‖v‖2
Hs)

) s∑
i=1

〈v|Li−1
g,γ v〉L2

+ C
φ

τ
‖v‖Hs−1E , (229)

using the fact that ‖v‖2
Hs−1 �

∑s
i=1 〈v|Li−1

g,γ v〉L2 , ‖u‖2
Hs + ‖v‖2

Hs−1 � E . Also note that
‖u‖Hs , ‖v‖Hs−1 � E1/2. Now notice that zero eigenvalues of Lg,γ would correspond to the
trivially stable case for small data. If (u, v) ∈ ker(Lγ,γ), then

∂E
∂T

� −2(n − 1)E + C
φ

τ
E3/2 (230)

and if the initial data is sufficiently small in Hs × Hs−1, then E(T) � e−2(n−1)(T−T0) as
T →∞. Therefore, we will focus on perturbations (u, v), satisfying 〈v|Li−1

g,γ v〉L2 > 0 ∀ 1 �
i � s. Note an extremely important fact that the possible feedback term (which might lead to
energy growth) ‖v‖Hs−1E is multiplied by a factor of φ

τ . Noting that φ
τ ∼ e−T as T →∞, one

immediate guess would be that the energy at least remains bounded if the initial energy is cho-
sen to be sufficiently small. Now the time derivative of the energy may be further reduced to
the following form

∂E
∂T

� −
(

(n − 1) − C
√
E
) s∑

i=1

〈v|Li−1
g,γ v〉L2 (231)

+ C
φ

τ
‖v‖Hs−1E . (232)

Now, if the energy is sufficiently small (i.e., (u, v) ∈ Bδ(0, 0) ∈ Hs × Hs−1 such that
E < ( n−1

2C )2 for example), then the first term contributes a negative factor and for such small
data limit, the linear terms ‖v‖Hs−1 are absorbed in the constant and the energy satisfies

∂E
∂T

� C
φ

τ
E , (233)
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integration of which yields

E(T) � E(T0)e
C ln |

e−T0+

√
e−2T0+ 2nΛ

n−1

e−T+
√

e−2T+ 2nΛ
n−1

|
= E(T0)

⎛
⎝e−T0 +

√
e−2T0 + 2nΛ

n−1

e−T +
√

e−2T + 2nΛ
n−1

⎞
⎠

C

.

(234)

Therefore, we have the boundedness of energy at the limit T →∞ (limT→∞(e−T +√
e−2T + 2nΛ

n−1 ) =
√

2nΛ
n−1 )

lim
T→∞

E(T) � C′E(T0). (235)

In order to close the argument, the following must be satisfied

√
E(T) <

n − 1
2C

(236)

to ensure that the first term in the inequality (231) contributes a negative term for all time
(which we assumed at the beginning). We enforce the following condition which will impose
necessary smallness condition on the initial energy E(T0)

lim
T→∞

E(T) � C′E(T0) <
(n − 1)2

4C2
. (237)

It yields the following smallness of the initial data

E(T0) <
(n − 1)2

4C2C′ . (238)

Therefore, by ensuring that the initial data is small enough such that (237) holds, we ensure that
the first term in the differential inequality (231) always contributes a negative term. Therefore,
we close the argument and obtain that the suitable norm of the data remains bounded by the
initial data as T →∞ if the initial data is chosen small enough i.e.,

E(T) � E(T0), (239)

or

‖u(T)‖2
Hs + ‖v(T)‖2

Hs−1 � ‖u(T0)‖2
Hs + ‖v(T0)‖2

Hs−1 . (240)

Now, since the time interval of existence depends on the size of ‖u‖Hs and ‖v‖Hs−1 from the
local existence theorem, we obtain the global existence. �

Even though we proved the boundedness of the suitable norm of the dynamical variables
yielding global existence, this is not satisfactory. We want to prove the attractor property of the
Einstein-Λ flow and as such we need to establish decay property of suitable norms. [6] showed
the attractor property of the Einstein flow with Λ = 0. Now, with Λ > 0 included, one would
naturally expect that the accelerated expansion should kill away the perturbations and drive
the flow towards the centre manifold (extended centre manifold to be precise). However, we
only seem to obtain a boundedness of the energy without any decay. This is mainly due to the
fact that we have underestimated the large damping term −(n − 1)

∑s
i=1 〈v|Li−1

g,γ v〉L2 . Using an
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iterated scheme, we will now achieve the sharp decay which does agree with the linear analysis
as T →∞ (as it should).

The following analysis holds in the limit T →∞. We will simply compute the time
derivative of Ev :=

∑s−1
i=1 〈v|Li−1

g,γ v〉L2 , s > n
2 + 2

dEv
dT

� − (n − 1)
s−1∑
i=1

〈v|Li−1
g,γ v〉L2 + C‖v‖4

Hs−2

+
φ

τ
(‖v‖3

Hs−2 + ‖u‖Hs−1‖v‖3
Hs−2 + ‖u‖Hs‖v‖Hs−2). (241)

Note an important fact that we loose one degree of regularity because, in the computation of the
time derivative of Ev := 1

2

∑s
i=1 〈v|Li−1

g,γ v〉L2 alone, the dangerous term
∑s

i=1 〈Lg,γu|Li−1
g,γ v〉L2

does not get cancelled unlike the case of the time derivative of the total energy E . Therefore,
we loose one order of regularity. However, since we have s > n

2 + 2, we will still be able to
obtain the desired pointwise decay estimate. The previous inequality may also be expressed as
follows

dEv
dT

� − ((n − 1) − C‖v‖2
Hs−2 )

s−1∑
i=1

〈v|Li−1
g,γ v〉L2

+ C
φ

τ
(‖v‖3

Hs−2 + ‖u‖Hs−1‖v‖3
Hs−2 + ‖u‖Hs‖v‖Hs−2) (242)

Recalling ‖v‖2
Hs−2 � δ2 < n−1

2C and ‖u‖Hs � δ, we obtain

dEv
dT

� − n − 1
2

s−1∑
i=1

〈v|Li−1
g,γ v〉L2 + C

φ

τ
‖v‖2

Hs−2(1 + ‖u‖Hs−1) + C
φ

τ
‖u‖Hs‖v‖Hs−2

=− (n − 1)Ev + C
φ

τ
‖v‖2

Hs−2(1 + ‖u‖Hs−1) + C
φ

τ
‖u‖Hs‖v‖Hs−2 (243)

integration of which yields (n � 3)

Ev(T) � e−(n−1)(T−T0)E(T0) + Ce−T , (244)

i.e.,

Ev � e−T or ‖v‖Hs−2 � e−T/2. (245)

Using s > n
2 + 2, we obtain applying Sobolev embedding on compact domain

‖v‖L∞ � e−T/2. (246)

Now, note that this decay is not optimal. An iteration scheme would yield a better decay rate.
We go back to the expression of dEv

dT and observe

dEv
dT

� − (n − 1)
s−1∑
i=1

〈v|Li−1
g,γ v〉L2 + C‖v‖4

Hs−2

+ C
φ

τ
(‖v‖3

Hs−2 + ‖u‖Hs−1‖v‖3
Hs−2 + ‖u‖Hs‖v‖Hs−2) (247)
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to obtain

dEv
dT

� −2(n − 1)Ev + Ce−(1+1/2)T + Ce−2T (248)

since ‖v‖4
Hs−2 � e−2T , φ

τ
(‖v‖3

Hs−2 + ‖u‖Hs−1‖v‖3
Hs−2 + ‖u‖Hs‖v‖Hs−2) � e−(1+1/2)T/2 using the

previous estimate. Therefore, the previous differential inequality yields

Ev � e−(1+1/2)T or ‖v‖Hs−2 � e−
(1+1/2)T

2 . (249)

Notice that we have gained a factor of 1/4 in the decay estimate. Using this estimate, in the
next iteration, we obtain

dEv
dT

� −2(n − 1)Ev + Ce−{1+1/2(1+1/2)}T (250)

and subsequently

Ev � e−{1+1/2(1+1/2)}T, or ‖v‖Hs−2 � e−
1
2 {1+1/2(1+1/2)}T. (251)

If we continue to iterate, we obtain the decay rate to be the sum of an infinite series, that is, the
final decay rate is computed to be

1 +
1
2

(
1 +

1
2

(
1 +

1
2

(
1 +

1
2

(
. . . . =

∞∑
k=0

1
2k

=
1

1 − 1/2
= 2. (252)

Therefore, the final estimate reads

Ev � e−2T or ‖v‖Hs−2 � e−T . (253)

Note that this is optimal in a sense that substituting this decay back into the equation (247)
returns the same decay. Now we compute the time derivative of Es := n2

2

∑s−1
i=1 〈u|Li

g,γu〉L2 +
1
2

∑s−1
i=1 〈v|Li−1

g,γ v〉L2 which yields

dEs

dT
� − (n − 1)

s−1∑
i=1

〈v|Li−1
g,γ v〉L2

+ C(‖u‖Hs−1 + ‖u‖2
Hs−1 + ‖v‖2

Hs−2)‖v‖2
Hs−2 + C

φ

τ
‖v‖Hs−2Es. (254)

Utilizing the estimate ‖v‖ s−2 � e−T and ‖u‖Hs−1 < δ, we observe that every term decays expo-
nentially as T →∞ i.e., C(‖u‖Hs−1 + ‖u‖2

Hs−1 + ‖v‖2
Hs−2)‖v‖2

Hs−2 � e−2T , φ
τ
‖v‖Hs−2Es � e−2T

and
∑s−1

i=1 〈v|Li−1
g,γ v〉L2 � e−2T yielding

dEs

dT
� e−2T , (255)

i.e., dEs
dT decays as T →∞. In fact, we may show that Es actually decays as T →∞. Using the

decay estimate ‖v‖Hs � e−T and noting the order of each term

dEs

dT
� −(n − 1)δ2e−2T + Cδ3e−2T + Cδ3e−2T

= − ((n − 1) − 2Cδ) δ2e−2T . (256)
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Now of course there exists a δ > 0 such that δ < n−1
2C yielding

dEs

dT
< 0 (257)

and dEs
dT = 0 if and only if ‖v‖Hs−2 ≡ 0 since every term in the right-hand side is multiplied by

a factor of ‖v‖Hs−2 . This indicates that the re-scaled metric converges to a limit metric. Now,
we go back to the evolution equation of the metric since, we have not yet established a sharp
decay of the metric. The evolution equation for the metric reads

∂T gi j =
2φ(τ )
τ

NKTT
i j − 2

(
1 − N

n

)
gi j −

φ(τ )
τ

(LXg)i j. (258)

Now, we have estimated ‖v‖Hs−2 = 2n‖KTT‖Hs−2 � e−T which yields through the elliptic
estimate (lemmas 6 and 7)(

‖N
n
− 1

)
‖Hs � e−2T , ‖X‖Hs � e−T . (259)

Therefore, utilizing these estimates (s > n
2 + 2) we obtain

‖∂Tgi j‖Hs−2 � e−2T or ‖∂Tgi j‖L∞ � e−2T (260)

which implies that the re-scaled metric g decays to a limit metric γ i.e., utilizing the evolution
equation ‖g − γ†‖Hs−1 � e−2T or equivalently ‖g − γ†‖L∞ � e−2T from Sobolev embedding
on compact domain. The question that remains is what are these limit metrics? Invoking the
Hamiltonian constraint

R +
n − 1

n
= |KTT|2, (261)

one obtains

lim
T→∞

(
R +

n − 1
n

)
= lim

T→∞
|KTT|2 = lim

T→∞
e−2T = 0. (262)

This precisely implies that the re-scaled metric gi j converges to an element of the space
Mε

− n−1
n

∩ Sγ i.e., the extended centre manifold. The decay estimate is as follows

‖g − γ†‖Hs−1 � e−2T , (263)

where γ† ∈ Mε
− n−1

n
∩ Sγ . In summary, the metric g along with (KTT, X, N) satisfies

lim
T→∞

‖∂gi j

∂T
‖L∞ = 0, lim

T→∞
‖KTT‖L∞ = 0,

lim
T→∞

‖N‖L∞ = n, lim
T→∞

‖X‖L∞ = 0, lim
T→∞

R[g] = −n − 1
n

,

(264)

that is

lim
T→∞

g(T) = γ† (in Hs−1 topology) (265)
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with γ† ∈ Mε
− n−1

n
∩ Sγ . This implies that metrics lying in Mε

− n−1
n

∩ Sγ simply evolves to

another point in Mε
− n−1

n
∩ Sγ and metrics lying sufficiently close to N yet not in Mε

− n−1
n

∩ Sγ

exponentially converges to Mε
− n−1

n
∩ Sγ in infinite time. This completes the proof of the attrac-

tor property of the centre manifold (extended to be precise) under the Einstein flow. Theorem
4 formally summarizes the result.

Once we have obtained the estimates for the perturbations to the primary dynamical vari-
ables (u, v), the estimates for the lapse function and the shift vector field follow from lemmas
6 and 7, respectively

‖N
n
− 1‖Hs � e−2T , (266)

‖X‖Hs � e−T . (267)

and thus

‖N
n
− 1‖L∞ � e−2T , (268)

‖X‖L∞ � e−T (269)

following Sobolev embedding theorem on compact domain with s > n
2 + 2. We proved earlier

that hTT‖ = φ
τ v

‖ up to a second order correction and Y‖ is estimated by lemma 8. Therefore,
the following holds for hTT‖ and Y‖

‖hTT‖Hs−1 � e−2T , or ‖hTT‖L∞ � e−2T (270)

‖Y‖‖Hs � e−2T or ‖Y‖‖L∞ � e−2T . (271)

Therefore, we summarize the following decay estimates for the perturbations L2 orthogonal to
the deformation space N

‖ ∂g
∂T

‖L∞ � e−2T , ‖g − γ†‖L∞ � e−2T , ‖KTT‖L∞ � e−T ,

‖N
n
− 1‖L∞ � e−2T , ‖X‖L∞ � e−T , ‖hTT‖L∞ � e−2T , ‖Y‖‖L∞ � e−2T .

(272)

For purely tangential perturbations (tangential to the deformation space N ), the following
decay estimates hold using (230), the elliptic estimates (lemmas 6–8), and the evolution
equations

‖ ∂g
∂T

‖L∞ � e−nT , ‖g − γ†‖L∞ � e−nT , ‖KTT‖L∞ � e−(n−1)T ,

‖N
n
− 1‖L∞ � e−2(n−1)T, ‖X‖L∞ � e−(n−1)T, ‖hTT‖L∞ � e−nT ,

‖Y‖‖L∞ � e−2nT .

(273)

Note an important fact that the asymptotic decay estimates of ∂g
∂T , (g − γ†), and KTT match

with the linear decay estimates as expected. Utilizing these asymptotic decay estimates for the
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relevant fields, we therefore obtain the following theorem regarding the attractor property of
the Einstein-Λ flow

Theorem 4. Let (g0, KTT
0 ) ∈ Bδ(γ0, 0) ⊂ Hs−1 × Hs−2, s > n

2 + 2 with γ0 ∈ N and assume
the triple (γ0, g0, KTT

0 ) satisfies the shadow gauge condition. The Newtonian like time

−∞ < T < ∞ is defined as the solution of the equation ∂T = − τ2− 2nΛ
n−1
τ

∂τ , with τ ∈
(−∞,−

√
2nΛ
n−1 ) and Λ > 0 being the mean extrinsic curvature (constant) of the Cauchy hyper-

surface M and the cosmological constant, respectively. Let T �→ (γ(T), g(T), KTT(T)) be the
maximal development of the Cauchy problem for the system (35)–(39), (43), (44) with shadow
gauge condition imposed and initial data (γ0, g0, KTT

0 ). Then there exists a γ∗ ∈ N and a
γ† ∈ Mε

− n−1
n

∩ Sγ such that the triple (γ, g, KTT)) flows towards (γ∗, γ†, 0) in the limit of

infinite time that is

lim
T→∞

(γ(T), g(T), KTT(T)) = (γ∗, γ†, 0). (274)

and moreover either γ† = γ∗ or Pγ† = γ∗. Here P is the projection operator defined in (107).

In the limit of infinite time (infinite expansion of the physical metric), the complete solution
satisfies

lim
T→∞

(γ(T), g(T), KTT(T), N(T), X(T)) = (γ∗, γ†, 0, n, 0). (275)

In order to establish the future completeness of the spacetime, we need to show that the length
of a timelike geodesic goes to infinity. In other words, the solution of the geodesic equation
must exist for an infinite interval of the affine parameter. Let us designate the timelike geodesic
by C. The tangent vectorα = dC

dλ = αμ∂μ to C for the affine parameterλ satisfies ĝ(α,α) = −1,
where ĝ is the spacetime metric. As C is causal, we may parametrize it as (T, C i), i = 1, 2, 3.
We must show that limT→∞λ(T) = +∞, that is,

lim
T→∞

∫ T

T0

dλ
dT ′ dT ′ = +∞. (276)

Noting that α0 = dT
dλ , we must show

lim
T→∞

∫ T

T0

1
α0

dT ′ = +∞. (277)

We follow the method of [14] to achieve this. Showing that |N̄α0| is bounded and therefore
limT→∞

∫ T
T0

N̄ dT ′ = +∞ is enough to ensure the geodesic completeness. We first show that

|N̄α0| is bounded. Let us consider a co-vector field Zμ = N̄δ0
μ in local coordinates using the

n + 1 decomposition, where δνμ is the Kronecker delta. This shows that α may be expressed as

α = N̄α0Z + W, (278)

where W ∈ X(M). Noting ĝ(α,α) = −1, we obtain

|Z|2g̃ = N̄2(α0)2 − 1. (279)

Here g̃ is the induced Riemannian metric on M. Clearly we have

|Z|2g̃ < N̄2(α0)2. (280)
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Let us compute the entity d(N̄2(α0)2)
dT as follows

d(N̄2(α0)2)
dT

=
d

dT
(g̃(α, Z))2 =

2
α0

g̃(α, Z)g̃(α,∇[g̃]αZ), (281)

where, we have used the fact that for C being a geodesic, ∇[g̃]αα = 0 and appealed to the
Koszul formula for the derivative. Using g̃(α, Z) = −N̄α0 and writing the covariant derivative
of the spacetime metric as a direct sum of its projection onto the tangent space of M and the
second fundamental form of M, we obtain

d(N̄2(α0)2)
dT

= −2N̄(α0∇WN̄ − K̃i jW
iW j). (282)

Decomposing K̃ = K̃TT + τ
n g̃ and noting that τ < 0, we obtain

| d
dT

(ln(N̄2(α0)2))| � ‖∇N̄‖L∞;g̃ + ‖N̄K̃TT‖L∞;g̃. (283)

Now, in the time coordinate dτ
dt = 1 and −φ2

τ
d

dτ = d
dT , the spacetime metric reads

ĝ = −Ñ2 dt ⊗ dt + g̃i j(dxi + X̃i dt) ⊗ (dx j + X̃ j dt) (284)

= − Ñ2φ4

τ 2
dT ⊗ dT + g̃i j

(
dxi − Xiφ2

τ
dT

)(
dx j − X jφ2

τ
dT

)
, (285)

and therefore N̄ = Ñ2φ4

τ2 . Now, we utilize the estimate obtained for the lapse function and the
transverse-traceless second fundamental form. Note that these fields are not dimensionless and
therefore we need to multiply them with suitable powers of 1

φ
= eT (34) to extract the dimen-

sionless part. We obtain, N̄ = Ñφ2

|τ | = N
|τ | and K̃TT = 1

φKTT, where N and KTT are dimensionless.

Utilizing the estimates ‖N
n − 1‖Hs � e−2T and ‖KTT‖Hs−2 � e−T (for s > n

2 + 2, from Sobolev
embedding on a compact domain, bounded Hs (resp. Hs−2) norm of N (resp. KTT) implies

bounded L∞ norm, ‖∇N̄‖L∞;g̃ := supM

√
g̃i j∇iN̄∇ jN̄, ‖KTT‖L∞;g̃ := supM

√
g̃i jg̃klKTT

ik KTT
jl ),

we observe that the following holds

| d
dT

(ln(N̄2(α0)2))| � e−2T (286)

as T →∞ and therefore N̄2(α0)2 is bounded, i.e.,

N̄2(α0)2(T) � C (287)

for some C < ∞. Therefore, we need to show that limT→∞
∫ T

T0
N̄ dT ′ = +∞ in order to finish

the proof of timelike geodesic completeness. Once again using N̄ = N
|τ | , the estimate (49)

0 <
1

sup(|KTT|2) + 1
n

� N � n, (288)

and ‖KTT‖Hs−1 � e−T as T →∞, we clearly see that N is bounded from below by a strictly
positive number and therefore

lim
T→∞

∫ T

T0

N̄ dT ′ = +∞. (289)
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Figure 1. Schematics depicting the dynamics of the Einstein-Λ flow in the present con-
text. Metrics lying sufficiently close to the centre manifold flow in infinite time towards
the extended centre manifold i.e., ‖g − γ‖ � e−2T as t →∞. For perturbations tangent
to the centre manifold trivially decays such that the metrics simply flow from one point
to another in the centre manifold. Sufficiently large perturbations are not controlled by
the Einstein-Λ flow in the present context.

Therefore, the solution of the geodesic equation must exist for a semi-infinite interval of the
affine parameter. This completes the proof timelike geodesic completeness. The case of null
geodesics can be handled exactly the same way.

This proves the future completeness of this family of spacetimes. Previous analysis together
with the attractor property stated in theorem 4 yields the following global existence theorem.

Theorem 5. Let N be the integrable deformation space of γ0. Then ∃ δ > 0 such that for
any (g(T0), KTT(T0)) ∈ Bδ(γ0, 0) ⊂ Hs × Hs−1, with the triple (γ0, g(T0), KTT(T0)) satisfying
the shadow gauge condition, the Cauchy problem for the re-scaled Einstein-Λ system with
constant mean extrinsic curvature (CMC) and spatial harmonic (SH) gauge is globally well
posed to the future and the space–time is future complete.

One might recall for Λ = 0 case that in order to obtain a sharp decay of the energy, [6]
added a correction term to the ordinary wave equation type energy. One could naturally ask
whether introduction of such a correction term is necessary, that is, can one just initially bound
the energy and later use the iteration scheme to yield the improved decay. However, there is a
major difference between the Λ = 0 and Λ > 0 case. In Λ > 0 case, we have the ‘good’ term
φ
τ

(which decays as e−T as T →∞) which plays an extremely important role in obtaining the
decay estimate. Roughly, one sees in the second iteration from equation (247) that given the
boundedness of ‖u‖Hs−1, and ‖v‖Hs−2 � e−T/2, the terms multiplied by φ

τ
adds an extra factor of

1 in the decay estimate of ‖v‖2
Hs−2 . In case of Λ = 0, the absence of φ

τ
would lead to a circular

argument in the first step and prohibit one to obtain a decay estimate. Therefore, introduction of
a corrected energy becomes essential. Physically, this behaviour is expected since addition of
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a positive cosmological constant yields an accelerated expansion which is expected to destroy
the perturbations. Sufficiently small data and the positivity of the spectrum of the operator Lg,γ

are sufficient to establish the asymptotic stability (figure 1).

7. Concluding remarks

We have proved a global existence theorem for sufficiently small however fully nonlinear per-
turbations of a family of background solutions (conformal spacetimes) derived from Einstein’s
equations in the presence of a positive cosmological constant. However, our current result
assumes the initial data to be within a small neighbourhood (in the proper function space
setting) of the background solutions, and as such is very far from stating a global result for
arbitrarily large data. Nevertheless, several interesting physically relevant features are revealed
through the analysis. Firstly, consider the case of n = 3 i.e., the physical spacetimes. Following
Mostow rigidity, the Einstein moduli space consists of a single point that corresponds to the
hyperbolic geometry. Therefore, the background spacetime is essentially foliated by compact
hyperbolic manifolds which are locally homogeneous and isotropic thereby conforming to the
cosmological principle (astronomical observations that motivate the cosmological principle are
local). Notice that if we start with an inhomogeneous anisotropic initial spatial metric suffi-
ciently close to the background (in suitable function space settings), this metric does not only
remain within a bounded neighbourhood of the background, it actually approaches the space
of metrics with constant scalar curvature sufficiently close and containing the Einstein struc-
ture. In addition, recent astronomical observations support the claim that the spatial slice of the
physical Universe is indeed negatively curved (slightly). This notion together with our result
opens up the possibility of a rather exotic spatial topology of the Universe (hyperbolic three-
manifolds are topologically rich). Of course, our result can only provide an indication of such a
claim being true. A complete analysis would entail inclusion of suitable matter sources on the
one hand and treating arbitrarily large data perturbations on the other. While [21] proved the
non-linear stability of the small perturbations to the FLRW background solutions in the pres-
ence of irrotational perfect fluid and a positive cosmological constant on T3 × R (and therefore
flat spatial topology), such non-linear stability of spacetimes foliated by compact hyperbolic
manifolds (which is of physical interest) is still open and the flat model is not likely a viable
candidate for the physical Universe. A linear stability of spacetimes foliated by compact hyper-
bolic spatial slices in the presence of a perfect fluid and Λ > 0 (compact variants of the k = −1
FLRW model) is under preparation by the current author. [20] has recently studied the asymp-
totic behaviour of a Universe filled with matter sources satisfying suitable energy conditions
and a positive cosmological constant based on a monotonic decay property of a suitably con-
structed Lyapunov function. While such a Lyapunov function can treat arbitrarily large data, it
can only control the lowest order norm (H1 × L2) of the data and therefore, is unable to state a
result regarding global existence (of the physically interesting classical solutions we are inter-
ested). In a sense, any definite result regarding the evolution of the physical Universe requires
global existence (or blow up in finite time) for large data perturbations.

This question of global existence is far from obvious and an extremely important (and diffi-
cult) open problem in classical general relativity. Global existence is known to be violated for
some known examples of spacetime via formation of black holes. These include Schwarzschild,
Reissner–Nordström, Kerr spacetimes, where a true curvature singularity occurs within the
event horizon of the black hole. Even in the vacuum case, pure gravity could ‘blow up’
(curvature concentration) i.e., gravitational singularities could prevent global existence or the
spacetime could simply lose the global hyperbolicity through formation of Cauchy horizons
(Taub-NUT spacetimes for example). Of course, such issues lead to the fundamental question
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of the cosmic censorship conjecture [16], which still remains open. Available results related to
the global existence address rather special cases such as spacetimes with non-trivial symmetry
groups [17–19] (and which therefore are not generic) or where a certain smallness condi-
tion on the initial data is assumed [6, 14]. There is however a rather ambitious programme
under development by Moncrief to control the pointwise (L∞ norm) behaviour of the space-
time curvature through the use of light cone estimates [22]. This method is recently applied to
establish the global existence of Yang–Mills and nonlinear sub-critical Klein–Gordon fields in
curved spacetimes by the current author and Moncrief. Application of this light cone estimates
to establish the small data global existence for certain background solutions is currently under
investigation by the current author.

An interesting question which arises through our result is what role can these non-trivial
exotic topologies (H3/Γ,Γ ∈ SO+(3, 1) proper, discrete, and torsion free) play in answering
the question of global existence or finite time blow up. In a sense, can the topological properties
of these interesting manifolds have any control on the fundamental question of large data global
existence (or finite time blow up)? Can the interrelation between the dynamics and topology
provide crucial information to handle the issue of global existence or finite time blow up, at
least in n = 3 dimensions?

Acknowledgement

PM would like to thank Prof. Vincent Moncrief for numerous useful discussions related to this
project and for his help improving the manuscript. PM would also like to thank the anonymous
referees for pointing out important points. This work was supported by Yale University.

ORCID iDs

Puskar Mondal https://orcid.org/0000-0002-6326-835X

References

[1] Fischer A E and Moncrief V 2002 Hamiltonian reduction and perturbations of continuously self-
similar (n1)-dimensional Einstein vacuum spacetimes Class. Quantum Grav. 19 5557

[2] Agard S 1983 A geometric proof of Mostow’s rigidity theorem for groups of divergence type Acta
Math. 151 231–52

[3] Anderson L, Moncrief V and Tromba A J 1997 On the global evolution problem in 2 + 1 gravity J.
Geom. Phys. 23 191–205

[4] Anderson M T 1992 TheL 2 structure of moduli spaces of Einstein metrics on 4-manifolds Geom.
Funct. Anal. 2 29–89

[5] Andersson L and Moncrief V 2003 Elliptic-hyperbolic systems and the Einstein equations Ann.
Henri Poincare 4 1–34

[6] Andersson L and Moncrief V 2011 Einstein spaces as attractors for the Einstein flow J. Differ. Geom.
89 1–47

[7] Besse A L 2007 Einstein Manifolds (Berlin: Springer)
[8] Fajman D and Kröncke K 2015 Stable fixed points of the Einstein flow with positive cosmological

constant (arXiv:1504.00687)
[9] Grigoryan A 2009 Heat Kernel and Analysis on Manifolds vol 47 (Providence, RI: American

Mathematical Society)
[10] LeBrun C 1994 Einstein metrics and Mostow rigidity (arXiv:dg-ga/9411005)

52

https://orcid.org/0000-0002-6326-835X
https://orcid.org/0000-0002-6326-835X
https://doi.org/10.1088/0264-9381/19/21/318
https://doi.org/10.1088/0264-9381/19/21/318
https://doi.org/10.1007/bf02393208
https://doi.org/10.1007/bf02393208
https://doi.org/10.1007/bf02393208
https://doi.org/10.1007/bf02393208
https://doi.org/10.1016/s0393-0440(97)87804-7
https://doi.org/10.1016/s0393-0440(97)87804-7
https://doi.org/10.1016/s0393-0440(97)87804-7
https://doi.org/10.1016/s0393-0440(97)87804-7
https://doi.org/10.1007/bf01895705
https://doi.org/10.1007/bf01895705
https://doi.org/10.1007/bf01895705
https://doi.org/10.1007/bf01895705
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.1007/s00023-003-0120-1
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://doi.org/10.4310/jdg/1324476750
https://arxiv.org/abs/1504.00687
https://arxiv.org/abs/dg-ga/9411005


Class. Quantum Grav. 37 (2020) 235002 P Mondal

[11] Moncrief V 2007 Relativistic Teichmüller theory: a Hamilton-Jacobi approach to 2+1-dimensional
Einstein gravity Surv. Differ. Geom. 12 203–50

[12] Moncrief V 2015 Convergence and Stability issues in mathematical cosmology General Relativity
and Gravitation: A Centennial Perspective (Cambridge: Cambridge University Press)

[13] Moncrief V and Mondal P 2019 Could the universe have an exotic topology? Pure Appl. Math. Q.
15 921–66

[14] Andersson L and Moncrief V 2004 The Einstein Equations and the Large Scale Behavior of
Gravitational Fields (Basel: Springer)

[15] Choquet-Bruhat Y 2009 General Relativity and the Einstein Equations (Oxford: Oxford University
Press)

[16] Penrose R 1999 The question of cosmic censorship J. Astrophys. Astron. 20 233–48
[17] Choquet-Bruhat Y and Moncrief V 2003 Nonlinear stability of an expanding universe with the

S1 isometry group Partial Differential Equations and Mathematical Physics (Berlin: Springer)
pp 57–71

[18] Choquet-Bruhat Y and Moncrief V 2001 Future global in time Einsteinian spacetimes with U(1)
isometry group Ann. Henri Poincare 2 1007–64

[19] Chrusciel P T, Isenberg J and Moncrief V 1990 Strong cosmic censorship in polarised Gowdy
spacetimes Class. Quantum Grav. 7 1671–80

[20] Mondal P 2019 Asymptotic behavior of a matter filled universe with exotic topology Class. Quantum
Grav. 37 075006

[21] Rodnianski I and Speck J 2009 The stability of the irrotational Euler-Einstein system with a positive
cosmological constant (arXiv:0911.5501)

[22] Moncrief V 2005 An integral equation for spacetime curvature in general relativity Surveys in
Differential Geometry vol 10 pp 109–146

[23] Taylor M 2012 Pseudodifferential Operators and Nonlinear PDE vol 100 (Berlin: Springer)

53

https://doi.org/10.4310/sdg.2007.v12.n1.a6
https://doi.org/10.4310/sdg.2007.v12.n1.a6
https://doi.org/10.4310/sdg.2007.v12.n1.a6
https://doi.org/10.4310/sdg.2007.v12.n1.a6
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.4310/pamq.2019.v15.n3.a7
https://doi.org/10.1007/bf02702355
https://doi.org/10.1007/bf02702355
https://doi.org/10.1007/bf02702355
https://doi.org/10.1007/bf02702355
https://doi.org/10.1007/s00023-001-8602-5
https://doi.org/10.1007/s00023-001-8602-5
https://doi.org/10.1007/s00023-001-8602-5
https://doi.org/10.1007/s00023-001-8602-5
https://doi.org/10.1088/0264-9381/7/10/003
https://doi.org/10.1088/0264-9381/7/10/003
https://doi.org/10.1088/0264-9381/7/10/003
https://doi.org/10.1088/0264-9381/7/10/003
https://doi.org/10.1088/1361-6382/ab5e91
https://doi.org/10.1088/1361-6382/ab5e91
https://arxiv.org/abs/0911.5501

	Attractors of the `n + 1' dimensional Einstein- flow
	1.  Notations and facts
	2.  Field equations and gauge fixing
	2.1.  Local well-posedness and gauge conservation

	3.  Re-scaled equations
	3.1.  Background solutions: conformal spacetimes
	3.2.  Linear stability of the conformal spacetimes

	4.  Fully nonlinear perturbations
	4.1.  Deformation space
	4.2.  Perturbations and shadow gauge
	4.3.  Linearization
	4.4.  Non-linear perturbations

	5.  Constructing the Lyapunov functional: definition of energy
	6.  Decay of the energy (or the Lyapunov function)
	7.  Concluding remarks
	Acknowledgement
	ORCID iDs
	References


