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Abstract

In this paper, we present a partial result on the global well-posedness of the Cauchy problem for
the Einstein-Yang-Mills system in the constant mean extrinsic curvature spatial harmonic and
generalized Coulomb gauges as introduced in [1]. We give a small-data global existence theorem
for a family of n + 1 dimensional spacetimes with n > 4, utilizing energy arguments presented
in [2]. We observe that these energy arguments will fail for n = 3 due to conformal invariance
of 34 1 Yang-Mills equations and present a gauge-covaraiant formulation of the Einstein-Yang-
Mills system in 3 + 1 dimensions to show that an energy argument cannot be used to prove the
global well-posedness result, regardless of the choice of gauge.

1 Introduction

One of the fundamental questions in the study of hyperbolic partial differential equations is the issue
of long time existence. In gauge theories these issues are made complex due to the fact that the choice
of gauge plays an important role in the existence problem. As an example, the space-time harmonic
was utilized to prove the local well-posedness of the vacuum Einstein’s equations by [3]. This gauge
was believed to be unstable for large time. However, later [4] proved the global existence of the
Minkowski space in spacetime harmonic gauge for small data perturbations suggesting otherwise.
Another familiar example is the use of the Lorentz gauge in the Maxwell theory. Use of these gauges
cast the equations of motion into a hyperbolic system whose local well-posedness theory follows using
standard method. Long time existence issues however are substantially more complicated in the case
of non-linear equations and require careful attention to the detail of the non-linearities present. In
several cases, choice of gauge plays an important role in a sense that while one gauge develops
coordinate singularity in finite time, other gauge may be able to exhaust the entire time interval. In
addition to these gauge choices which are naturally adapted to equations in fully spacetime covariant
form, there are other gauges suitable for studying the equations on a spacetime M of the product
type R x 3. One of the most convenient ones is the constant mean curvature spatial harmonic gauge
(CMCSH gauge) introduced by Andersson and Moncrief [5] to study the vacuum Einstein equations.
Application of CMCSH gauge turns Einstein’s equations into a coupled elliptic-hyperbolic system
whose local well-posedness was proven in [5]. In the context of Yang-Mills theory, the Coulomb gauge
is a natural analog of the spatial harmonic gauge and it was used by Klainerman and Machedon [6] to
study the local and global existence problems of the Yang-Mills equations on Minkowski spacetime.

In addition to the fundamental studies presented in the previous paragraph, numerous studies in
the literature deal with local and global existence problems of the Einstein and Yang-Mills equations.
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However, we will only describe the studies that are relevant to our problem. Firstly, we mention
the work of Lindblad and Rodnianski [4] which used the spacetime harmonic gauge to obtain a
global stability result of Minkowski space. Lefloch and Ma [7] used the same gauge to establish
a small data global existence result of the Einstein-coupled-to-Klein-Gordon system. In addition
to the stability problem of Minkowski space, spacetime harmonic gauge is also used in the context
of the cosmological stability problem by [8, 9]. In addition to these examples, there are numerous
other studies, e.g. [10, 11, 12], that utilize this particular choice of gauge. Andersson and Moncrief
[2] proved an asymptotic stability result of the Milne universe utilizing the CMCSH gauge. Later
Andersson and Fajman used it to prove a small data global existence result for the Einstein-Vlassov
system on a Milne spacetime [13]. In addition, [14] obtained a rough data local well-posedness result
for the vacuum Einstein equations, [15] proved a local well-posedness result of Einstein-coupled-
with-Vlasov-matter, [16] studied the stability of the Milne universe in the presence of a perfect
fluid, [17] studied the asymptotic stability of the Milne universe coupled to a Klein-Gordon field,
etc. There are numerous other studies where CMCSH gauge is used to study the vacuum gravity
problem or gravity coupled to matter fields, e.g. [18, 19, 20]. A substantial amount of study has also
been done in the Yang-Mills sector. Eardley and Moncrief [21, 22] established the global existence
of Yang-Mills fields on a Minkowski background in temporal gauge. Later, [23] extended the global
existence result to globally hyperbolic curved spacetimes in the same gauge. Using Coulomb gauge,
Klainerman and Machedon [6], as mentioned earlier, established a global existence result in energy
norm. Tao subsequently [24] presented a below-energy-norm local existence theorem for the Yang-
Mills equations on Minkowski space in temporal gauge. There are countless other studies which are
less relevant in the current context.

Our current article is motivated by the desire to extend the result of [2] to include a non-
trivial Yang-Mills source. We employ a generalized Coulomb (GC) gauge to cast the Yang-Mills
equations into a coupled elliptic hyperbolic system which parallels the gravitational sector which is
also reduced to a coupled elliptic-hyperbolic system by the application of the CMCSH gauge. A
local well-posedness of this coupled elliptic hyperbolic system in CMCSHGC gauge was established
in [1]. However, it turns out that the energy argument presented in [2] for pure gravity fails for the
Einstein-Yang-Mills system in 3 4+ 1 dimensions. In particular, the decay of Yang-Mills fields are
weak in an appropriate sense and as such fails to overcome the non-linearities present through an
straightforward energy argument. This is essentially tied to the conformal invariance of Yang-Mills
equations in 3 + 1 dimensions. Milne universe is conformal to a cylinder spacetime that exhibit
no decay and therefore it is natural that Yang-Mills fields would not have an uniform decay on
the 3 + 1 Milne background. This problem does not occur in the presence of Maxwell sources
since the later is linear [25] and uniform decay for the Maxwell field is not required to close the
argument. However, in n+ 1 with n > 4, a modified energy type argument works and we obtain the
desired asymptotic behaviour that leads to small data global existence result. The result essentially
depends on the spectrum of a Lichnerowicz-type Laplacian (acting on 2—tensors) as well as that
of a Hodge-type Laplacian (acting on 1—forms). This additional dependence on the spectrum of a
Hodge-type Laplacian originates from the Yang-Mills sector. The failure of the energy method in
3 4+ 1 dimensions necessitates applications of sophisticated analytical techniques such as light-cone
estimates [26, 27]. We believe that the 3+ 1 Milne model is stable under coupled Einstein-Yang-Mills
perturbations and we are unable to prove it at present using the energy estimates alone. We note
that Minkowski space is stable under coupled Einstein-Yang-Mills perturbations [28] and the proof
required sophisticated double null energy estimates; such a technique fails in the current context
due to non-trivial topology of the spacetime. We intend to address this problem in the future.

The structure of the article is as follows. In sections 2 and 3, we present a brief overview of
the background spacetimes we are studying and the construction of the Yang-Mills theory as in [1].
We also discuss the gauge-fixing and re-scaling that we must do to study the dynamics over time
of the geometric quantities that describe the spatial structure of the spacetime. We describe the
small-data scenario of the Einstein-Yang-Mills system.

In section 4, we give a series of estimates for the gauge variables, while in section 5 we construct
a energy analogous to that presented in [2] and find leading-order estimates on the decay of the
energies. The decay of the energy gives us a global existence result for the Cauchy initial value



problem of the Einstein-Yang-Mills problem. Finally, in section 6, we present a gauge covariant
formulation of the Einstein-Yang-Mills in 3+ 1 dimensions to demonstrate that an energy argument
of the form used for n 4+ 1, with n > 4, dimensions will fail.

2 Preliminaries

Here we will briefly review the setup, terminology, and notation that we will use throughout the
rest of this work. Take an integer n > 3. Let M be a globally hyperbolic n + 1 dimensional
spacetime manifold. As M is globally hyperbolic, we may foliate the spacetime by closed, spatial
Cauchy hypersurfaces X, such that M is decomposed as (0,00) x ¥. Let My denote the space of
Riemannian metrics on a constant time hypersurface X, and let £, C My be the subset of negative
Einstein metrics with Einstein constant —a, i.e., the set of all metrics v that satisfy

Ric[y] = —ar.
We will restrict our interest in this paper to metrics in the space &,, where we may re-scale the
metric such that a = ”n_21. If we take a v € &,, we then have a hyperbolic metric ¥ on M given by

- n? 1 i j
v = —tjdt ®dt + tz’}@;j dz' @ do (1)

for t € (0,00). Observe that 4 also has vanishing Ricci, and indeed Riemann, curvature and hence is
a solution of the vacuum Einstein’s equations. This solution will serve as the background geometry
in our later analysis, and we will aim to study whether small perturbations to both the geometry
and matter source decay to yield again a metric of this form.

Throughout the paper, we will use g to denote the dynamical metric that satisfies Einstein’s
equations in the ADM formalism. We will denote by v a C'° background metric that satisfies the
so-called shadow-metric condition with respect to g; see 2.1.1 for a discussion of the conditions we
impose on 7. Note that we will always have v € &,.

We view tensors as sections of vector bundles, and we will frequently make use of index notation
when working with tensors. We let Greek indices (p, v, . .. ) denote tensors on the spacetime manifold
M, and let Latin indices from the middle of the alphabet (4,7,...) denote tensors on the spatial
hypersurface X.

Now, if w and v are sections of a rank-(m,n) tensor bundle over ¥, we define an inner product

as
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where p14 is the volume form +/det g da® A --- Adz™. We will occasionally abuse this notation and
use (g to simply denote /det g, though it will be clear from context when we do or do not include
the measure dz' A --- A da™.

We will denote the covariant derivative with respect to the metrics g and v as V and V[y],
respectively. We will use this type of notation when referring to other metric-derived quantities,
such as the Riemann curvature R and R[y], but will often still explicitly specify the Christoffel
symbols as T'[g] and T'[y]. We will occasionally use V[4]* to denote i-times repeated covariant
derivatives.

For derivatives of the rank-(m,n) tensors u and v, we define the inner product

(VIrlu, V[y]v) :/Z%m-~~%njﬂ’“el~-~’V’“"""”g”(VMTU)““'i”kl...km(V[v]sv)jl“'j"zl...zm fg- (3)

The inner product for higher derivatives of u and v is defined analogously. Now, define the twisted
rough Laplacian as the second-order differential operator

1
vV Hg
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We note that the twisted Laplacian is self-adjoint with respect to the inner product (3). We define
the usual covariant Laplacian as A, = —g%V,;V;, such that Ay has non-negative spectrum. From
A7, we can define two additional differential operators which will be key to the later analysis. First,
let £, ., denote the second-order differential operator that acts on two-forms h as

Ly hij = AJhij = 29™ g™ R[Y]imjnhie. (5)
Similarly, let £, denote the second-order differential operator that acts on one-forms w as
Lgrwi = AJwi — ¢ RIV™ tijwm.- (6)
We note that £, ., = A, — Ric[y] is related to the Hodge Laplacian Ay = (dd* + d*d) by
£y Awi = Agw; — 2Ric[y])™ iwn,

and, like the Hodge Laplacian, will also have non-negative spectrum as Ric[y] is negative-definite.
For g near v, we will then also have the spectrum of £, . is non-negative. We will also assume
that £, has non-negative spectrum for g near 7, motivated by the fact that there is no known
compact, negative Einstein manifold for which £, ., has negative eigenvalues [2]. The assumption of
non-negativity of these operators spectra will be key in the later energy arguments.

For the Yang-Mills theory, we recall the setup from [1]. Let P be a principle G-bundle over
M where G is any compact, semi-simple Lie group of dimension dg. Let g denote the Lie algebra
of G and take V to be a real dy-dimensional representation of g. Because G is compact, we may
find a positive-definite adjoint-invariant metric on g. We take {(XA)“b}flf:l to be a basis of g in a
dy-dimensional representation V' for which

—Tr(xaxs) = (xa)*(xB)"a = a5,

where a,b € {1,...,dy} denote indices at the level of the representation V. We will reserve Latin
indices from the beginning of the alphabet (a,b,...) for the indices of the representation V. Oc-
casionally we will suppress these indices and simply write the Lie algebra-valued k-form A%, as A,
where A is then understood to be a dy X dy real matrix. With this choice of metric, we may define
a gauge invariant inner product on g. With A and B both Lie algebra-valued (m,n)-tensors, we
have an inner product given by

(A,B) = / Virgs -+ Vingn YA AT e BT e g (7)
>

Note that A and B must themselves be gauge covariant objects for the inner product (A, B) to be
gauge invariant. We may also extend this definition to the derivatives V[y]A and V[y]B in a fashion
identical to (3).

Finally, we will have a connection 1-form on P, which for the chosen basis and representation we

will denote as A%, = A%, dz#. From A, we may define the Yang-Mills field strength as
Fab;w = 8,u121ab1/ - a1/14ab,u + ["217 121] ab,uua (8)

where [o, o] is the Lie bracket of g and corresponds to the usual matrix commutator in the repre-
sentation V. Note that we fix the Yang-Mills coupling constant as unity since we are working at
a classical level thus do not allow running of the coupling constant. We also note that A is not
gauge covariant, though we may construct a gauge covariant quantity by subtracting from A an-
other g-valued 1-form. We also emphasize that we will view A as a perturbation of the background
geometry, which is a solution to the vacuum Einstein’s equations.

Using the various inner products defined above, we may define the L?(¥) norm of a tensor v
by ||v||rz = <v,v)%, where the appropriate inner product is used based on the particular type of
object that v is. The L?(X) norm will be especially important, as we will conduct our analysis in
the Sobolev spaces H®, where we fix s > & + 1. The choice of such an s ensures that we have



the embedding H*~1(X) — L>°(X), where the L> norm of a generic Lie algebra-value rank-(m,n)
tensor v is given by
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and is defined analogously for the other types of objects we have discussed.

2.1 Gauge Fixing of Evolution Equations

In this section we will discuss how we construct the Einstein-Yang-Mills system and the gauge choices
that we must make to study the evolution of the geometric variables. This is largely an overview of
the construction of the Einstein-Yang-Mills system presented in [1].

As we work in the ADM formalism, we foliate M by spacelike hypersurfaces >; and decompose
the vector field d; on the manifold M into components orthogonal to and parallel to ¥, writing

9 = Nn+ X. 9)

Here the shift vector field X = X9, is a section of the tangent bundle TS, while the lapse function
N controls the normal distance between two constant ¢ hypersurfaces. From this decomposition, we
may write Einstein’s equations in the form of evolution equations for the Riemannian metric g and
second fundamental form k of ¥;. We denote by 7 = try(k) the trace of the second fundamental
form. The quantity 7 is the mean extrinsic curvature of ¥; as a surface embedded in M, and will,
under suitable assumptions, provide us with a natural time function. We note that, because the
Milne universe model that we are considering is expanding, we have 7 < 0.

As we will consider a matter source in Einstein’s equations given by a Yang-Mills stress-energy
tensor, we will also wish to decompose the connection 1-form A and field strength F into components
parallel to and orthogonal to the hypersurface ¥;. We do so by writing

A%y = A% — §(A%,n)n, (10)
ﬁvab:gab(@n_n@gab_’_Fab. (11)

Here A%, and £%;, are Lie algebra-valued one-forms, with £%; the components of the electric field.
Meanwhile F'%;; = 0;A%; —0; A%; +[A, A]%;; is a Lie algebra-valued two form on 3, related to the
magnetic field. The value f](fl“b, 0t) is denoted as A%. After performing this splitting, we find a
system of evolution and constraint equations for the quantities (k, g, £, A); see equations (26)-(31) in
[1]. However, to obtain a hyperbolic system of evolution equations, we need to make an appropriate
choice of gauge. In particular, the system of evolution and constraint equations leave us free to make
choices of N, X, and a quantity related to A%g.

We will fix the gauge variables N and X that arise from the ADM decomposition using the
constant mean extrinsic curvature spatial harmonic (CMCSH) gauge. We first set the mean extrinsic
curvature 7 to be constant on each leaf in the foliation of M, thus enabling 7 to serve as a time
function. To make this choice of time function, we must know that the spacetime M admits a
constant mean extrinsic curvature hypersurface. As discussed in [29, 30, 31, 32|, not all spacetimes
will admit such a hypersurface. However the background metric g will, and so we will assume that
the perturbed spacetime we work with does as well. In particular, we will take t = 7. Explicitly
computing % from the definition 7 = tr,(k) then yields an elliptic equation for the lapse function
N; see Eq. (34) of [1]. To fix the shift vector field X, we utilize the spatial harmonic gauge, which
is the requirement that the tension field vanishes, i.e.,

VE =g (T[g)"; — TIN%3;) = 0. (12)

Taking the time derivative of V¥ in the spatial harmonic gauge and imposing the constraint on vk
obtained from the Codazzi equation, we may obtain an elliptic equation for X; see Eq. (37) of [1].
We note that in the spatial harmonic gauge, the twisted rough Laplacian A7 will take the simplified
form

A} = —g""VV V[0 + V'V[Am = =g™" V[V V[]n (13)



Finally, we must fix a Yang-Mills gauge variable. We define ¢ € g to be p%, = A%y — A%; X’ to
be this gauge variable. We do not directly use the temporal coordinate of the connection 1-form Ag
as it would require a higher regularity than ¢ and thus the later energy arguments would not close.
To obtain a constraint on ¢, we adopt the generalized Coulomb gauge, given by the condition

IV — Ay) = IV — Ay) + g7 [ A (4, - A))] =0 (14)

Here V4[y] is the gauge covariant derivative with respect to the smooth background connection
1-form A. Taking the time derivative of (14) and imposing the constraint on V& obtained from
Gauss’ law then yields an elliptic equation on ¢. The full set of evolution and constraint equations
is given in Section 3 of [1], though we do not present them here as we will, in Section 3.1, give a
scaled form of the equations; see (20)—(26).

2.1.1 Shadow Metric Condition

If vo € En—1)/n2 is the background metric near which we perturb to get the dynamical metric g, we
will not, in general, have that g also lies in £(;,,_1)/n2. However, as we wish to study the stability of
M, we will need to study whether the dyanmical metric g converges to an element of &;,_1) /2. For
this, we present the shadow metric condition, introduced in [2].

To begin, we must introduce the concept of the deformation space of a fixed metric yo € &, —1)/n2-
First, define the set S, to those metrics ¢ € My such that the identity map (M, g) — (M,) is
harmonic. This is equivalent to the tension field of g and ¢ vanishing, i.e.,

Sy ={9€ Ms | g% (F[g]fj —Tyol*s) = 0}.

Hence S,, will be the set of metrics that satisfy the CMCSH gauge condition. We have that S,
defined in this way is both a submanifold of the space My, close to v and a slice for the diffeomorphism
group, that it is invariant under isometries of ~o; c.f. [2] and [33]. With S,,, we may define the
deformation space of o as follows: let V C &;,_1)/n2 be the connected component of vy and S,
the slice defined above. The deformation space of vq is then defined to be the set N' =V N S,,.
Throughout the remainder of this paper we will use A/ to refer to the deformation space of a fixed
Y0 € Em—1)/n2 and 7 to refer to a general element of N.

The deformation space of g is thus the set of background metrics which we expect the dynamical
metric g of Einstein’s equations to converge to; namely they are the negative Einstein metrics that
preserve the CMCSH gauge condition. Note that by Theorem 5.26 of [33] we may find a set of
coordinates such that v € £(,_1)/p2 is smooth. It is thus reasonable for us to assume that N c Mg
has a C'*° topology so that we may smoothly evolve metrics within the space.

By the discussion in Section 2.3 of [2], we have that the formal tangent space T, for some
~v € N is given by

TN = {h e Sym*() | h = h™ N + Lyyv}, (15)

where Sym?(X) is the set of symmetric, rank-2 covariant tensors on X, ATl is a transverse-traceless
tensor with respect to v, and Yl is a vector field that solves

(DV);(Ly17)" = BT (T3] . = Tl on) (16)

with DV the Fréchet derivative of the tension field V* = 4 (T[y]¥;; — ['[y0]*:;) taken with respect
to . It turns out that \ is a finite-dimensional submanifold of My, [33], and so we let {g®}dmN he
a set of local coordinates of N'. If ¥ € N, then we may construct a basis for the formal tangent space

TN as {BBT’L }ii;nlN. For an arbitrary Riemannian metric g € My, we can define the L? projection
with respect to the metric v as

6'7 > / im_j a’ymn
, — _ m . Jn » . ]_7
<g ) Y95 e (17)



With this inner product, we can state the shadow metric condition as follows: if g € M and v € N,

then v is a shadow metric of ¢ if
v
—~ =N =0 18
<g " g >W (18)

for all @ € {1,...,dimAN}. By Lemma 4.3 of [2], we have that this shadow metric condition will
always be uniquely satisfied by some v € N for g € My in a sufficiently small neighborhood of .

Geometrically we may view the shadow metric condition as being that u := g —~ is orthogonal to
the deformation space A, or equivalently that « is the projection of g onto A. Indeed, the evolution
of g will be entirely determined by the horizontal evolution of v and the orthogonal evolution of u.
As ~ will evolve within the deformation space A, then to see whether g converges to a point in A
it will suffice to study whether the orthogonal component u vanishes. In light of the view of v as
the projection of g, we note that the shadow metric condition (18) will give us an estimate of the
time evolution dr+y of the form

1007]l < Clldrgllz> < Cllorgl - (19)

if g lies in a suitably small neighborhood of ~y. Here C > 0 is a constant depending only on
the background geometry, and the norm of Ory is arbitrary as «, and hence 97+, lies in a finite-
dimensional vector space. We also note that, if £, -, has strictly positive spectrum, then N =
{70} [2]. This will not, however, affect our analysis as we may still trivially bound dry = 0 by
COrg|lgs-1 > 0.

Finally, we remark that one may also wish to define a similar condition for the analogous quantity
in the Yang-Mills theory, namely the connection one-form A. However, unlike the deformation space
of metrics, the deformation space of connection one-forms, which we denote A, is not in general
well-understood. In fact, as even the topology of A is unknown, we cannot hope to perform an
analogous decomposition to the dynamics of A and study whether A will converge to a non-vacuum
solution of the Einstein’s equations. Since the vanishing of the Yang-Mills curvature form F will
yield a solution to the Einstein-Yang-Mills system, we will perturb the connection one-form A about
the fixed flat background connection A = 0 throughout the rest of this work.

3 Rescaled Einstein’s Equations

3.1 Rescaled Elliptic and Constraint Equations

We follow [2] in rescaling the system of evolution and constraint equations in the CMCSH and
generalized Coulomb gauges to obtain a system of equations describing the behavior of dimensionless
quantities. However, unlike the vacuum Einstein equations studied by Andersson and Moncrief, we
will find that the Yang-Mills matter source blocks the rescaled system from being fully autonomous.
The rescalling will, however, ensure that all factors of 7 only appear alongside the rescaled Yang-
Mills variables & and F = dA 4 [A, A]. This is a consequence of the Yang-Mills matter field not
being scale invariant in n + 1, with n > 4, dimensions, and physically can be thought of as the
hyperbolic structure of the spacetime dispersing the matter source and causing the Yang-Mills field
strength to vanish as 7 — 0. We note, however, that in 3 + 1 dimensions, the Yang-Mills equations
are conformally invariant.

As in [2], we will take 7 = try(k) to have dimensions of (length)~* and the spatial coordinates
2% to be dimensionless. For the quantities derived from the geometry of X, namely (k, g, N, X), we
obtain the scaling

[g] ~ (length)?,  [K] ~ (length),
[N] ~ (length)?,  [X] ~ (length).
Because k has an implicit dependence on 7 as its trace, we will want to instead study the evolution

of the traceless part of k, which we will denote k. Explicitly, we let k=k-— (t/n)g, such that
trg(k) = 0. Observe that we still have [k] ~ (length).



To determine the scaling of the Yang-Mills variables (€, A, ¢), we impose the condition that the
gauge covariant derivative V4[g] = V[g] + [A, o] should remain scale invariant. This then gives us
the scaling

[A;] ~ (length)®,  [€] ~ (length),  [¢p] ~ (length)™'.

We also note that [F] = [4;] ~ (length)?. Knowing how each of the quantities scales with length,
we can redefine the variables as

9%729, /15%7*17{\, N—)TQN, X%T*IX,
A; — A;, E— 7€, ©— 17 to,

where the new (E, g9,€, A, N, X, @) are all dimensionless quantities. We will finally remove the explicit
7 dependence by defining the dimensionless time coordinate T' by

T=-In (T)
70

where 79 € (—00,0) is some arbitrary reference time. This allows us to write in the rescaled Einstein’s
equations 70, = —0r and T = Toe~ 1. We also note that, because 7 € (—00,0), we have that T € R
and in particular as we evolve forward in time such that 7 — 0, then 7" — oo.

Substituting the dimensionless variables (k, g,&, A, N, X, ¢, T) into the evolution and constraint
equations given in eqns. (46)—(51) of [1], we find the system of scale-invariant evolution and con-
straint equations to be as follows. The scale-invariant evolution equations are given by

Or A%y = —NE%; — 09", — [As, )"y — XIV]; A%, — A%;V[7]: X7 (20)
OrE%; = — (an)N - 1)5“& + (V;N)F*7 + N(V;F — V,0%)

— NIF7, Aj)% — (€, 0]% — XFVeEY Y — E%pViX"® + 2NE £%, (21)

orgij = —%(n — N)gij + 2Nkij — Lxgi; (22)

~ —2)N ~ N -1 ~ o~
Ork;j = — ((n ) + 1) kij — e 9i; + ViV;N — N{Rij — Qi — 2kikkjk}

n
_ 1
—de 2TN{gabigbaj — gF P F e — mgkégabkgbaégij
1

km fn ra b o
_ F F®omnGii ¢ — Lxk;i. 23
+ n - 1) g vkt F am g,]} xkij (23)

Here o;; and C'%, has been defined as

1
aij = 5 (ViVi + V;Vi)
0% = gIVAN (A%, — A%))

and must vanish for the evolution equations to be hyperbolic, as is the case in the chosen gauges;
c.f. Section 3 of [1]. We note that the first term in (21) will, to leading order in the small data
context we work in, vanish for n = 3. This ultimately will prevent the subsequent energy arguments
from closing. While this is a feature of the gauge and scaling choices made earlier, in section 6, we
give an gauge-covariant argument as to why an energy estimate will not be sufficient to obtain the
desired global existence result in n = 3 spatial dimensions.



Meanwhile, the elliptic equations for the gauge variables take the form

-~ 1 -2 7
AN + (W — T g E W  + Me”g“gm"F%mF%en)N =1 (24

A X' — R X7 4+ LxVi= —2kVV;N + (1 — )v N —273e 2T Ng™* g" I F 00

. 9N . . , , , .
+ (o84 gt 291X ) (Tl - Thl') + g0l (29
g IV e + 97 1A — Ai V% + 9T ViNEY; — N [Ai, €%
+ g4y, NE" + g% (Tlg)*s; — T35 ) NE = XPV g V] (A%, — A%;)
— X"V [Ylkg [Ais Aj — 4517 + IV [V XPV A% + g7 ViAWV ] X
+ 97 A% V]V XY = g7 R i A% X+ g7 [Ai, ARV )X

.. 9N .. o .y ~ ~
+ <2Nl<:” + g - VX - VJX’>V[7];4(A%J- —A%;) =0 (26)

Throughout the paper, we will collectively refer to the rescaled, gauge-fixed equations (20)—(26)
as the Einstein-Yang-Mills system. Due to the elliptic contraints, if Dy denotes the space of dif-
feomorphism on ¥ and G denotes the space of gauge transformations, then the dynamics of the
Einstein-Yang-Mills system will occur on the space My /Dy x A/G.

Note that indices are raised with the dynamical metric g, unless otherwise specified. Recall
that because we have no equivalent shadow metric condition on A we have fixed A = 0. However,
because A — A is a gauge invariant tensor while A itself is not, we for now explicitly write all A
terms in the constraint equation for .

Throughout the analysis in this paper, we will assume that (k g,E,A) € HS 1 x HS x HS"' x H®
for s > % +1. From the elliptic equations, we then immediately see that the gauge variables (N, X, ¢)
each lie in the Sobolev space H*t!.

3.2 Small Data

We work in the context of a background geometry given by a metric of the form in (1), which is
a solution to the vacuum Einstein’s equations. From this unscaled metric, we then have the back-
ground solution (k,g,&, A, N, X,¢) = (0,t727,0,0,t~2n,0,0). Introducing the rescaled variables,
this corresponds to the background solution

(/]‘\3, 9,€, AN, X, ‘P)background =(0,7,0,0,7,0,0). (27)
If we define v := g — v and w := N — n, we then will consider the data
(kyu, &, A,w, X, 0) € H™' x H® x H"' x H® x H"! x H*T' x H*t!

to be small in the small data context we are working in, for s > 5 + 1. We will often specify this by

writing that (75, u, &, A,w, X, ) € Bs(0), where B;(0) is a ball of sufficiently small radius § centered
at 0 in the relevant function spaces.

4 Elliptic Estimates

To begin, we will recall a number of important inequalities regarding Sobolev spaces, which we will
make frequent use of in the following elliptic and energy estimates.

Proposition 4.1. Let OP" denote the space of pseudo-differential operators with symbol in Homander’s
class ST . The following inequalities then hold.



1. [84] If P € OP" forr € R and if s € R, then P : H® — H*™". That is, if f € H®, then the
estimate
IPfll = < Cllfllae (28)

holds.
2. [34] Let P € OP" forr >0 and take s > 0. Then for f € H™* and g € H™571,

I[P, flgllers = IP(f9) — [Pl < CUVDIfllz=llglars— + 1 flarellgl=)  (29)
3. [35] If s > 0 then H® N L™ is an algebra and for f,g € H* N L,
I fallzs < C(Iflle=llglizz + [ fllzzl fllz=)- (30)

In particular, with the embeddings H® < L? for all s and H® — W% = L> for s > 5, then
if s> 3,

1fgllzs < Cllfllm=llgllae- (31)

An important case of Proposition 4.1.1is V[y] € OP1, for which we have the estimate | V[y]f| gs-1 <
C|| fllzs. Moreover, we will make use of—although not always explicitly—Minkowski’s and Holder’s
inequalities when necessary.

Now we will obtain estimates for the small gauge variables w, X, and (. This, however, will first
require an estimate on the tangential velocity dr~, given in the following lemma.

Lemma 4.2. Let v € N be a metric satisfying the shadow metric condition (g —~) L N and for
which ||g — y||ms < 6 with a sufficiently small 6 > 0 and s > & + 1. Then the vector field Or~y
satisfies the estimate

loryIl < CL@ + llullzrs ) Nwllzresr + [ X | pze+2) + [kl o= (1 + lwllgres1) (32)
for a constant C depending only on the background geometry.

Proof. Recall (19); that is, from the shadow metric condition, we obtain an estimate for the time
evolution Or~ of the form
10071l < CllOrg] e-1-

In the evolution equation for g, we write the Lie derivative Lxg¢g in terms of u = g — v and  as
Lxgi; = Lxuij + Lxvij = XV kus; + uan VY X5 + up VIXE + VX; + VY] X

We then have from the evolution equation for g and Minkowski’s inequality, that Opy satisfies the
norm bound

ory]| < C{lluw o+l e s T e Rl e+ XVl e+ uV [N e VX o1},

where the positive constant C' = C(n, ||v||,...) depends on the background geometry only. Applying
the inequalities from Proposition 4.1 for s — 1 > %, we obtain

|07yl < C{llwl o= lull gra—r + Nl gra=r + [Ellgra—r + [Ellgres [Jwl] -2
X s IVl e+ VI el rees + IV V)X g1 }
< C{llwl o=t lullo=s + ol gro—s + &l zro=s + [Ellpre—s [l re—s
X g full e A 12X e el prems + 1 X (2}

Using the embedding H®* — H®2 for s; > s, we obtain the desired estimate. O

We now study the perturbed lapse function w = N — n, where we will use the proof of a similar
result from [36] to show that w satisfies the following second-order estimate.
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Lemma 4.3. Fiz s > 4§ +1. Let Bs(0) be a ball of sufficiently small radius § containing (%, u, &, A)
that satisfy the Einstein- Yang-Mills system. Then the lapse gauge variable w = N — n satisfies the
estimate

leollrees < ORI + €T (1€ N3+ 1413:) b, (33)
for a constant C' depending only on the background geometry.

Proof. From Eq. (24), the elliptic equation for the perturbation w will be given by

12 1 2 72072T |12 4 73 —2T| (2

2, M—2 5 opiag Tg —2T| 7|2

We note that the second term of the left-hand side is strictly positive, and thus the second-order
2

elliptic operator P = A, + (|E|2 + 14 n=222.2T1E)2 oI _QT\FP) Id has a definite sign. As
shown via contradiction in the proof of Lemma 5 in [36], such an operator will satisfy an estimate
of the form ||w| gs+1 < C||Pw| gs—1 for any s > 1. Since we have assumed throughout that s >
% 4+ 1> 1, we thus have such an estimate with Pw. Using the expression for Pw in (34), we then
may bound the Sobolev norm of w as

~ 2 . 2 -
e R (e ety

< C{IEIG e + e TNENFrer + e T FllFrea }
< C{IklFre—r + e NENT - + e AN (1 + [[All)?

‘Hs—l

Because we have taken (%, A, ) € Bs(0), we may absorb non-leading order terms into the coefficient
C' by redefining C — (14 0)C, i.e.,

lwllzerr < ClkI3es + Ce 2 TY|ENR 1 + Ce || A3 (1 + 6)?
< ClElf3 e + Ce T[] Fr0ms + C'e || Al e
< C{IEIZ e + e 2N + AN}
O

We note that, as we will study the Cauchy problem and thus take initial data at some T, we may
bound e~” < =70 which may be absorbed into the constant C. However, if terms of the form e’
were to appear, our subsequent energy estimates would fail as these exponential terms would prevent
us from finding a decreasing bound on the total energy. Since e~7 terms may neutralize such terms,
we will keep, for now, all terms of the form e~7 with their leading order Sobolev norms.

While the elliptic differential operator for w has definite sign, those appearing in the defining
equations for X and ¢ do not. This means that, in general, the elliptic operators acting on X and
 will not have trivial kernel and thus will exhibit a Gribov ambiguity [37, 38]. Geometrically we
can view this degeneracy as a breakdown of geodesic normal coordinates on the gauge-fixed spaces
of Riemannian metrics or connection 1-forms, as follows.

Let us consider the shift vector field X. After fixing the spatial harmonic gauge, the dynam-
ics of the metric evolution occur on the space My /Dy, where we recall that Dy is the space of
diffeomorphisms on Y. However, the elliptic equation defining X is derived from requiring that
the spatial harmonic gauge condition is preserved over time, i.e., d7V* = 0 for the tension field
V. Since geodesics on the gauge-fixed quotient space Msx /Dy must preserve the spatial harmonic
gauge condition, we then have that the uniqueness of geodesics will be determined by the unique-
ness of the X defined by (25). In other words, looking at geodesic normal coordinates, we will have
a neighborhood Bj(7) of a metric v € Myx /Dy such that the exponential map used to construct
geodesics is injective, which in turn corresponds to the injectivity of the differential operator in (25)

11



that acts on X. However, for g € (Myx/Dg) \ Bs(7), there will not be a unique geodesic between
and g, corresponding to the aforementioned Gribov ambiguity and breakdown in injectivity of the
differential operator defining X.

An identical reasoning ought to hold for ¢ with the space of connection 1-forms A, though as
the topology of this space is unknown we can only draw parallels. We see from this geometric view
that we will want to restrict our focus to neighborhoods in the spaces of Riemannian metrics and
connection 1-forms on which the elliptic operators defining X and ¢ remain injective, which we may
freely do as we are working in the context of small data. The following lemma gives the necessary
bound for the shift vector field X. We give the full proof, following the derivation given in [5] and
[36], as we will use a similar method to subsequently estimate ¢.

Lemma 4.4. Fiz s > § +1. Let Bs(0) be a ball of sufficiently small radius § containing (%, u, &, A)
that satisfy the Finstein- Yang-Mills system. Then the shift vector field X will satisfy the bound

XU rzesr < CLRNre=s + ullzs + e 72T UENT -1 + [Al7) + e (€N + 1A}, (35)
for a constant C' depending only on the background geometry.

Proof. Recall the elliptic equation for X is given as

2
1-2

A X' — R, XT 4+ LxV' = —2K9V;N + <
n

> ViN — 273672TNgikgszabkgEbaj
+ (2NK* — 2V XF) (Dlg) 5 — D] n) + ¢7F 0T ]

It is necessary to then demonstrate that X — A X+ 2V X*(T'[g]* ;5 — T[v]%jx) — R, X7 + Lx V' is
an isomorphism of function spaces H*t! and H*~!. To do so, we will consider the flow of X along
the pull-back of the tension field which, in the CMCSH gauge, will vanish.

Let ), be the flow of X, and consider the pull-back of the tension field V”. As the difference of
connections transforms as a section of a suitable vector bundle, this gives

(e2V")" = (wig™")" (2 (Tlg) —ThD) e = (v59™")"" (Chetg) s — DT n)-
We may then compute the Lie derivative of V" along X as

o d ,
(LxV)' = &W:Vb)l‘s:o

, : , 1 . .
= (Lxg "Y*(Tlg)'jx — T]'k) + igjkgw( —Vo(Lx9)jk + Vi(Lxg)ew + Vi(Lxg)e;)

1 ., .
- 59”7“( — VINe(Lxy)jk + VIV (Lx)er + VIVk(Lx)es)
Expanding the Lie derivative on the right-hand side with (Lxg):;; = V:X; + V;X; and (Lx7):; =
V)i X; + V[v];X;, we then find that

AgX'— R X7+ LxV 4+ 2V  X*(Tg) ju — Tyl k) = AJX" — gM Ry ke X7, (36)

The operator acting on X on the left-hand side is P, and the operator on the right-hand side now
has a definite sign. So to show that P is an isomorphism of function spaces is to show that the
mapping Py : X — A?yXi — gkeR[fy]ikngj is. As the Cauchy hypersurface is compact and P,
is second-order elliptic, then it will suffice to show that P, ., is injective in order to show it is the
desired isomorphism.

Suppose, for the sake of contradiction, that P, . is not injective. We thus have a non-zero

12



Z € ker Py . We may the integrate %J‘ZiPQ’A,Zj = 0 over the Cauchy hypersurface ¥, yielding
0" /g (= 19" 27V 1eZ" = Yimg™ 2™ R ke 27) 1o
= /E (’yijgkev[’)/]kzjv[’}/]ézi - 7imgk€ZmR[’}/]ikngj> Ly

= /E (Vi VYV ZIV N Z + i (g = VOV VR ZI VY] 2
— Yim Y Z" RN k50 27 — Yim (g — ) Z™ R ke Z7) sy

With ||u|| g+ taken to be sufficiently small, we have that the second and fourth terms in the integrand
are domainated by the first and third terms. Furthermore, because Y**R[]*x;, = R[7]’; is negative-
definite, we have that the first and third terms of the integrand are positive. Hence the integrand as
a whole may be taken to be non-negative, implying that Z must be 0. This yields a contradiction,
and so we must have that ker P, , = {0}. Hence Py , is injective, and because P = P, , by (36), we
have that P is injective and thus an isomorphism of suitable function spaces. By elliptic regularity,
we have an estimate of the form || X||fs+1 < ||PX||gs—1. Using the result of Lemma 4.2, it then
follows that X will be controlled by

XNz {1 = Cly = ollas + Nullg) (X + fJullz=)} < CQA+ Kl ze=a) |wl e
+ O+ [|wllger ) { Ikl e ull sz + 75 2FF | o= €] o1 }
+C(ly = vollas + lulla){ @+ Nullg) (lull e + lwllgar) + @+ lwll o) 1ol a1 }-

Note that ||7 — o]l gs < C for constant C depending only on the background geometry. Hence with
sufficiently small ||u|/ g+, and using the estimate for w from Lemma 4.3, the shift vector field X is
controlled to leading order by

X rze+r < OBl e=r + llullzzs + e 2T (1€ + 1AIF) + e (€17 + 1 AlIE:)?}-

O

We now give a bound on the norm of the Yang-Mills gauge variable ¢. As previously mentioned,
the proof will be similar in structure to that of Lemma 4.4: we will consider the pull-back of the
generalized Coulomb gauge condition along the flow of ¢ and compute its derivative at s = 0 to find
a form of the elliptic operator of interest that can then be shown to be an isomorphism of function
spaces.

Lemma 4.5. Fiz A =0 and s > 5 +1. Let Bs(0) be a ball of sufficiently small radius 6 containing
(k,u,E, A) that satisfy the Finstein-Yang-Mills system. Then the Yang-Mills gauge variable ¢ will
satisfy the estimate if A =0:

lellzerr < CLIRNZre— + llullZre + IE€1F—r + AN + e T (1€ - + 1AL =) (€N~ + [ All7)
+e A= (€] + 1A17)%}, (37)

for a constant C' depending only on the background geometry.

Proof. To begin, we will show that the mapping P : ¢ — gijV[’y]fV['y]j‘ap + g% [21 — A, V;‘go} is an
isomorphism of suitable function spaces. Let 95 = e* be the one-parameter subgroup of the Lie
group G corresponding to ¢ and take Q = g7 V[y]A(A; — A;).

As the difference of two connections will transform under a gauge transformation as a suitable
section of the associated V-bundle, we have that under a gauge transformation G, Q will transform
as Q — GQG™!. Taking G to be v, and differentiating with respect to s,

d d o/ . . . . .

(€000 ) g = (9 )ie (4 — Ap)em + glere Ao, P (4, - Ay)eo%))

s 5= S
[0, Q) = 9"V [Yile, Aj — Aj] + g7 [0, Al Ay — Aj] + 97 [As, [, A5 — Ajl].

s=0
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An explicit computation gives
[0, 9l = ~Py+ g { VIV I + [A: - A 45, 4]) }, (38)
and so in the generalized Coulomb gauge, where Q = 0,
Py = g VAV + 97 [Ai = A 1A, 0], (39)

To see that P is an isomorphism, suppose that there is a non-zero ( € kerP. Integrating the
gauge-invariant inner product ¢?,P¢%, = 0 over X,

0= [ (76 a VNIVt + ¢ A = A (A5, C") e
=
= /E ( —YIVIEC TN — (67 — 77 VA T I
+ 49 [A - A, 4, A% + (6" = 49)(PaAi — A, (A, Cﬂab) Py

Now, with A = 0, the third and fourth terms will drop out. Meanwhile, with ||u|| ;- small, the second
term can be taken to be smaller in magnitude than the first. Since the first term is negative-definite,
we have that the integrand as a whole will be non-positive. As such, we must have ¢ = 0 for the
integral to vanish.

We conclude that there can be no non-zero ¢ € ker P, and so since P has trivial kernel it must
be injective. As ¥ is compact and P is second-order elliptic, the injectivity of P gives that it is
indeed an isomorphism of H**! and H*~!. So, having established that P : ¢ — g/ V[7]AV[y] ¢ +
g% [ﬁz — A;, Vfgo] is an isomorphism between function spaces, it then follows by elliptic regularity
and the inequalities outlined in Proposition 4.1 that

lellmerr < CLNE Nz lwllzzer + 1Al ms L+ Nl s ) €] s + 1]l 7o)
+ (L llulla) Al | X o} (40)

Using the estimates for the lapse function perturbation w and shift field X from Lemmas 4.3 and
4.4, the desired estimate for ¢ is then obtained. O

Finally, because the deformation space N is not in general trivial, recall that we may decompose
a tangent vector field to the shadow metric as 7y = KTl + Ly, with Yl in general non-zero. It
will turn out that we will require an estimate of the sum X + Yl to complete the energy estimates
in the gravitational sector, due to a term of the form Lx 7. We present a bound on the Sobolev
norm for X + Yl below, using the result of [2] that a particular second-order differential operator is
indeed an isomorphism of function spaces.

Lemma 4.6. Fiz A =0 and s > 5 +1. Let Bs(0) be a ball of sufficiently small radius 6 containing

(7{:\, u, &, A) that satisfy the Einstein- Yang-Mills system. Let Y be a vector field satisfying (16). The
sum X + Y will then has the norm bound

IX + Y Ml grors < C{IRIZ - + llullFre + e TENFm + [AI) + e T(IENF - + IIAI?{s)Q(} |
41

for a constant C depending only on the background geometry.

Proof. Define the second-order elliptic operator P, . : X* — AIX i gMR['y]iWX J. Similarly, let
P~ be given by _ _ ' _
Py i X' ="V VX = y* Ry ke X7
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As discussed in Section 2.2 and Lemma 6.1 of [2], we have that P,  is an isomorphism of suitable
function spaces, and when applied to X + Yl gives

2
1-2

Py (X4 Yy = 2RV, N 4 ( -

)viN — 272 TN g™ g 0 + 2NEF (Dlgli 1 — T i)
+ (g™ ="M i+ (9 = AV V] X+ (6™ = ™) R mjn X

Using elliptic regularity and the product estimates for s > % + 1, we have that X + Yl is bounded
by
X + Y e < CIPy o (X + Y ] ro
< C{llwllzrs (1 + [kl zza-1) + Cllull s {107 + 1 X [[az0 + 11X o1}
+ (L e )€ 2T Nl e [N s + Rl e [l ar2) }
< O{flwlmens (U4 Rl 1) + Cllullars (1 + [l o) {lollprosr + [ X ] ros1) }
+ (1 lwllzresn) (e Al s €l e (1 + [|AlL o) + [l e el 222) }

Applying Lemmas 4.3 and 4.4 then yields the desired estimate for X + Y. O

5 Energy Estimates

With the elliptic estimates from the previous section, we may now present an energy estimate
argument to show that the perturbed data will decay. However we first need to examine the operators
Ly, v and £, ., as they will play a key role in our analysis. Recall that £, , is assumed to have
non-negative spectrum and £, -, will always have non-negative spectra. Let Az and A¢ denote the
smallest non-zero eigenvalues of these two operators, respectively. We will then define

A\g = Az — €, (42)
Ay = Ag — €, (43)

for some ¢ > 0 such that Ag and Ay are both strictly positive. As the spectra of £, , and £, , will
evolve as g evolves, and hence the shadow metric 7, evolves and the smallest non-zero eigenvalue
plays a critical role in obtaining the decay of our energies, we must choose Ag and Ay to be smaller
than As and Mg, respectively, such that the decay we obtain is uniform. Due to the small data
scenario we are working in, if we choose a sufficiently large ¢ and sufficiently small neighborhood
Bs(0) to work in, then we can guarantee that no Ly, or £, has eigenvalues below Ag and Ay,
respectively.

We now may define the first-order energy E(V) = E(Ellzl + E%e,[ + CEFSi)n — 0yF$§/I, where

By, = (k. k) + iw, Lgu), (44)
ER = (.6 +(A—A,8,.,(A- A)), (45)
Tl = %@7 u), (46)
M= (6.4~ A) (47)

and cg, cy > 0 are constants given by

¢p = min { (Q:Q_Af) z 5 1} (48)
0y:min{\/;\7, ”;3} (49)

15



We will see later that the correction terms I‘,(Elizl and Fg}ﬁa will be vital in obtaining a decay of the

energy. We will also see that these corrections do not impact the positive-definiteness of E(") due
to the choice of cg and cy, which will be bounded from below by the non-negative Sobolev norms
of (k,u,&, A). As such, the decay of the energy will imply, as desired, that the Sobolev norms of
(E, u, &€, A) will vanish.

From the first-order energy, we may construct higher-order energies. To do so, we make repeated
application of the operators Lfm and 2277 to the small values (k,u, €&, A) in the first-order energy.
That is, the higher-order energy terms will be given by

PO = B+ iy + ol T,

D _ 7 iy L Ly i
El(al)n = <k7£g,vlk> + Z<“7 £g,vu>7

By = (6,€,€) + (A~ A),8) (A~ A)),
7 1~ i—
F(El)n = E<k/’5 ‘Cg,'ylu>a

i 1 i— n
IV = (6.8 (A~ 4)).

With s > % + 1, the total energy will then be given by

S

E,=>» EW. (50)

=1

However we will not need to study the total energy in its entirety. Rather, due to the embeddings
H®' — H*2 for 51 > sg and H® — L? for all s, we have that the L? norms_of the derivatives
(VI k, Vv u, V[7]LE, V[y]L A) are controlled by the same Sobolev norms as (k,u, &, A). Indeed,
higher-order energies will only additional contribute terms at higher-order in the small data due
to the need to commute derivatives and apply Proposition 4.1.2. With this in mind, to study the
leading order behavior of E;, we see that it will suffice to estimate E(!) by the appropriate small
data norms. A ‘

We will denote Eg;, = Zle E(Ell)n and Eyy = Ele Eg,ll)v[, and have, by the immediately preced-
ing discussion, the equivalence

Egin ~ Y VI k22 + IV ullZe ~ Ik F + ullZe
i=1

Eyn =Y |V €T + VD] AllR2 = (1€ 7 + Al

=1

where f ~ g if there is a constant C' such that C~'f < g < Cf.
To begin our analysis, we will estimate the time evolution of the energy and show that, to
leading order, the energy must decay. It will be convenient to study the gravitational and Yang-

Mills separately, so we compute that the time derivative of Eéllzl is given as

S 1 o
aTEI(Eliil = 2/ VNI OrkijRmn g + 5 / VA O Ui Lg A Umn fhg
b >

Type IEin

1 im . jn
+ Z/ Y ’Yj uij[aTaﬁg,'y}Umn Hg
>

Type Ilg;,

im_jinT. T 1 im,. jn
+2/28T’}/ "y] k‘“kmn ,LLg‘i’i\/EaT")/ ")/J uijﬁgﬁumn Hg

Type g,
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1 ~ - 1 o
+5 / AT g K, t14 (01 9) g + 3 / VY 5 Ly Umn 114 (019) pg,
¥

Type IVg;,

while the time derivative of E@M is given by

3TE3((11\)/[ = Q/Z'YijaTgabigbaj Ly + 2/27“3T(A - A\)abigg,'y(A — A\)baj Iy

Type Iy

+ /2 V(A — A)yi[0r, S A\)b“j Hg

Type Iy

* /z Oy IE i uj g + /Z O (A — A) %Ly (A — A)uj g

Type Iy

1 - 1 . ~ ~
+ 5 ‘/E ’}/ngabigbaj trg(aTg) [Lg + 5 ‘/E ’72] (A — A)abisgﬁ(A — A)baj trg(aTg) Mg .

Type IVym

Meanwhile, the time evolution of the correction terms Fl(zll)n and 1"%3/[ will be given by

1 ~
8T]‘—‘Em - / 'Y ’anaTk'zgumn Mg + — / ')/ ’Y]nkijaTumn Mg
/ 8T’7zm73 kzy Umn g + 7= / ’ankijumn trg(aTg) Hg
(1) 1 ij a b 1 ij ca b
orlvyy = — | YWorE%%iA g + — | Y7 EiOTA 5 g
n » n »
1 . 1 -
T / OryIE iAo g + / 7T E A trg (Org) pg
n » 2 )

The time derivatives of the small data (E, u, £, A) are given by the evolution equations for (E, g9,E,A).
In particular, with the time derivative of the background metric y—an element of the vector space
T, N—able to be decomposed as in (15), we find that the time evolution of u is given by

9
f(l gwuw wim V[ X™ = wjm VIl X™ + —wyij = Ly 4y 17 (52)

where the principle terms that may be problematic for regularity and the leading-order decay terms
have been separated from the remaining terms ]-'

It will also be convenient to separate out such terms in the evolution equations for E £, and A.
Doing so, we write the evolution equation for k as

~ ~ 1 ~
Orki; = —(n— ki = 5 +n) Loty — X"V + FL (53)
n—2 ~ ~ ~
F = =T Zwkiy = ki VDX ™ = B V)X
1
+ V[V]ivh’]jw - igmn (V['Y] iUjn + V[ ] jUin — V[V]nuij)vh]mw
1
2 =27 a‘b‘—Fa‘Fb‘k
+ To€ ((U + n){g bzg aj bik aj + 2(’]1 — 1)

w
= (g ) + (Wt n ){2kik;* — Jij } (54)
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1
Jij = i(uiéumnR["Y]emjn + UjeumnR[’)’]emm)

1 1
+ 59™ Tl VBl + Vil Vs - 590w e

+ VY] muie V[y]nujre — V[’Y]muwv[ﬂkum}- (55)

For A, we have

OrA%; = —(w +n)E%; — XIV[y];A%; + FB%,; (56)
F®e =~V — [Ai, 0] — A% Vi X (57)
Finally, for £ we write the evolution equation in the form
IrE%% = —(n — 3)E%: + (W + 1)Ly A% — XV []E%; + FD e, (58)
FWe, = _nT_2W€abi + ¢* VW (VA% — VIV A%: + [Ai, Ak]%)
+E%; (2(w + )k = VLX) = (€ ¢]% + (0 +1)S%% (59)
S = gimg* V159 (V[NKA%e — V[V]e A% + [Ak, A")
+ V]9 (VA e — VIVeA% + [Ai, Al %)
+ 97 2V i, A% + [4i, VI A" — [ViAj, Ad“)
— g [[AL A A" + V(9 VI A% — g7 (A, A — Ad)). (60)

5.1 Yang-Mills Sector
5.1.1 Time Evolution of Energy

Recall we fix A = 0. With this condition imposed, we begin by estimating the Type Iym terms.
Explicitly, we find that these terms are given by

Iym = 2(0r&,E) +2(0rA, £4,A)
= —2(n—3)(£,&) + 2((W 4+ n) Ly, A, E) — X V[Y1E, E) + 2(FW &)
—2(w+n)E, Ly, A) — 2(XFV[Y]RA, £,,A) + 2(FO) g, A)
= —2(n = 3)(€.£) — AX Vi, &) + 2(F Y. £)
— UXPV A, £,,A) + 2(FO g, A).
We see that from the choice of operator £, , to act on A, the principle terms cancel point-wise. We
will now also show that only (£, &) gives a leading order decay.

First we must handle the terms containing derivatives of £ and A in the direction of the shift
X. Because the total energy is constructed by repeatedly applying the second-order differential
operator £, to the small data, additional derivatives of £ and A will be problematic as they
cannot be controlled by the appropriate Sobolev norm for the highest-order energies. As such, we

must show that the terms containing additional derivatives of £ and A can indeed be controlled by
appropriate norms, a fact which will hold true due to the higher regularity of X. In particular, using
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integration by parts, we may explicitly compute (X*V[].€, &) as

(XFVEE) = / X ] E i 11y

(XM E, E) = — / AT XREN T Y RE s 1y

- /Evij (Ve X + X5(T[9) ke — TV ke)) E“6i €8 aj 11

2AXFVE, E) = — /2 YI(VINRXE + XFTg) ke — T ke)) i€ 11g

(CVERE.E) == [ 4 (T0DX* + X4 (Tlglne — D01 €%

Here we also use that the covariant derivative with respect to the background metric v of the measure
pg is given by (T'[g] — T[v])“kepty. We may then estimate the inner product as
(X VIRE, )| < C(IVIMX Iz + X L ITlg] = Tz €112
< C(IVIIXlaze=1 + X | zze=1 IT[g] = Tl ars=2 ) 1€ N Fres
< C(IX Nrzeer + X rzes ull ) €] (61)

where we use the embeddings H® «— H*™! < L> for s —1 > 2, and that to leading order

ITlg] = T[]l zrs=1+ = ||u||m=. Due to the higher regularity of X, we are thus still able to control the
inner product.

We may perform a similar computation for the term containing a derivative of A in the direction
of X, giving

<ka[7]kAv£g,7A>
Z/EvinkV[V]kAabng,vaaj tg
= — /E VI XV [k A% (VN (9™ 1V V0 A%as) + 9" RN mitj A an pig)
= [ A (T X DA + X V0] DA )™ VA
- /E VI XV [Y]KA g™ R i A an g
= /E g XV YRV [N m A%V 10 A% g + /Z g™ XF R ik AV (V0 A% g
+ /E VIV ] X EV [V A% V] A g — /2 VI XV kA g ™ R mej Aan 1

1 y g
- */ v”gm"X’“V[v]k(V[v]mA“bN[v]nAbaj)ug+/ g™ X R ik AoV [V A aj g
X b))

2
+/ VgV N XV (MR AYGV [V A% 11g — / VI XV A g R e Aan g
3 b))
1/
=3 /z Y (VIkg™ X" + g™ Ve X* + g™ XF(Clg) ke — T 0)) VIV A% VY A aj g

+/EVijgnkaR[W]ez‘mkAasz[’Y]nAbaj Ig
+/ VZ]gmnvh/]kav[’y]kAabzv[’ﬂnAbaj /J/g_/’YinkV[’y]kAabigemR['y]anjAban Hg-
b b))

Again, we use integration by parts and Stokes’ theorem on a compact manifold to move the ex-
traneous derivative on A to one on X. Using the same embeddings as for £, we may estimate
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(XEV ] A, £4.~A) in terms of the appropriate Sobolev norms. In particular, using the estimate for
X from Lemma 4.4, we get that the terms containing extra derivatives of £ and A may be controlled
by

|(X*VD1KE, €)] < CINENams (Rl + ullre)

O TN v Clelfr—s + 141Ez) + Ce N (€0 + 1401
62

(X*VD1kA, €07 A4)] < CIAIR (Rl + ullar)

+ Ce | Al (1€ + 1 AIF) + Ce™ Al (€N + [1AlI-)?

(63)

Meanwhile, using the Sobolev embeddings and the elliptic estimates for w, X, and ¢, we can also
estimate the terms containing F* and F®) by

[(FD,8)] < CUNENgmr (Bl + ulla) + CIE Nz Al (el + | All )
+ Ce (N3 + AN ) + Ce T s (1E s + 1A (64)
|(F©, 200 A)] < CHAN (3o + [l + €] + A1)
+ Ce(E s + AN + Ce TN AI (1) + 1413 (65)

Note that each term in F3) has regularity at the level of A, and so we can integrate by parts to move
derivatives from the second-order operator £,4,A onto F () and retain the appropriate regularity.
Putting all the estimates together, we have that the Type Iyy terms may be written as

Iym = —2(n —3)||€]I32 + Rym, (66)
where Ry satisfies the estimate
[Rym| < CUIENFra-1 + I All7r ) Ikl -1 + [l 2+
+ Cll Al me (1Bl Fro=r + lullFrs + [E€N7r—1 + [ All7)

+Ce (€] + [ All)?
+ Ce (€N + [ AllF) (67)

We will now see that, to leading order, the Type Iyy terms will control the decay of 07 Evy. That
is, the Type IIyn, Iy, and IVyy terms will satisfy only third-order estimates. To begin, by
differentiating under the integral sign and using that £, . is a self-adjoint operator for the given
inner product, we may write the Type Ilyy terms as

IIyy = / ’YijAabiaT‘ggﬁAbaj Hg — / VijAabisgﬁaTAbaj Hg
N )

d ij pa b ij a b i e X
- diT/ZWJA Lo Alaj g = /ZVJaTA bilg A aj fg — /EWJA biLg 01 A aj Hg
- /Z aTWZ]Aabi’SgﬁAbaj Hg — 2 /Z ol Aabirgg,vaaj try(979) g

d . g
T 'Y”Aabigg,'yAbaj pg—2 | Y Aabigg,waTAbaj Hg
dT Js, 5
ij AG 1 ij pa
f/zanyJA bi/QgﬁAbaj g — i/Z’yJA bii)g,,yAbaj trg(Org) fg-
Observe that the final two terms of IIyy; will cancel point-wise with terms in IIIyy and IVyy. We

will thus only look at how to control the first two terms in the above expression. In particular,
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writing out the definition of £, and differentiating under the integral sign, we have

y d g
VI ALy ALy = */ v A%y, (AZAbaj — PR ™ 1A% 1
)

dT
d
= /7”9 (VI kA" V[Y]eA aj — A% R ™0k Al am) g

dr

/ Iy g (VI kA% V [VeA 0 — A% RV 0k A am) g
+/ Y90rg" (VM kA i VA s — A% RV 0k A am) 1
D)

1 y
+3 A VI g (VINRA“G V[VeA a5 — A%i R[] ™ 0k A am) trg(Org) pg

+2 /E v g [0, VY] A%V N eA aj g + 2 /Z VI gV VAV V000 A g
- 2/2VijguAabiRMmm@TAbam Iy — /E“YingAabiaTR[’Y]méjkAbam Iig
= /ZaT'YijAabng,'yAbaj Mg + % /2 VI A" L 4 A trg (Org) g
+/E7”37“9“(V[V]kAabiV[’Y]eAbaj — A% Rk Aam) b
+2 /E 79" [0r, VInlk] A%V I]eA a5 g
+ Q/E’YijAabiﬁg,yaTAbaj g — /E’YijQMAabiaTR[’ﬂmzjkAbam fhg-
Collecting all of the Type Ilyy, Iy, and IVyy terms together, we find that
Iyy + Myy +IVym = % /2 (20077 + 4 t14(079)) (E%0i€%as + A%iLg 4 Alas) g
+/EVijaTng[ﬂkAabivh’]éAbaj ,U/g+2/2’7ijgk[ (07, V[VK] A% VY] e A aj 11
- / v gF A% 01 RV ™ 031 A% arm phg-

Using the embedding H*~! < L™ for s — 1 > 3, we then have the estimate

[lyne + Tl + V] < Qe + 1A} {192+ [Prirs)
+ C|| Al g+ 1107, V[V Al grs=1 + C||Al|37-||0rRiem[4]|.
Observe that [0r, V[Y]]A = (0r'[y]) A because partial derivatives commute, and so we may write
107, VIV Al rs=1 = (DT [y].077) - Allgrs=1 < C||0rv|[| All 51,

where (DT'[y].0r7) - A is the Fréchet derivative of T'[v] in the direction of dr7, contracted with A.
We may similarly write drRiem[y] = DRiem[y].0r7 to see that ||OrRiem[y]|] < C||0r]|. Using also
the evolution equations for g and Lemma 4.2, we finally obtain the estimate

[Tyn + IIya + IVyn| < C{IIEN% - + Al }

< Nkl + llullzs + e (ENFrr + 1ANE) + e T (1E]F7amr + IIz(‘lll%zs)z}
68

We see then that the Type Ilyy, Ilyy, and IVyy terms in dpEyy will satisfy a third-order
estimate. In fact, if we increase the constant in (67), we will have that the non-Type Iy terms
satisfy the same estimate as the Type Iyy remainder Ryn. We may thus write Oy Eyy as

OrEY) = —2(n — 3)[€]12: + Rywm, (69)

21



with Ry satisfying bound given in (67) for a re-defined constant C'. Note that we may write the
estimate on Ry in terms of Eyy ~ [|€|3.-1 + [|A]|3. and Egin =~ ||k[|3.-1 + [|ul|F;., giving us

|Rym| < C{(EYM)% + (Brin)? Bym + Bein(Byn)? + ¢ 2T (Bya)? + e T(Eym)?}. (70)

Remark. The failure of the energy estimate argument for n = 3 spatial dimensions manifests in
(69). In particular we see that the leading-order decay term will vanish, and which will prevent
us from obtaining a uniformly decaying bound on the total energy (50) and hence on the Sobolev
norms of the small data. As mentioned earlier, this is a consequence of the conformal invariance of
Yang-Mills equations in 3 + 1 dimensions.

Finally, we must find an appropriate estimate for the time derivative of the correction term Fg{lﬁ/l
Using the embedding of H*~! into L™ for s > 2 5 + 1, we write GTF( Vip as

-3
orrfy = - =g 4y 1 (2,,4,4) - (£.6) + S ()

where Sy satisfies the third-order estimate
[Syml < C{llwllzzerr (1177 + NANE) + NE o= [ All = (IX | o1 + 1079l pre-1)
N1 I FO N gger + | AN o | F O | o }
< ClIEN e LRI ro-s + llullFre + 1€ + 1Al }
+ ClEl o | Allzrs {IFllers—s + lull iz} + CIANZ (ull e + | Allm)
+ Ce™ T {[IE 3 + 1A} + Ce || e + Al
< C{(EYM)% + (Bgin) 2 Bym + Epin(Bym)? + ¢~ 2T (Byn)? + e *(Bym)*}.

Note that Syn satisfies the same estimate as Ry, albeit with a different constant C'. Putting
together the two expressions for 8TE§(1134 and 8T1"$12/[, we arrive at the total contribution from the
Yang-Mills sector to orEW,

3T(E\((l\)/[ - cYF(l) ) =—(2(n—3) — ey )(€,E) — ey (L44A, A) + uc

v(E, A) + Rywm,
for a redefined Ry that still satisfies the estimate (70). To show that the total energy decays, we
will want to show that, to leading order, the time evolution is uniformly bounded as OrEs < —aF;
for some positive constant . We will now see that the Yang-Mills time evolution independently
satisfies a bound of this form, using a similar analysis to that in Lemma 6.4 of [2].

To begin, let Y = -25 such that 0 <Y < 1, and define ay = (n — 3) [1 — V1= Y]. We may
then write

Or (B — evTyy) = —oy (Eyy — evTR) = (2(n = 3) — ey —ay)(€,€
—(ey = ay)(Lg, 4, A) + 2 ((n = 3) — ay ) (€, 4) + Ry,

~

For the time evolution of Eg& - c;zf%z/l to satisfy the desired inequality to leading order, we must

have that
—(2(n=3) —cy —ay )(E,E) — (ey —ay) (LA, A) + - ((n73)fozy)<5,A> <0. (72)

Since ¥ is compact, £, will have discrete spectrum. If we perform a spectral decomposition of
£4.~, we then have the requirement that

NE

7(2(71 - 3) — Cy — Oéy)<<5,6k>, <5,€k>> - (CY — Oty)/\k-<<A, €k>, <A, €k>>

e
Il
—

+ Cl((n — 3) — Oéy)<<g,€k>€k, <A, €k>€k> <0,

n
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where A\, > 0 and ey, are the k' eigenvalue and eigentensor of £y~ However, we see that each term
in the summation is equal to the quadratic form

T TR i U B U] Ly E v

2
. XY MY -1+ VIZY)

%((n—B)—ay) _)\k(CY —ay)
acting on (((€, ex)ex, (A, ex)er), (€, ex)er, (A, ex)er)). Hence we will have (72) hold if and only if
Mj, is negative definite for each k. We may compute the trace and determinant of M) as

M= —-1-VI—Y)=MVI-Y (1-VI=-Y),

det My = (1 — Y)Y[Ak - ZW(ZY_?))]

Since 0 < Y < 1, we have that Tr M, < 0. Since n > 3 and cy < /Ay < A, we have det M} > 0.
Hence each M}, is negative definite, and so we get the following lemma.

Lemma 5.1. Fiz A=0 and s > 5 +1. Let Bs(0) be a ball of sufficiently small radius 6 containing

(2,u,57 A) that satisfy the Finstein-Yang-Mills system. Then the time evolution of E%\)/I — CYF%{/{
s given by

(n—3)

or (Eg(llgﬁ — 0y1“$) ) = —(2(7’L — 3) — Cy) <(€, 5) —Cy <2917A, A> + Cy<(€'7 A> + Ry, (73)
where Rywm satisfies the third-order estimate

Rym| < C{(EYM)% + (Brin)? Eymt + Bpin(Bym)? + e 2T (Bym)? + e T (BEym)*} (74)

for a constant C' depending only on the background geometry and 1. In particular, the time evolution
of the Yang-Mills energies will satisfy the bound

Or (B — oy TRy) < —ay (B — ey T)) + Ry, (75)

where

ayz(n—?))(l— 1—ncy3>. (76)

5.1.2 Positive-Definiteness of Energy

Having the time evolution of the Yang-Mills sector, we also wish to show that Evy — ey 'y is
positive definite, and in particular is bounded from below by the Sobolev norms of the small data
&€ and A. Doing so will allow us to later bound these norms by the total energy, which we will
show will decay and thus force ||€||7s—1 and || A||g- to zero. We give the result of this section in the
following lemma.

Lemma 5.2. Fiz A =0 and s > 5 + 1. Then there is a 6 > 0 and a constant C > 0, such that
(k,u,&, A) € Bs(0) satisfy the inequality

S
1€l + Al < O (B, — ey TRy)- (77)
i=1
Proof. To begin, note that (E, u, €, A) =(0,0,0,0) is a fixed point of the total energy Es and hence
the Yang-Mills energy >.7 Eézll)\/[ — cYF%A. Since the Yang-Mills energy is a smooth functional of
€ and A, to determine if it is positive-definite we only need to see if the Hessian at (k,g,&,A) =
(0,7,0,0) is positive-definite. The Hessian at this fixed point may be written in the form

i i i i 4c -
D?(Eyyy — ey T (€, A4), (€, 4)) = 2(E. £17€) +2(A, £, | A) — = (€, £51A)
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Performing a spectral decomposition of £, -, we then see that the Hessian will be positive definite
if and only if the quadratic form
1 _
M, = [ cy /n}

—cy/n Ak
is. However, this follows directly from the construction of cy and the fact that £, , has non-negative
2
spectrum. We see that Tr M = 1+ X > 0 and det M = A\ — %‘; > 0, as ¢y has been chosen such that
cy < Vy < VAr. Thus M is positive definite and so, it follows, is the Hessian of the i*" Yang-
Mills energy. Since this is true for all 1 < i < s, we then have that Zle DQ(E%)V[ — 0yF$%v[) > 0.
However, because each of the quadratic forms M) are positive definite and thus invertible, we have
that >0, D? (E%)v[ - CYF%;%\/I) will give an isomorphism of subsets of function spaces. From this
isomorphism, we may conclude that for some constant C,

IENZos + A% < CY DB, — ex ). (78)
=1

Finally, we may apply the Morse-Palais lemma, giving there exists a neighborhood of the origin
B;(0) such that, up to a diffeomorphism Bs(0) — Bs(0), we have

D (EQ — ey TR = D DXER, — ey Ty, (79)
i=1 i=1
Combining (78) and (79), we obtain the desired estimate. O

Having obtained an estimate on the time evolution of the Yang-Mills energy, and seeing that the
Yang-Mills energy bounds the Sobolev norms of £ and A, we are now ready to study the gravitational
sector and prove similar results for k£ and wu.

5.2 Gravitational Sector

5.2.1 Time Evolution of Energy
)

n*

We will now study the time evolution of 6TEéli In particular, we will see that Type Ig;, terms

control, to leading order, the decay of 5‘TEIE]1131, with the other type terms contributing only to higher
order. Many of the calculations are done explicitly in [36], with only the estimates changing here
due to the differing evolution equations and elliptic estimates. As such, we will present only the
necessary equations and estimates here, and refer readers to the relevant sections of [36] for additional
calculations when appropriate.

To begin, we may write the Type Ig;, terms as

1
2
= —2(n— 1){k, k) — ((w+n) Ly, k) — 20XV [Y]mk, k) + 2(F k)

Tgin = 2(00k, k) + = (Byu, Ly u)

~ 1 .
+ ((w+n)k, Ly u) — §<hTT”a£g7'yu> (X™"V[V]mu, Ly yu) + (FO, Lg )

1
2
= —2(n — 1)(k, k) — 2(X""V[y],k, k) + 2(F?, k)

1

1
<hTT||7£g7’Yu> 5 <XmV[’Y]mU7 ,Cgﬁu) + §<]-"(1), /:g,'yu>7

1
2
where we see the principle terms cancel point-wise. As in the Yang-Mills sector, we have potentially

problematic terms containing additional derivatives of k and u. However, using integration by parts,
we can move the extra derivative shift field X € H**!. Doing so, we obtain

- 1 y PR
(XVOUER) = =5 [ 27 (VX + X5(Clal've = Tl 4e) i
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and
(XFV Y]k, Lgu)

1 y
~ 2 /E I (VI kg X 4+ gV XE + g XE (91 ks = T1%k)) VI ewin Vet p1g

+ / ’Yij’Ymngth (R[’Y]Siékusn + R[’y}snéruis)v["y]rujm Hg
b
+ / VI g N e XV (Y] kttin V[V tjm g — 2 / VI XN [y ]king ™ g s RIY) ametiva pg-
b b
Using the Sobolev embeddings H*~! < L> for s —1 > %, we then have the estimates

|(X*V 1R, B)| < CLIRI - (Rl + ull )}

+ CLe Tkl Fea (1€ Fre s + ANZ) + e TRl (€17 + IIAII?IS()Q})
80

|(XEV D, L < C{llully- (Rl + o)}
+ CLe Tl (1€ es + 1A + €7l

[ElFrer + 11 AII-)?}
(81)

We must also estimate the term containing the transverse-traceless hTTll which is potentially prob-
lematic as we have no a priori bound for ATl However by an explicit calculation, as done in
equations (165)—(172) of [36], we have that ATl will be bounded by

IR < Rl + lleolresa ) (82)

where because hTTIl is an element of the finite-dimensional deformation space, all its norms are
equivalent. This also means that we need not worry about the extra derivative acting on u, as we
may freely move it to 77!l via integration by parts to achieve the necessary regularity of u. Using
the bound on ATTI and the Sobolev embeddings, we have the estimate

(BT, £ )| < Cllal (IRl + €T (€1 ms + AN} (83)
To finish the estimates of the Type Igi, terms, we may estimate those containing F2 and F) as

’<]_-(2)7k>’ < C|R | o { B 2es + fuelZ )

+ C{e™ T |[kll - (1€ Frer + IANF) + e T [[Kll - (1€ s + IAII%S)Q}(, )
84

|(FO, £400)| < Cllull e {13+l }

+ C{e™ lull = (€l Fr— + I AllZ) + e llullz+

€ + A1)} (85)

We note that each term in F(!) has regularity at least at the level of u, and so we may integrate by
parts to move excess derivatives from £, u onto F (1) without any issue.

It now remains to estimate the Type gy, [Ilg;,, and IVg, terms. We may do so via a similar
calculation to that done Section 5.1, as well as in [36]. We thus omit this computation, giving the
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result as

iy + Mgy + Vi, = (4077 ™A 4 AT b1 (1)) (i + i Lgntmn) fg

+ | —
o
——

YA Org N V] ki V V] et pig

Pyim,yjngkf [6T7 V[’Y]k} 'Ufijvh/]fu"m Hg

+
N = N~ -

/ YA G g iy RV mknetipg g
b
We may then obtain an estimate for the remaining terms of

Ui + Mg + WVein| < C{E| 5 + [ull % 079l go
< C{IIFI3e1 + llullFr }
< &l gz + llull e + e 2T (€N + 1 AlFe)
+e (€G- + 1Al F)}- (86)

Combining all the estimates and keeping only the leading order terms as we are working in the small
data regime, we find the time evolution of Eéllzl is given by

aTEIE]1121 = _Q(n - 1)<Ea 75> + REinv (87)
where Rg;, satisfies the bound

(Rein| < C{IIkll ot + llallas F{IEI G- + [l }
+ C(lkllrs— + llullge) {e™ 2 (€177 -1 + A7) + e T (IENF—1 + 1 Allm=)?}
< C{(Brin)? + ¢ T (Erin)* Eym + e 4T (Bgin) 2 B3y ) (88)

We must finally estimate the time derivative of the correction to the gravitational energy, 3TF5131111-

By an explicit calculation using the embeddings H® < L* for s > 5 + 1 and H® — L? for any s,
)

,, may be written in the form

as well as standard inequalities, we find 3TI‘1(51i

—1) ~ 1 B
orr) = —(nni)Uc,u) = 5{Lguu) + 20k k) + Sgin, (89)

where Sg;, satisfies the estimate
|Skin| < C{lkllere—1 + [l zrs F{1ENZre—s + lullde + e 2T (ENF s + 1 AN%) + e T ENZ s + [|AlF-)?}
< C{(Bpin)? + ¢ 27 (Bpin)? Byat + ¢ 17 (Bpin) F B2y ).

Combining (87) and (89), we then have that the contribution of the gravitational sector to the time
evolution of the first-order energy will be given as

1 -
(n )CE<]€,U> + REin-

Or (B, + eulf) = =2((n—1) = ep) (k. K) = (L u) — —
However, as with the Yang-Mills energy, we want to bound, to leading order, the time evolution of
the gravitational sector energy by a term of the form —a E(E]E:llz1 + cEngL). We note that [2] shows
such a result, though the energies we have defined differ by a constant multiple factor of ﬁ A
calculation analogous to that in Section 5.1.1 shows this does not change the result of Andersson
and Moncrief, and so we obtain the following lemma.
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Lemma 5.3. Let s > & + 1 and take Bs(0) to be a ball of sufficiently small radius § containing

(k: u, &, A) that satisfy the Einstein-Yang-Mills system. Then the time evolution of EEM1 + CEF,(E]?[1 ]
given by

~ c n—1 ~
Or (s + celiin) = —2((n = 1) — ) (k. F) = Ly yu,u) = %c]ﬂk,u) +Rem,  (90)
where Rgin satisfies the third-order estimate
|REin| < C{(EEin)% + 6_2T(EEin)%EYM + 6_4T(EEin)% (Bym)?}- (91)

In particular, the gravitational energy will be bounded by
Or (E(Ellzl tc Fl(all)n) < —agp(By BG) + CEFSIL) + REin, (92)

for ag defined as

aE:(n—1)<1— I > (93)

n—1

5.2.2 Positive-Definiteness of Energy

As done for the Yang-Mills sector, we will need to show we have a bound of the form ||%||§1,1 +

lull3. <CY0, (Egi)n—i—cEI‘g.) ) so that a decay in the total energy will imply that the perturbations

vanish. An estimate of this form, however, has been shown in Section 7.1 of [2]. While the energies

we have defined differ by a positive constant factor of 5 s+5, we note that this will not affect the proof
presented by Andersson and Moncrief. We thus restate here the result of Theorem 7.4 from their
work, which will still hold, in the following form.

Lemma 5.4. [2] Suppose that vy satisfies the shadow metric condition for g, and take s > % + 1.
Then there is a 6 > 0 and a constant C > 0, such that for (k,u,E, A) € Bs(0), the inequality

k)2 + a2 < C ST (BG, + eulh,).

i=s

is satisfied.

5.3 Total Energy
Recall in (50) that we have defined the total energy as the quantity

E, = ZE( D= ZE [N N AR o\ NS

Now, as a direct result of Lemmas 5.2 and 5.4, we obtain the following theorem related to the
positive-definiteness of the total energy.

Theorem 5.5. Fiz s > 5 + 1. Suppose that 7y satisfies the shadow metric condition for g, and take

A = 0. Then there ezists a § > 0 and a constant C' > 0 such that, for (E,U,E,A) € Bs(0), the
inequality

klZo—r + leliFre + 1€ + 1Al < CE,

holds.

In light of Theorem 5.5, if we can show, with sufficiently small initial data at Ty, that F, decays
to zero as T — oo, then we will have shown that the perturbations also decay and hence the
Einstein-Yang-Mills system converges to a background solution of the form (27). Furthermore, we
will have that the maximal existence interval of the Cauchy problem for the Einstein-Yang-Mills
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system in the chosen gauges is then [Tp, 00), i.e., solutions of the small data Cauchy problem for the
Einstein-Yang-Mills system will exist globally.

To show the decay of F,, we first see that, by combining the results of Lemmas 5.1 and 5.3, we
have that OpE™) is bounded from above by

OrEV < —ap(BY) +eplh) — ay (B — ey TRy) + R, (94)
where R satisfies the leading-order estimate
IR| < |Ryml| + [REin|

< ((EEin)% + (EYM)%)(EEin + Eym) + (Bgin) (e ?"Eym+ e (Bym)?) }
< C{(Bgin + Eya)? + (Bgin + Bym) (72T (Bgin + Byn) + ¢ (Bgim + Byn)?) }-

From Theorem 5.5 and the equivalence of Egi, and Evy with the Sobolev norms of the small data
we have that

Ergin + Bymt < C{|[E|5os + [|ull%re + 1€ %e—s + |All%. } < CE,.
This means that R will satisfy the bound
R| < C{(E.)? + e 2T(E,) + e 4T (E,)3 ).

As we have finally obtained a bound for the higher-order terms on our total energy, we may make
the estimate e=7 < e~70 for T' > T, without worry that dangerous terms of the form e’ will appear.
Using this, we then find the leading-order estimate of R to simply be

R| < C(E,)%. (95)

Now, define A = %min{aE,ay}. Because both E](Ellzl + CEngL and Eg{lh)/[ — 0yI‘$K/I are positive-
definite, we then have that the time evolution of the first-order total energy is bounded by

orE® < —2A(ES) + EQ) 4+ cpT8) — TR + R = —AED + R, (96)

Furthermore, because E (&, u, &, A) ~ E(l)(V['y]iE,V[’y]iu,V[’y]iE,Vh]iA), we obtain an analo-
gous inequality for each F(Y). We remark that in obtaining these higher-order inequalities, we will
need to commute differential operators in order to apply the same arguments as for the first-order
energies. However by applying Proposition 4.1.2, we will be able to bound these commutator terms
by the appropriate Sobolev norms and avoid any issues with regularity; c.f. Section 2.1 of [5] or
Section 5 of [1] for similar, detailed calculations.

These higher-order energy estimates, along with the estimate of R in (95), leads us to the follow
theorem.

Theorem 5.6. Fiz A =0 and s > 5+1. Let B5(0) be a ball of sufficiently small radius § containing

(E, u, &, A) that satisfy the Einstein- Yang-Mills system. Fix Ty > —oo. Then there exists a constant
C > 0 such that for T > Tpy, the time evolution of Es satisfies the differential inequality

OrE, < —2AE, + 2C(E,)*. (97)

We may now integrate up this inequality. In particular, let Y = (Ej) 3. We then have the differential
inequality
orY < —AY + CY2

Integrating up and substituting back Fs, we find that
-2

E (T) < A*|C + (A - c> eA<TTo>] . (98)

V Es (TO)
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When T > T and E;(Tp) < é—z, we will have that F(T) is bounded from above by an exponentially
decaying function and from below by 0. Hence Es must tend to zero as T' tends to infinity. We
must simply require that the initial energy E¢(Tp), determined by the initial values of (k, u, &, A), is
sufficiently small. However, with sufficiently small initial data, we have that the E will be bounded
for all T € [Ty, 00) and thus, in light of Theorem 5.5, the data (k,u,&, A) will decay to a stable
solution of the vacuum Einstein’s equations. This leads us to the main theorem for this paper.

Theorem 5.7. Suppose that vy has a smooth deformation space N and that the operator L., -,
has non-negative spectrum. Fix s > § + 1 for n > 3. There is then a 6 > 0 such that if (/k\o,go —
Y0,&0, Ag) € Bs(0) C H™1 x H® x H*=1 x H® with vy a shadow metric of gy, then the Cauchy
problem for the Einstein-Yang-Mills system with initial data (@0, 90,70, E0, Ao) is globally well-posed
to the future. R

In addition, if T — (k,g,v,&, A) is the maximal development to the Cauchy problem for the

Einstein- Yang-Mills system, then there is a v. € N such that (@,g,’y,E,A) — (0, V4, 7%,0,0) as
T — 0.

The main theorem also yields the following corollary, with an argument following that in [39].

Corollary 5.7.1. Let (Eo,go,'yg, &, 40) be as in Theorem 5.7, and let (Eo, 0,70, €0, Ag) be the corre-
sponding unscaled Cauchy data. Let (E, 3,7, g, fl) be the mazimal development to the CNCLUChy problem

for the unscaled Finstein-Yang-Mills system. Then the spacetime corresponding to (@,g,a,é,ﬁ) 18
geodesically complete to the future.

6 Gauge Covariant 3 + 1 Yang-Mills Equations

As mentioned earlier, the energy estimates found in this paper will fail for n = 3 spatial dimensions.
This appeared to be a result of the choice of gauge made. However, we will presernt a gauge-covariant
argument as to why such energy estimates will fail to yield the desired existence theorem.

First, let us define the gauge-covariant derivatives as follows

Zat = at + [A()? ']7
ZX = £X+[X~A,-],
ﬁi =V, + [Ai, ]

Now, we define the chromo-electric and chromo-magnetic fields associated to the Yang-Mills field
strength F'%,,, dz" A dz” as

. 1 1
Hi:="F(n,0;) = §5nilekl = ifilekl;

where €, is the 4—dimensional volume form. In terms of the chromo-electric and chromo-magnetic
fields £ and H, the Yang-Mills equations take the following form in local ADM coordinates

Lo,& = Lx& — Ne/"V i Hy, — 2Nk E; + N try (k)& — eV, NHy,
Eat/}-[i = EXHi + Nf;‘ijk.%jgk — QNkij’Hj + Ntrg(k)Hi + EijijNgk
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which after re-scaling as in section 3.1 reads in the dimensionless time T,

~ ~ o~ ~ . N .
EaTgi =—Lx& + NEijkV[’Y]j,Hk + 2Nk3i]gj — (3 — 1)52 + EiJijNHk

I
— Ne*(T[g]* ju — T1v) 1) Ho,

~ ~ o~ ~ . N )
LogHi = —LxH; — Nei/ V)6 + 2Nk H; — (3 — 1> H;, —ei/"V,;NE&,

—_———
I

+ NEZ'jk (F[g]gjk‘ — F[’V]fjk)gg.

Notice that, in 3 + 1 dimensions, we have N = 3 4 (second order terms). Consequently, one loses
the decay that may potentially arise from the terms I and II. We define a gauge-invariant energy
for the Yang-Mills fields

o 1 oI 2l oI oI
By =5 > A(VIENVIE) + (VI VIH).

11|<s—1

Note that this is indeed gauge-invariant and for s = 1, reduces to the standard Yang-Mills energy
Ju® 1 £(n,n). We need compute up to s = 3. This requires that we obtain several commutation

relatlons, as terms of the form [EaT,$[’y]i] will be present in the higher-order energies. Explicitly,
we compute

[Lor, VINiIR; = (Lo, Lo R; + OrT[y] 1Ry
= F(dr,0,)R; + 07T 4], Re
= (Ngi + XZEMICH}C)RJ' + 8TF[’Y]éz‘jRZ~

Notice that there are not non-linear terms present at the level of the L? energy. However, due to
the commutators [La,, V[); 1€; and (Lo, Vs }’HJ, we find that at the level of the H! energy we
have the non-linear terms Né"EJV &; and NEWIV, iH;, among others. In order to control these
non-linear terms, we would require a umform decay term that, as we have seen, is absent in 3 + 1
dimensions. Thus we are unable to close the argument simply by means of energy estimates. This
is essentially a consequence of the conformal invariance of 3 + 1 Yang-Mills equations. Since Milne
model is conformal to a cylinder spacetime that exhibits no decay, one would naturally expect a
loss of decay for Yang-Mills fields on Milne background too. To this end the light cone estimate
technique of [22, 27] should help closing the argument with different asymptotics for the Yang-Mills
curvature.

7 Concluding Remarks

A small data global existence result for the n 4+ 1, n > 4 dimensional Milne universe under coupled
Einstein-Yang-Mills perturbations. One of the main difficulties is the choice of an appropriate gauge
that extracts the hyperbolic characteristics of the Einstein-Yang-Mills equations and is also suitable
for long time evolution. To this end, we adapt the Constant Mean Curvature Spatial Harmonic
gauge introduced by [5] for the gravitational sector and a generalized Coulomb gauge introduced
by [1]. A Coulomb gauge was previously utilized in the context of proving the long-time existence
problem. The most notable one is by [6] to prove the long-time existence of rough solutions of the
Yang-Mills equations. However, to our knowledge, the generalized Coulomb gauge was not utilized
in previous studies. The particular reason for choosing this gauge is the fact that the divergence of
a connection (of non-abelian gauge theory) is not a gauge covariant object and as such one ought
to subtract a reference connection in order to apply the divergence operator. This gauge choice,
however, encounters the issue of Gribov degeneracy. But since we are working with small data, such
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a problem can be avoided (in fact as mentioned previously, there does not exist a global good gauge
for Yang-Mills theory because of the topology and geometry of the orbit space of connections). As
discussed in the main body of the article, a similar problem arises in the SH gauge of gravity sector
[40], but, once again, a small data assumption remedies the problem.

In [41] the Einstein-Yang-Mills equations were studied on the de-Sitter spacetime by utilizing a
conformal method in 3 + 1 dimensions. Recently, [42] extended the result to higher dimensions. A
notable difference between our study is that the de-Sitter spacetime contains a positive cosmological
constant that induces a rapid (exponential) expansion. The rapid expansion of spacetime should
generate sufficient decay to yield a global existence, but even though the proof of such a result is
intuitive, it is a monumental task to prove it in a rigorous way. On the other hand, the Milne
spacetime that we work with is a borderline case since it exhibits a polynomial expansion instead of
an exponential one. In such a scenario, it is in general difficult to obtain a uniform decay estimate
for either Einstein or Yang-Mills system. Nevertheless [2] proved the uniform asymptotic decay
property for vacuum gravity by constructing a modified energy in a clever way. This worked for all
dimensions n+1,n > 3. In 3+ 1 vacuum gravity, however, [39] provided a more geometric argument
by working with the Bel-Robinson energy directly instead of the ad-hoc wave equation type of
energy [2]. Remarkably, we noted that both of these approaches fail for the Yang-Mills sector since
the appropriately scaled Yang-Mills evolution equation loses the decay precisely for 3+ 1 dimensions.
Through a gauge-invariant argument, we showed that such a loss of decay is not an artifact of the
choice of gauge. In n + 1 dimensions for n > 4, however, one obtains a decay factor in the electric
part of the energy. The construction of a suitable corrected energy yields an overall uniform decay
factor allowing us to control the non-linearities. Contrary to the Yang-Mills system, this loss of
decay does not cause a problem in the Maxwell case since the latter is a linear theory. To this end
we note the study by [25] that considers a Kaluza-Klein spacetime M x T4, where 4M is the 3 + 1
dimensional Milne spacetime and T¢ being the flat g—torus. Standard Kaluza-Klein reduction led
to the Einstein-Maxwell-dilaton system due to the T? being abelian. In such a case, [25] was able to
prove the global future non-linear stability result purely by means of the energy estimates. Instead
of T? being the extra compact dimension, if one chooses S?, then the reduced system would be an
Einstein-dilaton- Yang-Mills type. On the basis of our observation, a pure energy argument would
not work in such a case. However, we are optimistic in the sense that we believe that a stability
result holds which we are simply not able to prove at present. Perhaps, a more refined light-cone
estimate type argument [27] can be utilized. On the other hand, if the 3 + 1 Milne model were to
be truly unstable under coupled Einstein-Yang-Mills perturbations, it would lead to new physics.
These issues are under intense investigation.
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