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Local well-posedness of the Einstein-Yang-Mills
system in CMCSHGC gauge

Abstract. We study the local well-posedness of the Einstein-Yang-Mills equations
in constant mean extrinsic curvature spatial harmonic generalized Coulomb gauge
(CMCSHGC). In this choice of gauge, the complete Einstein-Yang-Mills equations
reduce to a coupled elliptic-hyperbolic system. Utilizing the method developed by
Andersson and Moncrief [I], we establish the existence of a unique, local, continuous-
in-time solution of this coupled system. This yields an ‘in time’ continuation criteria
of the solutions which is to be used in the potential future proof of an improved
continuation criteria for this coupled system utilizing Moncrief’s light cone estimate
technique.

1. Introduction

Construction of solutions to classical field equations such as the Einstein and Yang-Mills
equations is of extreme importance in mathematical physics. This is primarily because
the solutions of these equations (or their quantum analogs) describe the three most
important fundamental forces present in nature- the gravity, strong and weak forces.
If we ignore the quantum aspects for the moment, these equations exhibit interesting
dynamics at the pure classical level due to their rich non-linear structure. For pure
gravity, this non-linear structure gives rise to the formation of black holes through the
concentration of gravitational energy (spacetime curvature). If coupling between the
Einstein and Yang-Mills fields is considered, then interesting phenomena occur even in
very special geometries solely because of the non-linearities. Striking examples of such
phenomena are the existence of soliton-like solutions [2, [3] and non-trivial dynamics [4]
even in spherically symmetric spacetime a very special geometry. Therefore, from a
physical perspective, it is extremely important to study the dynamics of these coupled
equations. In particular, one is interested in the long-time behavior of these equations
and whether the solutions (lying in suitable function spaces) persist for all time and
preserve the regularity of the initial data. In other words, regular Cauchy data should
extend uniquely and continuously to globally defined, singularity-free solutions of the
associated field equations on the entire spacetime. If a breakdown of the solutions were
to occur that would be pathological in the sense that the underlying theory then turns
out to be non-physical. In the context of gravity (or gravity coupled to a source),
the question of predictability (or breakdown of such) is closely tied to the Cosmic
Censorship Conjecture [5] of Penrose, which to this day remains open. In the case
of gravitational dynamics, it is slightly more subtle due to the fact that singularities do
occur due to the collapse of matter and such singularities are in general hidden behind a
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horizon and therefore cannot be accessed by a time-like observer located in the domain
of outer communications. Therefore, the occurrence of a naked singularity is considered
pathological (or the breakdown of the theory) in the context of gravity. However, before
studying the long-time behavior of the solutions of these equations, it is necessary to
establish a short-time well-posedness result. In other words, one should be able to prove
that local in time solutions to these field equations exist and such solutions are unique
and depend continuously on the initial data. In doing so one obtains continuation
criteria of the solutions and therefore the global existence (or finite time breakdown)
depends on satisfying (or not satisfying) this continuation criterion.

The Einstein and Yang-Mills equations (or its abelian version the Maxwell
equations) however contain constraints in addition to evolution equations. Therefore,
it is often necessary to rewrite the system, either by extracting a hyperbolic system
or performing suitable gauge fixing. The gauge fixing may yield a hyperbolic system
such as spacetime harmonic gauge (also called wave gauge or de Donder gauge; the
spacetime coordinates {2} are forced to satisfy the wave equation Oya* = 0, ¢ being
the Lorentzian metric of the spacetime under consideration) which turns the Einstein
evolution equations into hyperbolic equations. In particular, Yvonne Choquet Bruhat’s
[6] celebrated result on a local well-posedness theorem for the vacuum Einstein equations
was obtained in this gauge. The analog of spacetime harmonic gauge in the context of
Yang-Mills theory is the Lorentz gauge, which once again puts the Yang-Mills evolution
equations into hyperbolic form [7, [§]. In addition to these gauge choices which are
naturally adapted to equations in fully spacetime covariant form, there are other gauges
suitable for studying the equations on a spacetime M of the product type R x X.
One of the most convenient ones is the constant mean curvature spatial harmonic
gauge (CMCSH gauge) introduced by Andersson and Moncrief [I] to study the vacuum
Einstein equations. Application of CMCSH gauge turns Einstein’s equations into a
coupled elliptic-hyperbolic system whose local well-posedness was proven in [I]. In the
context of Yang-Mills theory, the Coulomb gauge is a natural analog of the spatial
harmonic gauge and it was used by Klainerman and Machedon [9] to study the local
and global existence problems of the Yang-Mills equations on Minkowski spacetime.

In addition to the fundamental studies presented in the previous paragraph,
numerous studies in the literature deal with local and global existence problems of
the Einstein and Yang-Mills equations. However, we will only describe the studies that
are relevant to our problem. Firstly, we mention the work of Lindblad and Rodnianski
[T0] which used the spacetime harmonic gauge to obtain a global stability result of
Minkowski space. Lefloch and Ma [I1] used the same gauge to establish a small data
global existence result of the Einstein-coupled-to-Klein-Gordon system. In addition to
the stability problem of Minkowski space, spacetime harmonic gauge is also used in the
context of the cosmological stability problem by [12] [13]. In addition to these examples,
there are numerous other studies (e.g., [14, 15 [16]) that utilize this particular choice
of gauge. Andersson and Moncrief [I8] proved an asymptotic stability result of the
Milne universe utilizing the CMCSH gauge. Later Andersson and Fajman used it to
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prove a small data global existence result for the Einstein-Vlassov system on a Milne
spacetime [19]. In addition, [20] obtained a rough data local well-posedness result for
the vacuum Einstein equations, [2I] proved a local well-posedness result of Einstein-
coupled- with-Vlasov-matter, [22] studied the stability of the Milne universe in the
presence of a perfect fluid, [23] studied the asymptotic stability of the Milne universe
coupled to a Klein-Gordon field, etc. There are numerous other studies where CMCSH
gauge is used to study the vacuum gravity problem or gravity coupled to matter fields
(e.g., [24, 25, 26]). A substantial amount of study has also been done in the Yang-Mills
sector. Eardley and Moncrief [27, 28] established the global existence of Yang-Mills
fields on a Minkowski background in temporal gauge. Later, [29] extended the global
existence result to globally hyperbolic curved spacetimes in the same gauge. Using
Coulomb gauge, Klainerman and Machedon [9], as mentioned earlier, established a
global existence result in energy norm. Later Tao [30] presented a below-energy-norm
local existence theorem for the Yang-Mills equations on Minkowski space in temporal
gauge. There are countless other studies which are less relevant in the current context.

This paper was motivated in part by the desire to adapt the Andersson and Moncrief
[1] argument to including a Yang-Mills source in Einstein’s equations. This introduces
an extra gauge choice for the Yang-Mills sector namely the generalized Coulomb gauge.
In addition, we also want to study three particular problems in the near future: the
fully non-linear stability of the Milne universe for Yang-Mills fields, the global existence
problem for the Yang-Mills equations on a curved spacetime using Moncrief’s light
cone estimate technique (in prep.), and obtaining an improved breakdown criteria for
the coupled Einstein-Yang-mills equations (similar to the ones provided by [31], 32]).
However, before proceeding to tackle such problems, it is mandatory to establish a local
existence theorem for the fully coupled Einstein-Yang-Mills equations or the Yang-Mills
equations on a curved background. However, If we solve the more general problem
of fully coupled Einstein-Yang-Mills equations, the latter follows automatically. The
local existence theorem automatically provides a continuation criterion that is crucial
to establishing a global existence result. As an example, [27, 28] first proved a local
existence theorem for the Yang-Mills equations and obtained a continuation criterion
as the non-blow-up of a certain Sobolev norm. Thereafter they proved, using a light
cone estimate technique on the Minkowski background, that the same Sobolev norm
that appears in the continuation criterion of the local existence theorem can not blow
up in finite time thereby yielding global existence. The current article aims to complete
the first part of the argument in the case of the coupled Einstein-Yang-Mills equations.
There are a few minor difficulties one needs to account for in the fully coupled system
in our choice of gauge. One of the minor problems is the Gribov degeneracies associated
with the spatial harmonic gauge of gravity and generalized Coulomb gauge of Yang-Mills
theory [33| 35, 34] 36, 37]. This roughly translates to the gauge orbits ceasing to be
transversal to the chosen gauge slice. In addition to this problem, we also need to deal
with subtle issues associated with the regularity and closing of the energy estimates in
the fully coupled system. We will discuss this in relevant chapters. The remaining is a
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routine procedure to obtain a local well-posedness theorem.

We start with deriving the gauge fixed coupled Einstein-Yang-Mills equations. The
gauge fixing reduces the system to a coupled elliptic-hyperbolic system. The gauge
variables (lapse function, shift vector field, and the shifted temporal component of
the Yang-Mills connection) are determined as non-local functionals of the dynamical
variables by solving the relevant elliptic equations. We then obtain energy inequalities
which together with a contraction mapping argument yields the existence of a unique
solution. The in-time continuity and Cauchy stability follow in a standard way. The
resulting theorem provides continuation criteria of the local solution.

2. Notations

The ‘n + 1’ dimensional C'* spacetime manifold is denoted by M. We are interested
in spacetime manifolds M with the product topology R x Y, where Y denotes the n-
dimensional closed spatial manifold diffeomorphic to a Cauchy hypersurface (i.e., every
inextendible causal curve intersects ¥ exactly once). We denote the space of Riemannian
metrics on ¥ by Myx. We explicitly work in the L? (with respect to a background metric)
Sobolev space H* for s > 4 + 1. We will consider tensors as sections of a rank-k (k > 0)
vector bundle B¥ of tensors over (X, g), where g € My is the dynamical metric that
solves the Einstein’s equations written in n + 1 form. The L? inner product on a fibre
of such a rank-%£ bundle is defined as

— Ay 1171 4152 A/1373 ieJk
<U‘U>L2 '_/UZIZQlS----ZkUJIJQJS YT Y T g, <1>
>

where 7 € My is a C* background metric lying in a small enough neighbourhood of
g in a suitable space (this is possible since C* is dense in Sobolev spaces for compact

manifolds) and u, = /det(g;;)dzt Adz* Ada> A...... Adx"™ is the volume form associated
with the metric g. The standard norms are defined naturally as follows
1/2
]2 += (ulu) (2)
[l 2o = SUP (Uit UiV 7002 (3)

and so on. We adapt the following definition of a twisted rough Laplacian acting on
sections of BF
1 i
Aju = ——V[]i(g" uyV[y]5u). (4)
g
This Laplacian is self-adjoint with respect to the following inner product on derivatives

(VIul Vo) e = / 9V W ittisiy. i VIV 010V g (5)
b
The covariant derivative with respect to the dynamical metric g will be denoted simply
by V. We define the ordinary Laplacian of ¢ in the following way such that it has
non-negative spectrum i.e.,

Ag = —gijViVj. <6>
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To formulate the Yang-Mills theory over the spacetime R x X, we first choose a compact
semi-simple Lie group G. If a section of the principle G—bundle defined over R x X is
chosen and the connection is pulled back to the base manifold, then it yields a 1—form
field on the base which takes values in the Lie algebra g of G. Let us consider the
dimension of the group G to be dim¢g and since g := T.G, it has a natural vector space
structure. Assume that the vector space g has a basis {x A}i@f given by a set of k x k
real valued matrices (k being the dimension of the representation V' of the Lie algebra
g). The connection 1—form field is then defined to be

A= Alyadat = Al(xa)pda = A yda*, a,b=1,2,3, ..., k. (7)
From now on by the connection 1-form field /Alu, we will always mean Aa pu- In the current
setting A € QYR x 3; End(V)), where End(V) denotes the space of endomorphisms of

the vector space V. The curvature of this connection is defined to be the Yang-Mills

field F € Q*(R x ¥; End(V))

Fa buv +— a;ﬂzla bv — aVAa bu + [1217 A]a buv (8)
where the bracket is defined on the Lie algebra g and given by commutator of matrices
under multiplication. The Yang-Mills coupling constant is set to unity. Since G is
compact, it admits a positive definite adjoint invariant metric on g. We choose a basis

of g such that this adjoint invariant metric takes the Cartesian form ¢ 45 and work with
representations for which the bases satisfy

—tr(xaxs) = (xa)i(xa)h = dap. (9)
This metric allows us to define a gauge invariant (since it is adjoint invariant)

inner product on g. An L? inner product of A € sections(B*; End(V)) and B €
sections(B*; End(V)) is defined as follows

<A|B>L2 = / A” bi1i2i3----ika aj1j2j3....jk/7i1jlfyilhfyigjg""f}/ikjk,ugv (10)
by

where the contraction on the gauge indices (or the internal indices) is performed by

means of the adjoint invariant metric on g. Notice that this inner product is not gauge

invariant unless A and B both transform as tensors under gauge transformations.
Under a gauge transformation G, the g valued 1-form field A transforms as

A, GAG+G0,G7! (11)
and therefore flu is not a tensor in the sense that it is not a (1, 1) section of the associated

V —bundle over R x Y. For any g valued section K% 4, 1op,..., Of @ vector bundle over

ik
R x ¥ that transform as a tensor under the gauge transformation, the gauge covariant

derivative is defined to be
a
Dalc b1 paps... .k <12)
— a a (& C a
= Valc bu1pa 3. . g + A calc b1 o b3 by A bc\zlC ClUT U2 U3 e b
_ a a
= V.K bt pops....ux T [Av ]q bpuipaps.... k>

where V, is the ordinary spacetime covariant derivative with respect to a Lorentzian
metric on R x Y. Naturally this notion of gauge covariant derivative passes down to the



Local Existence 6

spatial manifold X.

Lastly, for functions f(t) € Rs¢ and g(t) € R f(t) < g(t) means f(t) < Cyg(t) and
f(t) 2 g(t) means f(t) = Cg(t), and f(t) = g(t) implies C1g(t) < f(t) < Cag(t) for
0 < (1,05, C < oo. The involved constants may depend only on the background
geometry. The spaces of symmetric covariant 2-tensors and vector fields on X are
denoted by S9(X) and X(X), respectively.

3. Gauge Fixed Einstein-Yang Mills field equations

We utilize the ADM formalism that splits the spacetime described by an ‘n + 1’
dimensional C* Lorentzian manifold M into R x . As mentioned previously, each
level set {t} x ¥ of the time function ¢ is an orientable n—manifold diffeomorphic to a
Cauchy hypersurface (assuming the spacetime to be globally hyperbolic) and equipped
with a Riemannian metric. Such a split may be executed by introducing a lapse function
N and shift vector field X tangent to > and defined such that

9, = Nn + X, (13)

where t and n are time and a hypersurface orthogonal future directed timelike unit
vector i.e., g(n,n) = —1, respectively. By means of the natural projection operator
IT := § + n ® n, one may decompose every tensor field into their X—parallel and
Y—orthogonal components. This splitting writes the spacetime metric g in local

2

coordinates {z*}"_, = {t,z', 2%, ..., 2"} as

§g= — N2t @ dt + g;;(da’ + X'dt) @ (da? + XIdt) (14)
and the stress-energy tensor as

T=En®n+2JoOn+S, (15)
where J € X(¥), S € S3(%), and A® B = L{(A® B+ B®A). Here, X(X) and S3(X) are

the space of vector fields and the space of symmetric covariant 2-tensors, respectively.
Here E := T(n,n) is the energy density observed by a time-like observer with n + 1-
velocity n, J;, = —T(0;,n) is the momentum density, J; = —T(n,d;) = is the energy
flux density, and S;; = T(0;,0;) is the momentum flux density (with respect to the
chosen constant ¢ hypersurface ). Both the momentum density and the energy flux
density have the same value due to the symmetry of the stress energy tensor. The choice
of a spatial slice in the spacetime leads to consideration of the second fundamental form
k;; which describes the extrinsic geometry of the slice while embedded in the ambient
spacetime. The trace of the second fundamental form (7 := tr, k) is the mean extrinsic
curvature of the slice, which will play an important role in the analysis. Under such
decomposition, the Einstein equations

.
R/J,l/ - §Rg,ul/ = T/J,l/ (16)
take the form (87G =c¢ = 1)
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Oikij = — ViV N + N{Ry; + trg kkij — 2kk
1

— (B = 8)gi — Sis} + Lk
along with the constraints (Gauss and Codazzi equations)
R(g) — |k|* + (try k)* = 2E, (18)
Vk] —Vitry k = —J, (19)

where S = ¢”S;;. The vanishing of the covariant divergence of the stress energy tensor
ie., V,T" =0 is equivalent to the continuity equation and equations of motion of the

source
oF . , y
E :LxE—l-NET—NVZJZ—2J1V2N+NSUI€Z], (20)
o, = LxJ'+ N7J' = V;(NSY) + 2Nk} — EV'N. (21)

We want to study the Einstein-Yang-Mills system. One may for convenience decompose
the n + 1 g-valued connection 1—form field A® 4, into its component parallel and
perpendicular to a constant ¢ hypersurface ¥ as follows

A%y =A%, — §(A* ,,n)n (22)
where A , is a g valued 1—form field parallel to the spatial manifold ¥ ie., A €
QY(Z; End(V)). Importantly note that A* ,; = A% ,; but A% i # A® i unless the shift
vector field X vanishes. Similarly, we decompose the Yang-Mills field strength F as
follows

F“b:c‘fab@)n—n@c‘fab—i—F“b, (23)
where £ € QY(3; End(V)) is the electric field and F € Q*(3; End(V)) is related to the
magnetic field. Once again Fa bij = ' pij but a p ¥ # F%, U, The stress-energy
tensor of an n + 1—Yang-Mills field F' is given by

1 .
T = F* puaF? 0 @ — Z(F“ bt F 0 ) G- (24)

After projecting onto the spatial hypersurface X, several components of the stress-energy
tensor may be evaluated as follows

E= 59”5a biE’ oj + ngglea vii ' akty Ji= —g" " F* i,E" a, (25)

Sij = —E & o + (%gklga okE ol — igkmglnFa o F° amn) Gij
+g"F i PP
Using this available information, the complete system of evolution and constraint
equations are expressible as follows
QA i = NE® p — F* 1i; X7 + 0, A% 4o — [Ao, A, (26)
0" 4 = Ntrg k€™ i — (V;N)F* 4 I — NV F® i I + N[ 7 A%, (27)
&, Ap — ARXF]" 4+ XEVLE 4 + 7 Vi X — 2NEIE® 4,
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0:9ij = —2Nkij + Lxgi; (28)
825]%]' = —VZVJN -+ N{RZ] + tI'g kkl] — 2kzkk§: + ga bl'gb aj — glea bika akl
klca b km ,ln ra b
g & bkg al g g F ble amn
R(g) — |k[> + (trg k)* = g7E% 1, oj + égmglea bii BV ans (29)
Vik! = " F* 4,8 ak, (30)
gIVEY b+ g7 [ A, E5) v = 0. (31)

This system is not hyperbolic since the Ricci tensor of the spatial metric and the
divergence of the spatial Yang-Mills curvature contain terms that obstruct the ellipticity
of the maps g —Riccilg] and A — V,;F* ,; 7. Therefore we need to extract a
hyperbolic system of evolution equations by fixing a suitable gauge, that is, remove these
obstructions. For the gravitational sector, we use the constant mean extrinsic curvature
spatial harmonic gauge. Setting the mean extrinsic curvature (7) of the hypersurface
M to a time-dependent constant allows it to be a suitable time function. This choice
of temporal gauge yields an elliptic equation for the lapse function N. However, not
all spacetimes admit a constant mean extrinsic curvature (CMC) hypersurface. The
existence of a CMC slice is far from obvious and is a part of active mathematical
research (for details see [38] 89, 40, [41]). This gauge condition reads

T 1= try k = monotonic function of time alone. (32)
This choice allows 7 to play the role of time i.e.,

t = monotonic function of T. (33)
To utilize the property 0;7 = 0, one may simply compute the entity % to yield

Oy (34)

= —g"V,V;N + <|k|§ + Z—:?gklfja "t + mgklgmnFa bk aln) N
which is nothing but an elliptic equation for the lapse function N. Once we have fixed
the temporal gauge, we need to fix the spatial gauge which would yield an equation

for the shift vector field. Once again, we follow the work of [17, [18] regarding spatial

gauge fixing. Let ¢ : (M,g) — (M,~) be a harmonic map with the Dirichlet energy
1 ij 9¢k oc
2 fM 9" 827 9zi
harmonic maps are the critical points of the Dirichlet energy functional, ( satisfies

Vriftg, Where v is a fixed background Riemannian metric. Since the

the following formal Euler-Lagrange equation
9" (9:0;¢" = T[gli;0¢" + TY]a0:¢*9;¢%) = 0. (35)

Now, we fix the gauge by imposing the condition that ¢ = id, which leads to the following
equation

—g" (Clgli; — Tl = 0. (36)
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k
ij
Choice of this spatial harmonic gauge yields the following elliptic equation for the shift

where I'[7]7. is the connection with respect to a background Riemannian metric +.

vector field X after time differentiating equation (B0l)
AgX'— RX) = —2k9V;N —2Ng"*g" F* yy& o + TV'N (37)
+ (2NE* = 2V X*)(Dlglsy, — Thle)-

The Ricci[g] is expressible as follows

1
Rlgli; = §A39ij + oy + Nlg, 0glij, (38)
where
1 1
Nij = 5 (909" Bl mjn + 919" B i) + 5977 (V[7]3905 V [1]19:0(39)
1
+VVigimV [7]sgin — évh]jgnsvh]iglm + VIVmgaV]ng;js
1
_v[f}/]mgllvh/]sgjn> - §Vlv[/7]lgzj
and

0y = ViV, + V1), VF = g (Tlglly — T, (10)
In the SH gauge therefore the term in «;; obstructing the ellipticity of the map g —
Ricci[g] vanishes yielding a hyperbolic system.

The remaining gauge choice is the gauge fixing of the Yang-Mills sector. Before
moving to the gauge fixing, we need to mention a small subtlety that arises in the
spatial harmonic gauge. Notice that in this gauge the shift vector field X # 0 in general
and therefore, the evolution equation of A% ,; (26) includes a term F* binj which
contains the first derivative of A. This term is therefore at the level of principal terms
concerning regularity. While writing down the energy expression, one would ideally
want this term to be canceled point-wise. However, that does not happen in our case.
Therefore, this term potentially obstructs the closing of the energy argument. However,
this involves a gauge variable X and one expects that this term should not create an
additional problem. After carefully expressing the term F® ;X7 we observe that one
may obtain the following evolution equation for the vector potential A

QA i = NE i + 0;(A* yo — A" 1 X7) + [As, Ag — A; X9] (41)

+ XIV[]A" i + A 4V [y]iX

Now instead of treating the temporal component A, as the Yang-Mills gauge variable,
it suffices to treat f := A% 4o — A" ,; X7 as the new gauge variable. By fixing a suitable
gauge, we will obtain a necessary elliptic equation for ¢7. This issue of regularity will be
very crucial while studying the elliptic equation. We will use a version of the ordinary
Coulomb gauge that is used in Maxwell theory (or sometimes in Yang-Mills theory).
The ordinary Coulomb gauge condition simply states the vanishing of the divergence of
the vector potential A* ;. However, we notice that A% ;; does not transform as a tensor.
Therefore, we define the generalized Coulomb gauge condition in the following way

gIVARL (A = Ai) = gTV (A = Ay + gA (A = A =0, (42)
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where A is a C* background connection anAd VAM is the gauge covariant derivative
with respect to the background connection A and the background metric v. The time
derivative of this gauge condition yields an elliptic equation for ¢f. Explicit calculations
yield
FINEVTE" o + g7[A — A, Vil y + gIVINE® 4 — Ng A, E]"
+9"[As, NEI" 4 + g7 (Tlgll = TRIGINE® o — X*Vylag? V(A
—A® ;) = XYy As, A = A% 4+ gV XEV Y RA® 3
+gijv[’Y]z‘Aa bkvh]ij + gijAa bkv[’Y]iV[’Y]ij - gin[’Y]é'ikAa lek

g7 Ay, A V] XE A+ 2NEY — VXTI — VI XD V[Y)A(A 4 — A 4) = 0.

Note that this equation is consistent in terms of regularity. If we assume that
(9,k,AE) € H® x H*™' x H* x H"' s > % + 1, then by the elliptic equations
at hand, we automatically obtain (N, X, ) € H**! x H*t!1 x H**l. However, if we
had used Ay instead of ¢ := Ay — A; X%, then the time derivative of the generalized
Coulomb gauge condition would yield an elliptic equation for Ay which would contain
the second derivative of A as a source term requiring Ay to be in H**2 and therefore
the energy estimates for the evolution equations (where a derivative of Aq is present)
would not close. In a sense, construction of the shifted potential ¢ yields a cancellation
which removes the problematic term. The term V;F ; / appearing on the right hand
side of the evolution equation for the electric field is not generally elliptic as a map
A= VFey, J since it can be written as follows

ViF® 57 = AJA 4 + Vi€ + SL 4, (43)
where
C" = gIVARL (A" 5 — A ) (44)
= gIVI(A" b — A% ) + g7 [A;, (A = A,
and SLj; is semi-linear in A and g and expressed as follows
SL " (45)
= gﬂv[’y]jgikvh]zz‘la b+ gikngﬂv[’Y]kAa bl — gﬂv[’Y]jgikV[’V]lAa bk
—g" V9 VIVRAY w4+ ¢V V]9 AR Al s + 9V 97 AR, A%y
+g* g VAR, A" b + g g Ak, VAL b + g* V(g V [3]A )
—g"*V [k (gjl[Aj, A — Ay b) + 9% g RIV™ 11 A" -
Therefore the map A — V;F* ;7 — V,C* , is elliptic thereby turning the Yang-Mills
evolution equations into hyperbolic form. In order to construct solutions to the Einstein-

Yang-Mills coupled evolution and constraint equations in the chosen gauge, we want to
solve the following modified system of evolution equations
DA i = NE™ 4+ 0ip™ b + [Ai, 0" b + XIV[Y]; A i + A” 5, V7] X7,
QE 4y = NtrgkE pi — (V;N)F* 7 —  N(V,;F* 7 = V,C"p)

~
elliptic as an image of a map of A

(46)
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FN[F 9, A"y + 6, 0] o+ XPVRE™ i + £ Vi XF — 2NEIE® 4,
Orgij = —2Nkij + Lxgi

825]%]' = —VZVJN -+ N{ Rij — Oéij + tI'g kkw — lekkf
elliptic as an image of a map of g
gklga bkgb al gkmglnFa bleb amn

+E 1 E aj — glea bt F? ar —

1 T T omo

coupled with the elliptic equations for N, X, and ¢ needed to preserve the imposed
gauge conditions

’ n—2
—g"V,V,N k|2 klga gba kl mn ra mFban
9ViV; +<| ot 797" m o LA bk !
N =1, (49)

AgX' = RiXT + Ly V' = =2k"V;N = 2Ng"g"F* y&° o; + 7V'N  (50)
+2NEF — 29 X*)(Dlgliy, — Tl),

gijV[V];AVM]A‘Pa b+ gij [Ai — Ay, VJASO]a b+ gijViNga bj — Ngij [As, 5j]a b

+gij[121@', Ngj]a b+ gij(F[g]Z - F[V]Z)Né’“ bk — XkV[’Y]kgijv[’V]i(Aa bj (51)

—A° bj) - XkV[’Y]kgij[Au Aj - Aj]a b+ gijv[’y]ixkvh]kz‘la bj
+g VAT w V] XE + g7 AT y VLV Y] XY = g7 R[] AT w X"

g Ay, A V] XE 4 2NEY — VXTI — WX VYA (A — A 4) = 0.

The modified system coincides with the actual Einstein-Yang-Mills system in the
CMCSHGC gauge. If GA denotes the group of gauge transformations, then the
configuration space of the gauge fixed coupled dynamics (‘true’ dynamics) is identified
with the space My /dif f(X)x.A/GA, where A is the space of connections on ¥ xR. This
complete coupled elliptic-hyperbolic system is designated as CMCSHGC Einstein-
Yang-Mills system.

4. Important inequalities

Here we recall a few important inequalities which are crucial in obtaining the required
energy estimates. All the Sobolev spaces are defined on the spatial manifold > and the
corresponding norms are defined in the notations section. Associated constants depend
on the background geometry (i.e., on the metric 7). We will consider n > 2.

1. [42]) Let f € H", g € H” and k < min(ty,ts, t; + to — 5), ti > 0 and some t; > 0,
then the following estimate holds

U gllee S 11w llgl Lo (52)

2.[43] For P € OP*, s € R, the following holds
| Pul|gr < |Jul|gser, 7 €R. (53)

Gij } + Lxki;
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Here OP?® denotes the space of pseudo-differential operators with symbol in Hormander’s
class S5 . For ezample V][] € OP".

3.[43] Assume P € OP*, s >0, 0 >0 then
P, ulol[me S (VI ull | [v] | go-1ve + [l [roso][v][ <) (54)

and more specifically [V[7], V[y]*71] € OP*~ L.
4.(Kato and Ponce [44]) If s > 0, then H® N L* is an algebra i.e.,

wvl[ae S [lulpoel|v]|as 4 [l e ][v]] o (55)
and for s > 5 + 1 due to Sobolev embedding
[lwollms S [lullas[[v]] ms- (56)

In addition, we will make use of Sobolev embedding, Holder’'s and Minkowski’s
inequality whenever necessary.

5. Energy Estimates

In the study of hyperbolic PDEs, the use of energy functionals is indispensable in proving
local and global well-posedness results. We define the following ad-hoc energies for the
Yang-Mills and Einstein sectors. These energies will not be gauge invariant and therefore
are only defined in our choice of gauge. One could in principle define gauge-invariant
energies, but, for the current purpose, this makes no difference. Let us first define a few
relevant entities. Let A[g] be the ellipticity constant of ¢ defined as the least A such
that the following holds

A(E,8) < g(€,8) < My(€,€), VE € sections{T%}. (57)

From the expression of the Lorentzian metric g in terms of (¢, N, X) (I4]), we define the
following entity

Alg] = Alg] + [IN ][z + [N TH|zoe + || X[ (58)
and for a curve t — §(t),
Ay = sup Afg(t)]. (59)
te[0,t%]

Using these definitions, calculation yields the following

CAED T (IVIgl + IVN] + VX)) < V9] (60)
< CAGDIVIIgl+ VNI + [V X]).

We define the Yang-Mills energy as follows

EYM =3 (/ A* bzAb a]fy ,ug + Z/ IAa [ ]IAb ajfyij/ig
+Z/ Ve i V)t m”%) - (61)
1=17%
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The energy for the gravitational sector is defined as

1 i > .
Egin = B (/ 9ij Ikl k’Vﬂ/ig + Z/ V[’Y]Igz’j -V grry k’Yﬂ/ig
% I=1 /%

+4) /E VN ki - V[V]Ilk‘kﬂi%ﬂ”g) ’ (62)
I=1

s > 2+ 1. In view of the fact that A™'y(£,&) < g(£,&) < Avy(€,€), the total energy is
equivalent to the desired norm of the data i.e.,

By i= Byar + Erin ~ || Al + 11 Becs + gl + k] (63)

We will show that there is unique solution (g, k, 4, &) € C([0,t*]; H* x H* ™' x H* x H*™1)
for s > 2 + 1 and ¢* > 0. The multi index I is defined as follows

Vi = Va Vile V- Vi, (64)
and the dot product
Vi'u- V' (65)

= giljl~-~-gi1jlv[7]i1vh]mvh]ia""vh]ifu ’ vh]jlvh]hvh]h""vh]jlvv

where the - indicates the contraction of the remaining indices of v and v with respect
to the background metric v and the metric on g (if « and v contain internal indices).
We start with the first (lowest) order energy. Multiple applications of the operator
(V[]) == (1 + A,)2 would produce the desired higher order energy since W*P(%)) =
(V] LP (), 1 <p < o0, s € R, ((V[y])® acts on the spectral side) with norm defined
as

wllwere) = KV 0l o). (66)

Here A, is defined as A, := —“V[7];V[y];. If s is a non-negative integer, then
Wer 1 < p < oo is the closure of C*°(X) with respect to the equivalent norm
Dolr1<s [IV[7]*0||1e(s)- The first order energy is defined as follows
By = By + By, (67)
1 a ] a ]
=35 </2A bi A 07 g + / "V IRAT 5 VIVA” 077 g

%

—i—/ E" &l aj’Yij/ig> (68)
>

1 . -
T3 < / i guy™ " g + / 9"V V953V [Vngry™ 7 g
x 5

+4/ k:ijkkwikvjl,ug) (69)
5

The higher order energy E, is equivalent to the first order energy of (V[y])*~! applied
on (g,k,AE) ie.,

By~ E\((VIY D) AV 2 E (VD . (V) %K), s> 1. (70)
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One important fact we will note here is that (V[y]) is time-independent since the
background metric v is time-independent. Let us denote (V[y]) by (D). Before moving
to the energy estimate, let us split the evolution equations into the linear and non-linear
parts (in terms of the evolution variables (g, k, A, £)) as follows

Llg,k, N, XV (71)
019i; + 2Nkij — X*V[V]kgs;
8tkij + %A'ygij — Ntrg k?k?” — XkV[’)/]kk’U
QA i — NE® y — XFV ], A 4 ’
até"“ bi — Ngle[v]kV[v]lAa bi — Ntl“g k)ga bi — XkV[’)/]kga bi

g
k
= 72
V A Y ( )
&
Flg,k,N, X, A, €] (73)
9V XE + g Vi XF
klca b
{NMj — 2Nk} + N (5a b aj — GF pir - FY oy — %gzj
mk nl pa b
L s i ) — V]V N
N —39"(V[igi; + VY90 — Vi9i5) 06N + kikvh]‘ij + ki V] X5}
| Oy, + [Ai 0]" o + A 5V [3]: XY ‘
NSL® i = F* i IV;N + N[F 7, Aj]" o+ [E, 0" o+ EC V[V XF — 2NE]E®
-5
Fa
= 74
| (Fa)"
and therefore the system of evolution equations read
LIVV = F[V]. (75)
Let us now derive the necessary energy estimates. First define the following space
W= HY(S) x HY(E) x HY (D) x HN(S), s> g +1. (76)

Lemma 1: AssumeV € L*([0,t]; HNW>) solves the EYM evolution equations.
Then we have

VE(t) < CeCf&(llDé(t)llLoo+H5||L<><>+HDA||L<><>)dt'( /E1(0) + 1F 1L o.g:21))
for a constant C = C'(A\y).

Proof: We now explicitly evaluate the time evolution of the first order energy

dE ; 3
d—t1 = /2 (Y (8iA® 1) A® o5 + g7V VA 4 VA any™
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1 ., . .
—592k9]l8t9klv[7]z‘AaAme[’Y]jAb anY" A OE” bigb aj
70,9559k + 97V [1]:0:9V [1] Gmny Y™ A Ay Ok
1 . .
_§glrg]88tgrsvh/]igklvh/]jgmn’ykm’yln) ,ug

1 - g
—l—_/ (A“ pi AP Y + gklv[’y]kAa biv[’Y]lAb aj"”
>

4
+&° bigb aﬂij + gz‘jgkﬂikWﬂMg + gmnv[V]mgijV[W]ngkﬁikWﬂ
Ak k™ 1g) 91 Orgpatty- (77)
Now we use the evolution equations for V := (g, k, A,£). A direct calculation yields
dFE,

at / (Y/(NE® i+ X VYIRA 4 + (F 5)" 1) A® o
by
+g"Vi(NE* pn + X VYA b+ (F3)* bm) VYA 60y™
YT (NAJA® i+ Nty kE® 4+ XPVIE® i + (Fa)i)E® o)
+y*y (2N + XV [Vegi; + (F1)ij) 9w
+g"Vi(=2Nk + X"V 3] + (F)r) VI gy ™"
N
+4v”“vﬂ(—5A}gz~j + N trg kkyy + X5V [y ]kis + (F2)ij)kw
1. .
_592k9]l(—2Nkz‘j + X"V mgi + (FO)) VLAY 5 VLA any™

1 i _js m m . In
_ig gj <_2Nkrs + X v[f}/]mgrs + (-Fl)rs>vh/]zgklv[7]]gmn7k ’Vl ) /~Lg
1 g .
+Z/ (A" A" (77 + gV NRA® VLAY 077
by
HE 4 E v + 99y g + 9V VgV [V ngrr
+dkiiky 7 p1g) (—2N trg k + Vi X", (78)
We notice that the principal terms of the type AJA® ,;E® 47" must cancel with their
negative counter parts point-wise in order for the energy argument to close. We compute

VGV VIV AY 1) (NE® o)) (79)
= V(779" NE® 4, VINA® i) = 779" VIV (NE® ) VViA® o
IL:wanishes I?yrintegration ;;

—YINE® V" VA" ui

and notice that the first term vanishes while integrated since it is a total derivative
while the second term I cancels out point-wise with its negative. The remaining term
is harmless in terms of regularity. An exactly similar calculation holds for the principal
term arising from the gravitational sector. In addition, we also have terms that contain
one extra derivative (such as g”V[];(X*V[v]LA% pn), Y*y' X ™V [y]mkijki etc) which
are potential obstructions to closing the energy argument. However, these terms may
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be controlled by manipulating the derivatives. For example, compute

/ VXV kiR = 3 / X"V ] (Y ki) g (80)
> >

1 " 1 o
= 5 /Z Vh/]m (Xm,yzk,yjlkijkkllug) o 5 /Z v[,y]me,yzk,yjlkijkkl,ug

1

- / Xy kil e (Dlglk, — TE g
>
1

=5 / V[’V]me’Yik’Vﬂkijkklﬂg -
)

1 m_ 1 j
! - / X" ki k(TG — T ) g
>

2
and therefore

| / X [ ks Kt (81)

§\\V[’V]X\\Lw/zlkliﬂﬁHk‘HLwHXHLoo/Z(\k\?yﬂv[’v]g\?y)u

Other terms of this type may be handled in a similar way. Collecting all the terms
and applying Holder’s inequality, we obtain the following differential inequality for the
energy
dF;
7 S O (B + Vgl By + [ trg KB+ (Vg | Er
HIVIYX ][ Lo By + [[Riem[Y][| L Ex + || VYA o By + [|E][ oo By
[kl 1 By + [V gl 1 B + 1 Fsllo /B + 1Bl /B

HIFe VB + 1|V Er + || Fall12v/En)

integration of which yields
t
VE(® - VE©) < ) [ (04190l + e, KVE(E)
0

H([[Fl e + [[Riem[y][| + [[V[V]gllL )V E®X) + ([[VIY]X]| o
HIVIVA[ oo + [1E]| o) v E(t')> dt’ + C(A)[|Fll i oim0)-
Noting v is a C'* background metric, ||Riem[Y]||r~

< 1 and applying Gronwall’s

~

inequality, we obtain

VED) < (VE0) + CO IFl (o ) 740 fo 8O
where B(t) is defined as follows
B(t) .= ([[V[V XL + IVDYgllze + [[Ellzee + [|E]| + [V [7] A1)
< (IDg() o + [I€][Loe + [[DA]| o). u
Now in the view of Sobolev embedding for s > 2 + 1, B is dominated by the available
Sobolev norm of (g, k, X, A, ). We need to obtain higher order energy estimates.

Lemma 2: Assume V € L®([0,t]; H* N W">®), s > % + 1 solves the EYM evolution
equations. Then we have

(VEs(0) + [ Fl 21 o.572)) (83)
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where [|g][ s = ||g|las + [|Nl[gser + [[X][geer .
Proof: Now we need to prove a higher order estimate. We want to estimate the
energy corresponding to (D)*~'V. Use the commutator

LDY ™V = [L,(D)* |V +(D)*'F (84)
Using the energy estimate of lemma 1, one obtains

Ba(t) < Cels DI ow H[El o +HID Al gox )t (85)

(VE(0) + (D) Fllwqosery + L, (D) VI|Lr o)

Now we have to show that the energy argument closes, that is, ||[L, (D)*7!V||» can
be estimated using the maximum available Sobolev norms. We will use the inequalities
listed in the previous section (section 4).

[0, (D)* "] =0 (86)

1[N ADY Nkl < C (IVIYIN oo [l g1 + [N+ [E|| ) (87)

(D), X Vg = (D)1 X*IVleg + XM((D)* ™1, VYlilg (88)
Note [{D)*~1, V[4]x] € OP*! and following inequality (52

(D>~ X*V[Yalgl | e (89)

< (DY, X IV lkgl [ + | XF[(D) ™, VIVl gl |

SIVIIX Nz llgllas + | X |as [V [Y]g]| .
We need to estimate the term of the following type

IINA7, (D) gl (90)
where

A7 = g" ViV (91)
is of the type g~ *D?. We perform a series of manipulations of the commutators

[NA,, (D) g = [Ng~'D* (D)*"]g (92)

= Ng~'[D* (D)*]g+ [Ng~', (D) |D%g

1

Now we notice that the second term I is potentially dangerous and therefore requires
further attention. We further simplify it as follows

[Ng~', (D) '|D*g = Ng~(D)*"'D*g — (D)*"'(Ng ™' D?g) (93)
= Ng~Y(D)*"'DDg — (D)*"" (D(Ng~'Dg) — D(Ng~")Dg) (94)
= [Ng~',(D)*"'D]Dg + (D)*~* (D(Ng~")Dyg) (95)

and therefore see that all the terms are estimated by the maximum available Sobolev
norms. Using the commutator estimate, we obtain

IINA,, (D) Mallzz S IN|a: IV gl + [IV]]

(96)

HS
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The remaining terms are estimated similarly by means of the commutator estimate
(DY XV Ikl e S X zee k][ + 11X e || K] o, (97)
IIVAD) el m S (VN oo l[E] | mre=r + [Nl €] | ) (98)
(D)=, XEV [ Al SNV IIX e [[Al e + X s [V VAl e, (99)
[ )
[ )

IINA (D) Al 2 S 1IN VAl + [VIIN ||z || All s, (100
(D)~ XEVIVE e S 11X 2o ]1E]
Consider the equation
L(D)y*™'V = [L,(D)* ']V + (D) 'F (102)
and apply the energy inequality established in the previous lemma to obtain
t
VE(®D - VE© < () [ (@4 19blgllim + [, K)VEL()
0
+([[El|ee + [[Riem[]||ze + ]| + [IV[YAllz + [[VINgl|o) v Es(t)
t
VX = VBT + APl + CCA) [ (DY IV

Here we have used the fact that |[(D)* ' F(t)|[2 < C(A)||F(t)||ns. Now, using the
previous calculations, we have

/ L V() |t < C(A) / 104 V() 3=t
< C(A) / (11D311<) /B0t

H571+“X||H‘9“8HLOO (101

’

and therefore

’

VED - VED < [ ¢ (0 + 190l + |t F)VEL()

(Kl + 11909l 1) VESE) + (IVD1X] 1w + IV ]g]
1Kl ) VESE) ) dt’ + COADIF s oer
C) [ IDallm B

Using Gronwall’s inequality and Sobolev embedding with s > 7 + 1 yields the desired
estimate (notice that the energy argument closes using Sobolev embedding)

Ba(t) < CeCOD JoUallrs +IHl o1 1 AlL o+ €] o)t (103)
(VE(0) + [[Fllro,gme))- =

Let us now perform a bit more analysis of the source term F. We have to show that
| F||21(0,4:2+) can be controlled by the maximum available Sobolev norms. We claim
that the non-linear functional F is locally Lipschitz as the following map

F: H —H (104)
provided that (N, X,p) € H*™Y(Z) x H*T(X) x H**(X). First we show that the
energy argument closes i.e., if V € ‘H*, then F(V) € H*. From this calculation, the local
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Lipschitz property of the map F : H® — H?* follows.
Lemma 3: Let V := (g9,k,A,E) € H°. If N, X, o € H*"' x H"' x H*F1 s> 2 41,
then F as a map
FH — H?, (105)
V= FV)
18 continuous.

Proof: Using the expression of F (V) in conjunction with Minkowski’s inequality
and the algebra property of the Sobolev space H* for k > 5, we obtain

Pl < Cllgls || X | zros, (106)
1 P2l < C (IN e [N + [N [z [l + [N e [1E 1o
HIN a1 | Al + [N zeer + [Nz lgl e + 1] e || X |1+ -

Now from the explicit expression of N;; ([B9), we obtain
N1 S Mgl (107)

and therefore

1 Fellzremr < C (N llgll7zs + N e[l e+ Nz ][]
HIN e[| Al Ggas + ([N zress + Nl gl s+ [1Elzre=2 ][ X[ 1re) -
The remaining components of F satisfy
1 Falls < C(llllaser + (Al msll@llas + [[All s || X[ mo+1) (108)

[ Fulls—r < C([[El[ms—ll@llms—r + €= [|X[|zs + [N o1 [[SL o
HIN |l e[|l s + N e[| s+ [N [ [[F] |z || Al o) -

Once again we need to make sure that the nonlinear term S£ is under control. Recalling
the expression of SL (4), we obtain

1SLms— < Mgl l[Allms + [[Allgros1 + gl s [[Allsror [[A = Al | o
Al e | A = Allgror + |[Al| o1 [|A = Allss + g azs || Al o
HIRD =2 [ Al -2 + g zrs || Alzgs— + 1Al || Al =2 + [1g] L] | P
Now note that A € C=(X(X)), v € C®(My), and ||F||gs-1 < [|Al|zs + ||A]%. 1. Since
N, X, € H*| this yields ||[F(V)||zs < ||V]|ns which establishes continuity of F.
Lemma 4: Let V := (g,k,A,E) € H*. If N, X, o € H*"' x H"' x H*' s> 2 41,
then F as a map
FHY — HE, (109)
V= FV)
1s locally Lipschitz for 1 < k < s.
Proof: We recall the following product estimate (4.1)

gl < e llgll e (110)

Hs—1.
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for f € H", g € H? and k < min(ty,t,t, +t2 — 5), t; > 0 and some ¢; > 0.This

estimate yields that the multiplication maps H* x H' — H' and H® x L? — L? are
continuous for s > § + 1. Now repeating the calculation exactly as the lemma 3 and
using this product estimate, we obtain

[|[F (V1) — F(Va)llpn (111)
S C(L A+ |Willws + [Vellas + 15 + 1DV 2l o) [V = Vallage.

Therefore the map F : H* — HF is also Lipschitz on BY e (V%) with Lipschitz constant
(', that is, there exists a constant (', such that the following holds

[FOV1) = FVo)llgge < CLl[Vi = Vol (112)
for1 <k <s. O

5.1. FExistence of a Solution

In this section, we will establish the existence of a unique solution of the gauge fixed
Einstein-Yang-Mills equations in the function space C([0,#*];H®), s > & + 1 for a
suitable t* > 0 utilizing the technique developed by Anderson and Moncrief [I]. Their
technique is capable of handling the gauge fixed Einstein equations where the gauge
group is the diffeomorphism group naturally arising from gravity. Leaving out a few
subtleties discussed in the overview section, the major difference between the work of
[T1] and the present article is the inclusion of Yang-Mills source terms.

Recall that we have data on the initial hypersurface at ¢ = 0 and given by
VO = V() = [9(0),k(0), A(0),E(0)]". Let us now construct a sequence VP €
C> N B%(VY), k > 1 by applying an approximation to the identity on the initial data
V0ie.,

lim ||V — V)|
k—o0

we = 0. (113)

Here B5(V) is a ball of radius R centered at V° in H*. Since C*™ is dense in Sobolev
spaces, this mollification procedure is standard. Now we construct a sequence of
approximate solutions {V;}22, € L>([0,t*]; B5(V°)) with initial data given by V) and
prove that this sequence converges in C([0, t*]; B%(V?)) for a suitable t* < 1 (we choose
t* < 1 so that the involved constants do not depend on time). We determine the
sequence {Vg}72, by solving the following set of linear hyperbolic PDEs

LV = Fi, (114)

where Ly, := L[V] and F, = F[Vg]. Notice N, = N[Vi], Xx = X[Vi], and ¢ = @[V
are determined by solving the associated elliptic equations @AFAET). Set V; = VY and
F1 = 0. Now we invoke the energy estimates of lemma (2) and apply them to the above
set of linear hyperbolic PDEs. As long as {Vy/}¥,_| takes values in Bj(V°), the following
energy estimate holds

VEs(Vig15t) < Cr <\/ Es(Vit150) + ||]:k||L1([o,t};Hs) (115)
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forat < 1 and a constant C'r dependent on ||Vk||»s. Now, we have control on the initial
sequence {VP}22;. In particular it is a Cauchy sequence in B5(H*). In fact we restrict
it within a smaller ball of radius R/4. More specifically

Vi € By, (VY), Vk > 1, (116)

CrlIV = VY|

s < ? vk, k' > 1. (117)

We need to prove that the sequence {V;}72, converges in C ([0, t*]; B5(V°)) and the limit
solves the gauge fixed Einstein-Yang-Mills evolution equations for a suitable ¢t* < 1. The
major difficulty in the PDE setting is that the closed and bounded balls are not compact
in infinite dimensions. We accomplish this goal by the following three steps.
Lemma 5: There exists a time t* € (0,1) such that {Vx}32, C L>=([0,¢*]; B5(VY)).
Proof: This is equivalent to proving that there exists a time ¢* € (0, 1) such that
if {Vy}r_, C L=([0,#]; BR(V?)), then Viyy € L([0,¢*]; Bx(V°)). For this purpose we
use the following difference equation

Ly(Viyr = V1) = F — Ly (118)
apply the energy estimate (I13]) to yield
Vi1 = VallLoe o1i24) (119)

< Cr (1M = Ve + 11 FellLr oy + 1LV L1 o4 4))
= Cr (Ve = VY|

w1 Fel o) + 1LV pr o))

Now, by construction, we have Cg||V),, — Wllu= < R/4. Now we notice
that [y [[Fillusdt < )| Fillzqoeyney and fg (10 nedt < L7 oo ine)-

Therefore using the argument of lemma 3 (F is a norm preserving map in a sense

that [[F(Ve)llne < [[Vil
the following holds

%) there exists a time t* satisfying 0 < ¢* < 1 and such that

* R *
Crt™[|Fulle=(o.pm3e) < 7+ Ot 1LV |l < R/4 (120)
since {Vys }7,_ C L=([0,]; B{(V°)). This yields
[Wis1 = Villzoe oy < 3R/4. (121)

However by construction V; = V) and therefore V; € B3 /4(V0) . This yields
Vi1 € L>([0,t*]; B (V) for a suitable time ¢* € (0,1). O
Lemma 6: There exists a time t* € (0,1) such that {Vi}32, converges sub-
sequentially in L>([0, t*]; H').
Proof: Now we construct the following equation
Le(Vir1 = Vi) = Fr = Fy + (L = Lr)Vi 1 (122)

and apply the lowest order energy estimate (lemma 1) to yield

Vi1 = Vi jallpe o)
<Cr (HVIS-H - VIS/+1||'H1 + [ Fe = Frllrqoenmen) + [[(Ly — Ek)vk'+1||L1([0’tﬂ;Hl)> '
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Now we use the Lipsitz property of the map F : H' — H! from lemma 4 to yield
Vi1 = Vil oy (123)
< Cn (IVMes = Vol + £CulVe = Villimgosrony
H|(Ly = L)Vl o)) -
Now, given Ny = N(WV), X = X(Vi), 0 = (V) € L>([0,t*]; H¥™), using the
product estimate (52) with ¢4 = 1, &0 = s —2 and k& = 0, we may estimate
Ly = L)V 1l o1y a8
(L = L)V allze oy < CLlVe = Vil qo.e10m Vi gl o) -

This works out in a consistent manner since we have established in the previous lemma
(lemma 5) that {V}32, € L>=([0,t*]; B5(V°)). Now we can choose a t* € (0,1) (may
decrease it if required) such that t*C,C% < % The previous inequality becomes

Wi = Vil e o15200) (124)
< CllViay = V2l + 31V = Viel oo

Setting k' = k — 1 we obtain
[ Vi1 = Vil Lo (0,641 (125)
< CallViay = Vil + IV~ Vicallzeqoreyony

which yields

Z Vi1 = Vil Lo (0,441 (126)

k=2

<20k Y IV2i = Vil + V2 = Vil o).

k=1
Now we have control over the initial sequence (a Cauchy sequence) and therefore we can
extract a sub-sequence to yield 2Cr > 7o | |[Vi,; — VP|lsr < & which leads to

Z ||Vk+1 - VkHLOO([O,t*};'HI) S R (127)
k=2
concluding the sub-sequential convergence of {V;.}32, in L>([0, t*]; H'). O

The remaining steps are showing that the limit is a solution of the gauge fixed
Einstein- Yang-Mills field equations and that it lies in the space C([0,t*]; H®), s > § + 1.
To accomplish this we need to use the notion of weak continuity. The space of weakly
continuous functions on [0, ¢*] with values in H*® is defined as follows

Cw([0,t*]; H*) == {f € H*|(f, V) € C([0,*]) V¥ € H*}, (128)

Here H~* is the dual space of H®. We invoke the following lemma from [I] proof of
which follows using a standard ‘e/3’ argument.

Lemma [1]: Let {fi}3>, C L*>([0,t*]; H®), s > 0 be a bounded sequence and
assume {fx}32, is Cauchy in L“([O,t*];HS,) for some s € [0,s). Then 3f €
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Cw([0,t*]; H®) N L>=([0,t*]; H®) such that {fi}32, converges weakly to f uniformly in
L ([0, t*].

Utilizing this lemma together with lemma 6, we obtain V, — V € Cy ([0, t*]; H®).
Now using this result, we show that this limit ) satisfies the evolution equation LV = F.

Lemma 7: Weak limit V of Vi solves LV = F

Proof: Let us write the following

LVIY = FV] = (LVIY = LVEY) + LIV (V = Vi) + (LD Vi — FV])
= (LVIV = LIV]V) + LIVE(V = Vi) + (FV] = FIV])

Now similar to the calculations associated with the previous lemma, we may estimate
the first term as

[LIVIV = LVi]V| L o010 SV = Viellzoo 0,645 [V oo (0,6401) (129)

but V. converges to V in L*([0,t*]; H®) as k — oo. Therefore (L[V]V — L[Vi]V) — 0
in L°°([0,t*];H°) as k — oo. Similarly using Lipsitz property of F, it follows that
(FVi] = F[V]) — 0 in L*([0,t*];H') as k — oo. There is a little subtlety in the
term L£[Vi|(V — Viy1). We want to show that this term approaches 0 in L°°([0, ¢*]; H°).
In order for this to happen terms of the type gzj&@j (9 — gr+1) and ngaiﬁj(A — Agi1)
should converge in H~!. But this is immediate using the product estimates (5255) and
the duality of H' and H~! i.e., the multiplication H* x H~! — H~! is continuous for
s > 5 + 1. On the other hand, we notice that the left hand side is independent of k.
Therefore, L]V](V) = F[V]. U
Now we prove the ‘in time’ continuity of the solutions.

Lemma 8: Solution V is continuous as a map t — V(t).

Proof: We have established that ¢ — V(t) is weakly continuous. In order to prove
strong continuity we need to prove left and right continuity at every point in the interval
of local existence i.e., [0,¢*]. In other words, we must show that

lim sup [[V(t + k) = V(1)||ys = 0 = lim sup [[V(t — k) — V()]
h—0 h—0

we. (130)

In this case, we need only show lim,_,q sup ||V(t+h)—V(t)||ns = 0 since the argument can
be repeated by reversing the orientation of time. By a re-parametrization of the time, we
s = 0. This
may be done using a lemma of functional analysis ([45]) which states that if y, — y
and ||ly.|| — ||yl|, then ||y, — y|| — 0. Now, we have shown earlier that V(t) €
Cw ([0,t*]; H*). Therefore we need only show that lim; .osup [|[V(¢)||lzs = [|V(0)]]3s.
But this holds by the energy estimates derived in lemma 1 and 2. Therefore, we obtain

VeC(0,t*];H?), s> 5+ 1. O

need only show the right continuity at ¢t = 0 i.e., lim;_,osup ||[V(¢) — V(0)]

5.2. Uniqueness of a solution and its continuous dependence on the data

It is straightforward to establish the uniqueness of the solution V. Let us assume that
there exists two solutions V; and V, such that V;(0) = V»(0). We need to show that
Vi(t) = Vy(t) Vt € [0,t*]. But this follows by the energy inequalities and the calculations
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of the lemma 5 since ||V1(0) — V5(0)||%s = 0. More precisely, one may obtain an energy
inequality 0,F19 S Eq for Vi(t) — Va(t) which yields Eo(t) = 0Vt € [0,¢*] if F15(0) =0
(E12(t) is the energy associated with the difference V;(t) — Vy(t)). For the continuous
dependence of the unique solution on the initial data, we need to show that the map
V(0) — V(t;V(0)) is continuous. For this, we refer to [I] instead of repeating it once
again since it will be exactly same. This works out since the extra terms that arise
due to the inclusion of the Yang-Mills fields preserve the crucial characteristics of the
functional F e.g., F remains Lipschitz as shown in lemma 3 and 4. Instead, we focus
on the elliptic estimates and conservation of gauges and constraints since now there are
one additional constraint (Gauss law constraint for the electric field) and one additional
gauge condition (generalized Coulomb gauge condition).

6. Elliptic Estimates

The remaining task is to show that the gauge variables g, N, and ¢ are determined in
terms of (g,k, A, £) and satisfy the regularity H*™' x H*™! x H**1. Let us recall the
elliptic equations satisfied by these gauge variables. The lapse function N, the shift
vector field X, and the shifted potential ¢ satisfy

. n—2
- Z]VZ‘V'N k2 o~ klga gba -kl mn ra mFban N
g j +<‘ ‘g+n_19 bk l+2<n_1>g g bl I
>0

=1

AgX' = RX7 4+ Ly V' = =2kYV;N = 2Ng"g" F* 1,€" ; + TV'N (131)

+(2NE* — 2vak)(F[g]§‘k - F[W]é‘k),
and

IV s + gU[A — A, Vil y + gTVINE® y — N A E]"

+9"[As, NEI" 5 + g7 (Tlgll = TRIGINE® o = X*V I ag? V(A o

—A® ) = XEV[eg"[Ai, A — Aj)" 5 + IV [ XEV R A

+g"VIAT w V[ XE + g7 A w VLV XY = 7 Ry [jpA® w X"

+9"[As, A" V] XE 4 2NET = VIXT = VXDV Ay, — A% ) = 0,
respectively. With u = (N, X, ¢), this system is of the following type

J(g,k, A, Dg, DA)u = R(g,k, A, Dg, DA), (132)
where the second order elliptic operator J is of the form

J(g,k, A, Dg, DAYu = g 9;0;u + b (g, k, A, Dg, DA)Oyu + c(g, k, A, Dg, DA)u,
where b and ¢ are smooth functionals of their arguments. If J is is an isomorphism

between the function spaces H**! and H*~!, then the standard elliptic theory yields an
estimate of the type

lullgeer < C|Tull s + [ul[ o). (133)
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Following the isomorphism property of the operator 7 and the compact embedding of
H*!into H*~! (for compact manifolds), one may obtain an estimate of the type (see
[1] for the logic behind this argument)

g1 < Cl|Jul|gs-1. (134)

||l

Counting the number of derivatives and using the multiplication property of the Sobolev
spaces, one controls the source term || Jul|gs—1 = ||R]||gs—1 yielding u € H*™ ie.,
(N, X,p) € H*! x H**1 x H¥" for s > % 4 1.

The remaining task is to argue that the operator J is an isomorphism

between the suitable function spaces. We consider each equation separately.
First we show that the kernel of the map Q@ : N —gijVZ-VjN +
(\k\; + B2 gMEL L E i+ 2(nlfl)gklg”mF’a - aln) N is trivial. A straightforward

calculation by integration by parts yields ker(Q) = {0} since the entity under the
bracket has good sign. The case of the shift vector field is slightly more subtle. Notice
that AgX*— R! X7 contains a second derivative term of the metric of the type Ly V" and
therefore requires a H**2 regularity of X for the metric to be in H*®. However, in spatial
harmonic gauge (Bd), this dangerous second derivative (of metric) term vanishes point-
wise sense since V¢ = 0 in this gauge. For the detailed calculations, see lemma 3.2 of [1].
The isomorphism property of the map X* — Ay X' — REX7 4+ LxV* + ZVij(F[g];-k -
I'[7]5;,) holds if one assumes ||g — 7||zs < € (this construction is possible since C* is
dense in Sobolev spaces). This was proved in [I] by considering the pull back of the
tensor fields along the flow of the shift vector field and assuming v to have negative
sectional curvature. Later [24] sketched an argument (see their appendix) relaxing the
restriction of v to have negative sectional curvature. Therefore, in the current context,
the map X’ — AgX'— R X7 4 Ly V42V X*(T[g]i), —T'[7]%) is an isomophism between
H*t and H*™! for ||g — v||gs < € for € > 0.

A similar problem arises in the case of the elliptic equation for the Yang-Mills

gauge variable ¢. In order to obtain a unique ¢ = (g, k, A, E), one must establish the
isomorphism property of the map ¢* , — g¥V[y]AV[y]de" , + g [A; — Ay, Vi .
If this map ceases to be an isomorphism, then the gauge orbit develops directions of
tangency to the gauge slice or the gauge orbit intersects the slice more than once.
This is turn introduces degeneracies and defies the whole purpose of gauge fixing.
This is the so called Gribov ambiguity for which a substantial amount of study
exists in the literature [33], 37, B5]. Exactly similar problems occur in the spatial
harmonic gauge of gravity as well [34]. Similar to the gravity case if the background
connection A is chosen close to the dynamical connection A in H*®, then the map
0y = gIVIIAV[Y]Ae® , + gU[A; — A, VA" 4 is proven to be an isomorphism
(see [36, 33]). This can roughly be seen from the principal part of the equation.
Notice that the operator gV [y]#V[y]# has a definite sign (negative) but the operator
giIA; — A;, V4] does not. Therefore for small enough (A — A) (in a suitable function
space), the operator ¢ V[y]4V[y]4+g"[A;— A;, V/] has an overall sign and consequently
is invertible. Let us now rationalize the choice of A (or ) such that ||A(t) — Al|lgs < €
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(or ||g(t) — v||lms < €) for a sufficiently small e. Let us consider that the initial data
(9o, ko, Ao, Eo) solves the constraint equations. Initially, the background connection and
metric are chosen to be Ay and gg, respectively. This trivially satisfies the smallness
conditions [|A(t) — A||g= < € and [|g(t) — 7|
equations, we also obtain the gauge variables (Ny, X, o). Now we evolve the fields up

us < €. Therefore, solving the elliptic

to a time ¢ within which the smallness condition is preserved i.e., the evolution time ¢ is
obtained by imposing the condition that ||g(f) — v||m= < €/2 and ||A(f) — A||g- < €/2.
Once this range is exhausted, we choose the background connection and metric to be the
instantaneous values of the dynamical connection and the metric at time ¢ and repeat
the evolution in the same way. The elliptic regularity of these equations yields unique
N, X,p=N(g,k, A E), X(g,k, A E),0(g,k, A, E) belonging to H*T x H*1 x 5L

7. Conservation of constraints and gauges along the solution curve

In addition to proving the local well-posedness of the Einstein-Yang-Mills evolution
equations, we must show that the constraints and the gauge conditions are preserved
along the solution curve t — (g(t),k(t), A(t),E(t), N(t), X (t),¢(t)). In general, the
equations satisfied by the constraints (see [46]) do not exhibit a particular type in an
arbitrary gauge. This hinders one to prove the preservation of the constraints in a
straightforward gauge-invariant way. However, one would expect that such preservation
of the constraints must hold due to the Bianchi identities. Andersson and Moncrief [1]
showed that in CMCSH gauge, the constraints and the associated entities defining the
gauge conditions (that vanish if the gauge conditions are imposed) satisfy a coupled
nonlinear hyperbolic equation. Using standard energy arguments, they proved if the
gauges and constraints are satisfied initially, then they are preserved along any solution
curve. In the current case, we have additional terms arising from the Yang-Mills sector.
The full set of gauges and constraints are defined as follows

T = teyk —t, (135)
S* = g"(Tlgliy — T1k), (136)
H = R(g) — |k + (troh)? — £ € — %F-F—ViSi, (137)
M, == Vitr,k — 2Vik,, +2F,; - £, (138)
Gy = gV A" 4 — A ), (139)
L0y = gIVAE" s + g [As £ (140)

Explicit calculations using the equations of motion yield the following set of evolution
equations for (T, S, H, M;,G, L)

0,T = LxT + NH, (141)
OH = LxH +V;NM'+2NH tryk + Nk (V;S; + V;S;) + Ls(N tr, k)
—~NA,T +2V;NV'T,

08" = LxS'+ NM", (142)
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O M; = LxM; + HV;N + N tr, kM; — N(A,S; — R;;S7) (143)
I

+N tI'g kVZT + VJN<VZSJ + VjSi),

0G* = XFVLG*  + NL* y, (144)

oL = X*ViL* , — NA,G" , + NtrykL® , + VINV,G*, (145)

+N[A, ViG] s+ [L, )"
Notice that this set of equations describe a coupled hyperbolic system of equations for
the variables (T, S°, H, M;, G, L). Notice that these equations are exactly similar to
those derived by [I]. The only difference is the appearance of two additional equations
from the Yang-Mills sector. Remarkably, the evolution equations for the Yang-Mills
gauge conditions and constraints are decoupled from the gravity sector. The evolution
equations are of the standard hyperbolic form. We may use the standard energy
argument to show that if (T(0) = 0, 5%(0) = 0, H(0) = 0, M;(0) = 0, G(0) = 0, L(0) =
0), then (T'(t), S%(t), H(t), M;(t), G(t), L(t)) = (0,0,0,0,0,0) along the solution curve
t— (g(t), k(t), A(t),E(t), N(t), X (t), p(t)). Let us define a wave equation type of energy
for the above system of evolution equations as follows

E.y = (146)

%/E (T* + |VT2 4+ H* + G* 4G o + 97¢"ViG* i V;G" o

L LY o+ M2+ 1S12+ IVSI2) g,
where the dot indicates a positive definite inner product on the fibers of the gauge
bundle. In the evaluation of the time derivative of the energy functional, there will be
one borderline problematic term that requires careful control using a product estimate.
Naturally, the principal terms cancel each other via integration by parts. The Lie
derivative terms may be handled by the integration by parts argument as well (similar
to the procedure used in the proof of lemma 1). Assuming (g, N) € H®x H¥" s > 2+1
and the estimate satisfied the by Ricci tensor

|| Ric| ws (L [g]]m), (147)
we may control the borderline problematic term ||NR;;S*M?|| 11 as follows

INR;;S'M|| 1 S |IN| | Ric S||2][M]] 2

S N zoe [ Bic| | o= [S]| e [ M]] 2

SNz llgllas (U A [lgl s S]] e || M]] 2.

Here we have once again used the product estimate (52). Using Holder’s inequality and
the fact that (k, A, X, ) € H*' x H® x H"! x H**! s > 2 41, we obtain following
energy inequality

Oy S Eog (148)

a2 S |19l

which yields
E.4(0) = 0= E.(t) =0Vt € [0,t"]. (149)
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This completes the proof of the conservation of gauges and constraints. Now we can
state the main theorem as follows

Local Well-posedness Theorem: Let (go, ko, Ao, &) € H® x H™' x H® x
Hs L s> 5+ 1 be the wnitial data for the Cauchy problem of the Einstein-Yang-Mills
evolution equations ({6H48) in Constant Mean extrinsic Curvature Spatial Harmonic
Generalized Coulomb (CMCSHGC) gauge satisfying the constraint equations (29H31).
This CMCSHGC Cauchy problem is well posed in C ([0,t*]; H® x H*~! x H® x H*™1). In
particular, there exists a time t* > 0 dependent on ||gol|m=, ||ko||mrs—1, || Aol ms, [|Eol| grs—1
such that the solution map (go, ko, Ao, &) — (g(t), k(t), A(t),E(t), N(t), X (1), p(t)) is
continuous as a map

H* x H" ' x H* x H*™* (150)
— HSx H ' x H® x H ' x H"Y x HTY x gL,

Let t* be the maximal time of existence of a solution to the CMCSHGC Cauchy problem
with data (go, ko, Ao, &), then either t* = oo or

Tim sup max (C(Aq), [|Dg(t)||ze, [[DA@)][zo0, [|E(H)]|£o2) = 00 (151)

In addition the gauges and constraints are preserved along the solution curve t
(g(t),k(t), A(t),E(t), N(t), X (t), (1)) if they are satisfied initially.

8. Concluding Remarks

We have established a local well-posedness theorem for the coupled Einstein-Yang-Mills
equations without any symmetry assumption utilizing techniques developed by [1]. This
is a routine procedure before studying the global properties of solutions. There are,
however, a few subtleties present in the current context of the Yang-Mills fields coupled
to gravity. Firstly, the divergence of the Yang-Mills curvature V/F“ ,;; that appears
in the equation of motion should be expressed in terms of the background metric ~
instead of the dynamical metric g since the latter produces a Ricci curvature term in
the evolution equation of the electric field obstructing the closure of the energy estimates.
Secondly, it is necessary to choose the gauge variable of the Yang-Mills sector to be the
shifted potential ¢ := Ay — A - X instead of the usual Ay (even in the temporal gauge
one must impose ¢ = 0 instead of Ay = 0) in order to close the energy estimates. Lastly,
the Gribov degeneracies associated with the spatial harmonic and generalized Coulomb
gauge conditions needed to be addressed. The remaining arguments of proving a local
well-posedness result are handled by the technique developed by [1J.

The continuation criteria of the coupled Einstein-Yang-Mills system is the
boundedness of the entity W(t) := max (C(A;), ||Dg(t)||ne, || DA®)|| L, [|E(F)|| 1) i€,
as long as W(t) remains finite, the required Sobolev norms remain finite allowing one
to continue the solution in the future time direction. Notice that W contains all the
derivatives of the spacetime metric ¢ and the connection A. However, one may be able
to relax this condition up to a certain extent. In the pure gravity case, [31] was able to
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obtain continuation criteria that did not require all derivatives of the metric g but rather
only time derivative of the spatial metric and spatial derivatives of the lapse function and
the shift vector field. In the pure Yang-Mills case on the Minkowski background, Eardley
and Moncrief [28] showed that the boundedness of a point-wise gauge-invariant norm
of the Yang-Mills curvature was sufficient to continue the solutions. Later they utilized
a light-cone estimate technique to show that the point-wise norm of the Yang-Mills
curvature can not blow up in finite time and therefore obtained the global existence;
in fact, a similar result persists on a globally hyperbolic background as well (work in
progress with Prof. Moncrief). Recently, [47] proved the global existence of critically
non-linear wave fields on background curved spacetimes which is similar in spirit with our
current course of action, that is, first prove a local existence theorem and then obtain
a point-wise bound for the wavefield using the light cone estimate technique thereby
satisfying the continuation criteria. Unlike pure Yang-Mills or wavefields propagating
on a Minkowski spacetime (or a background spacetime), gravity coupled to the Yang-
Mills system is substantially more delicate. One can not in general prove a global
existence theorem for the coupled system but rather improve the continuation criteria.
Utilizing Moncrief’s light cone estimate technique for the coupled system, we hope to
obtain a point-wise bound on the spacetime curvature (or its trace-less part the Weyl
curvature) and Yang-Mills curvature given a bound on a certain entity such as the
strain tensor associated with a unit normal field to a CMC hypersurface. The wave
equations for space-time curvature or the Yang-Mills curvature contain non-linearities
that satisfy the so-called null condition (a cancellation occurs between terms that cannot
be controlled by the associated energies) and therefore such an improved continuation
criterion is naturally expected. We note that such results for the vacuum Einstein
equations [31] and Einstein coupled to Klein-Gordon and Maxwell equations [32] exist
in the literature. These results were obtained by a method that is substantially different
from Moncrief’s light cone estimate. We hope that we will be able to apply the light
cone estimate technique to obtain an improved continuation criterion of the coupled
Einstein-Yang-Mills system where the current work marks the completion of the first
step.
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