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1. Introduction

In the present work, we investigate the question of dynamical trapped surface formation for the Einstein-
Yang-Mills system (E-Y-M system for short) for a (3 + 1)-dimensional Lorentzian manifold (M, g) and a
(matrix-valued) Yang-Mills curvature two-form F¥ .5 (to be defined rigorously in Section 2.3):

1
R, — ERg‘“’ =%, (1.1)
1 P @ * P * @
T = 9 (F Q;wcFQPV +°F Qua FQPV ) ) (1.2)
where by *FPQ we denote the Hodge dual of FF .

1.1. Historical background

Trapped surfaces have been an object of significant interest within the classical theory of General Rela-
tivity for almost sixty years. After Schwarzschild’s discovery of his eponymous metric in 1915, it took almost
twenty years before researchers came to realize the existence, within it, of a region B with the following
surprising yet salient features: First of all, observers situated inside B cannot send signals to observers
situated at an ideal conformal boundary at infinity, called Z*. Furthermore, any observer located inside B
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lives only for finite proper time' (geodesic incompleteness). The characteristics of this region (which later
came to be known as a black hole) took most of the researchers of the time aback. The consensus seemed
to be that these observed phenomena have to be accidents; pathologies, only present because of the strong
(spherical) symmetry inherent in the Schwarzschild solution and that, in general solutions to the Einstein
equations,” such phenomena would not arise. However, in the 60’s, this belief was spectacularly falsified
by Roger Penrose through his celebrated incompleteness theorem.® It was Penrose [14] who introduced the
notion of a trapped surface, without which one cannot state the incompleteness theorem:

Definition 1. Given a (34 1)-dimensional Lorentzian manifold (M, g), a closed spacelike 2-surface S is called
trapped if the following two fundamental forms y and x have everywhere pointwise negative expansions on

S:
X(X,Y) :=g(DxL,Y), x(X,Y):=g(DxL,Y).

Here D denotes the Levi-Civita connection of g, L and L denote a null basis of the 2-dimensional orthogonal
complement of 7},S in T}, M, extended as smooth vector fields and X, Y are arbitrary S-tangent vector fields.

In other words, a surface is called trapped if both try and try are pointwise negative everywhere on S.
These traces signify the infinitesimal changes in area along the null generators normal to S, whence one
can interpret trapped surfaces as closed, spacelike 2-surfaces that infinitesimally decrease in area “along any
possible future direction”.

The incompleteness theorem is now presented.

Theorem 1.1 (Penrose incompleteness). Let (M, g) be a spacetime containing a non-compact Cauchy hy-
persurface. If (M, g) moreover satisfies the null energy condition and contains a closed trapped surface, it
is geodesically incomplete.

The existence of a trapped surface is a stable feature in the context of dynamics. Indeed, sufficiently small
perturbations of Schwarzschild initial data must also contain such surfaces, by Cauchy stability. As such,
incompleteness is not an accident, but rather a recurring theme in the dynamics of the Einstein equations.

At the time, the existence of a trapped surface in a spacetime was too strong an assumption to begin
with. In fact, the only way back then to guarantee its existence was to assume it at the level of initial
data, but this itself can be a highly non-trivial question. The first trapped surface formation result at the
level of initial data was given in [16]. This however, begged the question of whether trapped surfaces are
dynamical objects, meaning whether they can be formed in evolution starting with data devoid of trapped
surfaces. This problem bears high physical significance and serves as a test of reality of black holes, in the
following sense. The mathematical definition of a black hole region would be without physical meaning if it
did not accurately capture what physicists perceive as black holes (this is more meaningful now than ever,
as scientists recently succeeded in capturing the first-ever image of a black hole). Hence if “mathematical”
black holes describe “physical” black holes, they should mathematically verify certain physical properties,
one of which is dynamical formation.

The first results along this direction were obtained by Christodoulou for the Einstein equations coupled
to a massless scalar field in spherical symmetry. Through a series of works [8], [6], [7] and [10], Christodoulou

1 Sbierski [15] moreover showed that the termination of the observer’s proper time manifests in a particularly ferocious way, as
they, in fact, get torn apart by infinitely strong tidal forces.

2 The meaning of this phrase was not rigorous at the time, as the setup for the initial value problem in General Relativity had
not yet been discovered.

3 This theorem, in fact, was the main reason why he was awarded the Nobel Prize in Physics back in 2020, “for the discovery
that black hole formation is a robust prediction of the general theory of relativity”.
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managed to not only prove trapped surface formation, but to understand the picture of gravitational collapse
in its entirety for the given model and under the given symmetry. The breakthrough in the absence of
symmetry came in [9] by the same author. In this work, Christodoulou introduced a hierarchy of small and
large components in the initial data which (almost) persists under the evolution of the Einstein equations. He
termed his method the short pulse method. After Christodoulou, the work [12] by Klainerman-Rodnianski
reduces the size of Christodoulou’s work from about 600 to approximately 120 pages, by using a slightly
different hierarchy. Moreover, it reduces the number of derivatives of curvature required to prove semi-global
existence from two to one. A few years later, An [3] introduces the signature for decay rates so on his way
to proving an extension of [12] from a finite region to a region close to past null infinity. In 2014, An and
Luk [5] prove the first scale-critical trapped surface formation criterion for the vacuum equations in the
absence of symmetry. While Christodoulou’s data in [9] were large in H*(R?), An and Luk give data which
only have to be large in H 3 (R3), which is a scale-critical norm for the initial data. Taking advantage of the
scale criticality in [5], An [2] constructs initial data that give rise not merely to trapped surfaces, but an
apparent horizon, a smooth 3-dimensional hypersurface consisting of marginally outer trapped surfaces. In
2019, An [1] produces a 55-page proof of trapped surface formation for the vacuum equations, making use
of the signature for decay rates and obtaining an existence result from a region close to past null infinity.
In [4], An and the first author extend [1] to the case of the Einstein-Maxwell system.

1.2. Yang-Mills

The Non-abelian Yang-Mills dynamics has long been an area of high interest and intense investigation
[17-21]. Classically, Yang-Mills fields correspond to special types of interacting waves and their rich non-
linear structure due to the non-abelian characteristics at the level of partial differential equations has led to
development of sophisticated techniques. Of course, at the quantized level Yang-Mills theory plays the most
important role in the contemporary high energy particle physics. More specifically, non-abelian Yang-Mills
fields describe Strong and weak interactions, two of the four fundamental forces present in nature. The pure
Yang-Mills theory while quantized, however, exhibits a non-trivial mass gap [22-24] i.e., the excitation of
the vacuum requires a non-zero energy and this fundamentally separates it from the U(1) Yang-Mills theory
the electromagnetism where both classical and quantum spectra are gap-less. Classical Yang-Mills fields on
the other hand, do not exhibit any spectral gap and therefore its existence is not expected. The scenario
is substantially different while Yang-Mills fields are coupled to other sources. For example, the Yang-Mills
fields that acquire mass at the classical level through interaction with scalar fields can exist in nature. For
example, the carrier of the weak force W and Z bosons may exist classically due to the fact that they
obtain mass through the spontaneous symmetry breaking (Higgs mechanism). In other words, while pure
Yang-Mills fields can not exist in nature all by itself, coupling to other source field may lead to a different
outcome. In this article, we want to investigate the dynamics of Yang-Mills field while coupled to gravity
and possible condensation property.

Contrary to the Einstein-Maxwell system or Einstein-scalar field system, the Einstein-Yang-Mills equa-
tions are tremendously rich even in spherical symmetry and exhibit non-trivial dynamics. The numerical
result of Bartnik [25] first showed the existence of a countable family of soliton-type solutions that are glob-
ally regular. Later Yau, Wasserman, and Smoller [26] rigorously proved the existence of such soliton-like
solutions. However, such solutions were proven to be unstable against perturbations [27]. [28] first rigorously
proved the existence of an infinite number of black hole solutions to the Einstein-Yang-Mills equations with
gauge group SU(2) in spherical symmetry. The existence of these nontrivial solutions essentially unfolds the
rich characteristics of the Einstein-Yang-Mills system. Due to the non-linear characteristics of the Yang-
Mills fields, the fully coupled Einstein-Yang-Mills system is dynamically flexible i.e., both the possibility of
the existence of regular solutions and the formation of singularities (naked or trapped behind a horizon)
are open. This is precisely due to the fact that the non-linearity of Yang-Mills fields can counterbalance the
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non-linearity of gravity. The important feature, however, is that the nature of this balance is delicate and
the possibility of collapse is open.

Motivated by these previous studies on spherically symmetric static Einstein-Yang-Mills system, one
would naturally ask the following question “given suitable initial data, can one prove the formation of an
Einstein- Yang-Mills black hole in an evolutionary manner?”. Moreover, it is desirable to consider a generic
data i.e., remove any symmetry assumption on the spacetime. The first step towards answering such a
question would be prove the formation of a trapped surface. In a recent pre-print [13], the second and
third authors provided a semi-global existence result for the characteristic initial value problem for the
Einstein-Yang-Mills equations for generic initial data. A natural next step would be to investigate if one
can form trapped surface in an evolutionary manner. A naive though would be to incorporate a certain
‘largeness’ in the initial data. However, in the presence of gravity, this issue is far from obvious due to
the possibility of a naked singularity. In addition, the gravity-Yang-Mills competition is delicate and one
ought to identify the exact Yang-Mills curvature component (suitable gauge-invariant norm) on which to
impose the largeness condition. The initial data should be chosen appropriately to be able to evolve the
spacetime long enough to form a trapped surface. The most important issue that arises in the context of
Yang-Mills theory is the choice of gauge for the Yang-Mills fields. Since Yang-Mills theory is a gauge theory
after all, one ought to work in a particular choice of gauge (or equivalently descend to the ‘orbit space’ of
the theory). Unfortunately, there does not exist a global gauge choice in Yang-Mills theory (in topological
terms, one can not find a single chart to cover the entire orbit space [30]). The traditional choice of Lorentz
gauge is known to develop finite time coordinate singularities in non-abelian theory contrary, to the linear
Maxwell theory where such a breakdown is absent. In fact, the geometry of the orbit space of the theory
(i.e., the space of connections modulo the bundle automorphisms) has a non-trivial effect in the matter of
gauge choice [31,32]. The positivity of sectional curvature [31] of the orbit space leads to the development
of the so-called ‘Gribov horizon’ [29] which essentially indicates the breakdown of the so called ‘Coulomb’
gauge.

We circumvent the problem of Yang-Mills gauge choice in the current context by developing a novel
gauge invariant framework for the Yang-Mills fields, where we write down the Yang-Mills equations in the
double null gauge in terms of the fully gauge covariant derivative. By the virtue of the compatibility of the
fiber metrics with the fully gauge covariant derivative, we are able to obtain the necessary gauge-invariant
energy estimates.’ The true non-linear characteristics of the Yang-Mills theory manifest themselves in the
higher-order energy estimates when we commute the fully gauge covariant derivatives. The estimates pass
through to the orbit space (the true configuration space of the theory) by the virtue of its gauge-invariant
property. The task, therefore, is to control these non-linear terms or, more precisely, preserve the smallness
of appropriate weighted norms of them compared to the linear terms throughout the domain of existence.
As it turns out, among the non-linearities present, the Yang-Mills non-linearities are the borderline ones,
due to slow decay of Yang-Mills fields in the direction of past null infinity. In addition, we require control on
certain additional null derivatives of the Yang-Mills curvature components. We discuss in due course how to
handle this precisely. Once we obtain the necessary gauge invariant estimates, we can work in a particular
collection of gauge choices to yield a semi-global existence result for the coupled theory. The latter part is
standard and therefore we omit its discussion, focusing instead on the trapped surface formation mechanism.

1.3. Main results

The main contribution of this paper is the following pair of theorems:

4 To our knowledge this gauge-invariant framework is not utilized in any previous work related to Yang-Mills equations.
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Theorem 1.2 (Semi-global existence result). Given T > 0 and a positive number N > 3, there exists an
ao = ao(Z) sufficiently large so that the following holds. Any smooth initial data set (X, af’) to the Einstein-
Yang-Mills system (1.1)-(1.2) satisfying the following conditions:

D s Y eV (V) R, ST
Osusl;cni7 <

m<3

2)  sup Y a2 VP (|ux|V)ia Fllze,,
0<u<1z<N+7
m<3

3)  The initial data on uw =0 are trivial (Minkowski),

>§I’

gives rise to a unique smooth solution to the Einstein-Yang-Mills system in the region

a
uooéué—z 0<u<l

Theorem 1.3 (Formation of trapped surfaces). With the notation of Theorem 1.1, if in addition to the
assumptions of the previous Theorem, the initial data also satisfy the following isotropic condition:

1
4) /|uoo\2 (|)A(|2 + |af ?N;) (Uoo, ', 01, 0%) du’ > a, wuniformly for all (6*,60%) € S?,
0

then the spacetime arising as a solution from Theorem 1.1 has a trapped surface at S_a 1.
Acknowledgments
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2. Setup
2.1. Construction of the double null gauge

Denote by LM the frame bundle of M. We construct a double null gauge, meaning a smooth section of
this bundle such that, through it, each point p € M maps to a renormalized frame (eq, e, e3,e4) € LM
with g(es,es) = —2, g(ea,ep) = dap and g(es,ea) = g(es,ea) = 0 (Fig. 1).

We begin with two null hypersurfaces H,,__, H,, and their intersection S,,__ o, a topological 2-sphere. For
any point ¢ on this 2-sphere, the tangent space 75,5, __ ., is 2-dimensional and admits a 2-dimensional orthog-
onal complement TqL Su..,0, on which we can find two future-directed null vectors sz and L;, normalized so
that

g(Ll, L) = —2.

9’ =q

The pair {Lﬁl, L;} is uniquely determined up to a scaling factor s > 0

{L/ L } — {sL;,s*ILZI}.
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Fig. 1. Schematic depiction of the spacetime region of existence.

Starting from ¢ and initially tangent to L;, a unique geodesic is sent out. Call this geodesic, [,. We extend
the vector field L' along I, by parallel transport: Dy,L" = 0. It then follows by simple calculation that I, is
null, so that g(L’, L") = 0 along ;. Gathering the {l,} together we get a null hypersurface H,__. The null
hypersurface H, is obtained similarly. Note that, by construction, given a point p on H,_ or H,, in the
corresponding tangent spaces, there is a preferred null vector L; or L;.

We next choose a lapse function €2, which we define to be equal to 1 on S,,__ o and then extend as a
continuous function along both initial null hypersurfaces.” Define the vector fields

L := 0L along H,_  and L:= O?L along H,.
We use these vector fields to define two functions

w on H,_ satisfying Lu=1 on H,_ and ©u=0 on S,_ o,

u on H, satisfying Lu=1 on Hy, and u =0 on S,_ 0.

We now use these (so-called optical) functions to proceed further with the construction. Let S, . be the
embedded 2-surface on H,_ on which u = v’ and define S, o similarly. At each point p € S,__ .+ we have
constructed a preferred null vector Lj,. It follows that we can uniquely determine an incoming g-null vector
L; satisfying g(L;j7 L;) = —2. Let [, be the unique geodesic emanating from p with tangent vector L;. We
extend the definition of L’ along I, by parallel transport, so that Dy L = 0. Gathering all the {[,} on
Sueew’s We thus obtain the null hypersurface H,,. We obtain the null hypersurface H,/ in an analogous way
and define S, , := H, N H,. Having constructed the vector fields L" and L' in all of the spacetime region,

we extend the definition of the lapse function Q by requiring, at each point p € S, , that

9(Ly, L) = —207%| .

5 Indeed, there is a gauge freedom in choosing Q on the initial hypersurfaces.
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The incoming null hypersurfaces { H and outgoing null hypersurfaces { H, } _ along with

H}O<u<1

their pairwise intersections S, , together define a double null foliation on the spacetime. On a given S, 4,

we have g(QL’,QL’) = —2 and hence the vectors
es = 0L eq := QL

define a normalized null pair at each point on the sphere. We make the gauge choice 2 = 1 along both
initial hypersurfaces.

2.2. Choice of coordinates and expression of the metric

To define angular coordinates on each S, , in a smooth way, we begin by defining angular coordinates
on S, 0. Since this is a standard 2-sphere in Minkowki space, we can use the stereographic projection
coordinates (6, 6%) on S,__ o. We first extend this coordinate to the whole of H,, by insisting that £,64 = 0
on H, for A =1, 2 and then to the whole spacetime by insisting that, for all u, £,04 = 0, where L initially
starts normal to some S, 9. As such we have established a coordinate system (u,u, 6',6?) in a neighborhood
of the initial sphere. In these coordinates, the vectors es, e4 become

0 0 0
_o-1(Y9 a9 _0-19
e3 = (8u+b 89A>’ eq4 = 9u

and the metric now takes the following form:
g =—20% (du®du+ du® du) + ¢ , , (A6 — b du) ® (6" — b du) (2.1)

It is a requirement that b = 0 on H,. The section that maps p € M (01 ]p, 02’p€3|p, e4|p) is the double
null gauge we wanted to construct.

2.3. Yang-Mills theory

Now we define a Yang-Mills theory on (M, g). We denote by P a C* principal bundle with base a
3 + 1 dimensional Lorentzian manifold M and a Lie group G. We assume that G is compact semi-simple
(for physical purposes) and therefore admits a positive definite non-degenerate bi-invariant metric. Its Lie
algebra g by construction admits an adjoint invariant, positive definite scalar product denoted by ( , ) which
enjoys the property: for A, B,C € g,

<[AvBLC> = <A’ [B’CD’ (22)

as a consequence of adjoint invariance. A Yang-Mills connection is defined as a 1-form w on *J with values
in g endowed with compatibility properties. Its representative in a local trivialization of 3 over U C M,

p:p—(r,a), peP, z€lU, ae @ (2.3)
is the 1-form s*w on U, where s is the local section of 3 corresponding canonically to the local trivialization
s(x) = ¢~ (w,e), called a gauge. Let A} and Ay be representatives of w in gauges s; and sy over Uy C M

and Us € M. In U; NUs, one has

A = Ad(ul_Ql)Ag + ulg@Mc, (24)
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where © ;¢ is the Maurer-Cartan form on G, and u1o : U3 NUs — G generates the transformation between
the two local trivializations:

51 = RU1252, (25)

R,,, is the right translation on B by ui2. Given the principal bundle B — M, a Yang-Mills potential A on
M is a section of the fibered tensor product T*M @ Bay fine,g Where PBasrine,g is the affine bundle with
base M and typical fiber g, associated to B via relation (2.4). If A is another Yang-Mills potential on M,
then A — A is a section of the tensor product of vector bundles T*M ®ns Paa,g, where Pagq g := P X449 is
the vector bundle associated to 8 by the adjoint representation of G on g. There is a inner product in the
fibers of P aq,4, induced from that on g. The curvature C of the connection w considered as a 1— form on
P is a g-valued 2-form on P. Its representative in a gauge where w is represented by A is given by

F:=dA+ A, A (2.6)

and relation between two representatives F} and Fy on Uy NUs is F; = Ad(u1_21)F2 and therefore F' is a
section of the vector bundle A2T*M ®s Bad,g- For a section O of the vector bundle QFT*M PBad,g, a
natural covariant derivative is defined as follows

D9 := DO + [A, 9], (2.7)

where D is the usual covariant derivative induced by the Lorentzian structure of M and by construction
DO is a section of the vector bundle @*+1T*M @, PBad,g- The Yang-Mills coupling constant gy s is set
to 1. If the space of connections in a particular Sobolev class is denoted by A and G is the automorphism
group of the bundle %3, then the true configuration space (or the orbit space) of the theory is A/G.%

The classical Yang-Mills equations (in the absence of sources) correspond to setting the natural (space-
time and gauge as defined in (2.7)) covariant divergence of this curvature two-form F to zero. By virtue of
its definition in terms of the connection, this curvature also satisfies the Bianchi identity that asserts the
vanishing of its gauge covariant exterior derivative. Taken together, these equations provide a geometrically
natural nonlinear generalization of Maxwell’s equations (when the latter are written in terms of a ‘vec-
tor potential’) and of course play a fundamental role in modern elementary particle physics. If nontrivial
bundles are considered or nontrivial spacetime topologies are involved, then the foregoing so-called ‘local
trivializations’ of the bundles in question must be patched together to give global descriptions but, by virtue
of the covariance of the formalism, there is a natural way of carrying out this patching procedure, at least
over those regions of spacetime where the connections are well-defined.

We choose a vector space V' and a matrix representation for the action of G on V. For simplicity, let us
confine our attention to real representations though in fact this restriction is inessential. We now consider
vector bundles over spacetime (so-called ‘associated’ bundles) with standard fiber ~ V. Cross sections of such
bundles would represent, in physical terms, multiplets of Higgs fields. To formulate field equations for such
Higgs fields that are naturally covariant with respect to automorphisms of the associated vector bundle
(i.e., with respect to gauge transformations acting on the Higgs fields) one needs a covariant derivative
operator D or connection defined on this bundle. Such an object is naturally induced from a ‘fundamental’
connection on the principal G-bundle described above and in turn induces (when expressed relative to a
local trivialization) a one-form on (some local chart for) the base manifold with values in the chosen matrix
representation for the Lie algebra g. Let us consider the dimension of the group G to be dim¢ and since

g := T.G, it has a natural vector space structure. Assume that the vector space g has a basis {x A}ff;"lc

6 A/G is an infinite dimensional manifold modulo certain additional criteria.
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given by a set of k x k real valued matrices (k being the dimension of the representation V' of the Lie algebra
g). The connection 1-form field is then defined to be

A= Aty adat = A (xa)Gdat = AT guda*, P,Q =1,2,3,...k. (2.8)

From now on by the connection 1-form field A,, we will always mean AP Qu- In the current setting A €
QY(M; End(V)), where End(V') denotes the space of endomorphisms of the vector space V. The curvature
of this connection is defined to be the Yang-Mills field F' € Q*(M; End(V))

FP quv = 0,A" qu — 0,A" qu+ (A, Al” quu, (2.9)

where the bracket is defined on the Lie algebra g and given by the commutator of matrices under multipli-
cation. The Yang-Mills coupling constant is set to unity. Since G is compact, it admits a positive definite
adjoint invariant metric on g. We choose a basis of g such that this adjoint invariant metric takes the
Cartesian form 045 and work with representations for which the bases satisfy

—tr(xaxs) = (xa)G(xa)E = das. (2.10)

Under a gauge transformation by U, the g-valued 1-form field A transforms as
Ay U AU +UOUT! (2.11)

and therefore A, is not a tensor in the sense that it is not a (1,1) section of the associated V-bundle over

D, For any g-valued section K ¢, aps.. of a vector bundle over D, 3 that transforms as a tensor

Mk
under the gauge transformation, the gauge covariant derivative is defined to be

A P - P P R R P
D.K QUip2p3. . fk = DaK QH1#2#3-~~Hk+A RaK Q#lltz,us.----,uk_A QCX,C Rpipops....ux

:Da’CP Quipzps .y T [A”C]P QUip2p3.. k> (2'12)

where D,, is the ordinary spacetime covariant derivative with respect to a Lorentzian metric on D, 5. Even
though the connection of the gauge bundle appears in the definition of the gauge covariant derivative, we
will never make explicit use of it in the current context, but rather work with the fully gauge covariant
derivative D. More specifically, in our analysis, we will encounter the commutator of the fully gauge covariant
derivative which yields Riemann curvature and Yang-Mills curvature components. In other words, using the
fully gauge covariant derivative, we do not encounter any connection terms, allowing us to obtain estimates
in a gauge-invariant way. The commutator of the fully gauge covariant derivative while acting on a g-valued
section of a vector bundle P Quipaps.... e (OF @ section of the mixed bundle) yields

A~

s P P R R P
[DmDB]]C Quipspisepin =F RapK"™ Quipaps..mn — F QasK" Ruypops....n

_ZRV Mz‘aBKP Quip2fi3.. Y- pi> (2~13)
[

where 4 indicates the removal of the index ji; and replacing by ~. Note that D is compatible with both the
metrics and therefore the commutator produces curvature of the mixed bundle (Yang-Mills curvature and
spacetime curvature). Action of D is only well-defined on sections of the mixed bundle.
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2.4. The E-Y-M system expressed in the double null gauge

In this section we are going to express the Einstein-Yang-Mills system in the double null gauge given
above. We begin by decomposing curvature components and Ricci coefficients with respect to the frame
(e1,e2,e3,€4). Let A, B take values in {1,2}. We define the following (Weyl) null curvature components:

OAB (= W(6A5647637€4)) QAB = W(6A363763363)7

1 1
/BA = §W(6A,64,€3,64), ﬁA = §W(€A,€3763,64),

1.
pP = ZW(€3ae4ae3ae4)a o = Z W(€3,€4,€3,€4).

Moreover, for reasons to be explained later on, we define the renormalized curvature components
Ba = pBa— §RA4, ﬁA = ﬁA + ERA& (2.14)
For the Ricci coefficients, we decompose as follows:
xag = g(Daci, e5), X, p = 9(Dacs,en),
1 D 1 D
na1=—59(Daes, eq), 1, = —59(Daes es),
1 1
W= —ZQ(D4€37 e1), w:= _ZQ(Dsezb es),
1
Ca = §Q(DA€4, €3).
Moreover, if v denotes the induced metric on S, 4, we make the following further decomposition:

1 1
X=X+ztrxy, xX=X+3

t .
2 X

\V]

The Yang-Mills curvature 2-form F is also decomposed into null components as follows:

alj = FPQ(eA,e4), gﬁ = FPQ(eA,eg), (2.15)

*

F F

1
pl = §FPQ(63,64), o = FPQ(63,64) = FPQ(el,eg). (2.16)

N =

For the Yang-Mills energy-momentum tensor ¥, there holds ¢*?%, 5 = 0, whence it follows that the scalar
curvature vanishes and the Einstein equations reduce to R, = T, .

Before we are ready to present the equations, we introduce a few basic definitions. First of all, denote by
V and V the covariant derivative operators induced by D and D on Su,u respectively. Let V3, V4 denote
the projections of the covariant derivatives D3 and Dy to Sy, and define, in a similar fashion, 63 and 64
using D. For two 1-forms ¢, ¢%, we define

(01®02) B =}y 0% + dp % — Van (¢ - 8%),

while for symmetric 2-tensors ¢l 5, ¢% 5, we define

(&' A %) ap = ¢4 (771 ohp o2 p.
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Here ¢ is the volume form associated with the metric 7. Moreover, by ¢!-¢? we mean an arbitrary contraction
of the tensor product of ¢! and ¢? with respect to the metric v. We also define suitable trace, divergence
and curl operators. For totally symmetric tensors ¢, we define these operators as follows:

(div @) a,..a, :=VEdpa, a,,
(curl @)a, ., = ¢%“Vpoca,. A,

(tr¢)A1~~~Ar71 = (’7_1)BC¢BCA1~-AW~71 .

Be it noted that the operators div and curl can be defined similarly on sections of the mixed bundle.
Furthermore, we introduce the * operator on 1-forms and 2-tensors:

“6a:=va0f P 3,

“6ap :=v8p 7 dac.
Finally, on a 1-form ¢, the operator V& is defined as follows:
(V&@)a :=Vpda+ Vadg —vapdiv ¢.

Expressed in the double null gauge, the Einstein-Yang-Mills system turns into a system of null structure,
null Bianchi and null Yang-Mills equations, which take the following form:

1
Vatry + E(trx)2 = —|)2|3/ — 2wtry — Taa (2.17)
Vax +trxyxy = 2wy — « (2.18)
1
Vstry + E(trK)z = —|X|§{ —2wtryx — T33 (2.19)
Vax +irxx = —2wx — a (2.20)
1
Vatla = =x-(n=n) =B~ 5%a (2.21)
1
Van, =—x-(n—mn)+ 5+ 5%as (2.22)
3 1 1 1 1
Viw = 20w+ Zln—n> =2 —n) - (n+n) = ZIn+n* + 5p+ %3 (2:23)
4 4 8 2 4
3 , 1 1 , 1 1
Vaw =2ww+ <n—n"+-(—n)-(n+n) — cIn+nl"+ 50+ ;%3 (2.24)
4 4 8 2 4
1
Vatryx + §trxtrz = 2wtry + 2divy + 2|Q|'2y +20-X-X (2.25)
1
Vstry + §tTKtrX = 2wtry 4 2divy + 2> + 2p — X - X (2.26)
1 N 1 N A
Vax + §trXX = Von +2wx — 5”&92 +nen + Tap (2.27)
1 N 1 N A
Vsx + 5757"&)2 = V&n+ 2wy — §tr>@ + &N + Tap (2.28)
N 1 1 1 1
divy = §VUX - 5(77 -n) (X — 5’01")(7) - B+ 55(647 ) (2.29)
A 1 1 1 1
divy = §Vtrx — §(ﬂ —n)- (X — itrxy) - B+ 5‘3(63, ) (2.30)

curln = X A X + o€ = —curly (2.31)
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The Bianchi equations then read as follows:

Vsa + %tr&a =V&B +dwa = 3 (Xp + "Xo) + (¢ + 4n)@P
— DsRap + % (DpRya + DaRyp) + % (DsRaz — D3Raa) ¢ , s,
Vi + 2trxf = diva — 2wf + (n — 2¢) - o + % (DyRya — DaRyy) ,
V3B +trxf = Vp+ Vo +2wB +2x-B+3(np+ "no) + % (DaRys — DyR34) ,

3 1
V4U+2trxa——d1v 8+ X-*a—(§+2g)~*ﬁ——(DﬂR4y Dy, Ray,) €' 34,

2
3 1.
Vso + Qtrxa = —div*p + o X —(C+2n) "B+~ (D Rs, — 0D, R3,) €34,
3 . 1.
Vap + Etrxp =div f — oX -« +(C+2n)- 8-+ (D3R44 — DyRy3),
3 . 1.
Vsp+ §ter = —div — X o +(C—2n) B+~ (D3R34 — D4Rs3),

Vi +trxf=—-Vp+ Vo + 2w +2%- 8~ 3( np — 770) — 5 (DaRy3 — D3Rya),

Vs +2trx8 = —diva — 2w +n-a+ 5 (DAR33 — D3R34),
Vaia + %trxg =—-VRB+4dwa—3 (Xp — *Xcr) + (¢ —4n) &8
~ DsRap + 3 (DaRss + DiRsa) + 3 (DsRos — DaRis) g
Moreover, the Yang-Mills equations,

Dy FP qux+ DyFP g+ DAF g, = 0, g*P Do FP g, = 0,

take the following form:

o~ 1 o~ kA~
Vol + §trng =-—Vpl'+ Vol -2 *QUF - QQpF +2wal” — % - af,

~ 1 N .
Vsa® 4 Strxa” = Vp! 4+ Vol — 200" + 20" 4 200’ — %",

Vap" = diva® —trxp” — (- 1) - of,
Vio" = —curla” — trxo™ + (n — 1) - *a”,

Vap® + trxp’ = —diva® + (n - n) - F,
630’F + trXUF = —(ﬁgF + (77 — Q) Fal

13

(2.35)

(2.36)
(2.37)
(2.38)
(2.39)
(2.40)
(2.41)
(2.42)

(2.43)

(2.44)

(2.45)

Remark 1 (An important renormalization). As in [4], the analysis will take place using the renormalized
quantities A% and ﬁR introduced in (2.14). The benefit of using these, as also explained in [4], is that the
Bianchi equations can then be expressed in a way so that the right-hand sides of the equations are directly

expressible in terms of the Ricci coefficients and the curvature and Yang-Mills components.
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2.5. Integration

Let U be a coordinate patch on a 2-sphere S, ,, and let py be a partition of unity subordinate to U. For
a function ¢, we define its integral on a 2-sphere as well as on the null hypersurfaces H, and H,,.

/¢ Z/ /¢> pu - \/detydde?, (2.52)

/ :Z// /¢ 2py - Q- /detyd'do? du/, (2.53)
H,,SO’H) U 0 —oco —00

/ =Y / /¢> 2py - Q- +/detgdd d? du. (2.54)
0o, U) Uum —00 —00

For a spacetime region Dy, ,, = { (v, v/, 0",6%) | uo </ <u,0 < < u}, we define the spacetime integral

u u

/¢ Z////qb pu - Q2+ \/—detgdg'de? du’ du/. (2.55)

— 00 —OO

We proceed with the definition of L? norms (1 < p < oo) for an arbitrary tensorfield ¢:

615, = [ (000} (2.56)
Su,u

1617, oy = [ (010} (2.57)

Hl(LO,g)

D

612, ey = [ (000E. (2.59)

Hoo)

For the case p = oo, we separately define

[l = sup  (d,d)d (6,62). (2.59)

(01,62)ESu,u
2.6. Signature for decay rates and scale-invariant norms

Perhaps the most challenging aspect of trapped surface formation results, historically, has been the
attempt to find initial data that are, in an appropriate sense, large (this is by necessity, as is implied by
the monumental work of [11]) but also small enough to allow for an existence result of a spacetime region
that gives trapped surfaces the time they would require to form. The first such initial data set, in the
absence of symmetries, was given by [9]. Later contributions include [12], [5] and [2]. Moreover, one would
have to construct norms which preserve, at least approximately, the hierarchy present in the initial data
upon evolution of the Einstein equations. The signature for decay rates, which was first introduced in [3],
is the tool we will use in the present paper to build scale-invariant norms. These will be norms that, upon
evolution of the initial data, remain bounded above by a uniform constant (with the exception of a few
anomalous terms). For another application of this framework, see [4].
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To each ¢ € {a,g, ﬂR,éR,p, a,n,g,x,x,w,g,(,y} we associate its signature for decay rates sa(¢):

32(6) = 0+ Na(9) + 3 Na(0) + 1- Na(6) -

Here N, (¢) (a = 1,2,3,4) denotes the number of times e, appears in the definition of ¢. We also extend
the definition of s; in the same way to the set of null components of the curvature 2-form F', which we will
schematically denote by ). We get the following tables of signatures:

¢ a a BE B p o on 9 x x
s200) |0 2 05 15 1 1 05 05 0 1

Several properties of so follow:

52(V49) = 52(0), 52(V4d) = s2(V),
2(76) = 52(0) + 3. 52(99) =20 + 3.
52(V3p) = s2(0) + 1, 52(V3Y) = s2(I) + 1.

Finally, perhaps the most important property of sy is signature conservation:
52(d1 - ¢2) = s2(d1) + 52(P2), s2(P- V) = 52(9) +52(Y) and s2(Y1 - Vo) = 52(V1) +52(02).  (2.60)

This allows for the (almost)-preservation of the scale-invariant norms upon evolution, as we shall see.
For any horizontal tensor-field ¢ and Yang-Mills component ), we define the following norms:

||¢ \Y yHL(ogc)(Su&) = a_82(¢>\/y) ‘u|282(¢\/y)+1”¢ v yHLW(Su&)v (2.61)
|l v yHL% o (Su) = a—s2(#vY) |u|2sz(¢>vy) oV yHLZ(Sw)’ (2.62)
eV Y|z 1= a” 2Oy 226y Y s, - (2.63)

(SC) Su,u

Notice the difference in the u-weights amongst the definitions.
A crucial property of the above norms is the scale-invariant Holder’s inequalities that they satisfy. For
T denoting an arbitrary ¢ or ), there hold:
T2 - Tl (s ||T ez, w1 T2llLz, (50 (2.64)

uu—|‘ (sc

1
I3 Collzg 0 < ol Tl S T2t 5. (2.65)

W T2llz2 (s, (2.66)

1
111 Tallze (s, < =T ‘||T1||L(w)(su u 20

Notice that this is possible partly thanks to the signature conservation property (2.60). In the region of
study, the factor \117| plays the role that § 3 plays in the definition of the corresponding norms’ in [12], namely
that of measuring the smallness of the nonlinear terms. The above inequalities are the primary tools that
will be used to close the bootstrap argument required for the existence part.

7 See Section 2.17 in [12].
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2.7. Norms

Let N > 3 be a natural number. Let ¢, € {w,trx,w,n,n}, ¥, € {7 p, 0 7512} and ¥, € {p, ,ﬁ ,a}
Moreover, we will sometimes use ¥ to denote an arbitrary ¥, or a ¥,,. Also, define trX =try + | i and let
yEE{pF of gF} For 0 <i < N, we define

1 1 i a% 1 i~
[ oo (u, 1) == a—%”(&2 V) Rlpe, (500 + (@2 V) 1/)g||Lg>gC)(Su,£) + mu(an) X”Lfgc)(su,g

(se)

a 1 . a 1 L~
+ WH(WV)ZU&HL?;)(SW) + m\|(a2v)ltfx||L(°gc)(su,l),

(2.67)
1 1 1
R o (1, 0) = a—%n(az Viallis 50 + 1@ Wl s, (2.68)
IS 1o
VM oo ) = (0 9 arlazs 5,0 + 10 ) Dl 50 (2.60)
For 0 <i < N — 1, define
WYMo (0, 0) = — @3 D) FaaT e (s, + ol @ 90V 5. (2.70)
Furthermore, for 0 <¢ < N+ 3 and 0 < j < N + 4, we define
1 Lnie Loni
o) = 1@V Rl 5,0 + 108D Wz 5+ T |||<a2v> pUZIREN
az
(2.71)
a 1 i 1 Ty
+ WH(GQV) trxlez (s, + m”(an) trxllz, (8.0
1, 1, .
Ria(u,u) = a—ln(azw ollg (5. + 1@V Wz s, (2.72)
VM a(u,) i= @} DV arlss s, + 1@ 9l 0 (2.73)
For 0 < j < N + 2, define
l = a 1,2
VML) = @ D) Vaa g s, + g9V Tra s s, (2.74)
Finally, for 0 <¢ < N +4+4and 0 < j < N + 5, we define the norms along the null hypersurfaces:
1 1
Ri(u,u) := s H(a?V) aHLZ () +||(a2 V)Z\IJUHL?SC)(HLO’H))’ (2.75)
1 Lo Loni
Ri(u,1) i= | (a39) BRHL; ety @D Tl (2.76)
VM = — (@) T ez, oy, (2.77)
c a’® 1SS, F2 ’
YM; := Wﬂ(az V)'Vsa HL?SC)(SM,H') du’, (2.78)
1. 1 e L
VM, = @2V o, + @G 0P o, (279)
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1 1 18 1
YM; := a—%||(a2)3 1VJ(pF’gF)”L?SC)(ﬂgum,u)) +|[(a2)i™ v FHL2 L (HG) (2.80)

We now set I'; 0, I'; 2, Ri 00, Rij2, YM; oo, YM, 5 to be the suprema over (u,u) of the corresponding norms.
Finally, we define the total norms

Fi= Y (Tioo+Rioe+YMio)+ Y. Riz+ Y. (Tja+YM;o) (2.81)
0<i<N 0<i<N+3 0<j<N+4
R:= Y Ri+R; YM:= Y  YM;+¥YM, (2.82)
0<i<N+4 0<j<N+5

In addition, we also define the following top-order total norm for connection coefficients, that is to be
controlled by means of separate elliptic estimates in terms of ', R and YM:

1 1 ~ 1
Onys,2 ::a—%H(a2)N+4VN+5)<H£§C(H1(LO,E)) + ll(a )N+4VN+5(trX,w)||£§C(H£0,g))

_|_H(a%)N+4VN+5 a ”(a%)N+4vN+5(

nHllgc(ﬂgw’u)) + m 777ﬂ)||£gc(H1(lo,g))

u 3
1 az2 1
+H(a‘2 )N+4VN+5QHE§C(HSOOW)) + / |’U,/|3 ||(a“2 )N+4VN+5X|

Uoo

2 (S )du’

uu

/ 3|| (@) NNty 2 s, e (2.83)

Uoo

2.8. Commutation formulae

Use the definition of the gauge-covariant derivative (2.12) and project it onto the topological 2-sphere
Su,u to yield

Vi, VBIGT Qayasaga, = [Da, DBIGY 0ayazaga, + (VelogQ)VaGr ga,a,a5.4,

n
cp S AP cD P
—7"“xBpVc§ QA1A2A3~~An*§ VUXBDN, 9 QA AsAs-AiC-A,
=1

n
cD P
+ 27 Pxasnp,G” Gayasaydicea,
1=1

(D4, DAlG” qa, 4,- ZR €, €a,,€1,6)G" oardin, TFT R1aG" Qa,a,.4,

—F% 46" RA1A2~~»AH+(VAlOgQ)§4gP QA Agri A, -

Notice that the last term is redundant since it already appears in the previous expression. We need to take

care of the curvature terms.
[%,@A]g ~ B+l (pF+e"))G+af G+ (n +g)64g — VG + X1

Notice that if G is not a section of the vector bundle * ® T*S ® Pag,g (Pap.g is the vector bundle associated
to P by the adjoint representation of the gauge group G on g), then a’’G does not appear and the gauge
covariant derivatives are simply ordinary covariant derivatives. For higher order commutation, we have the

following lemma:
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Lemma 2.1. Suppose G is a section of the product vector bundle * ® T*S? ® Pagp, k > 1, that satisfies
V4G = F1 and V4VI1G = Fl, then FI verifies the following schematic expression:

]3'1[ ~ Z v/ (77 Jrﬂ)-b vhg@hg
Ji+J2+Js+J4=1-1
+ > VI (4 )2V (pF 6TV TG
Ji+Jo+J3+ s+ Js=1-1 ~ ~ ~ (284)
+ > Vi) VEaf VG YT Vi) VR R
Ji+Jo+J3+Jy=1-1 Ji+Jo+J3=I
+ Y V)YV
Ji+Jo+J3+Ja=1
Similarly, for ﬁgg = Fa, and @ﬁ’g = Fl
Fi~ > V7 (n+ )2V gVTG
Ji+Jo+J3+Ja=1-1
+ Z le (77 _|_ Q)JQ %J‘ggF%J;L (pF’ O_F)@J5g
Ji+JotJs+JatJs=1-1 R - R (2.85)
+ Z le (77+E)JQVJSQFVJ4Q+ Z VJl(n+Q)J2VJ3f2
Jit+J2+Jz+Ja=1-1 Jit+J2+J3=1

+ Z V"l(n—kg)h@hxﬁ‘hg.
Ji+Jo+ I3+ =1

Proof. For I = 1, this identity is clearly satisfied due to the calculations above. Assume, it holds for J = I—1
and show that it holds for J = I. We omit the proof and refer to [4]. O

Remark 2. In both of the expressions, one can replace (3 resp.) by the re-normalized curvature Bﬁ =
Ba — 1Rsa (EIZ =8, + 3 R34 resp.) and remove the quadratic terms o (o', o) (a'(p*', o¥") resp.). By
moving the top derivatives of G multiplied by try from the right hand side to the left hand side, one may
also obtain

I ~ ~
Fi + 5trxV'G ~ > VI (n+n) 2V pRV g
Ji+Jo+J3+Jy=1—-1
+ Z v/i(n +Q)J2$JSQF$J4Q
Ji+Jo+J3+Jy=1-1
+ Z v7i(n +Q)J"‘§J3]:2
Ji+Jo+J3=1
+ Y V) VhRVg
Ji+Jo+J3+Ja=1

+ Z v (77+Q)'12+1@J3trx§hg.
J1+Jo+Js+J4=1—-1

Finally, if one takes into account the identities

1 1 1 1
B =—(divQ)a+ sVatrx — = ((n—n) - (X — =trxy) | — =Rua,
2 2 2 L2
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N 1 1 1 1
gf{ = (div X)a — zVatrxy — - | (n —n) - (X — 5trxY) + = R34,
2 2 2 L2
we arrive at the following identities:

Fh~ Z v/ (n+ Q)J2§J3]:1
Ji+J2+J3=1

+ > VEm+ VR (R ) VG
Ji+Ja2+J3+Jy=1

+ > VI (i +n) VT (R, ) VG
JitJo+Js+Ja=T—1 (2.86)
+ Z VJl(n+Q>J2§J3QF§J4(pF,UF)§J5g
Jit+Jo+Js+Ja+Js=I—1
+ Z V'h(n—i—ﬂ)h@'koﬁ@'}“g

Ji+Jo+J3+Ja=1-1

C

and

I ~ ~
F+gtnVig~ > V@ +nhViE
Ji+Jo+J3=I

+ Yo Vi)V (R ) VG
Ji+Jo+J3+Ja=1

+ Z le (17 + Q)JZJA@JBU"X%‘MQ
Ji+Jo+J3+Js=1—1
Ji Ja+1ods (o S s (2.87)
+ > V7 (n+ )2V (1, try) VG
Ji+Jo+J3+Js=1—-1
+ > VI 0+ )2V V(" o) Vg
Ji+Jo+J3+Js+Js=1—1
+ Z V‘h(n%—g)‘h@‘th@J“Q.

Ji+Jo+Js+Ja=1-1

Cy

Remark 3. Note that the commutation terms C; and Cy are produced because of the non-abelian (and
hence non-linear) characteristic of the Yang-Mills theory. For any section of the bundle ®*T*S,, ,,, C; and
Cs drop out.

2.9. Gauge-invariant inequalities for scale-invariant norms

Let the space-time gauge covariant derivative be denoted by D and let its projection on the horizontal
direction, i.e., on the topological 2-sphere, be denoted by V. More precisely lA)H =D, +[A,,] and @A =
Va+[A(ea), ], where V is the horizontal component of the usual spacetime covariant derivative D. For
GeT(N®T*S ® Pap,g), we define the gauge-invariant norm as follows:

‘g|2,5 = gP QA1A2A3""ANQQ PBleB?,"“BN’YAlBlVAQBLYA?’B:; to "YANBNv (288)
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where repeated indices P and (Q represent the inner product with respect to the metric § on the fibers of
the vector bundle P4p 4. Notice that due to the compatibility of the fiber metric ¢ with the connection V,
we have the following

VIGE 5 =2(VG,G).s, (2.89)

where ( ,) s denotes the joint inner product induced by the metrics v and . Clearly |g\§,5 = (G,G)~.5.
Now we proceed to define the LP (1 < p < 0o) norms of an arbitrary section G € (N @T*S ® Pap.g):

19105, i= [ 9.9 5 1910y = [©.0) 5 1910, = [10.0F,  (290)
Su.w H, H

YU U

In the case p = oo, we define the L* norm as follows:

G (s,0) = ,Sup (G.G)2 5. (2.91)

U, U

In order to establish Sobolev inequalities on S, , (note that these topological 2-spheres are evolving in
spacetime), we need to have estimates for the metric . These are carried out in Section 3.

2.10. Yang-Mills pair integration

To close the energy estimates for curvature and thus establish semi-global existence, we ought to obtain
energy estimates for the Yang-Mills fields. To that end, instead of using the Yang-Mills stress energy tensor
to construct suitable currents, integrate over the bulk D, ,, and control the error terms, we directly utilize
the manifestly hyperbolic character of the null Yang-Mills equations. However, since the gauge covariant
derivative appears in the equations instead of the ordinary covariant derivative, we need to be careful while
performing a direct integration by parts procedure by means of the equations. As we shall see, we once
again utilize the compatibility of the gauge covariant derivative with the metric on the fibers of the bundle
P4p,g. We briefly sketch the procedure here, even though we will perform the actual energy estimates later.
First recall the following integration lemma:

Lemma 2.2. Let f : M — R be a gauge-invariant object on the spacetime. The following integration by parts
identities hold for f:

[ vt :ﬂ/u f —ﬂ[a s [ =m0 (2.92)

Dyu

u,u

and

[ vit=[ 1= [ 1+ [ u-mor (2.93)

Dy H, Hy, Du.y
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Proof. The proof is a simple consequence of the following integration by parts procedure:

Joa-far]( ] o)

u u’

=/du/ d,/fQ/‘w /faQ Qtrw Ouy )y ¢ dut!
:/du /fQMW //fm7 /f?wftrx

Sur u wo Su'uo

1= [ e

== —uo

The other part follows in a similar fashion. O
Proposition 2.1. Null Yang-Mills equations are manifestly hyperbolic.

Remark 4. Note that this is natural since the Yang-Mills equations are derivable from a Lagrangian and as
such they are equipped with a canonical stress-energy tensor.

Proof. The integration lemma can be utilized to prove the manifestly hyperbolic characteristics of the Yang-
Mills equations while expressed in the double null coordinates. First consider the null triple (af’, p¥', o)
and recall their gauge covariant evolution equations

~ ]_ ~ * o~
Vol + itrng = _Vpl'+ Vol -2 *QUF — QQpF + 2wal” — X af, (2.94)
Vspt + terF = —diva® + (n—mn) -af, (2.95)
Vaol + trxo” = —curla” + (n—n)-*a". (2.96)

Now define f; := |af’ |v s fa=Ip" 7 s, and f3 == |oF 375. With these definitions in mind, let us apply the
integration lemma to f1, fo, and f3 to yield

/ Vafi+ / Vsfs + / Vsfs = / fit / fot / fs— / fi (2.97)

—uo

/f2—/f3+/ Qo-tw)fi+ [ (u-mn)fa+ o)

D, ,u u,u

In order for these equations to exhibit a hyperbolic characteristic, the left hand side should simplify to
terms that are algebraic in o, p, and ¢ upon using the null evolution equations. Now we note the
most important point: fi, fo, and f3 are gauge-invariant objects and therefore we have the following as a
consequence of the compatibility of the gauge covariant connection V with the metrics ~v and ¢ of the fibers:

Vafi = 2(a”, ViaP), 5, Vafo = 2007, VapT )5, Vafs = 2(cF,V30T), 5. (2.98)

Now we only focus on the principal terms for the hyperbolicity argument.
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(@F ViaF), s = (@, —Vp! + Vol +. ) ;5

- - (2.99)
= —div(a®, pf'), s + (diva®, p¥'), 5 + div* (@, o), 5 + (curla”, oF) + Lot
(0, TP )y s = (pF, —diva + )5 (2.100)
<O’F7§3UF>%5 = (¥, —curla + - “)ry,8- (2.101)
Now upon addition, we have
(", 64QF>%5 +(p", §3PF>%5 + (0", §30F>%5
= —div(a’, pT)y.5 + (dival, p7), 5 + divi (@, oF), 5 + (curla?, o7 2.102)

— (pF,d/i;ngM,g — (o, (Z/LI?IQF>%5 + Lo.t

= —div(a®, p¥), s + div (a’, o"), s + Lot

which, upon integration over the topological 2-sphere, yields terms that are algebraic in of’, pf', and of.
Here (o, p™'), 5 = (@)F qup(pF)? p ¥ and *(af',0F), s = (e gupp? p b. The most vital property

that is utilized here is the compatibility of the connection V with the inner product ( , ), induced by
the fiber metrics v and ¢ together with the Hodge structure present in the null Yang-Mills equations.
Notice that nowhere in the procedure did we require explicit information about the Yang-Mills connection

1-form AP Qudx*. The remaining Yang-Mills null evolution equations may be utilized in a similar manner

to obtain energy identities associated with the triple o', p’, . This concludes the proof of the hyperbolic

characteristics of the null Yang-Mills equations. O
3. Preliminary estimates
3.1. Preliminary bootstrap assumptions
We will be employing a bootstrap argument to obtain a priori bounds on I, R and YM. Along the initial
hypersurfaces H,_ and H,, an analysis of the initial data using transport equations (see for example,
[LukLocal]) yields
o+ Ro+YMy ST
Our goal is to show that in the entire region
D= {(u,g,91,92) | Uoo Su<—%,0<u< 1}
there exists a constant ¢(Z) = Z* +Z? + Z + 1 such that
'+R+YM <ce(2).
We assume, as a bootstrap assumption the following;:
'<T, R<R, YM <M, (3.1)
where I'; R and M are large so that

'+ I+ T+ 1< min{l, R, M}
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but also such that

(T+R+M)* <qais,

3.2. Estimates on the metric components

For the metric component (2, the induced metric v of S, , and for the area of S, ,, the following propo-
sitions hold:

Proposition 3.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), we have

r
12 =t s S 1
e~ Tl

Proposition 3.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there exist two
constants ¢ and C depending only on the initial data such that the bounds

c < dety<C,

and

asl+ apl < C
hold throughout the slab of existence D.

Proposition 3.3. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), fiz a point
(u,0) on the initial hypersurface H,. Let A(u) and A u) be the largest and smallest eigenvalues of
v (u,0,0)v(u, u, ) respectively, along the outgoing null geodesics emanating from (u,0). There holds

A ) — 1] + [Mu) — 1] S

a?2

Proposition 3.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), for the area
of the 2-sphere S, ., there holds

sup|Area(Sy.) — Area(Syu0)| S

1
u az
The proofs of Propositions 3.1 to 3.4 are the same as in [1].

3.8. Estimates for transport equations

We shall be using two fundamental bounds on transport equations throughout this work.
Proposition 3.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following

hold for an arbitrary G € T(NQT*S ® Pap g):

19112, ($00) S NGz, (s, 0+ [ IVaGllL2 (s, ) d (3.2)
) Coe) (S Cse) (S

% —r
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a A~
1612, (50 S NGN22,, (500 ) + / WHV4QHL?SC)(SM&) du’ (3.3)

There are, however, cases which are borderline and require more delicate control than what the above
Proposition provides. These have to do with components X satisfying an equation of the form §3X =
—AtrxX + ..., where A > 0. Keeping in mind that try is the worst Ricci coefficient in terms of peeling, one
would hope to be able to get rid of its appearance and thus obtain stronger bounds regarding the peeling
properties of X. The following weighted transport inequality achieves this.

Proposition 3.6. Let G, H € T(N®T*S ® Pap.g) and assume that the following equation holds:
V3G + o trx G = H.

Then, under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following is true:

u

[l 16125, ) S Tuoel 1G]l 25, ) + /IU’IMHHIILQ(su,&) du!

Uoo

fOT' )\1 = 2)\0 — 1.
Proof. The variation of area formula for a scalar function f reads:

Lfi=[rLrenus= [ @) +ux). (3.4)

Su,,g Su,u Su,,g

Plugging in f = |u|*** |Q|3 s and exploiting the compatibility of the gauge-covariant derivative with the fiber
metrics v, §, we calculate:

L / (G2

Su,ﬁ
= [ 2 (=2MuP e @GR 5 + 2u (G, Fag),. 5+ tr [ G ) 55
Su,g
2X < o [ —2Mes(u) 2
= [ (21 (G, VaG + AotrxG)rs) + [ Qul? — =2 ) G
Su,ﬂ Su,g
Notice that
—2
—2Mies(u) + (1= 2X) trx
Jul =
20 (7t -1 22X +2-—4)
S22 oy o - P2 (5.6)
Jul = ul |ul
< r

where we have used the bootstrap assumption |[try + % | 2o0 (S0.0) < # and the definition of A;. For the
first term in the last line of (3.5) we then use Cauchy-Schwartz and for the second we apply Gronwall’s

inequality to get:
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A
a1 L2 (s,.0)

u
llu—2
Se [J HLllL |uOO|A1||g||L2(Suoo7£) —+ /lu/|/\1||HHL2(Su,/,E) du/
Uoo

u
smmﬁwaua&w@+3/wwwnwmwwﬁdw,
Uoo

—2
where we have used the fact that e " 2} <el/e <1, @O
3.4. Sobolev embedding

With the derived estimates for the metric 7, we can obtain a bound on the isoperimetric constant for a
topological 2-sphere S:

in {A U), A Ue
I(S) = sup min { re.a( ), Areaf )}. (3.8)
Ucs, auect [Perimeter(0U)]?
The following proposition yields an upper bound for I(S).

Proposition 3.7. Under the assumption on the initial data and the bootstrap assumption (2.10), the isoperi-
metric constant obeys the following bound

I(Suu) < (3.9)

3=

for u € [us, —%] and u € [0, 1].

Proof. Fix a u. For U, a subset of S, ,, denote by Uy C S, the backward image of U, under the diffeo-
morphism generated by the equivariant vector field L. Using Propositions 3.2 and 3.3 and their proof, we

Perimeter(0U,,) ;
NIV S finf
Perimeter(0Uy) — 51{10 Aw)

Area(U,) det(y,) Area(Uy)
—— % <sup = £° < sup :
Area(Up) ~ s,, det(yo)  Area(U§) ~ s, , det(yo)

can obtain the estimates

and

det(yu)

The conclusion then follows from the fact that I(S,,0) = % and the bounds from Propositions 3.2, 3.3. O

Throughout this work, we will be using an L? — L Sobolev estimate. To obtain it, utilizing the basic
estimates above, we may proceed to write down the following gauge-invariant Sobolev inequalities for the
topological 2— sphere S.

Proposition 3.8. Let (S,v) be a Riemannian 2-manifold with the isoperimetric constant 1(S). Then the
following Sobolev embedding holds for any G € T(N@T*S ® Pap q)

(Area($)) 7 1Glacs) < Cp (max(1,1(S)* (VG llza(s) + Area(S) HGllizs))  (3.10)

for any p € (2,00).
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Proof. We know that the standard Sobolev inequality with p € (2, c0)

(Area()) 7 [fllzo(s) < Cp (max(1, 1())* (IIV/1]z2(s) + Area($) | fllza(s) ) (3.11)

holds for a function f. Now we set

f = \/gP QA1A2A3““ANgQ PBlB2B3“"BN’7A1BI’YAQBZ’YABBS T "YANBN + € (312)

with € > 0 to yield

IV FllL2s) = | CINEIER, |lL2(s)
\/gP QAlAQAS"“ANgQ PBleBs'--‘BN7A1317A2B27A3Bs T "VANBN te

< H |g|%5|vg|%5 ||L2(S)

— b
\/gP QA1A2A3""ANgQ PBlB2Bs“"BN7A1BI’YAQBZ’YASBB e "YANBN +e€

since f is a gauge-invariant object and the gauge covariant derivative is compatible with fiber metrics ~
and §. Substituting this inequality in (3.11) and taking the limit € — 0 yields the desired gauge-invariant
Sobolev inequality. O

Proposition 3.9. Let (S,v) be a Riemannian 2-manifold with the isoperimetric constant I(S). Then the
following Sobolev embedding holds for any G € T(N@T*S ® Pap.g)

1112-<(s) < Cp (max(1,1(5)))* [Area($)]F 5 (VG ]|uo(s) + Area($) | Gllnis))  (3.13)
for any p € (2,00).

Proof. A calculation similar to the previous one and the standard L°® — LP Sobolev inequality on the
Riemannian manifold (S, ) yield the result. O

The two inequalities above, together with Propositions 3.1-3.4, allow us to control the L?-norm of G in
terms of its H2-norm. Following the area estimates, we have Area(S,.) =~ u®. Therefore, we obtain the
following important inequality.

Proposition 3.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following
Sobolev embedding holds for any G € T(NQT*Sy,u ® Pap.g):

G50y S D ul"'V Gllz2(s, ) (3.14)
0<I<2

which, in scale-invariant norms, reads

Lo
1911z (500 S D N@2V) Gl (s,.)- (3.15)

0<I<2

Proof. Substitute p = 4 in the previous proposition (3.13) and estimate the right hand side by means of
(3.10), the estimate on the area given by Proposition 3.4 and on the isoperimetric constant of S, , given
by Proposition 3.9. O
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4. Scale-invariant estimates on the Ricci coefficients and Yang-Mills components
4.1. Preliminary estimates

In this section we list some necessary and useful estimates, to be used extensively in the following sections.
Let

Finally, we note that by Vilw;Q we mean an expression of the form
Vkg, .. VEizg,,
where k1 + -+ ki, = i1

Proposition 4.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following
hold:

1
S @ s, <,
i1+i2<N+4
1o e e
Yo Il (g, 1)l s, < T
i1+iz+i3<N+4
2
ST by e (g, )V (g, Tl s < 1
i1+ia+iz+ia<N+4 e - |u|
1 F?’
Z H( 2)z1+22+13+z4+lsvll’l/112vl3(wgv )V’ (wg, )VZ (i/fg, )”L(SC)(Su u) = ‘u|27
i1+i2+i3+ig+is <N+5H
S @), o ) <T,
U, -
i1+i2+i3<N+3 K
F2
Yoo Byttt g () T)VE s (s, ) < T
i1+i2+i3+ia<NH+3 ‘
L ~. ) 3
Z ”(a%)11+12+l3+24+15vz1w;2vzg(wg,T)vu(ﬁ)g’T)V%\IIHL(?H)(SH&) < 120
i1+iztiztistis <N+3 |ul
S @)t s ) <T,
i1+i2+is<NH2 =)
INi1+iotis+iaTit )i Cris iq I
> @) VIRV W, TV T s < T
i1+i2+i3+ia<N+2

Proof. We only prove the first two statements and the rest follow in the same way (see also [1] for more
details), taking into account the bootstrap assumptions (3.1) and the fact that these assumptions help us
control up to N + 4 derivatives of (¢4, ), N + 3 derivatives of ¥ and N + 2 derivatives of Y. Working on
the first inequality, we see that if i3 = 0 then it trivially holds, since

22, (80) = lul-
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If i > 1, we write V“lﬁ? as Vklwg A A g, for ky + -+ + ki, = 41. Assume, without loss of generality,
that k;, is the largest among the coeflicients. We then write

( §)Zl+12v11,¢}12 :( 5)iz(GEV)I“Q1/JgH§\2;11(a5V)’“1/Jg

and proceed to bound (a2 V)* 29, in L?

(sc)

and the rest of the terms in LS ). By iterating (2.66) a total of
(i2 — 1) times, we obtain

ll 1 3 1
=3 @B EVEYR s,

‘u| t1+i2<N+4

1 (a%)i2 1 k
<L R vyl s T @ e s (1)

> )
‘u| i1+i2<N+4 |U|12

1 2
< a2l <1
|ul

Moving on to the second inequality, if io = 0, it trivially holds by the definition of I'. If i3 > 1, in the case
where i; < N 42, we bound (a2 V) (1g,T) in L%sc) and the rest of the terms in L{3 ), thus getting a bound
of

1
|ul

(a% )izl"iz-‘rl

2

: ||( E)ZlJﬂQV“d)Zz||L(sc) Su, u) : ||(a§v)i3 (1/}9’ T)HL%sc)(suy&) S S F

If, on the other hand, 77 > N + 3, we bound (Q%V)i“ (1g,T) in LE"J) and the rest of the expression in
L%SC). Using the bound obtained in the first inequality of the proposition, we then arrive at a bound of
L. ju| - T =T. The result follows. O

Jul

4.2. Estimates on the Ricci coefficients

Proposition 4.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

1
a2
S @ VYl (5,0 S —or (L+ RI).

i<N+4 |u‘

Proof. We begin by recalling that w satisfies the schematic equation

1
V3UJ = Ep + wgwg + ygyg-

Crucially, the schematic product ), ), is gauge-invariant (in this case, it equals [p'|> + |o¥'|?). Using the
commutation formula (2.87) and the notation of Section 2.7, we have, for a general i
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% i % % i1 ,/,82 i i1 /%2 {71 Q4
VsVio+ otixViw =Vip+ 3 Vigptivip s Y 0 VIRV iy,

i1+i2+iz3=1—1 i1+i2+iz3+ig=1
+ Z Vit 1/122 @isyg%z};yﬁ + Z vi wgz vis (X’ t&)vuw
i1+io+i3+iga=1 i1+i2+iz+ig=1
+ Z V“wéﬁlvm trxvi“w (4.2)

i1+i2+iz3+ig=i—1

+ Y VIR (R ) Vi
i1+i2tiztig=i—2

+ Z vi1 w;z 67;3 ygﬁmyﬂvisw

i1+io+iz+igtis=i—1

Note that since w is not a section of the vector bundle * ® T*S ® Pyq,g, the last term on the right-hand side
of (2.87) does not appear. Passing to scale-invariant norms, we get

l(@*Vywlire (s, .
u
1 ; a
SI@*Vywlzs (s, 0+ / i@ VYol s,
Uoo

a 1 K2 X3 K3
/ > Tl Vs s, v

i1+12+13=1—1

LNixgin, ) iavi i
[N SRl s,

. W1tiatiztis=i
s

DS

o, U1tiztiztig=i
oo

a 1 i Lo~ ~ .
O VTR Dl

u
+ / >l Ve @ m Vil s,
Uy P1tiatiztia=i
u
a
+ > WII( @) VIRV Vil (s, ) du’
Uy Wtiztiztia=i—1
u
a 1. . ; i A i
- > [u/[? (@) Vgt IV (%, trx) Viwllze (s, ) du/
o W1ti2tiztisa=i—2
u
a 1. . Lo~ = i5
+ 2 WH(a%)lV“%QV“J@V“J’N““HL?“)(SM) du' -

. 1tiztiztigtis=i—1
oo

For 0 < i < N + 4, the first term, by virtue of the fact that {2 = 1 initially, vanishes. The second term can
1

be bounded, using Hoélder’s inequality, by ‘alzl R[p]- The third, fourth and fifth terms can be bounded above
ul 2

by
/ o aI‘2 < az
[u'2 IU’I =P = julz
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The sixth term is controlled as follows:

INIXTIL 2 T3 (O fon) T
/ > Tl R Vel s,

i1+i2+i3+iga=1

Uoo

(4.4)

a \u’| r2 ' < azl? _ gz
~Y

IU’I2 a’ /|

The seventh term is controlled as follows:

u

a L . . .
Z _|u/|2 || (a% )zvu ¢;2+1v13trxvl4w||L(QSC) (Sur 1) du’

., itiztigtig=i—1
oo

a \u|2 rso, F3< az

|UI|2 a |u/|2

For the eighth and most borderline term, we estimate:

u
a . . . . .
> — (a2 Vit (R e ) VW] 2 (g, i
i1 intigtia=i—2 || (e
Uoo M1 TE2TEITU4=1—
S ) () Vil du/’
/|2 a g XX WILE, ) (Sur ) 4¥

we Wtiztizgtig=i—2
oo

af [P TP _adT% _ at
u
2l

~ W2 a |u

Uoo
Finally, the ninth term can be estimated as follows:

u

a 1~ o ) /
Z ) 1o/ (a2 )ZVZI'L/);QVzSyHVMyEV%MHL?SC)(SMI&) du
e, T1tiatistiatis=i—
a% F3 ’ a%
~ |u/|2 |u/|2

Uoo

|ulz
The result follows. O

We move on to estimates for ¥ and ¥, which are the same as in [4] or [1], because of the absence of matter
terms in the corresponding structure equations.

Proposition 4.3. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there hold

1

az 1 1 1
> @ s S 1 X @) R s, S Rlal 41
i<N+4 i<N+4 @7

Proof. This is the same as in [1]. O
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Remark 5. As will be shown later on, there holds

1 1\
Yo li@Evyiale s, ST
0<i<N+3 @*

As a consequence, when i # N + 4, the result of Proposition 4.3 can be improved to

1 L vin
Z —ll@>V)'Rllez (s..) S 1-
o<i<N+3 @*

By Sobolev embedding, this also implies the pointwise estimate

1 L \in
Yo @) Rl su0) S L
0<i<N+1 @2 -

This will be useful later on, for example in Proposition 4.6.
The estimates for w are, in a sense, dual to those for w.

Proposition 4.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

T AvAY
Yo M@ Vywls s, . < Rl +1.
i<N-+4

Proof. We have, schematically,

1
V4g = 5!’ + ¢gwg + ygyg'

As before, the schematic product of the Yang-Mills components is gauge-invariant. Using the commutation
formula (2.86), we have, for a general

ViVie =Vip+ Y VigRHVEp4 N VIR Vg, Vi,

i1+io+i3=1—1 i1 +i2+iz+ia=1
+ E VaprVE YNV Yy, + Z Va2V (X, trx) Viw
i1+i2+iz3+ig=1 i1+i2+i3+ia=1

+ Yoo VEtVE (R tr) Vi
i1+i2+igtig=1—2

+ > Vi ViEaf Vi (pf of)Viw,
i1 +i2+iz+igtis=i—1

. . . . 1 i .
Passing to scale-invariant norms, we have, since ||(a2 V) w|| L2, (Su0) vanishes,
sc i
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—

AvaY
a2V)'wlrz, (su.)

!
u

< 1@ vyola s, ) du

/\

+

ST @) Vil

)du’
(SC)
i1+i2+iz=i—1

+

(]

1
@YV g T, Tl (s,
i1+i2+iz+ig=1

i i1, 427 n (49)
@)V YT Dl s
i1 +i2+i3+ia=1

uu)

_|_

w,ul)

1
I(a2) VA2V (%, ) Viwll 2 (s
i1tio+iz+ig=1

du/

u,g’) —

_l_

(2" Vgt Ve (x, ) Viwl 2.
i1+io2+ig+ig=1—2

+

J’_
O T T T T T T

M

1o~ ~ . )
[(a2)' ViR Visal Vi (ph, UF)V%HHL%SC)(S%H,) du'.
11 +i2+i3+ia+is=i—1

For 0 < i < N + 4, the first four terms are controlled as in Proposition 4.2 and are bounded above by
R[p] + 1. For the next terms, there holds

/ > laz) V“w“V"”’(X,trx)V“wllLQ (8, ) At
0

i1+i2+i3+ig=1

u e
Sfab 3 eV OV s s, (410)
0 iitiatistis=i az az
12
§a2F <1
|ul
Working similarly, there hold
u -
| (@) T R ) Vil s, S T S (1)
0 +12+13+14 1—2 | |
[ az I3
/ (0 TuieTar T o Nl s, S T ST (@a2)
0 11+22+13+z4+15 i—1 B u

The claim follows. O

We move on to estimates for 7.
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Proposition 4.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

TAvAY
Y M@Vl s, S RIBM+1.

0<i<N-+4

Proof. We begin with the schematic structure equation for #:

Van = B% + (%, trx) - (n,n) + " Yy,

with the product of Yang-Mills curvature terms being once again gauge-invariant. Here, the ), term is
(pF',of"). Using the commutation formula (2.86) for the V,-direction, we have

VaVin =i+ YT vhgrtivegiy N VYRV (R, trx) VE (n,n)
i1+i2+ia=iv—1 o N i1+i2+i3+ig=1 - N 4 (413)
+ Y VRrEvEaiVY, + > Vi Visal Vi (pF, o) Vi,
i1+i2+iz+ig=1 i1+i2+iz+igt+is=i—1

Estimating in scale-invariant norms, we have

L\i T AvAY
1@z V) nllzz (s, S [ 1@2V)B% 2 s, du’

w,ul)

+

1
Yoo )it (s, ) du
11+io+iz3=i—1

ST (@) ViR VE (R trx) V(1) e
i1+i2+iz3+ia=1

<SC)

_|_

(]

I(a2) Vv ViVl 2 (s, .
i1+i2+iz+ig=1

+

+
O — i T T T O——

> I(@2)' Vi Vsal Vi (pF o ") Vol (s, ) du

11+io+i3+ia+is=i—1
For 0 < i < N + 4, the first term is bounded by R[3%]. The second term is bounded by

w

u -
/ ( %) Vuwzz-‘rlvzgﬁRHLQSC)(Suu )dg/ < o <1 (4.15)
0

i1+i2+i3=1—1 | l

Notice that, since i3 < i —1 < N + 3, we can bound i3 derivatives of 3% using the bootstrap assumption
(3.1) on the total norm I'. For the third term there holds

u | ) .
/ [[(a %) Vn'l/)hvm () VA (0, 1) || L2 (s ,)dg’ < az <1
0 11+22+13+14 i - (se)\Pu,uf |u|

Here we have picked up an az-term because of the existence of X in the expression. For the fourth term, we
have
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1
az0?

<1
|ul

~

u
1 i 2 3 Foi <
/ l(@d) vl T (0 0P s (s, ) S
0 11+12+13+l4 4

and finally, for the fifth term, we have

(a2)' Vi g2V a Vi (0" o)V 2 (s, ) du/

(4.16)

du’
L?SC) (Su,gl )

1. . Lo~ aF ~ . .
(a?) "Wy (—) Vi (p" ")V

a2

u

0/11+12+13+14+25 =i—1
u

0

i1+12 +13+14+z5 i—1
al®

Juf?

A

<1
The result follows. O

Proposition 4.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

PAvaY
> @V irdlee (s, S Rla] + YM[p®, of] + 1.
0<i<N+4

Proof. We begin by recalling the schematic equation

Vatry = |>A(|2 + gty + |aF|2-

Commuting with ¢ angular derivatives using (2.86), we obtain

VaVitex = D VORVERVE(R )+ Y VIRV Vi,
i1+io+i3+ia=1 i1+i2+i3+ig=1
+ Z Vit 7/};2 @ig aF$i4OcF + Z vi wgz-i-l vis (%, trx)vu% (4.17)
i1+i2+i3+ig=1 i1+ig+iz+ig=i—2
+ Z Vil w;z @iaaFﬁu (PF, 0F>vi5 wg.
i1+io+iz+igtis=i—1

Passing to scale-invariant norms, we have

1 % [ 1 i1,/ % i
([CEAY) trx||%<su,ﬂ>s/ Yo @) VR VERVE (R )2, s, ) 4
0 “1tiztiz+is=i

[ @R s,
0

i1+i2+i3+ig=1

% i1,/02 23 FS 1,4 R /
+ / > @) VrETEal a5 du (4.18)
0

i1+i2+i3+ia=1
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[ INivTin,)i i3 (¢ i
+f (@3 T (3, ) Ty (s, e
0

11+12+13+Z4 i—2

/ I(a2)' Vg2V Ba Vi (0" ") Vol 12 (s, ) dud.
0

i1+-tis=i—1

From the first term, the most dangerous case is when i, falls on X, so we only give details for that. We
distinguish two cases:

e If in the term V“W? there exists some 1, whose derivative is of order > N 4 3, we bound that

term in L(sc) and the rest of the terms in L(ofjc) Notice, crucially, that from Remark 5, we can bound

(a2 V)Xl e

2 () < a? for small i. As a consequence, we have the bound

u v 2

LVigin ) i2 s o i (¢ < I(a* V)% ”Luc)(su&) <
[(@2)' V2@ VERVH (R, trx) 22, (s, 0 AU S S
0

) [u
71442+43+44 i

o Otherwise, in the expression V3 {Vit¥, at most one index i3,y is greater than N + 1 (in which case,
we cannot bound that term in L‘(’jc)). Say without loss of generality, that i3 > N 4 1. We bound
(a2)13 IVisg in L(SC) above by R[a] + 1 and the rest of the terms in L(SC) above by 1 (using the
improvement mentioned in Remark 5), whence

u
/ (@) ug VERVH (R )z, 5,00 S (Rla] +1) - L
0 n+m+m+m i

The second term is handled as in the previous propositions. For the third term, we can bound

u
/ (@) Vi Vsal Tiar |, s, ) du' S (EMp" 0" +1) -1,
0 n+w+m+u i
using the same idea as for y and the improvement given in Remark 6. The last two terms are bounded
above by 1, as in previous Propositions. 0O

Proposition 4.7. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following
estimates hold:

1 NG a 1 ;
a2 @V s S e 3 1@V 6., S 1
0<i<N+4 0<i<N+4

a

Proof. Notice that try satisfies the following structure equation:
™%

1
Vstry + g(trx)2 = —|x> — 2wtry —

Commuting with ¢ angular derivatives using (2.87), we get
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1+1

>

i1+i2+i3+iga=1
i1+i2+iz3+ig=1

i1+i2+i3+iga=1

>

i1+i2+i3+ia=1

>

i1 +i2+iz+iga=1—1

>

i1+io+iz+ig=1—2

>

ngitrx + trxvitrx =
+
+
+
+

_|_

_|_

VIV, trx) Vit
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Vi w;zvlsxvmx
V2 VB wV ity

Vi 1/122 vzggFVugF

(4.19)
Vi 1/)22“ vis ter“ try
v 1/)22+1 Vi (X trx)Vi4 tryx

vnw;z@ing@u(pF’OF)vistrX =@,

i1+iz+iz3+igt+is=i—1

Passing to scale invariant norms and using the weighted transport inequality from Proposition 3.6, we obtain

a 1 : a 1 :
@2 V) trxllze (s, S5 1@2V)'trxllze (s, ) (4.20)
o] b () % o]
u
a? L \i /
+ WWGQV) GiHL(Qsc)(S ’ ) du'. (421)
Uoo
We focus on 0 < i < N + 4. For the first term in G;, there holds
u u
a s 61, a3 T < a T? ' <
Wt |a? > VR VERVY Xz, s, pdu' S w mdu <1 (4.22)
Yoo i1+i2+i3+ig=1 Yoo
The second and third terms are handled in the same way. For the fourth term, there holds
“ o
a i . . S~ .
/ —|u’|4 la2 Z V2V (X, trx)V“trxﬂL(z“)(Su,&) du’
Yoo i1+i2+iz3+ia=1
(4.23)
" 2 | /|2 |u/| 2 a% 2
</“ L ' € <1
A T S A 7 (T
Uoo
For the fifth term, we bound
.
a i . . . .
/ |Ul|4||a2 Z V“w;ZHV’Bter“trXHL?SC)(Su/&) !
Yoo i1 +i2+igtig=1—1
N (4.24)
2 /14 3 3
</ o WP ae< o
A 70 L (T A 7
Uoo

For the sixth term, we can bound
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u
2
a i . . N .
/—|u/|4||a2 Z Vll,lp;f-‘rlvlg(X’ trx)vutrXHL%SC)(Su/,l) dul
Yoo i1+i2+iz3+ig=i—2

u

5
a2 i—1 . . R .
— / —|u’|4”a P Z Vuw;z—&-lvzs(x, trx)vutrKHL@@(Su/&) du/
Yoo i1+i2+iz+ig+1=i—1
5 4 3 373
<f e WP T gyl oy
L (T |ul

Uoo

Finally, there holds

g) du'

u
2
a i L ~. .
/ﬂ”aé Z V“%QV”QFV“(PFyUF)VZSUXHL% (S
S iemi N

u

:/ az az‘;l Z vilw?@iggF@u(pF’JF)vig,trKHL% )(Sufu)du/

|u/|* N
i1+i2+i3+ig+is=i—1

Uoo

[ a [u/|> T3 a? T3
- du' < —— < 1.
| e e

< .
|u a u

Uoo

Crucially, this implies that

a

RE 2 M@V, ., STHL

0<i<N+2

37

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

by Sobolev embedding. This will prove useful in the estimates for t&. For this component, we have the

following structure equation:

— — 2 —
Vstry + trytry = W(Qfl — 1) + trytry + dytry — |X|2 —aF|? := H,.

Commuting with ¢ angular derivatives, we arrive at

142

v v Y v

i1+i2+i3=1
+ Y VRYRVE(R, trx) Vitry
i1+i2+i3+ig=1
+ Y Vet VR ey Vit
i1+i2+i3+ig=i—1
D VRV (R ) Vit
i1+i2+iztig=1—2

S R e e e

i1+i2+iz+tigtis=i—1
Estimating in scale-invariant norms, we have
a 2
U

Uoo

u
1oni T a 1oni T a i ’
ﬁ”(azV)ZUXHL@C)(&%) S mH(azV)ltrX”Lfsc)(sum,g) + / WHWHZ'”L?SC)(SM&) du.

(4.30)
(4.31)
(4.32)
(4.33)

(4.34)
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We restrict attention to 0 < ¢ < N + 4. The first term

u

2

a o
/—|u’|3” Z VHT/J;QV“HOHL%SC)(SM/&)du/
Yoo i1+i2+i3=1

can be bounded above by R[p]+ R[p] + 1, precisely as in [AnAth]. The second, third and fourth of the terms
can be bounded as in previous propositions by 1. For the last term, we have

u

2
a i, )i i i
/WH > Vitgi2 Vs o Vi (pF o F ) Vs trx||LQSc>(Su B (4.35)
i1+i2+ig+igtis=i—1
| %,
/\u’|3 PNE du’ < 1. (4.36)

Here, once again, we have made use of the bootstrap assumptions on the gauge-covariantly differentiated
Yang-Mills curvature components, bounded above by I'. The result follows. O

We conclude this section with the corresponding estimate on 1 and its angular derivatives.

Proposition 4.8. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

Z (a2 V) 77||L2;C>(Su O SRIBA+ R[N +1

0<i<N-+4

Proof. The schematic equation for 7 is as follows:

1 A
Strxn =B +trxn + ek + o’ (o, ). (4.37)

1 ) ) S )
tr&vlﬂ :VzﬁR + Z Vi w;2+1v13éR
i1+i2+iz=i—1

Y VYRRV (f i)
i1+i2+iz3+ia=1

DR A A A
i1 +i2+iz+ig=1

I Z Vi1q/};2vi3 (Xv {@v”g
i1+iz+iz+ig=i

+ Z v“w;ﬁlvi&t@vug
t1tis+izgtig=i—1

+ Z vil w§2+1vi3 (X, trx)vizlﬂ
t1+i2+iz+ia=i—2

+ > ViyiEVisa Vi (pF 0" ) Vi = Hi, (4.38)
i1 tiat+igtigtis=i—1

V3ﬂ +

it
V3V1ﬂ+ B

Calculating in scale-invariant norms, we arrive at

u

1 1 i 1 1 i a i
m”(wv) ﬂ”LfSC)(su,Q S m”(an) ﬂHLfsc)(sum,g) + / W”azHﬁHL?SC)(Su@) du’. (4.39)

Uoo
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We restrict attention to 0 < i < N + 4. For the first term, there holds

T T
—— < <
‘uoo| H(GQV) 77||L(SC)(S'“oo w) ~ |’LL | ~ |u| (440)
There holds
a L \igR /
[ @B sy s,
1 1
u 2 u 2
a Ln\ipR |12 ’ a /
S| [ @ sty s, g0 | ([
U oo U oo
1 R
2 R
<RIBY- 25 < R (4.41)
HE TS T
For the next term, there holds
iy iy, i
/ |U,/|3 || 2V Z \Y% 1¢g2+1v SéR||L?SC)(S“/&) d’U/
i14+io+iz=i—1
a? I'2 1
For the third term, there holds
f a i i ia i TTWIN R[BE] +1
[olat Y vl e, d S SO )
e ] i1-Higtia+ia=i : ful

This is done by further taking into account that the schematic product appearing is actually 1,(X, trx) =
X - %y + trxn. As such, we use the improvement obtained in Proposition 4.7 for the try-term as well as the
improvement obtained in Proposition 4.5 for 7. The term ¥ is less anomalous than try and hence the above
bound is easier to obtain. Continuing the estimates, there holds

u

a i i1 ,)yin s o F i
/ gplet > VhepVRalVEGT el s,

i1+i2+iz+ig=1

. 4.44
/u'|3 T ¢ ~|u| (4.44)

For the fifth term, there holds

a i 1,/,12X793 (& {o,\ T4
/ Salat S VTR T s s,
11+ig+i3+ia=1
I 1
] I < L (4.45)

W\?’ ar Yl
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For the sixth term, there holds

u
a i . . . .
/ _‘U/|3 Haz Z v“,(/J!ZJ(ZJFIVZSUXVMQHL%SC)(Su/&) du’
Uoo

i1+i2+iz3+ig=i—1
“ | /|2 F3 1
a u
< . ) du’ < —.
~/ WP e W Y
Uoo

For the seventh term, there holds

u
a i . . N .
[l X TR m Vel s,
Yoo i1+i2+i3+ig=i—2
a?  |u/2 T3 azl3 1
s f o M gt L
W' e uf? [ul> ™ ful
Uoo

Finally, for the last term, there holds

u

a . Lo~ ~ . i
/ el > ViVt Vi (o o)V s, ) A

Yoo i1+i2+iz+tigtis=i—1
3

a sl

R (4 S (T A (7

Uoo

Putting everything together, we have

1

1 .
m || (CL2 V)ZQHL?SC)(SU&) 'S

R[B%] + R[B"] + 1
|ul

)

whence the result follows. O

This concludes the estimates on Ricci coefficients.

4.8. Estimates on the Yang-Mills fields

(4.46)

(4.47)

(4.48)

Proposition 4.9. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

S @2 V)ial

(se
0<i<N+4

S
olm| F

Proof. Recall the null evolution equation for o’

~ 1 ~ * o~
Vaa' 4 Jtrxa” = Vp' 4+ V! — 200" + 20" + 200’ — % - 0"

An application of the commutation identity (2.87) yields

)(Su,&) 5 m[pF7UF] + 1

(4.49)
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~ =~ I+1
ViVial + %trxaF
:§I+1(pF7oF) + Z V‘h“trzﬁ‘hal’
Ji+Jo=1—-1
+ Z v (n+ Q)J2+1V‘]3 (X tr&)%‘]“aF
Ji+Jo+J3+Jy=1—-1
+ Z le (,r] + Q)-]Q §J3QF§J4 (pF’ O.F)@.k O[F
Ji+Jo+ T3+ Js+Js=1—1 (450)
+ Z le (7]+ﬂ)J2vJ3ngJ4O[F + Z v]l(n+ﬂ)J2+1vJ3+1(pF70_F)
Ji+Jo+Jds+J4=1—1 Ji+J2+J3=1-1
+ Z v/ (n—l—Q)‘hV‘hn@J“(pF,oF) + Z v/ (17+Q)J2VJ3Q§J404F
Ji+Jo+J3+Js=1 Ji+Jo+J3+Js=1
+ Z V7 (n+n)2v7s Vil + Z V7 (n+n) J2@JSX§J404F
Ji+Jo+J3+Js=1 Ji+Jo+J3+Js=1
:617

where we denote the right hand side by &; for convenience. An application of the weighted transport
inequality (3.6) yields

[ul IV 0¥ | 2(5,,.) < sl 1V 0 | Lags, ) + / [ 11| 2s, e (4.51)
Now we recall the definitions of the scale-invariant norms
1Dll22, (50.0) = a2 D Nul>*D ]| 125, )
to yield
IV " 2z, (5,00 = @™ 2 [ul 119" " 2 (s, ) (4.52)

since 52(§IQF) = sy(af) + 1 x % =0+ é = é Similarly s9(®1) = @(@g@la}?) =0+1+1x % = % +1
and therefore

I+2

181]l22 (s0.) =0 2 [ul"?||G1][12(s (4.53)

wu)*

In terms of the scale invariant norms, the weighted transport inequality (4.51) for o reads

_1 1=
a”2[|(@2V) a"|| 2 (s,..)

<a 2[|(a2 V) al|

, )du’

u! u

u 1
az2 I
L2 (Suceu) +/ |u/|2||a2®1| L£2.(8
Uso

1
a2 I
llad VT o leags, o d

u
_1 15
<a 2||(a2V)IOéF||£§C(SuOO,H)+/ |u
Yoo

u! u

u
a2 I Ji+1 —J2  F
+/|ul2||a2 Z \Vaes tI‘XV 2o H[Z2(S,/ )
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u 1
a? I R ~
+/ |u’|2||a2 Z vjl(n+ﬂ)']2+lng(&trX)th‘FHﬁ?(SU/&)
Uoo Ji+Jo+Jz+Js=1—1
U1
az I ~ ~ =7
+/ |u/|2||a2 > V(i + )2V RV (o e F )V |2 s, )
Uoo Ji+Jo+J3+ I+ Js=1-1
U1
az ~ ~
=D DI CIURSTIL S SR PR
Uoo Ji+J2+Js+Ju=1-1
u

1
a2 ~
+ / —|u/|2||a% E vJ1 (n+ﬂ)J2+le3+1(pF7JF)H[,Q(SH/&)
Ji+J2+Js=I-1

Uoco

u 1

az I ~
—|—/—|u/|2||a2 Z vjl(n+Q)J2vj3an4(vaJF)||/;2(SU,&)
Ji+Jo+J3+Js=1I

Uoo

u 1

az ~
d sl Y Ve e e, )

12
Uoo |’LL | Ji+Jo+J3+Js=1I
u 1
az |\ I Jy JooJs oS Js  F
+ |u,|2||a2 Z Vo +n)? VPV a Hc?(su,&)
Uoo J1+Jo+Js+J4=1

u 1
az I A~ P
+/—|ul|2||a2 E le(’I]+ﬂ)J2vJ3XVJ4aF|‘Az(su,&).
Yoo Ji+Jo+J3+Ja=1

(4.54)

We now control each term by means of the bootstrap assumption (3.1). Notice that the first term

1 ~
IK £||aévl+1(pF,JF)||L2(Su,,E)du' has the top-most derivative (i.e., N + 5) and therefore we bound

Uoo |u/|2

it in £2,(H"="). An application of Cauchy-Schwartz yields

u 1

a2 I
/—IIGQVI“(pF,0F>|I£zc<suaﬂ>d“'

|u/|?
Uoo
1 1
U 2 u 2
a LSI+1, F _Fy\[2 1 ’
< /|u,2||a’2v (p O )||L§c(Su/7l) /mdu
Uoo U oo
| ESI+1( F _F Voo isr F _F az < F _F
Slla2Vi i (p™, o )|‘L‘,§C(ﬂ(”oo,w)|u|% Na_%Han ("0 )||L§C(ﬂ(uw,u>)‘u|% S YM[p™, o]

We estimate the next term:

u

1

az I ~
/]2 |la> Z VJl—HtrXVJQO‘F'|132(5u',£)

Uoo Ji+Jo=1—-1

[t 2 o 2

a I ~
llad Y I )90 s, S [ nl® S S
|| || = || |ul

U Ji+Jo=1—1 Uoo

due to integrability of ﬁ away from zero. Now consider the next term:

(4.55)

(4.56)
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1
a2

I
|u/|2||a’2 Z VJl(n‘f‘??)JZHVJS( tI'X)vJ4 F”ﬁz w! )
Yoo Ji+Jo+J3+Jy=1-1
i 2 2
az
:/| /|2|| Z VJ1(77 n)JQ-Hng( (tX+| 7 m))v F||132(Su' D
Ji+Jo+Js+Ja=1—1
/ at o g /u—“é rs< -2 rs F3 1.
N— +—
[/ |U’| |u'[? |ul? |ul

Uoco

Similarly, for the next term we have:

u

1
a2 I ~ ~ ~

| it > V(4 )=V VI o) Ve s, )
Yoo Ji+Jo+J3+Ja+Js=1-1

a% CL% CL% a a2

5 IF4 4 / H‘\3 5 + _1‘\3
[ [u'[? [ [? [u']? |u|4 |ul?
Uoo Uso

For the next term:

u 1

az I ~ ~
/|u,|2\|a2 Z V‘h(’?+Q)JQVJ3QFVJ40¢F|\a?(su,&)
Yoo Ji+Jo+J3+Ja=1-1
u 1 3
a2z a2
S / S+ —F2
~ ) W \U’\Q |w'|? |U’| N\ |3 |ul?
Uoo

We proceed with the seventh term:

u

a2 ~
|u,|2|| > V)TV (", o), )
Ji+Jo+J3=1—1

Uoo

1

/,W, S

For the eighth term:

aZ ~
|u/|2 || Z VJI (7’ +Q)J2VJ377VJ4 (pF7JF)||£2(Su/&)
Uoo Ji+Jo+J3+Ja=1
oo
az
< — —I‘3
N/|U’|2 |u’| /|u’|2 Wl N| |2 +| 1
Uco
For the ninth term:
u
az
|’U/|2|| Z VJ1(77+77)J2VJ3WVJ4O[ ||E2(S“/E)

Ji+Jo+J3+Ja=1

Uoo

43

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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1
a?2 az
— —FS 1. 4.62
S | wEm |uf|2 WP S L (62
Uoo
The penultimate term reads
u
a2
Ll ¥ e e s,
Yoo Ji+Jo+J3+Ja=1
a% a% r a% a a
< —TI?+ 3< —T° +—r3 1, (4.63)
[ [u] [w'|? |uw'|? |ul? |ul®
Uoso Uoo
while the last term reads
u 1
a2 I N P
el 2 VR EVERV e, )
Yoo Ji+J2+J3+Js=1
1
az W‘ a .3 a3 |U‘ 2 < 3 2 <
S| wra et W et S et +|_|F (164
Uoo Uoo
Collecting all the terms, we have
[P
a=2[(azV) a¥|z2 (s, S YM[p", o] + 1, (4.65)

since a=2||(a2 V) Ta¥||z2 (s, .) S 1. This concludes the proof. O

Remark 6. For the non-extremal cases 0 < ¢ < N + 3, we have the improved estimate since the topmost

(N + 5) derivatives of (p", o) do not appear in the commuted null evolution equation for o

o
S M@Eyal s s, ST

0<i<N+3

S
o= F

which implies, by Sobolev embedding, the following L°° estimate:

o
S @y al i s, S L

0<i<N+1

IS
|

This will be useful later on, for example in Proposition 4.6.

Proposition 4.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

.
S @ (0" 0 ez, (s, S YMIa"] + 1.
0<i<N+4

Proof. We use the null evolution equation

Vap™ + tryp” = —diva” + (n— 1) - ¥, (4.66)
§3UF + tI"XO'F = —&E@F + (n — 7)) '*QF, (4.67)
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and the commutation relation to get the following schematic null evolution equation for the pair (p*, o

PN I ~
VsV, o) + (5 + Dtrx VI (", 0")

I F Z VJ1+1trX§J2 (0¥, oF)
Ji+Jo=I-1

+ Z VJ1 (77+Q)J2+1VJ3 (X’ trx)@‘]“ (pF,O'F)
Ji+Jo+J3+Jy=1-1

+ Y VYR + )V
Ji+Jo+J3+Js=1

Y Vi VER )V (" ")
Ji+J2+J3+Jy=1

+ > VI (4 n) 2 Bty VT (o 0 F)
Ji+Jo+J3+Ja=1-1

D VYRR a0 o)
Ji+Jo+J3+Js=1-1

+ > Vi + )2V VI (p" o)
Ji+Jo+J3+Ja=1—-1

4 Z vh(n+ﬂ)JzﬁJe,gF@h(pF,CrF)@Js(pF’O_F)7

Ji+Jo+J3+Jy+Is=1-1

which is compactly written as follows
- I .
VsVEi(pF, o) + (5 + Dtrx V7 (p", oF) = &,.

An application of the weighted transport inequality from Proposition 3.6 yields

u’,u

\UII+1||VI(pF7OF)I\L%su,@SIuool”lllvl(pFaO'F)I\szuw,g)+/IU’II“II%IILW,/ ydu'.

Uoco

Recalling the definitions of the scale-invariant norms

2. (5w = 0 2> D|g|| 25, )

19|

we arrive at

A~ 7& o~
IV (0", 0 M2, (50 = a2 [ul™HIV Q|25 )

since so (V1 (pF, o)) = so((pf, o)) +Ix % = L+ 1. Similarly s5(65) = 52(V3VIpF) = T+14+Ix4 =

and therefore

_ 143
18222, (50.) =0 7 |ul""?(|G2]l 125, )

Therefore, the weighted transport inequality from Proposition 3.6 yields

(@2 V)1 (p", 07|

L3 (Suu)

45

(4.68)

(4.69)

(4.70)

(4.71)

N~

+

[I[eY

(4.72)
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SI(@zV) (pF, 07|

, )du'

w! u

u
a I
£2,(Susow) T / W||a2(’52| £2,(s
Uoo

SI(az V) (pF, 0T

u
a I
£2.(Sum) T+ / eV el s, de
Uoo

u

a I ~
B D DI SO L TR

72 w! u
o
u
a I ~ s
- / el Yoo Vi) TVER )V (" 0z (s, du

Ji+Jo+J3+Jy=1-1

a I ~
S B LCED SR S UERIIS SIURRI\ £
J1+Jo+Js+Js=1

li
ch(su/,l)du

Uoo
u
a I L~
+/u—,|2|a2 S Vm+ VB R )V (" 0 s, ) du
Yoo Ji+Jo+J3+Ja=1
u
a I AT ~
+/—‘u,|2|\a2 > VI (4 0) Ny V(0 o) |z s, ) AU
Yoo Ji+Jo+J3+Ja=1-1
u
a o~
1 T D DR G URS R SN it RN RO
Yoo Ji+Jo+J3+Jy=1-1
u
a ~ ~
S AT DR (R S g PN RPN
oo Ji+Jo+J3+Jy=1-1
u
a L Ji Jo Sy FSJy F _F\SJs( F _F /
+ WHW Z Vi +n)2N2a" VI (p" o)V (07 072 (s, )du . (4.73)
Yoo Ji+Jo+J3+ s+ J5=1-1

Now we estimate each term separately.

u

a 1
/ a2V a2 (s, Hdu'

>

Uoo

(4.74)

™|
S
ol

u 1
< /ﬁ”aéﬁulgFlﬁz (S )0 / sdu' | SYM[F]- 2 < YM[a"],
U se\Pul u

oo oo

while

u
a I =
/ wpllet D VIR0 ol s, 2
Uoo Ji+Jo=1—-1

a I 2 2~
S B LD DI A = B R [P
Ji+Jo=1—1
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u
2
1 S+ S F _F / a lu'| T /
/u’|2|a2 Z VATV (p" 07 )|y (s, AU S/W'G'Mdu
Uoo

Ji+Je=1—-1

<l <1 (4.75)

"~

Here we note a crucial point. try appears in a differentiated (angular) manner and therefore, we can simply
replace it by try allowing us to obtain an integrable factor ﬁ The next term is estimated as follows:

a R ~
/ il X VRN R gV oDl s, 000
Ji+Jo+Js+Jg=1—-1
a .3 az 3 <« 3 3 <
5/|u’|3r +/|u/|2]T NWF JrﬂF 1. (4.76)
The next term:
a I
/|u/|2||a2 Y. V)RV Vel s, de’
Ji+Jo+J3+Ja=1
2 <
|u’|3 < WP 1. (4.77)
The next term is estimated as follows:
a I
[l X R TR s
Yoo Ji+Jo+J3+Js=1
< [ ab 2 [ a 3 < 2 3 <
< |u/|2]l“ + |u/|3]1“ NHF +W1‘ (4.78)

For the next terms we have:

u
a ~ ~
[T EICED DI S CRR Rk SN S e TR
Yoo Ji+Jo+J3+Jy=1-1
roat .
3
,S/ |u/|2]r S mri” S (4.79)
Uoo
u
a I A <
/—|u,|2||a2 > VI 4+ )V (R )V (0" o)z s, A
Yoo Ji+Jo+J3+Ja=1-1

u

u 1 1
38 az 3 _ 0% _3
</| i /|u,|2r ST s (4.80)

Uoo Uoo
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/ e lCERD DI VR ek e S [ PREN Y (4.81)
e JitJa+Js+Js=1-1
u a% u a2 a%
2 3 2 3
S [ et [ e S s )
Uoo Uoo

Note that in this term, the true non-linear characteristics of the Yang-Mills equations show up. Finally, we

have
/ | C’l\g la? > VI +) 2V (oF eV (o) 2 (s, L ydu
Uoo B Ji+Jo+Js+Ja+J5=1-1
< Cl F3 F5 1 4 83
~ ‘ul‘4 | , T er ( . )

Putting everything together yields the desired estimate, namely
[P
S @R o llee, (s, S YMIaT] 41, O
0<i<N+44
Remark 7. For the non-extremal cases 0 < ¢ < N + 3, we have the improved estimate since the topmost
(N + 5) derivatives of " do not appear in the commuted null evolution equation for (p", ")

1

.
> )" i s ST Ty ST
0<i<N+3

which implies, by Sobolev embedding, the following L°° estimate:

Yo 1@V (" o) lpx, (500 S 1-

0<i<N-+1

Proposition 4.11. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

Yo M@ V) a5, S YM[", 0"+ YM[p", o] + 1.
0<i<N+4

Proof. Let us recall the null evolution equation for af":

~ 1 ~ * o~
Vel + EUXQF =-Vpl'+ Vol - Z*QUF — ZQpF +2wal — - af. (4.84)

Commuting with the gauge-covariant operator \ (we restrict to 0 < I < N +4 here), using Proposition 3.6,
we get

646[2F :§I+1(pF7O,F)
+ Z v/t (77+E)J2+1$J3+1(pF70_F)
Ji+Jo+J3=I—1

+ > V(4 1) 2V trx Vel
J1+Jo+Js+J4=1
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+ Z le (n+ﬂ)J2vJ3ﬂ§J4(o_F7pF)
Ji+Jo+J3+Ja=1

+ Z v (n+ Q)J2VJ%J§J4QF
Ji+Jo+J3+Js=1

+ Z v/ (n + Q)szJBX@]“aF
Ji+Ja+J3+Js=1

+ Y Vi V(R ) Ve
Ji+Jo+J3+Js=1

> V)TV (R ) Ve
Ji+J2+Js+Ja=1-1

+ Z v/ (n +Q)J2§J3aF§J4(pF,0F)§J5gF
Ji+Jo+J3+Js+Js=1—-1

+ > VI +n) 2V al Vil (4.85)

Jit+Jo+Js+Ja=1-1

Now recall that so(af’) =1 and therefore 32(§IQF) = é + 1. Similarly §4§IQF = é + 1. Definition of the
scale-invariant norms yields

o~ _Iﬂ A~
970" 2,50 = 0= ul 21970 | 2, (4.86)

Therefore an application of the scale-invariant transport inequality along e, yields

(a2 V) o

L£3(Suu)

<@ V) al| a2V al |2 (s

~

£2,(Su0) T W

u

Ot~

<@ V) al|

~

u
-
12,(..0) +/va”l(ﬂUF)HL;(su,wd@’
0

la® Y V)TV (8 o) 2 (s, Lo du
Ji+Jo+Jz=I—1 a

la > ViV
J1+J2+J3+J4:I

!/
£2,(S, ) du

!
L2,(S, )0
J1+J2+J3+J4:I

+ [ [a* Z V7 (n+ Q)JZVJSW§J4QF|\Lgc(sw,)du/
Ji+Jo+J3+Ja=1
+ ||aé Z VJ1 (77 + ﬂ)hVJSX%J‘LO‘F‘|LEC(Su&/)d@/

0/

o/
—i—/||aé Z VJl(n+Q)J2V‘]3Q§J4(UF,pF)|
0

0/

0/

Ji+Jo+Jd3+Ja=1
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+/|Iaé Yo Vi)V (R ) Vi o
0 Ji+Jo+J3+Ja=1
‘*‘/Haé > V(4 n) TV (R, ) Ve (Syu)
0 Ji+Jo+J3+Ja=1-1
+ / ||aé Z v (n + Q)JzﬁJsaFﬁle (pF, UF)ﬁJSQFHch(Su&/)dQ/
0 Ji+Jo+J3+Js+Js=1—-1
u
+/||aé Z v/i(n —|—Q)Jzﬁ‘kaF%‘]“gF\|L§C(su&,)d@'. (4.87)
0 Ji+Jo+J3+Jy=1-1
Now we estimate each term separately. For the first term there holds
s
/H VI (pF o)L 2.(S.. ,)du < YM[pF, o7 (4.88)
0
The next term is estimated as follows
Jlad S I 0 s,
s Ji+Ja+Js=I—1
[1 5., T2
< [ Lriaw s < (4.89)
|ul |yl
0
For the third term we have
/ la Y VYRVl s s, o du
5 Ty Jat s+ Ja=1 -
i 1 2
S [ o < Tl S 1 (4.90)
U
0
For the fourth term we have:
et VI )T 0 i s,
0 J1+J2+J3+J4 1
[1 T2du’
—TIM“du’ < —‘|u\ < 1. (4.91)
[l
0
For the fifth term there holds:
u
0 J1+J2+J3+J4 I -
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’ 1
0

For the next term we have:

u B
JALEID SR VRS R a5 AN PR EY
0 Ji+Jo+J3+Ja=1
u a%
1 ~ _1 1=
5/HH(GQV)IXHL@C)(S“,!)G 2||(a2 V) |2 s, ' S YM[p®, oF] + 1, (4.93)
0

where we have used Proposition 4.3 to estimate the X term and Proposition 4.9 to estimate the af term.

For the seventh term:

/||aé > V(4 )TV (R ) Ve s, dd
0 Ji+Je+J3+J4=1-1
[ at a} lu)
5/ uf? T3du’ < 2 E <. (4.94)
0

For the eighth term:

/ la? > Vi + )2V V(" o)Vl 12 s, o du!

5 Jit o T+ JatJs=I-1 -
/ o

a alu
S | —TPde’ S —5 T3 <1 4.95
0
Finally, for the ninth term we have:
la? Z V7 (n + Q)Jzﬁ‘]3 o' V7ol du

Ji+Ja+Js+Ja=1-1

3

O —p T

a _1 L 7_ Lo a2
< ma 2[|(a>V)! 1O‘FHL2 (5,0 (a? v)! 1QF||L§C(SM,)dy/+WF3
a [ [ 1o
U/ Suundt +13 /II(an) a ez (s, o 0w +1 (4.96)
0 0

Here we have made use of the improved bounds from the remark on !’ from Proposition 4.9, since (4.96)
does not contain top-order derivatives. This is a crucial point, asserting that the Yang-Mills non-linearities

are under control. Collecting all the terms, we have:

Z (a2 V)'a" HLQSL)(SH&) (4.97)

0<i<N+4
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u
1
SYMI" o™+ M7 0" 4 14 (IS @b O el s, e (4.98)
0 0<1<N+4

An application of Gronwall’s inequality yields

Yo @Vl (s, S YM[", 0"+ YM[p", "] + 1,
0<i<N+4

since |u| < 1. This concludes the proof of the lemma. O

Proposition 4.12. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

> @9 Far s s, S 1

0<i<N+2

S
[

Proof. Because of the fact that there is no null Yang-Mills equation for §4aF , we commute with @3. There
holds

PN 1 -~ K R
V3V4aF+§trxV4aF = Py trx ol + (Yg, X) (g, )@, Vo) + V(i mal” + 4,V (', p' o)

+ V2" + V(0g, ) (p", 0") + (%, )V (0", 0F) + " (pF, T ) (pF, o)
+af (pF o)+ aa® + (p,0)a” + R (T, 0") + (1bg, Q) Vaal

t= T (4.99)

We commute with ¢ angular derivatives, using (2.87). We obtain:

1 S L
trxvlvzlaF = Z ngvwgv%rxv%af“
i1+i2+i3+ig+is=1

Y VYR, )V (g, DV (@, V)
i1+i2+iz3+ig+is=1

+ Z V“z/);"’vml(n,ﬂ)@“aF

i1+i2+iz3+ig=1

+ Z Vz‘lwhﬂ@ig( FooF UF)

g

i1+i2+iz=i—1

+Y . ViRVl

i1+iz2+iz=1

D VRV (g, V("0 ")
i1+i2+iz3+ia=1

R
i1+i2+i3+ig=1

4 Z vilw?@%aF@u(pF’ )vzo( F F)
i1+i2+iz3+ig+is=1

4 Z vh ,w;z ﬁigaFﬁu (pF’ O'F)

i1+i2+i3+ia=1

PPN s
ViVl + .
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D>

i1+i2+iz+ig=1

DY

i1+i2+iz3+ig=1

>

i1+i2+i3+ia=1

>

i1+i2+i3+ia=1

Y

i1 +i2+i3+ia=1

MDY

i1+i2+iz+ig=i—1

>

i1+i2+igtig=1—2
+ >
i1+i2+iztigtis=i—1

+ > Vi Vs ViVl = G
i1+i2+iz3+ig=1

ViyizvisaVisal

ViV (p, o) Vil

Vi ¢;2 vigﬁRﬁu (pF’ UF)

ViRV (1, )V Vsl

ViV (R, trx) Vi Vaar
Vi1¢;2+lvi3+1trx§i4 @404F
vi ¢;2+1Vi3 (X tr@@“ Vaiar

vi 1%2 §¢3QF§14 (pF’ UF)§¢5 @4041«*

An application of Proposition 3.6, expressed in scale-invariant norms, yields

u 1

1 1 ~ 1 1 A~ az i
—[1(@>V)'Vaa |2 (s, S <@ V)'Vaa L2 (s, .+ / —alle?Gillez (s
a2 a2 '

I
|u’|2 )du .

' u

Uoo

We restrict attention to 0 < i < N + 2 and treat each of the 18 terms separately.
For the first term, we have

u

Vi VRVl s, ) dv’

1
az i
el 2

Yoo i1+i2+ig+ig=i—1
1 2 13 3
< az |u1| r ) < F_ <1
B (T S () A (71
Uoo

For the second term, we have

U
az i
TR

i1+i2+iz+tig+is=1i

VARV (g, 1)V (0 DV (@, D)2 (s, ) A

Uoo
h az s al
<[ & et ——du <2 <.
S J o e S %
Uoo
For the third term, there holds

u 1
az i L . ~ .
/ |u/‘2 ||CL2 Z v“’l/};2v13+1(777Q)VMQF”L?SC)(SM&) du,
Uoo

i1+i2+i3+ia=1

53

(4.100)

(4.101)

(4.102)

(4.103)
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1
az T? , al?

Uoo

This is because, for i3 up to N + 2, we can control Vi3+1(77,ﬂ) in terms of the I' norm. For the fourth term
we have

u
a/22 ” Z vhw;z-‘rl@ig (aF pF UF)”L?_,)(SU/ 3 du’
|U| i1+io+iz=i—1 -
al?
. < — <1. 4.105
/|u'|2 Rl % e (4105)
For the fifth term, there holds
[ r
a3 i Sigt2 F , a ,
/ ,‘QHa Z VIRl s, du 5/—|u,|2—a|u,|du <L (4.106)
U i1+ia+iz=1 u

Note, crucially, that for 0 < i5 < N +2 we can bound V##+2aF using the I' norm. For the sixth and seventh
terms, there holds

S

a2 n L A s
|’U/|2 ||a2 Z VZI?/’?VMH@/{Q; X)VM (pF7 UF)”L%SC)(S,IL/&) du/

u i1+i2+iz+is=1
oo

u

1
az . i 61140 NS
AT PO A (R Ol T [P INERT U

! u
i1+i2+i3+ig=1

4.107
/ |uf|2 \u'\ (4.107)

For the eighth term, we have

u

az i L~ . N
et Y TRl )R 0 s, AW
Uoo i1+io+iz+igt+is=1
roak 1 s Q' < al® _ 1 w10s)
a2 - U - . .
~ |ul|2 ‘u/‘Q ~ |u|3 ~
Uoo
Similarly, we have
u 1
az L Z Vit )iz Vs F§i4( F _F I
‘U’PHG wg e p ,0 ) L(Qsc)(su,&)
Uoo i1+io+iz+ig=i
[ a? 172 al
1 /
ST er S e St (4.109)

Uoo
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For the tenth and eleventh terms -and for i always up to N 4 2- we have

u 1
2 i
/ a/2||a§ Z vn?)/}zsz, vm HL2 C)(S“ u)du’
oo |U| i1+ia+i3+ia=1 B
az  a2l? /< al? <
N T (4.110)
W'z u] |u']
Uoo
and
u 1

az i . . ~ .
la> Y VR VE(p,0)VEa e (s, du

|u'|? e
Uoo i1+i2+iz3+ia=1
u 1 1
az a2l?
Uoo

For the twelfth term, we have

u 1

a2 i . . . ~ .

| /|2||a’2 Z vhw;zvlgﬁRvM(pFaUF)”L%SC)(Su/&)duI
Yoo u i1+i2+i3+ig=1

1 1

az  I? a2T?

N 4112
AT AT 2
Uoo

For the thirteenth and fourteenth terms, we have

u
et Yo VEREVE (g, % X )V Ve (s, ) du
Yoo i1ti2+i3t+ia=i
az a |u’| r2 a3l?  q2I?
—d du’ < + <1 4.113
S P +/ WP STl S T TR R 1)
Uoo
For the fifteenth and sixteenth terms, we have
u 1
2 o , ~ o~
/ |a/|2 || Z Vhwzz-‘rlvzg—‘rltrxvuvzlafrHL(QSC) (Su’,g) dUI
oo i1+i2+i3+ig=i—1
v
az
+/W|| > VitV (g, trx) VEVaal Iz, (s, At
Yoo i1ti2+iztiga=i—2
[ a lu'|? T3 a:T3
</ - Sdu' < <1 (4.114)
/| a [u| |ul

Finally, the seventeenth and eighteenth terms are estimated as follows:
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a2 Z vi1¢;2§i3gF§i4(pF’ )V25V4Oé HLZ (S du’

‘ IE | W u)
i1+i2+iz+ig+is=i—1

/ ‘ /|2 H vil¢;2vi3ngi4v4aF”Lfsc)(Sur&) du’
11+z2+23+z4 i

. 4.115
i |u'|2 | T '|2| '| (4.115)

Adding the estimates together, we obtain the desired result. 0O

Proposition 4.13. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

a 1.,
> mH(WV)ZVS)QFHL@C)(SH,E) S L

0<i<N+2 |

Proof. As with the preceding Proposition, there is no null Yang-Mills equation for @ggF and so, to get an
estimate, we commute with V4. Schematically, we have

§4§3QF :(Q/JgJA(aX)(z/}gv& t&a trx)(aF,yH) + VuduVu + VuVu + (1/)9’)2’&;(7“&)63@
+V (Wg, X 00 Vu + (@, 8%, p,0) (@7, V) + (g, D)V + Val (4.116)

Commuting with ¢ angular derivatives using (2.86), we have

ViViVsa" = Yoo VRERVE(, £ )V (s £ X, tr) VE (@, V)
i1+i2+iz3+iga+is=1
+ > NARTEAVALN A LR 2 vk VYR S N VA R VA VR T
i1 tin+ig+istis=i i1tiatistig=i
Y VYR Rty ) VY,
i1+i2+iz+ig=1
Y VIEVET (g, X ) VY,
i1+iz+iz+ig=1
+ Y VIRVRE,VE ()
i1+i2+izt+ia=1
+ Y VIRRVE(,, Vs + Y Vg Etal
11 +io+i3+ia=1 i1+i2+i3=1
oY VMRV )V Ve
i1+i2+izt+ia=1
+ Yoo VRtV R Vi Vsal
i1+io2+igtig=1—1
+ Yoo VgtV E Vi Vsal
i1+io2+igtig=1—2

+ ) Vi Vel Vi (pf, o) Vi Vsa”
i1+i2+iz+ig+is=i—1
n Z vnw;z@iggF@u@:ng = H,. (4.117)

i1+ig+iz+ig=i—1
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Passing to scale-invariant norms, there holds

.
e a0 e 5,0 5 iy [ I3 Bl 5, (4.118)
0

From now on, we restrict attention to 0 < ¢ < N + 2. The first term contains a triple anomaly:

a [ i1, da i o N o T Sis

m /”a2 Z \4 1¢g2v 3("/)97X7X)v 4(¢97Xa tr&) trX)V Q(O‘F’yE)HL%SC)(Su&/) dﬂ/
0 i1+i2+i3+ig+is=1

a [ |ul|u? 1 T3 .
0

At this point, we can bound the product I'[][trx|T'[a] by 1, using the improvements obtained in Propo-

sitions 4.3, 4.7 and 4.9 respectively.
For the fourth term, there holds

u
a i . . . L~ ~ .
m/”az Z VP2V (g, X, trx, trx)V“HyuHL(zsc)(Su&,)dﬂl
0 i1+i2+i3+ia=1
L ou
3 . o . .
STl Y T, B ) s,
ful 0 i1 Fiz+ig+ist1=it1 a
at [ |ul* T2 2
< << (4.120)
[u] / a Jul = ~ai

The rest of the terms are not borderline and can be bounded above by 1 as before. The result follows. O

4.4. Estimates on the curvature components

Proposition 4.14. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

1,
Z —%H(an) allrz (s, S 1

0<i<N+2
Proof. Recall the Bianchi equation for a:
Via + %trxa =V&B +dwa — 3 (Xp+ “xo) + (¢ +4n)®
—DsRap + 5 (DBR4A + DaRyp) + % (DsRas — D3Raa) § , - (4.121)
Schematically, the above rewrites as

1 ~ ~
Vsa + §trxa =VBE +pa+ X(p, o) + vy 8% + Y Vol + (', V)V

+ (P % 2o trx) (@, pF 0T (@F, V) + VuVaal. (4.122)



58 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661

Commuting with ¢ angular derivatives using (2.87), we arrive at

, 1 ,
V3Via + ! —;— trxV'a
:Vi+lﬂR + Z vi1¢;2+1vi3+1ﬂR + Z Vi1¢;2+1vi3a
i1+i2+izg=i—1 i1+i2+i3=i—1

+ Y VIRV (g, X))V (p, 0, B7)
i1+i2+i3+ia=1
S R AU/ R A e
i1+i2+i3+ig=1
+ ) VReVEE, ) Vi,
i1+i2+i3+ig=1
+ Y VIEVER(Y, R, R ) Vi (aF pF 0TV (aF, W)
i1+i2+i3+igt+is=1
D AL AR P
i1+i2+i3+ia=1
+ > VIR VR(R ) Via
i1+i2+i3+i4a=1
+ Z V“z/);ﬁlvi%rxvua
i1+i2+ig+ig=1—1
+ Z V“z/);}“v% (X tr) V3 =T} + - + T (4.123)
i1+i2+iz3+ig=i—2
Passing to scale-invariant norms and using the weighted transport equality from Proposition 3.6, we can
estimate as follows.

du'.  (4.124)

u 1
1 1 1 1 . az i s
S @2 V) ellrz (5.0 S = @2 V) ellLz | (Sum) + > / /2 la2 T2z, (5.0 )

1<j<12,”

The expressions for T}, T2, T3, T, T2, T°, TH do not contain Yang-Mills components and their treatment
is exactly the same as in [4], bounded by 1. For the rest of the terms, there holds:

u 1 U
a2 i i azI?
/ U (||42Ti5||L(256>(su,&) + HWEGHL@C)(SH,&» du’ < / B du’ < 1. (4.125)
Uoo Uoo
Moreover, there holds
v Y13
a? i , az2T ,
/—|ul|2||a2TZ. ”Lf“)(suug) du’ < / W du’ < 1. (4.126)
Uoo Uoo
For the eighth term, we can bound
az | i . , a
[ et s st S [ S S (4.127)
Uoo Uoo

The result follows. O



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661

Proposition 4.15. For V,, defined as in Section 2.7, there holds

S M@V Wz s, S Rla] +1
0<i<N+3

Proof. Each of the ¥, satisfies the following schematic equation:

Val, =V (¥y,a) + (8, %) (T, @) + (ap, Vo) Viar, Vo) + (1, %, X trx) (@, V) (@, D).

Commuting with ¢ angular derivatives using (2.86), we obtain

V4v7\11u :Vl—‘rl(\llu’a) + Z Vilw;2+1vi3+l(\l,u7a)
i1+i2+izg=i—1

+ Y VRRVE (Y, )V (T, a)
i1+i2+iz3+ia=1
+ > VYRR D) VE (0, 0,)
t1+io+iz+is=1
+ > VIV (9, X, X, trx) V(0 V) Vi (0F, V)
i1+i2+i3+iga+is=1
+ Y VRRVE (R ) VET,
i1 +ia+i3+ia=1
+ Y VIETIVE (R ) VR,
i1+ig+iz+ig=i—2
+ Z Vilw;"’@“aF%i“ (pF, o)V U,.
i1+i2+iz3+igt+is=i—1

Passing to scale-invariant norms and estimating, we have
[0 9)w,|
u L%‘;C)(Su,g)

S [lla*vital: (s

w,u’

)dﬂ/+/HG%VM‘IMHL%N)(su,wdﬂ'
0

du/

+

la2 Z vhd);erlVierl(\IJu,Oz)||L(25C)(S

i1+i2+i3=1—1

u.l/)

B
(SIS

+

S VRV, V()12 (s, du
i1+i2+iz+is=1

B
[N

+

Z vil ,(/);2 @is (OJF, yl)vllﬂrl (O{F) yl) ||L%sc) (Suur) dﬂ’
i1+i2+iz+ig=1

B
[N

+

i1+i2+iz3+ig+is=1

B
[NIES

_|_

O\\: O\\: O\;lﬁ O\IQ O\l: O\\:

Yo VR VER OV Wz (s, 0 du
i1+i2+iz+ia=1

> VAGRVE (X, £ o) Vi (@ D)V (@, V)2 (s, ) e’

59

(4.128)

(4.129)
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Z Vi w;2+1vi3 ()27 tI‘X)V’M v, || L2, (S, ) du/
i1+i2+iz+ig=i—2

+
TTr
2

u
+ / % > ViryiaVisa' Vi (ol UF)ﬁiwu|\L%“)(SM,) du/ (4.130)
0 i1+iz2+izg+iatis=i—1

We restrict attention to 0 < i < N + 3. For the first term, we have,
1/2

,)du = Rla], (4.131)

uu

u
Jla v alzs s, / 0¥ *al2,
0

by using Holder’s inequality. For the second term, since the ¥, are regular with respect to scaling, we
conclude that

r P 1 1
/||a§v1“wu||%<su d' S SRS SRS, (4.132)
0 o = az2 az2

by the bootstrap assumptions (3.1). For the third term, we have i + 1 < 4, hence everything can be closed
using the I' total norm. We have

[ r2
/ 2 V“¢’2+1v13+1(\1/u,04)“L(2 3 (Suwr) 5 ‘— 5 1. (4133)
0 11+12+13 i—1 ’LL|
The fourth term can be estimated by
[ a Va2V (1hy, R)VH (U du’ < 7MF—2d’<1 4.134
wg (¢ga&) ( uaa)HL%SC)(Su&/) u 3 a |U‘ u 5L ( . )
0 21+12+l3+14 i 0

For the fifth term, we have

la® Y VR VE(E, V)V @ Yl (s, 0

i1+i2+iz+ig=1

wu')

i1+i2+i3+ig+1=i+1

1
R P QT <1 (4.135)

o/
_ i i1, 0273 (o F i+l F
—flat Y Vel ) e Dl s
0

o/

For the sixth term (which is the most borderline one), we have the following estimate (the worst possible
scenario is when we have the triple anomaly trx|aF |2, all other cases are bounded above by 1 as before):

/ 5 VAGRVE (), % X 1) V(@ D)V (@ V)l s, 4o
0

i1+1i2 +13 +ig+is=1
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Juf2 LS X

S/E Ju? | Tlryl(a”)r(aF)

61

(4.136)

Using Remark 6 from Proposition 4.9, since 0 < i < N+3, we see an improvement for I'(a!"), whence we can
bound I (a”) + Iz (af) < 1. Moreover, for I'(trx), we make use of Proposition 4.7 to bound I'(try) < 1.

For the seventh term, there holds

u u
i L . . azl?
[la* VTR RV Wl s, 'S [ Tl S
0 21+12+l3+14 % a 0 ‘U
For the eighth term, there holds
i i [ a3l
[l VIR )T Wl s, ' S [ T e S
0 11+12+13+l4 i—2 0 v
Finally, for the ninth term, there holds
u u
. i1, e Tis  Fyia(  F _F\i / al®
/ 2 vllw;2V13a VM(p , O )VzE’lI}u”L?”)(S“ u/)dg S, /—ng g 1.
0 21+12+13+14+Z5 i—1 h A | |

Putting all of the above together, the result follows. O

Proposition 4.16. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

S @9 alse s, S 1

0<i<N+2

Proof. Recall the Bianchi equation for a:
1 . R . .
Vaa+ gtrya =— Ve +4wa -3 (Xp - XU) + (¢ —4n) &8

1 1
—DsRap +5 (DaRsp + DpR3a) + 5 (D3R3q — DaRuz) § , -
Schematically, the above rewrites as

Via = VU, +¢4(a, QR) X( o)+ yuvyu (Vg5 X Xs trx)(aF, Vu)Vu + aFﬁ?)QF'

Commuting with ¢ angular derivatives, we arrive at
vy
I@2V)'allzz  (s..)

la¥ V™ allps s, pdu + [[a3 T (o du’

uu

O\n:

+

St —e O\us

i iy, i+l is+1 /
la2 Z Vi 1/122 vis \IJUHL%SC)(Su,E/) du
i1+i2+iz=i—1

(4.140)

(4.141)
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u
+/\|a% Z vz'l%zvis(%’X)vi4(\11g)||L?sc)(sw,)dw
0 i1+i2+i3+ia=1
u
+/Haé Z vilw;zVisylviﬁrlyMHL%“)(Su&/)dul
0 t1+i2+iz+is=1
u
+ / la? > VERERVE, % ) V(T V)Vl (s, ) A
0 i1+i2+i3+igt+is=1
u
+/Ha% Z V“WfVi‘"’aFV”VsQFHLﬁsc)(su&,) U
0 i1+i2+i3+ia=1
w
sflet Y R0 Val s, 0 o
0 i1 +i2+i3+ia=1
u
#flat S VYR a0 Va0
0 i1+io+izt+ig=1—2
u
+/Ha% Z vuwzzvm va( F F)@ SQHL?SC)(Su&/)dQI (4142)
0 i1t+i2tiztiatis=i—1

In the above expression, all terms except the seventh one can be bounded above by 1, in the same way as
in the preceding Proposition. For the seventh term, we have

u u

i L ~ o~ u| T2

[l VT TGl i s, € [atmar g @)
0 11+Z2+13+14 % 0

as the I' norm bootstraps up to N + 2 angular derivatives of §3gF . The result follows. O
5. Elliptic estimates for the top-order derivatives of the Ricci coefficients

While estimating the energy norms for curvature, we will need control of the £2.(H, H) norms for N +5
derivatives of the Ricci coefficients. We obtain such estimates by means of the elliptic equations. Let us
define the following norm on which we must make a bootstrap assumption:

il‘|(a%)N+4vN+5/\

1
Xl g2 oy + (@) VAV

Onys,2 = 6 W) g2 (oo

1 a 1
+||( Z)N+4VN+577||£§C(£('“ u) +_H(az)N+4VN+5(7Lﬂ)”[EC(HI(‘OvH))

= ¥ ]

u

1 a? 1
+||(a2)N+4VN+5L_UH£§C(HSN,@) + / W”(W)NHVN%XHLZ (Sur ydu!

Uoco

u

2
a 1
+ [ et T s, 6.1)

Uoo

The bootstrap assumption reads
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Onis2 S Teop S a'/1000. (5.2)

Throughout this section, we shall be repeatedly invoking a pivotal Proposition, which lies at the heart of
the rationale behind the elliptic estimates. We include a statement and refer the reader to [4] for a proof.

Proposition 5.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), let ¢ be a
totally symmetric, (r + 1)-covariant tensorfield on a two-sphere (S,v) satisfying the following:

divog=f, curlp=g, tr¢ =h.

Then, for 0 <i < N + 5, there holds:

—

i—

i—1
1\ 1
(G ENEIRELED D R TEERED B ARl N
J

7=0
We begin with the estimates for x, try.

Proposition 5.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1) the following
estimates hold for the top derivatives of the Ricci coefficients (try, X)

a2 ||(a2)N VYR 2 5, ) S T+ RIB] + Rla] + YM[aT] + YM[pT, o 7],

@)Yty gz s, S 1+ RIB + Ria] + YM[a"] + YM[p", o7,

)

Proof. Recall the null-transport equation for try
1
Vatry + 5 (trx)* = —[X]* = |a[* — 2wtry (5.3)

and commute with V7 to obtain

V,Vitry = Z V7 (n+ Q)JZVJ3terJ4trX
Ji+Jo+J3+Ju=1
+ Z V7 (n+n)2VExv7ey
Ji+Jo+J3+Ja=1
J1 JoTJs N FTJs F
+ Z Vi (n+n)2ViaV>ia
Ji+Jo+J3+Ja=1
+ Z vi(n+ Q)J2V‘]3WVJ4trX
Ji+Jo+J3+Js=1

+ Z v (n+ Q)JQVJS (X, trX)VJ4trX
J1+J2+J3+J4=I

+ Z V7 (n+n) TV (g, trx) Vit
Jit+J2+Jz+Js=1-1
+ > V7 (n+ )2V VT (pF T )V . (5.4)

Ji+Jo+J3+Jy+I5=1-2

Applying the transport inequality from Proposition 3.5 with respect to the scale-invariant norm, we have:
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u;l)
r N-+4

wo) [ a2
0

u
+/||a¥ 3 V(1 + ) 2V VTR
0 Ji+Jo+J3+J4=N+5

3 V(4 ) 2V Ve s, L0
Ji+J2+J3+Ja=N+5

u u)

u
+ / [ SR A R o) Ko ATt A [P
0 Ji+Jo+J3+J4=N+5

u
T / [0S S SR 2 OYCR 13 L Y [N
0 Ji+Jo+J3+J4=N+5

Suu)

u
T / %Y YR+ )R (R ) T
0 Ji+J2+J3+J4=N+5

u

Nid N

+/||a 2 Z VJl(n+Q)J2VJ3(X,trx)VJ“trxHLgc(Su&,)
0 Ji+Jo+J3+Jy=N+4

u
+/||a¥ 3 VI (4 m) 2P VI (pF 0T )V 2 (s, )
0 Ji+J2+J3+Js+JI5=N+3

u
N1
<la™2 VY Btex 2 s, Tl / VAl |2 (s, o duf
0

u
R N+4
s [ lla™2

0

where we observe that the most dangerous terms are the ones containing top-order derivatives. The remain-

Xllzz, s, ydu +1, (5.5)

ing terms are estimated by means of the L? connection and Yang-Mills estimates (Propositions 4.8-4.9).
Treating the initial data as O(1), we write

Nia
lla= VNJFSUXHLEC(SM)

S+ 0@ [ 1la™
0

We now need the L2, estimate for the top derivative of {. We utilize the elliptic equation for ¥ to this end.

a
2 (5, ) du + mO(aF)OOYM[aF]. (5.6)

Once we obtain an L2, estimate for ¥, the idea is to utilize a Grénwall inequality to complete the estimate
for try. Recall the elliptic equation for x:

.. 1 1 1 - 1
divy = §VU“X - 5(77 -n)-(X— ?WX’Y) - B+ §T(€4a ). (5.7)

Apply the elliptic estimate from Proposition 5.1 to obtain
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1 1 1
(@) NN 2 5,0 S Y. @) R Dl

I<N45 @*? I<N+4

+ Z Z \a2VJ1 (n, n)VJZ(X,trX)HLz W)

I<N+4 J1+Jo=1

Y a6 o s s

I<N+4 Jy+Jo=I

Y

I<N+4

(Su,u)

(5.8)

wu)*

Now, after substituting (5.8) into (5.6), an application of Cauchy-Schwartz and Gronwall’s inequality to-
gether with the L2.(S, ) estimates for the connection and curvature components proved in Section 4, we

obtain
1
1™ ¥ P trxlzz s, SO+ RIB] + Ria] + YM[0"] + YM[p", o ])el! B
<1+ R[A] + Rla] + YM[aF] + YM[pF, 677, (5.9)
since |u| < 1. Here we have made use of Proposition 4.6 to estimate the lower order norm >, n. 4 Lox
< ox
||(G%V)IWXHL§C(S“&). Using this estimate, we obtain
0™ F (@) NN 22 (s, S 1+ RIB] + Rla] + YM[a™] + YM[p”, o). (5.10)

This concludes the proof of the lemma. O

Proposition 5.3. Under the assumption of Theorem 1.2 and the bootstrap assumption (3.1)-(5.2), the follow-
ing estimates for w hold:

N+4
I VN+5w||L2 (Hou>)N1+R[ﬁ] (5.11)

Proof. We first introduce w’, defined as the solution of the following equation
+ 1
Vaw! = 50, (5.12)
with w’ = 0 on H,__. We now introduce the new notation (w) for the pair (—w,w') and define » as follows:
* 1 Py * t 1 ~
K :="D{w) — 55 =Vw+" Vuw' — 55. (5.13)
We intend to obtain a transport equation for *D{w). We have the following commutation relation:

1
V3, D)(—w,w") = Strx(Vw +* V') + § - (- Vw +7 V')

L1 1
5+ m)Vaw+ 5 (Cn+7 1) Vaw!, (5.14)

A V3 equation for w' (5.12) has been defined. The V3 equation for w reads

1 11
Viw = 2ww + = |77 n>+ (n n) - (77+Q)—§|77+ﬂ|2+50+1343
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which we can write in the following schematic notation

1
Vsw = 5p + gt + (o7, o) (5.15)

We can further denote the term 1,10, + |(p¥',0¥)|? by F. An explicit computation yields

1 1
Vs D{w) =5 (Vp +" Vo) + VF = Stry D(w) + % - (-Vw +* Vwh)

—%(nwtg)(%erF)Jri(*n +*1n)o. (5.16)

This transport equation contains derivatives of the Weyl curvatures p and o, which do not allow us to
close the estimates on account of regularity. This is precisely the reason why a modified variable x was
constructed. Indeed, note the following:

1 ~
V3I€ = V3*D<w> - §V3ﬂ, (517)

and therefore 2(Vp+* Vo) in V3*D; (w) is canceled point-wise by —1(Vp+* Vo) in %Vgﬁ. Now we denote
the Weyl curvature components (p, o, 3) by ¥ and Yang-Mills components (p, o) by Y. Collecting all the
terms, we obtain the following evolution equation for x:

1 ~ ~
ik + Strxs = (Y, X) ¥ + (g, )V + T - V(T,0") + (ap, 1) - VT

+(1/)g7X, tI‘X, )A() ) (O‘Fa T) T+ %%%- (5'18)

Using the commutation Lemma 2.1, we obtain for I < N + 4 (since k ~ Vw + B, we only need to estimate
up to N + 4 derivatives of x):

VsVik + I+l

trx Vs = Z V2V (4, X) V710
Ji+Jo+J3+Js=1

oY VIRV R @, )V,
Ji+Jo+J3+Ja=1

+ Y VYR TYAT(T ap)
Ji+Jo+J3+Ja=1

+ > VL2V (ap, T) - VY
Ji+Ja2+J3+Jy=1

+ Z VlegJ2VJ3 (g, X, trx, )2)@‘]4 (ap,T) - VT
Jitda+ds+Jat+ Js=I
R

Ji+Jo+J3+Js+Js=1

B o TR
Ji+Jdo+Jz+Ja=1
" Z VJl%JnglestrKvJ% =7 (5.19)
Jit+Ja+Jz+Ja+1=1
I+1

Applying the weighted transport inequality from Proposition 3.6 on x with A\g = ==, we get
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u
[l IV Kl L2(5,0) S ltool IV 625, ) + / [P e s, du' (5.20)
Uso
We want to convert this to its scale-invariant form. Noting so(k) = so(Vw, §) = 1, we have s5(V/k) = 141,
Therefore
1 I-1
@A V) Iz, 5.0y = @' Jul 1 6l 3o (5.21)
and hence
u
1 I-1
19wl 5,0 5% ol { ol IV lg25, i+ [ W1 s,
Uoo
u
I—1 I—1
ST el PV W25y + 05 [ W25,
Uoo
u
< 1 I a L /
<@z V) k2 (s, ) + WHWﬂHLgc(su/,u)duv (5.22)
Uso

where we have used the fact that |u/| € [ueo,u] and |u| < |u|s. We now use the expression for F; to estimate
term by term:

(a2 V) k|

L2.(Su.)

<ll(azv) k|

L3c(Suco,u)

u

a I # = . .
- / ozl > VATV (g, 1)V |12 s, )
Ji+Jo+J3+Js+Is+Je=1

L3o(Sur )

Uoo
u
a I ~
o et X TR, DY
Yoo Ji+Jo+J3+Ja=1

u

a
AT VI s SO
Ji+Jo+J3+Js=1

12.(5

! )
Uoo

u
I

+/ | C/L'|z‘|‘a§ Do VRV ap, 1) VI s
u Ji+Ja2+J3+Js=1

W)

Uoo

u

a I : R S ~
+ / L > VIRV (g, Xt OV (w1 - VP2 s, )
Yoo Ji+Jo+J3+Ja+Js=1

L2.(s

u’,u)

a I . 4
+/W|\a2 > VIV T34p, Vp V5 |

Ji+Jo+J3+Js+Js5=1

L2.(S,0.,)

u! u

a I .
+/|u,|2|a2 Z vJ1wgva3(wg7X’trX)vJ4H|
Ji+Jo+J3+Ja=1
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u
a I
WAL
Uso

Integrating along u, we have:

Ty Jat1e . J
E v 1¢g2+ V5trx V75K = Fillr2 (s
Ji+Jo+J3+Ja+1=1

w )

u
1
JACE P
0
w
1
< [ 1@ ) wllzz s
0
u u
a I ~
+ [ [ et ) VI T (g, VU 12 s,
0 Ueo Ji+Jo+J3+Jy+Is+Je=1
u u
a I ~
- / |u,|2||az Do VIRV VI Yz s, )
0 Uno Ji+Jo+J3+Ja=1
u u
a I
sf [let X VTR (Lan iz s,
0 Ueo Ji+J2+J3+Js=1
u u
a I ~ ~
o [alet X VR an ) T s s,
0 Ueo Ji+Jo+J3+Ja=1
u u
a I . ~ AN o Js
+/ ozl > VYRV (g, R, trx )V (@, 1) - VY2 (s, )
0 uns Ji+ o+ I3+ Ja+Is=1
u u
a I
S AT DR T S A L PRE
0 Uno Ji+Jo+J3+Js+Js=1
u u
a I ~
+/ |’U/|2||a2 Z VJ1¢;]IZVJ3(¢97X5 trX)v‘Lln‘ LEC(SM/&)
0 Uoo Ji+Jo+J3+Ja=1
u u
a I p
+/ PUEL > VARV V = il (s,,)-
0 Ueo Ji+Jo+J3+Js+1=1

(5.23)

(5.24)

Now we estimate term by term, as follows (we shall often omit, when there is no confusion, the du’, du’

at the end of integrals, for brevity):

(a2 V) x|

r2.(s, . du

Uoo U

£2.(s, . du + /
0

< [ 1@ v)! 3] 102 V) 1wl 1z (s, du

IS
o=

O — T—

SRIBI+Zo S 1+ R[A),

(5.25)
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69
by Cauchy-Schwartz, where I < N + 5. The next terms read

a2
(Sur ) S W& (5.26)

0 Uno Ji+Ja+Jz+Ja=1

u u a s A
//W'C” > VAUV RV (1, %)

VJG\I,HLEC
0w Ji+Jo+ s+ s+ Js+Je=1
oo

u

a2 a
u Nmrtop + Wrt()p

1 1 3 1
a§+ 1000 a§+ 1000

S + <1, (5.27)
f ful?

since |u] < a. Continuing, we have:

[ [l S vrpesresman

2c(Sur w)
0 Ueo Ji+Jo+J3+Ja=1
a a3
gWYM[T] + WYM[J], (5.28)
u u 3
a L Ji ) TS az
Wnaz > vy l2V7% (ap, 1) -V v S WYM[T], (5.29)
0 Uno Ji+Jo+J3+Ja=1
[ [amled X R e O ar ) T s,
0 Ueo Ji+Jo+J3+Jy+J5=1
5—1" <1, (5.30)
|ul
/ (}2 o Z VAN Vg V12 (s, ) S igf S (5.31)
0 Uay "I.Ll Ji+Jo+ T3+ Js+Js=1 |u|
u . ,
/ / e LR DI AT S (O Sy PR
0 Uoo Ji+Jo+J3+Jy=1
u 1 u
az
/ I (S, u,)du du/, (5.32)
while for the final term we have
//ﬁ“a% S VI I eV ks s )
0 Uno Ji+Jo+J3+Ja+1=1I
/ ‘ /‘2 /||a2v K‘ sc Su’ u’)du du/_ (533)

A collection of all the terms yields
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/ azv KJ||L2 (Su “)du <1—|—R / | /|2 /||a2v I<L||L2 (Su/&/)dg' dul
0

U 1 u
* / P / a* V7 Allzz, 5,0, du” | dot, (5.34)
Uoo 0
which, after an application of Gronwall’s inequality, yields
/ (@t V) 12 (s, ydu’ <1+ RIF. (5.35)
0
Now recall the elliptic system
. . 1o 5
divVw = divk + §V,6’,
. ¥ 1 >
divVw' = curlk + §Curlﬂ. (5.36)

We can apply the div — curl estimates from Proposition 5.1 to obtain

N+4 N+4

Sua) + 2 1@z V)]
J=0

o™ TN+

L2 u ’u. 'Uwﬁ)

| Nra
T > @2 V) (w,wh)

J=0

) (5.37)

which, after integrating along the u direction and applying Gronwall’s inequality, yields

N+4
||CL 2 w||L2 (HO u)) ~ 1+'R’[ﬁ] (538)
This concludes the proof of the lemma. O

Proposition 5.4. Under the assumptions of the main Theorem 1.2 and the bootstrap assumptions (5.2), the
Jollowing estimates for n and n hold:

N+4
[la2 VN+577||L§C(H50’£) <1+ R,

Jul )

N+4
|la”>

ez, gy STHR:

rrlla ™

. <
fu 1l e oy S1+R-

Proof. In order to prove these estimates, we introduce the mass aspect functions
p=—divy—p, p:=—divy—p. (5.39)

We want to obtain a V4 evolution equation for p and a V3 evolution equation for p. We explicitly compute
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Vap = —=Vydivn — Vyp
= —divV4n — Vyp — [V4,div]y

.3
=div(x - (n —n)) +divp — divj — itrxp +&
= V(trx, X)(n — n) + (trx, X)V(n,n) — trxp + &1, (5.40)

where &£ reads

& ~ (5+aF-(pF+0F))n+(trx7>2)(n+ﬂ)(n+ﬂ)+aF-(0F+0F)(trx7>2)

+(try, )V + Val - (pF + o)+ aF - (VpF +Veob). (5.41)

Notice the reason behind constructing the function p instead of directly working with 7. Since the Vg4
equation for 77 contains E , one needs the same level of regularity of E as that of the Ricci coefficients in order
to apply the transport inequality therefore the estimates do not close. However, as we have just observed,
the spatial derivative of E cancels pointwise in the V4 evolution equation for p i.e., V4 equation for y only
contains algebraic terms in Weyl curvatures. We now commute the V4 equation for u with VI, I = N +4
and get:

VVin= Y V@) ey, )V ()
Ji+Ja+Jz+Ja=1

+ Y V)V )V ()
Ji+Jo+J3+Js=1

+ Y, V)V
Ji+Jo+J3+Ja=1

+ Y Vi VREYy
Ji+Jo+J3+Ja=1

+ Z VJI(U+ﬂ)J2$J3OZF$J4(pF,CTF)vJ57]
Ji+Jo2+J3+Ja+Js5=1

+ > V(0 +m) 2V (trx, )V (0,m) V7 (0, 1)
Ji+Jo+J3+Ja+Js=1

+ > VI + )2 VeV (" o)V (trx, %)
Ji+Jo+J3+Js+J5=1

+ Z VJl(,r}+ﬂ)e]2§J3+1aF§J4(pF70,F)
Ji+Jo+J3+Ja=1

CY e e o
Ji+Ja2+J3+Js=1

+ Y Vim0V
Ji+J2+J3+Js=1

+ > V(4 )TV (R, ) Ve
Ji+Jo+J3+Js=1-1
+ Z v/i(n +Q)J2§J3aF§J4(pF,aF)VJ577
Ji+Jo+J3+Js+Js=1—-1
+ > V(4 n) 2Vl v, (5.42)

Ji+Je+J3+Ja=1-1
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We now apply the V4 transport inequality to obtain

I
lla2 V7 ul

I
12,(s..) S a2 Vgl

[ L
ptso + [ 108VaT ks,
0

2.(s, ,du, (5.43)

u,u

— [1la4vavtu
0

since VIMEEO = 0 due to the data being Minkowski on H,_, (notice that Vyu = 0 on H,,_). We therefore
obtain

I
lla2 V!l

LZ(Su,u)

L — N
Ha2 Z VJI (n + Q)J2VJ3+1(trX, X)VJ4 (77»@)|
J1+J2+J3+J4=I

!
£2,(8, ,ndu

I A~
laz > V)2V, OV ()2 (s, A0
Ji+Jo+J3+Js=1

la¥ Y V@V e s, du
Ji+Jo+Js+Js=I

s ~
||la2 Z v/ (77+Q)JZVJSﬂvhm|L§C(Su,g,)dyl
Ji+Ja+J3+Js=1

la® > VI (g + )2V 0l VI (oF 0T )V 5
Ji+Jo+J3+Ja+Js5=1

/
£2,(S, ) du

I ~ S
||az > V(i +m) 2V (trx, )V (0, ) V7 (0, )|
Ji+Jo+J3+Ja+JI5=1

L2,(8, . du

u,u

lat X VRVl )V (e )l s
Ji+Jo+J3+Ja+JIs5=1

du!

u,

+ [ llaz > V)V 0" 0l s, dy’
Jit+Jo+Jz+Ja=1 R
n Haé Z v (n +ﬂ)J2§J3aF§J4+1(pF,O,F)‘ 2.5, u,)dyl
Jit+Jo+Jz+Ja=1 R
z A~
+ [ llaz Y V)V R )Vl s, du

Ji+Ja+J3+Ja=1

lla* > V7 (1 + )V (R, try) V)
Ji+Jo+J3+Js=1-1

/
£2,(8, ) du
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||aé Z v/i(n +Q)']2§J3QF§J“ (pF, o)V s

u

O/ Ji+Jo+ T3+ Js+Js=1—1
u

0

2 (5, ,ndu

+ [ |la® 3 Vi (4 1) 2Vl v Lundd
Ji+Jo+J3+Jy=1-1
We estimate each term separately as follows:
u
I = ~
[ lia? VI + ) I s )V 1) 2, 5,
0 J1+J2+J3+J4 I
2 2
SO SL
lulaz ~ [ul

u
pa p ~
/HW > V(4 m)2 V7 (ox, )V (0,022, LA
0 Ji+Jo+J3+Ja=1

SFI:;();) 4 Teop FFtop <a- 141500 4+ g~ 5T 1000 5 <1,
az
u
1
/||a% > V' (n+ )PVt VPl |2 (s, ydu’ S —T? <1,
0 JiA et Tt Ja=1 B [ul
u
L J1 J2 JS J4 F2
a2 > V7 +n)2 V7 BV || 2 (8w undu S HSL
0 Ji+Jo+J3+Js=1
u
z v JQ§J3 F§J4 F oFyyds du
| > (n+m)2V2a" N (" o)V 2 (s, ) du
0 Ji+Jo+J3+Ja+Js=1
i,
N|u‘2 N17
u
L ~ PR
/ﬂw > V(i +n)2V7 (trx, )V (0, )V (0, 0) 22,5, Ly du!
0 Ji+Jo+J3+Ja+Js=1
3 qal3
<= <1
S T ST
u
JALEED SR SRR R At e U] e
0 Ji+Jo+J3+Js+J5=1
1
a2l al®
S + S 1
lul>  ful?
u
J AT SR R e S e T Pet
0 Ji+Jo+J3+Ja=1I

73

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)
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u
I
[1iat
0

>

V(4 1) 2V VI (pF o F) Ly
Ji+Jo+J3+Ja=1
o}
NWYM rsi, (5.55)
[ 1 N
/||a2 Z VJl(n—&—Q)J?VJ?’(X trx) V7|2 uu,)du
0 Ji+Jo+J3+Js=1
a% 1
lu|  |ul

u u
/ IV ullzz.(s, o) §/|
0 0

2e(Suw )
Z I

(5.56)
VI + )PV (R, try)
Ji+Jo+J3+Jy=1—-1

>

Ji+Jo+J3+Jy=1-1

lla*

2.(5, )0

0/

</
0
1
T

VI (i +n) 2TV (R, b)) (Vi 4+ V)
|2 F3 + A<

sc(Su,g)dﬂl (5.57)
1,
[ul?
[ladh S R a6 o) s,
0 Ji+Jo+ T3+ Js+Js=1—1
< / lla 3 VI (4 1) 290 F G (pF 0P ) (T £ V) s s, Lyt
0 Ji+Jo+J3+Js+Js=1-1
3 3
N‘ |2F +WF 1 (5.58)
and finally
/ la V()2 VeV 5, 00U
0 Ji1+Jo+Jds+J4=1—1
5 [ llat Vh( + )T
0 Ji+Jo+J3+Ja=1-1
(L2F

(VI + V)12 (s
ST 4+ o Rlo] £
ul

uﬁ/)du/
a] S1+Rlal.
Jul

Collecting all the terms together and an application of the Gronwall’s inequality yields

a2V pullrz (s,.) S 1+ Rla].
Now the elliptic equation

(5.59)

1
divn=—pu—p, carln=0e+ =Y A X
along with Proposition 5.1 yield:

(5.60)
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N+4 N+4
a0l 5,y S a2 Y la® vy Hat S 1a2V(p,0)][ 125,09
I=0 I=0
N+4 N+4
+az Y laf V(%022 (s..) + Z la* ) (5.61)

which, upon integrating along u, applying Cauchy-Schwartz and taking into account the estimates from
Section 4 for I < N + 4, yield the result

.
|la”= Mz (momy ST+R. (5.62)

Jul

Similarly, the elliptic estimate (5.61) together with the estimate on the mass aspect function and integration
along H yield

||a VNH”HL;(EL“”“)) <1+ R (5.63)
We now consider the V3 evolution equation for u. Explicit calculations yield
Vspu = —divVzn — V3p + [div, V3]n
:div(z . (Q -n)) — divé + divé + %tr&p + &
= — trx(—divy — p) + %trxp + &
= —trxp + %trxp + &, (5.64)

where & reads

Ey ~ (77+Q)§+§QF'( F F)+a v(pF,JF)_’_trK(pF.pF+o_F.O_F)
+Bn+a’ - (p", 0" (m,m) + (£ trx) (0 =) (0 — n) + (m, ). (5.65)

Commuting the operator V! for I = N + 4 with the V3 evolution equation for yu yields

I
VsV + ks

2 ~
V= > ViRV em)vs
-]1+J2+J3+J4:I
+ Z V7 (n + Q)JZVJ?’terJ‘*p
Ji+Je+J3+Ja=1
+ Z VJ1 (U+E)J2§J3+IQFVJ4(pF,JF)
Ji+Ja+J3+Js=1
+ Z v (77 + Q)J2§JSQFVJ4+1(pF’ O_F)
Ji+Jo+J3+Ja=1
+ Z V7i(n +Q)J2VJ3tr5VJ4(pF7UF)VJ5 (pF, ")
Ji+Jo+ I3+ Ja+Js=1

+ > VI + )2V (n, )V (p", )V "
Ji+Jo+J3+Js+Js5=1

+ > VI (n+n)"2 V7 (trx, )V (0,m) V7 (0, 1)
Ji+Je+Jz+Ja+Is=1
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+ Y VYR VB
Ji+Jo+J3+Ja=1

+ Z V7 (n+n)" V7 (%, tfrz)VJ“H
Ji+Jo+J3+Ja=1

+ Z v (n+ﬂ)']2+1@']3trxvj4ﬁ
Ji+Je+J3+Ja=1-1

+ Z v/i(n JrQ)JZ’HVJS(X, tr&)@‘]‘*ﬁ
Ji+Jo+J3+Jy=1-1

+ Z VJl(n+Q)J2§JSQF§J4(pF,0_F)$J5H
Ji+Jo+J3+Jy+I5=1-1

+ > VI (4 )2V VT (5.66)
Jit+Jo+Js+Ja=1-1
142

We now apply the transport inequality in the ez direction with Ao = == (equivalently A\; = I + 1) which

gives

u

|U|I+1HVIH||L2(S%E) < |uoo|l+1|‘vlﬂ|‘L2(Suoo,l) + / |u/|1+1||V3VIH||L2(S , )du/_ (5.67)

u’u

Uoo

Now recall that sy(p) = 3 + 1 =1, 55(V/p) =L + 1, and s5(V3V/p) = £ + 2 and therefore

_Ir_
||VIH| L2,(Suw) =@ 2 1|U|I+2HVI&HL2(S“,E)- (5.68)

The scale invariant transport inequality reads

a1
m”azvlﬂ

L2.(Su,u)

a

S
|too|

s
la® ¥y

u
2
a L
L2,(Su) T / il VsV iz (s,
Uoo

a

|too|

I
S llazv'yl

a I ~
zsuo t | pplle? Yoo V) VE Vg
Yoo Ji+Jo+J3+Ja=1

L2.(S,0.)

u!u

u

2

a I
wf et Y Ve el s,
Ji+Jo+J3+Ja=1

Uoo

u
2
a A~
+ / |u/|3||aé E VJI (7]+H)JQVJ3+1QFVJ4(/DF70—F)| Lgc(Su/&)
Ji+J2+J3+Js=1

u
2
a ~
+ / |u/|3||aé Z v (77+77)JQVJ3QFVJ4+1(IDF70—F)| L2.(Su/ w)
Ji+J2+J3+Js=1

u
2
a
+ / LD DA UR ) I e U A bl PR R
Ji+Jo+J3+Js+Js=1



u
a2 I
AT
Uso
u
a2 I
WA
Uoo
u
a2 I
+ |u/|3\|a2
Uoo
u
o2
+/—|u,|3|a

Uoco

u
a2 I
WA

l~

Uoo

u
a2 I
+ |u,|3\|a2
Uoco
u
a2 I
AT
Uoo

u
a2 L
AT
Uoo

N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661

We now estimate each term separately as follows:

Vi +n)2V75 (0, )V (p" ")V a2 s, )
Ji+Jo+J3+Ju+Js=1
> V(4 n) 2V (trx, OV (0, )V (0,0 22,(s,0 )
Ji+Jo+J3+Js+Js=1
Yoo VEa+VEm) VB2,
Ji+J2+J3+Js=1
V7(n+ Q)szj"’ (X t’rz)V‘]“M |22,(S0 )
Ji+J2+J3+Ju=1
Yoo VeVl s,
Jit+Jot+Js+Ja=1-1
VI + )R (R )Vl e s, L)
JrHdotds+Ja=I—1
> V(i + )2V (o8 eV e s, L)
Jit+Jot+Js+Jat+Js=1-1
Z VJl (n+ﬂ)J2VJ3QFVJ4H‘ L2.(Su )"
Ji+Jo+J3+Ja=1-1
T T VAV Ja 3
WHGQ Z Vi +n)2VEm,m)V Bz (s..,)

Uoo

3
a

oo

u
a2 I
/ a2 >
u

Uco
u
514'/ ‘UL}‘QHG%VIM L2.(S
Uoo
S1+Rlpl,

u
Uoco

a2 I
|u/|3||a2 >

Ji+Jo+J3+Ja=1

Ji+Jo+J3+Js=1

u
a I ~
/W”azvlﬁ”%zc(su/u)d“' SL

oo

V(g4 )2V XVl 2 s,

u

a a
d <1+ — | [ =
et S04 | | gl

oo

VJl (77 + Q>J2§J3+1QFVJ4 <pF7 O_F)l

Ji+J2+J3+Js=1

1

2

3
a /
<1+ / |ul|6du

oo

u

a L oI+1 F)2
/ |u,|2||a2V T HLfc(Su/,g)

oo

N

5Vlﬂﬂigc(su/&)dul

ch(su’,ﬂ)

N

7

(5.69)

(5.70)

(5.71)

(5.72)
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u
2
a 1 ~
/ |u,|§||a2 Z V7T (n+n)2 V7V (pF o F)| L2.(Sur )
Yoo J14+Jo+Js+J4=1
o}
§|u|% YM[pFaaF] S 1,
)
a
/ e’ > V4 m) VPV (0", o)V (0 0z s, )
Yoo JitJe+Js+Ja+I5=1
a
S 5T S; ]-7
|ul?
[ o J o Ji( . F _FyeJs F
/ |u/|3‘|a’§ Z \4 1(77+Q)2V 3(naﬂ)v 4(p O )V5Q |L§C(Su/&)
Uso Ji+Jo+Jz+Ja+JIs=1
2
a
SWF S
)
a I A~
/ e le? > V7 (i +0) 2V (brx, V0, )V () 22,5, L)
Yoo Ji+Jo+J3+Ja+Js=1
a
NWF S

u
2
a L -~
[T D DI ATURRIS L ORI
Yoo Ji+Jo+J3+Ja=1

3

§|u\%R[é] S,
)
a 1 N~
/st”“"‘ Y. VoV )Vl s,
. Ji+Jo+J3+Js=1
u 1
a2 a I
S [ ol Va5,
Uoo
)
a I A
/WHW Z V(4 n) 2TV Bt V) L2,(Syr )
Uns Ji+Jo+J3+Ja=1-1
u
a 1 I
S/W(M"‘VIQHL;(SH,,H)JF|a"‘VI 1P‘|L§C(Su/&)> du
Uoo
a a,%
< % py @ ey
S TR
T 9
a I ~ <
/qu|3”‘“ > VA0 )PV (R )Vl 1z s,00
oo Ji+Jo+J3+Js=1-1
3
a a?

<—TI'+—TI<1
S TRE S

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)
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u
2
a I ~ ~
/ W |z Z V7 (n+n0)2 V7V (pF, o)V’ “pllze (s, )
Ji+Jo+Js+Js+Js=1—1
a? as <
STt + WP S L (5.81)

Collecting all the terms and an application of Gronwall yields

1oV aliz s, SO+ Oo|”‘“v Iz, (5, + Rlp)e
S+ o OO| a2V pll 12 (s,..) + Rlo)
S1+Rlp). (5.82)
Now we utilize the elliptic equations
divy=—p—p, curl p = —oe = X A X (5.83)

to obtain, using Proposition 5.1,

N+4
a N+4
ila’ o 52 (1

uu)‘i'HC”V (Ps0)|L2,(Su0)

+1aF V7 (20122, (51,0 M(S,M)) : (5.84)
which, after integrating along the e4 direction, yields
(5.85)
[ aks

[ul Moz, gy STHR-

The claim follows. O

Proposition 5.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1)-(5.2), there
hold:

[[(a2)N AN+, Iz (o) S 1+ R+ YML (5.86)

Proof. Similarly to the w estimates, we define the auxiliary entity w' to be zero on H, whilst verifying the
following V4 equation:

1
Vaw' = 50 (5.87)
Now we define k as follows

1~
= —Vw+*Vw' - 35 (5.88)

|=

Recall the transport equation for w

1 11
Viw = 2ww + = \77 nl* - (n - (+n) = gln+nl® + 5o+ %, (5.89)
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An explicit computation yields

1 ~
Vik = —VVaw +* VV,w' — §V4g + [V, Vilw + [V4, *V]w'

1
*77Vp+ Va—f( Vp+*Vo)+ &

=¢, (5.90)
where & reads

£ ~wVw +wVw+ (0, V(n,n) + p" - Vo' + 07 Vol + Bw,wh) + o' - (o7, 07 (w, w')
+(n, mww(mm + 4+ 1m) + (1,1)(p, o) + (1) |p", 0¥ > + (trx, X)V(w, w')
+try, R)n(w, wh) + (trx, el - (o7, o) + (trx, el - (o7, o ") + trxB + wpB + %B. (5.91)

We now commute V!, = N + 4 with the V4 evolution equation for x to obtain

ViVik = Z v (n+ Q)JzV']%_uVJ““w (5.92)
Ji+Jo+J3+Ja=1

+ Z le (n+ﬂ)J2vJ3+1ng4w
Ji+Jo+J3+Ja=1

Y VYR,V ()
Ji+Jo+J3+Ju=1

4 Z le (n+ﬂ)J2§J3pF§J4+1pF
Ji+J2+J3+Jy=1

+ Z v (n+ Q)Jzﬁ‘]‘”’ch?J‘l“aF
Ji+Ja2+J3+Js=1

+ Z v (n+ Q)JQVJ3§VJ4 (w,wh)
Ji+Jo+J3+Ja=1

+ > VI +m) 2Vl VI (pF o)V (w,)
Ji+Jo+J3+Js+Js=1
+ > VI + )2V (1) V7 (@, 0) V7 (1)

Ji+Jo+J3+Ja+Js=1

Y VYRV (e 0)
Ji+Jo+Jz+Ja=1

+ Z le (TI+ﬂ)JQ%JB(T]7Q>§J4(pF7O-F)ﬁJs(pF;UF)
J1+Jo+Jds+Ja+JIs=1

+ Y V)V (e )V (w, W)
J1+J2+J3+J4:I

+ > V(4 )2V (tex, VIV (w, w)
Ji+Jo+J3+Js+Js=1

4 Z vh(n_'_ )ngJ;;( X’X)$J4Oé}7'§,]5(p}7"O_F)
Ji+Jo+J3+Js+Js=1

+ > V7 +m) 2V (tex, )V V(0" 0 T)
J14+Jo+Js+Ja+JIs=1
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+ Z V7i(n+ Q)JQVJ%rX@J“E
Ji+Jo+J3+Ja=1

+ Z VJ1 (77 +H)J2VJ3W§J4B
Ji+Ja2+J3+Jy=1

SR e
Ji+Jo+J3+Ja=1

+ Y ViV (R ) Vs
Ji+Ja2+J3+Jy=1

+ > Vi +n) V(R )V
Ji+Jo+J3+Js=1-1
+ > VI (1 + )2Vl (pF o)V, (5.93)

Ji+Jo+J3+Jy+Is=1-1

Now we apply the scale invariant V4 transport inequality

lla? V|

L2,(Suu) (5.94)

I
Sla2 Va2 (5.0

N~

+

B

Vi +n) VPV | s, 0 du
Ji+Jo+J3+Js=1

Ot~

=
Wl

le (,'7 + Q)JQ VJ3+1QVJ4W| |L§C(S
Ji+Jo+J3+Ja=1

! ) dﬂl

u

+
Ot~

=
W~

VI 4 ) 2V () VI (0, 0) |22 (s, L
Ji+Jo+J3+Js=1

+
Ot —e

B
NI~

Z V7 (n+ Q)J2VJ3PF$J4+1PF||L§C(su,£,)dy/
Ji+Jo+J3+Js=1

+
Ot~

=
I~

J JooJs Fods+l _F ’
> V(4 n) 2V eIV s (s du
Ji+Jo+J3+Ja=1

_|_
Ot~

W~

Yoo ViV wwhl s, ) du
Ji+Jo+J3+Js=1

B

+
Ot —e

X
N~

> V(0 + )2V VI (p", 0V (w02 s, L du
Ji+Jo+J3+Js+Js5=1

+
Ot~

N~

> V(i +1)2V 7 (g, n) V7 (w0, )V (0,0 22 s, At
Ji+Jo+ T3+ Js+Js=1

B

_|_
Ot~

Z vJ1 (,,7 + Q)Jz ﬁJS (,,77 ﬂ)vJ4 (p’ O-)HLEC(Su,!/)dM/
Ji+Jo+J3+Js=1

_l’_
T
B
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0
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+ [ llat
0
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0
u
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0
u
+/||a%
0
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—|—/||aé
0
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+/||a%
0
u
—l—/||aé
0
u
+/||a%
0
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0
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Z v/ (n+

Ji+Jo+J3+Js+Js=1

Q)Jz @Js (,,7, ﬂ)§<}4 (pF’ O'F)§J5 (pF7 UF)HLﬁc(Suﬁlr)d@/

V(4 0) 2V (trx, OV (w w2 s, o A

Ji+Jo+J3+Js=1

V7 (i +n) 2V (try, X) VAV (w, w')
Ji+Jo+J3+Js+Js5=1

> Vi (n+n

Ji+Jo+J3+Ja+Js=1

>

Ji+Jo+J3+Js+Js=1

>

Ji+Jo2+J3+Ja=1

VJl (T] + Q)J2vJ3trX§J4§)

)25 (trx, Va9 (o7 o),

2e(Suw

V7 + )72V (trx, ) V4 V5 (08 o) 12 (s

ydu'

Vi + )2 VBV Bz s, o du

Ji+Jo+J3+Js=1

VI +n) VIRV Bl e s,
Jit+Je+J3+Ja=1

>

Ji+Jo+J3+Js=1

D

Jit+Ja+Js+Ja=1-1

Z le (T] _|_ Q)JQ 6]3 aF§J4 (pF
Ji+Jo+ T3+ s+ Js=1—-1

Now we estimate each term separately. We have

~

Ot~

<1+

o

llaz V!

lat 32

Ji+Ja+J3+Js=1

1.
*||112VI+1W||L5

Jul

M\N

J1+J2+J3+J4 1

u
i/ a2V+
]

0

Ii| |L§c(su 0)

<7°<1,

ydu'

")V kL2 (s, .0

VA +0)2V5 (R, ) VL2, (s, ) du

Vi +n) V(R )V e (s, du

V7 (n + Q)sz‘]@v]“ﬂﬂ|L§c(sw,)du'

(Spandu S 1,

VI + )V eVl (s, o du

L

2e(Suu

!
£2,(8, ) du

,)du

,)du

uu

l
u .

(5.95)

(5.96)

(5.97)

(5.98)
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!/
L2.(5, )

u
I
/IIW > Vi)V m,p Vit
0 Ji+Jo+J3+Ja=1

1a N+4 N45
Sl—i—aaﬂa 2V 77||L§C(H£0’ﬂ)

1
< _
JS1+ R, (5.99)

!/
L2.(5, ) U

u
I
RIS S S VRS e TR
0 Ji+Jo+Jz+Ja=1

1a N+4 1
< I N+5 < +
Nl + a 'U,| Ha 2 v QHL%(‘(HS]’H)) ~ 1 + aR, (5100)

u
[lad S R T s,
0

Ji+Jo+J3+Ja=1

1, 1= YM
<1+ 7||a£wﬂpF‘|L§C(H(uo,w) <14 T (5.101)

u
/||a% > Vi + )2V G 1 (s, dud
0 Jit+Jo+Jz+Ja=1

1

<1+
[ul

a3 0P| oy ST+ amE (5.102)

la¥ > VRV AV w,w)le s, A
Ji+Ja2+J3+Js=1

Ot~

1 R
S+ —(R4+T)S1+ —

S+ e (5.103)
/Ha% Z le (,,7+Q)JgﬁJsaFﬁgM(pF’O_F)VJL’)(&?QT)HLEC(SMH/)CZQ/
0 Ji+Je+J3+Ja+JIs5=1
ot
5|u|2F S (5.104)
[ e 5
[ld S P ) @@ )l s, e
0 Ji+Ja+Jz+Ja+JIs=1
1
SWF S (5.105)
U i R
/ laz > Vo)V (0, 0) |z s, 0 d
0 Jit+Ja+J3+Ja=1
1 I 1
51 + m“mvl(p, O')HLEC(H&O&)) 5 1+ mR[pa 0']7 (5106)
U i R R R
/||a2 > V4 )2V )V (0, )W (0" o s, 0 At
0 Ji+Jo+J3+Ja+Js5=1

<1lr<q (5.107)



84 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661

/ o Yo V)V (b )V (w w2 s, Lo du
0

J1+J2+J3+J4:I

L u
a?2
§1+—/HG%VIH(%QW\Lgc(su&/)dg',
0

u
I ~
/ ||a2 Z VJl (77 + ﬁ)Jz VJg (trX’ X)vhﬁvk (27 QT)HLEC(SU&/)CZH/
0 Ji+Jo+J3+Js+Js5=1
1
<% p<y,
u
[ld S S e 9T 0 s s,
0 Ji+Jo+J3+Ja+Js=1 -
1
S_lr S 17
az
u
l p o - S 5
/ ||a> > V(i +n) 2V (trx, )V V5 (0" 0|12 (s, ) du
0 Ji+Jo+ I3+ Ja+Js=1
ot
S_F 17

1~
12,5, 00 S 1+ mR@

u
/ |a* Z V7 (1 + )2V ey VI B)|
0 Ji+Jo+J3+Js=1

u o 1 N
/ Ha,é Z le (77_|_ﬂ)szJ3wa4ﬁ‘|Lgc(su&/)dﬂl 5 14+ WR[Q],
0 Ji+Ja+J3+Ja=1 u

1 ~
£2.(s, ) S1+ TR,

u
[ SR
0 Jr+Jo+Jds+Ja=1

: > Vi +n) 2V (R )Vl 2 s, o du
Ji+Jo+ I3+ =1

Ot —e
B

u,u

1 u
a2
<= / a7 82 (5. il
0

u
L ~
/ [la® > VI (4 )2V (R, tex) VA 2 s, o du
0 Ji+Jo+Js+Ja=1—1

u
I
Sz [ Vsl s, oo
0

and finally

(5.108)

(5.109)

(5.110)

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)
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0 ]1+J2+J3+J4+J5 I—1
a [ I or ’
T [ a2ViEllllrz s, ,ndu'. (5.117)
0

Here we have utilized the elliptic estimate for w from Proposition 5.3. In addition, the L2,(S,.,,) norm of
V7wt for J < N + 4 may be estimated directly from the evolution equation (5.87) along with the trivial
boundary condition for w' along H,. Collecting all the terms together, we have

<L+

uvl) ~

I
la2V'klL2 (s

=%
O\\:
N\»—a

u
I
la® V™ @, wh)llee, s, 0 du’ + /WWEHLQ(SH,H/)@'
0

a
+—

up ) etV slllzz s, o du + YM 4R, (5.118)

O —

which, upon using Grénwall’s inequality, yields

a2 V7Kl 2, (s 1+ YM + R+

uu)N

= !%.H

/ a4V (w0125, .y (5.119)
0

due to the fact that |u| < 1. We now notice that the elliptic equations

1~
~Vw+ Vu! = -5 8 (5.120)
yield the div — curl system
. . 1. ~
divVw = —divk — §dlvé, curlVw = 0, (5.121)
t 1B divvw!
curlw' = curlg + §cur1§, divVw' = 0. (5.122)

An application of the elliptic estimates and transport estimates for k yield

2 (Suw) S Z lla? o) + Z I

la" " VT (w,w)

(Su,u)
J<N+4 J<N+4
+ 3 Ne? V(@ whllez (s
J<N+4
at [
§1+YM+R+7/||G,2VI+ (w w )||L2 (Suu)dfl (5123)
0
and therefore
o = VIt (w,w Mz (su) S1+YM+R. (5.124)

Now an integration of the square of the previous inequality (5.124) with respect to the measure ﬁd@’

yields
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(a2 )N+4VN+5Q\|£§C(£M>) <14+R+YM. (5.125)

This concludes the proof of the lemma. O

Proposition 5.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1)-(5.2), there
hold:

u 3

az L\N+4oN+5
[ Sl s,

Uoo

)du’,S 1,

U

“2
a
/ TiE ||(a%)NHVNJ“%TXHLﬁgc)(su,&) ' <R+R+YM+1.

Uoo

Proof. We start the proof by recalling the V3 transport equation for t?i

9 N
(7 = 1) + Jtrx|® + 2wty — X2 — [oF (5.126)

Vatry + trytry = e

We now commute V!, I = N + 5 with Vs:

T N
VsVitry + (5 + 1)trxtry
1
“hup > Vi+pviet - (5.127)
u Ji+Jo+J3=I
+ Z VJ1 (77 + Q)ngJs@vhtrz
Ji+Jo+J3+Ja=1
+ Z v7i(n+ Q)JQVJSQVJ“UX
Ji+Jo+J3+Ja=1
+ > VI (n+ )2V gV
Ji+Ja2+J3+Js=1
_|_ Z V.]l (7,] + ﬂ)‘lg @.]3QF§J4QF
Ji+Jo+J3+Ja=1
+ Z V7 (n+n)"2 V7 (%, t&)VJ“trNX
Ji+Jo+J3+Ja=1

+ > VI (4 1) 2TV sty Vi try
Ji+Jo+Jds+Ja=1—1
+ Z VJl(n+ﬂ)J2+1vJ3(X, trz)v&;,{r\k
Ji+J2+Js+Js=1—-1
+ > VI + )2Vl U (" o) Ty
J1+Jo+Jds+Ja+JIs=1—1
+ > V(4 n) VB Vi = €. (5.128)

Ji+Jo+J3+Jy=1-1

An application of the weighted transport inequality from Proposition 3.6 yields
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u
I 60X 12 (50) S Ttool IV 0 L2500 + / [ 1€ 2(s

S, u)du (5.129)
Uoo
We now calculate the relevant signatures. We have 82(‘5’1&) = 1 and therefore sy(V! tfrz) =141 and
$2(E) = 52(VsVitry) = £ + 2. Therefore
ul TV X 2s, L) = a2 Hul ")V | (s ), (5.130)
/7Y€ pags, ) = a2 2w (”4)H5HL2 (Sur) (5.131)
The transport inequality in terms of the scale invariant norm reads®
a I1-1 —~
—a 2 ||Vitr
|u| || K”Lgc(Su,l)
a 1-1 —~
S’ IV trxll L2, (5. ) (5.132)
o0
u
a® i1 Ji JaoJs (O—1
+ Iu,|3|\a 2 i Z VA +n)2VB Q7 = D)2 s, )
Yoo Ji+Jo+J3=I
u
@ )5 7 I3 {174 (7
+ a2 Z V(4 n) 2Vt Vottex| | s, )
u/[3 3c(Suru
Ji+Jo+J3+Js=1
u
a’® | i i JoaaJs, oJa
+ |U/|3Ha 2 Z \Y% (’17+ﬂ) Vv Qv trKHLEC(s’u/,H)
Yoo Ji+Jo+J3+Ja=1
u
a’® | i i Jads ogda o
+ |u/|3|\a : Z VA +n) V2RV R s, )
Yoo Ji+Jo+J3+Ja=1I
u
a® i A 1278 0 F 971 g
+ |u/|3|\a z Z Vi (n+n)2ViEa"V Sura)
Jit+Je+J3+Ja=1
u
Cl2 % le JQV<IS I tN vJ4tN |
+ |u/|3|‘a Z (TH'Q) (Xv I‘X) I‘X‘ L2.(Syr )
Ji+Jo+J3+Ja=1
u
o | 1 v Tt 1Tty Uty ||
+ | raplla > (n+ 1) V7 tradlee, s,
Ji+Jo+Js+J4=1-1
u
2
a -1 . ~
+ | ol > VeV ) Vel s,
|u'|? w
Yoo JitJet+Js+Ja=1-1
u
2
a -1 ~ ~ —~
+ / —|u/|3|\a 2 Z le(ﬁ+Q)J2VJ3QFVJ4(,0F,O'F)VJE’tI‘KHLic(Su/&). (5.133)
Yoo JitJet+Jst+JatJs=1-1

Now we estimate each term separately as follows:

8 The factor of a/|u| is kept with HVI@HLz (S..) since we need to integrate in the w direction with respect to the measure
du. o

\M’
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a 11 —~
|U |a 2 ||vItI‘XHL§C(S
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<1

uoc,g) ~ )

r a? -1 1 _
/| /|3||a ? /|2 Z VJ1<77+Q>J2VJ3(Q 1_1)

W u)
Ji+Ja+J3=1
u
J J J.:
h@iwgz A+ )V a5
Ji+Jo+J3=I 0

<1+ R,

u

2
a I-1 —~ —_~
/—| ,|3Ha 3 E V']l(n—|—Q)“&V‘Istrxv‘]“trﬁ|L§C(5u,&)
Ji+Jo+J3+Ja=1

2
/ P

u
a | 1
[T ICaaD SR LIRS R
Uoo

Ji+Jo+J3+Ja=1

2 (800U,

2 (S,

w u)

u

a a I-1 —~ a
5/—|u,|3 male VIthIILgcwu,u)dU'Jr/—u,QIIV wllz2,(5,0.)
Uoo

Uoo
u
a a I—1
Sﬂwww

uyg)du/
Uoo
u 2 u %
a / a /
! /|u"|2d“ /W” TVl 5
[=S] U o

u

a
5/ il VRl s ol + R+ YDA,

Uoo

a2 I—1
/l ella = Yoo Vim+n) VBV Rz s,
o T+ Ja+ Tt Ja=1
u
a CL2
S [ e ™ Ve
uoo

u
2
/ gﬁlla% I VAt O R ) R AT vaeh

2e(Sur )
Uoo Ji+Jo+J3+Js=1
u o 3/ u %
a
——du/ / lla™= VaF du’ [f]<1
[ o J e T |
2
a I—1 L~
/|u,|3|a’ 2 Z VJI(H+E)JZVJ3(X7 tI‘X)V (SU/E)

Yoo Ji+Jo+J3+Js=1

(5.134)

(5.135)

(5.136)

(5.137)

(5.138)

(5.139)
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r az a r az a%
I—1 —~
< o 5 v[t d / /7 d /
N/ /|2 ‘u/|||a rxllrz, (s, + /|2 |u’| ) OU
Uoo Uoo
/ T oS (440

u

a’> | 1 . —~
/ il > V(04 n) V(R ) Ve 2z s,
Jit+Jo+Jz+Ja=1-1

Uoo

§/|u'l‘21“du'517 (5.141)

and for the last term we have

u
2
/ IZ/|3 la’= > VI + )2V VT (" o)V x| s, )
Yoo Ji+Jo+J3+Ja+Js=1-1
u
a a
S| oS3l st (5.142)
/ w4 fulf3
Uoo

A collection of all the terms yields

a 1-1 —~
—a 2 ||V'trxl|z2,(s,.)

|ul
u
a I
S1+ R+ T ,|\|a eV (Su)du’ (5.143)
Uoco
h a a h a% a
e A Py ’
- [/[2 Ju '|‘ ')+/ |u’|2\u_’|||a 2 Vitrx|lzz (s, ) du
[ at a: r 1 a
Llors / e v/ ’
+/ ‘u/‘QmHa 2 V XHLgc(Su,&)du + / —‘U/IQWHG 2 V tI’XHLzC(S“’&)d’U/. (5144)

An application of Gronwall’s inequality leads to

a I—1 —~
—a" 7 |[V'trx||zz (s,
o] B
u 1
a az | I-1_ 7.
< 1+R+E+YM+/—|ul2m||a 3 VIXHLEC(SM&)
Uoo
w3, 1
az 1) ittt
+ W] /|| )du e\u Tul T Tul
Uoo
u
a a
§1+R+E+YM+/| 2] /‘| Suru)

Uoo
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/ /|2| /| ) du u'. (5.145)
Now we return to the elliptic constraint equation
N 1 1 ~ 1 > F F
divy ~ §VUX - E(Q -n)- (X — 5tr&7) - @—i— (p",0") (5.146)
which yields
J I 1%
1677 V' Rlrz (5.0 S Y la? s T 2 107V Blliz s, (5.147)
J<I-1 J<I-1
1 J g -
Y la® S+ D Mla® Y VIOV (e Rz, (s,
az j<r—1 J<I-1 Jitda=J

Now substitute the estimate for trﬁi from (5.145) into (5.147) and apply Gronwall to obtain

a 1

ma%uv%}gu%(sw) (1+R+R+YM)efTm <1+R+R+YM. (5.148)

Now (5.147) yields

a a% ||
[ Ju'] o)
Uoo
u 1 u 1
a az g , a a? ,
N |u/|2m Z ||a2 (Su/&)du +/ |u/|2m Z u u)d
. J<I-1 . J<I-1

oo
5(1+R+R+\YM)/|ZWW

1

)
=

S Na2VBl3e s, ydu | +1S 1

i ™ ) Tu e
J<I-1

This concludes the proof of the lemma. O

Remark 8. In the same way as above, one can obtain the following estimates:

u

I\N+4N+5 (12
/‘ ,|4H a?) +iy +K||L§sc>(su/,)d“’

(5.149)

=

~

u
3
a
b [ @ g, ) SRR

U oo
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6. Energy estimates Weyl and Yang-Mills curvature components

In this section we finish the final estimates, namely those on the energy associated with the Weyl and
Yang-Mills curvature. There are several ways to execute this step. Since both the Einstein and the Yang-
Mills equations are derivable from a Lagrangian, one would expect the existence of stress-energy tensors.
For pure gravity, however, one cannot simply find a canonical stress-energy tensor due to the equivalence
principle. Nevertheless, one can utilize the Bel-Robinson tensor to construct suitable energy currents or use
the quasi-local type energy constructed by [33,34]. In the case of Yang-Mills theory, there exists a canonical
stress-energy tensor that can be used directly to construct necessary energies. However, in the current context
where we impose a double-null foliation, the use of Bel-Robionson or Yang-Mills stress energy tensors can
be avoided altogether, since, in this setting, both the Bianchi and the Yang-Mills equations can be cast into
a coupled symmetric hyperbolic system, as we have already shown in Proposition 2.1. Therefore, we can use
the direct integration by parts approach. To this end, we require the following pair of propositions which
we prove using Lemma 2.2 and Proposition 2.1.

Proposition 6.1. If ¢ € section(k®T*Su,y ®@PBad,g) and A1 = 2Xo — 1, then the following estimates hold:

2 [ WP e (T 4 Aotr)g) = / [P — / oo P02
Dy u H,(0,u) H,_, (0,u)

+ / 1P P2,
Du&

where f verifies the estimate f < Tu|=2.

Proof. The proof follows in an exact same way as that of proposition (7.3) of [4]. The only difference is that
¢ is a section of the fibered vector bundle * ® T*S,, ,, ® P aa,q- However, note that |¢|? is a gauge-invariant
object and therefore

Valel® = 2(p, Vag), (6.1)
due to the fact that the gauge covariant connection 63 is metrics compatible. O
We will need Proposition 6.1 for proving the following proposition.

Proposition 6.2. For a Bianchi pair (¥1,Us) € {(a,B),(B,(p, o)), ((p, U),ﬁ),(ﬁ,g)} U {(aF,(pF,UF)),
((p",0"),a")} satisfying

~ o~ ) 1 ~. A~
VsV, + (% + 52(q11)> Vi, — DViIUy = P,

V,Vil, - DVIT, = Q,

the following holds true:
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i a \Si
[ 19w o [ SR s,

oW (o)
~ . 2 , a = 2 /

< / IVLlZe (s, o+ / W||V”I’2||L§SC)(SH/,O)(1“ (6.2)

HO Hero

a A’L‘ a Ai
+ // (01 P a5, + // (702, @0y 5,0, o
Duu Du,u

Proof. This property essentially indicates the symmetric hyperbolic character of the null Yang-Mills equa-
tions. First note the following relation:

/<\1:1,13\112>+ /<\1/27*23\1/2>

u,u

S
= / V(Wy, W) — /<*5‘1’17‘1’2>+ /<‘1’2’*ﬁ‘1’1>— /(77+ﬂ)<‘1’1"1’2>
Suu

_ / (n+ 1) (T, ),

Su,u

due to the fact that (¥, ¥s) is gauge-invariant (see Lemma 2.2). Similar identities hold for the higher
derivatives as well:

/ (ST, DY) + / (70, DV, = — / (n+ )90, 1), (6.3)

u,u u,u u,u

With these identities in mind, we apply Proposition 6.1 with A\g = % + 52(¥y) and Ay = 209 — 1 =
I+ 255(W3) to yield

s ~ BN I+1 ~
2 / |u/|21+4 2(‘111)<VI\I/1, (Vg + (T + 82(\1/1))trx)vl\1/1> =

/ |u‘21+4sg(\111)|§1\111|2 _ / |Uoo|21+432(\1,1)|v1\111|2+ |u/|2I+4sz(\I/1)f|§I¢1‘2’ (64)

H, (0,u) H, . (0,u) Dyu

where f verifies | f| < T'|u|=2. For ¥y we have a simpler expression using the integration lemma:

9 |ul|21+452(‘1/1)<§1\1,2’§4§I\PQ> _ / |u’|21+452\§l\112|2
Duu ﬂﬂ(umfu)

N / |ul‘21+482|61\:[]2‘2+ / |u/|21+452(\111)(2w_trX)|§I\I!2|2. (6.5)
ﬂo(uomu) Du,g

Adding the previous two equations together we get

/ |u‘21+452(\111)|€1\1,1‘2 + / ‘u1|21+452|§1\p2|2

Hy (0,u) H, (uoo,u)
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_ / |UDO‘21+452(‘P1)|VI\I/1|2+ / |u/|21+482‘§[\:[}2|2
Hy o, (0,1) H(uoo,u)

~ ~ IT+1 ~
+2 / |u/|21+452(‘111)<v1\1/1’(v3 + (% +82(\I/1))U‘X)VI\I/1>

D,

u,u

+2 / |ul|21+452(‘111)<§1\112’§4§IW2>_ / ‘u/|21+452(\111)f|§1\1,1‘2

Duyw Doy

B o/ [2TH452(V1) (24 — gy ) [V T W, |2 (6.6)

D

U

Now we utilize the equations of motion to yield

/ |u|21+432(\lll)‘§1\111|2+ / |u/|21+432|§1\112|2

Hu(ovﬂ) Ei(uoo 7“)
— / |uoo|21+452(‘1J1)|VI\111|2
Hug, (0,u)

+ / |u/|21+452|61\112|2+2 / ‘u/‘21+482(qj1)<61\111,661\112+P>

ﬂo(uooyu) Du,u’

+2 / ‘u/|21+452(\111)<§l\1127*ﬁ@[qjl+Q>_ / |u/|21+452(‘111)f|§1l1,1|2

Dy w Duyu

— / |/ [2TH452 (1) (94 — try ) VT W, 2. (6.7)

Dy,u
An application of (6.3) yields

/ |u|21+452(\lll)|§1\111|2+ / |ul‘21+4s2|§I\I}2‘2

Hy(0,u) ﬂl(uooﬂl/)

_ / ‘uoo|21+4s2(qjl)‘vl\lll|2+ / |ul|2l+452|§1\112|2

I'IuOC (Ovﬂ) Eo(uoc 1’“‘)

+2 / |Ul|21+4s2(\1}1)<61\111,P>

+2 / |u/|21+482(‘1/1)<(77+ﬂ)§1\1117§]q/2>+2 / |u/|2I+432(\111)<§I\I,27Q>

Du,g’ Dy
. / |u/|21+452(\111)f|§1\1j1|2 B / |u’|21+482(\1’1)(2w—trx)|$1\112|2. (68)
Du,u Du,u

Now notice that P and @ are lower order terms. In this integration by parts procedure, all the principal
terms are canceled. Using the definition of the scale invariant norms and the boot-strap assumptions (3.1),
we observe that |w| < [ul™' |9, 0] < |ul72, [f] < ul2, and |trx| < |u|~'. We need to apply Gronwall’s
inequality twice. Notice the following important points
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94
[ P e - R S [ [ R p, (69)
Doy oy E(UNJJ')
u
‘ / |U/‘2I+482(\II1)<(77+ﬂ)§1\1/1,§l\112>|§/|’U/|_2 / |u/|21+4sQ(\I/1)|§I\I]1|2
Du,g/ Uoo H(O,y)
u
+/\u|—2 / u/ [P H452 (V1) |G T gy |2 (6.10)
0 H(uoo,u)
| / |ul|21+452(\111)f‘$1\111|2|g/|u/|—2 / |u/|21+452(\111)|§1\:[11|2 (611)
u H(0,u)

since 0 > ' € [uwo, u]. Therefore applying Gronwall in u’, we obtain

/ |u|21+452(\111)‘§1\111|2

H,(0,u)
5( / |u00|2[+432(\1/1)|v1\1}1‘2_~_ / |u/|21+452|§1\1,2|2 (6.12)
(0,u) Ho(uoo,u)
+2 / o/ [P1HA==00) (974, P)| 42 / Ju' P (9105, Q)
Du,l’
/ Jul ™! / et A 21 |> S
0 H(u™,u)

S/( / |um|21+482(‘1’1)|VI\I/1\2+ / |ul|21+452|$1\112|2

© u) ﬁo(uomu)

/ |u,‘2[+452(\p1)<§1\1117p>|+2‘ / |ul|21+4s2(\111)<§1\p27Q>|

+2
D, Dy
u
[t [ g,
0 H(u™ )

due to integrability of |u/|~2 at infinity. Now we need to apply the Gronwall in the u direction. We obtain

/ |ul|21+452|$1qj2|2

Eﬁ(uoovu)
5( / ‘uoo|21+482(‘1’1)‘vl\111|2+ / |ul|2I+432(\111)|§I\I/2|2
Huoo (Ovﬂ) EO (uoc 7'”‘)

+2| / |’u/|21-l—4$2(‘1’1)<§I\1117 P>| + 2| / |u/|21+432(\1;1)<61\112’ Q>|)ez

w,u’
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~

< / |uoo|21+452(‘111)|v1\1,1‘2 + / |ul|21+452(\111)‘§[\1,2|2

Huoo (0,u) H(uoo,u)

+m/hNMMW®wa+m/WWWWWW%@w

w,u’ U

Putting everything together, we obtain

/ ‘u|21+452(\111)|61\111|2 + / |u/|2I+452(\111)|§I\Ij2|2

H,(0,u) H (1o ,u)

< / |uOO|2I+432(\I/1)|vI‘I,1‘2 + / |u/|21+4s2(\111)|61\112|2

~

Huoo (O,H) ﬂo(uoovu)

+M/WW%”%@%fww/WW%”%@%@w (6.13)

u,u

’

In order to convert this inequality in terms of scale invariant norms, we need to recall the signature of each
term involved and the signature difference between ¥; and Ws. Firstly note the following

1 I ~ ~ I
52(Wy) = s59(Wy) + 3 SQ(VI\Ill) =3 + 52(¥y), s2(P) = 52 (V3VI0,) = 3 + 14 59(0y)
PO I+1
52(Q) = 52(*DVI ) = 5 + 52(V1), (6.14)

which imply

1 I1+1
SQ(VI‘I’Q) = 5 + 52(\112) = ? + 82(‘1’1). (615)

We consider each term separately:

w
/ |u‘21+4sz(\111)|§1\1,1|2 _ /|u|21+4sz(\1’1)H@I\IHH%Q(SH u,)dﬂ/
0

H, (0,u)

u
:/‘u|21+432(\111)a1+2sz(\111)‘u|—21—4sz(\1/1)||§1\1/1||%2 (s ,)dg’
se\Pu,u’
0

:/al+252(@1)||§lqjl||%gc(su u/)dﬂlv (616)
0

u
[ R = [,
Uoo

ﬂl(uoo 1u)

u
:/|u/|21+452(\111)al+1+252(\111)|u‘72(l+1)7452(\111)H@I\Ijﬂ@/z s )dul
sc u!u

Uoco

= [t 2 (6.17)

Uoo
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/ [u P4 [V, P)| = / o P4V, P s, du'du’

w,u’

_ / |ul|21+452(‘111)a1+1+252(\111)|u/|—21—1—452(‘111)H(@I\I/l, P>||L§C(Su/ u/)duld@l

u,u

_ / a1+1+2s2(\111)‘u/|71”<$1\1}17 P>HL§C(S”/ E,)du’dg', (6.18)

U,
and

/ [/ P00 (910, Q) = / [/ P20 (V1 02, Q)| s,y ' dd

u,u

:/|u/|2]+482(‘111)a1+1+232(\111)|u/|—21—1—432(\111)H<§I\I/27Q>HL1 (S ,)du’dg'

u,u

_ / a1+1+252(‘1’1)‘u’|71”<61\1’27 Q>

u,u

L (S, du'dy’. (6.19)

ul u

Collecting all the terms yield

~ a ~
/||V“I’1||2L?w><sw>du’+ / —|ul|2||v1\112\|%(2sc)(su/#)du/

F (0w (oo

oI 2 a &I 2
[ st [ IR (6.20)
H(U»H) H(Uoo#”)

// NS P, s, o de du+// LV W, @)l 5,0 e . O

Before embarking on the energy estimates, we provide a final helpful proposition, which can be found for
example in [12].

Proposition 6.3. Let f(z,y), g(z,y) be positive functions defined on a rectangle U := {0 < z < =z,

0 <y <wyo} Suppose there exist constants J,cy,ca such that

x Yy
fa,y) + ey ST +a / ') de’ + / olz.y)) dy,
0 0

for all (z,y) € U. Then there holds
Viz,y) €U fla,y) +g(z,y) < Jer v,
6.1. Energy estimates for the Yang-Mills components
We begin with the pair (af', (pf', o).

Proposition 6.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions, there holds, for
0<i1<N+5:
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1 1 1 1o 12
ey I(a>)""'Via FHLz () a—%H(W)2 WV (p", )||Lz ()

]‘ l\i—-1&:  F 1 1\i—-1Giy F F
@1y o, + @0 s e + L

r\/

Proof. We consider the schematic equations for o', (—p!", of'):

= 1
Via® + Strxa® = D(=p",0") = n(p",0") + wa” + %a”,
Va(=p",0") = Do’ = trx(p",0") + (n, m)a”
Commuting with ¢ angular derivatives, we arrive at the following two:
+1 .
VsVial —|— 5 tlr)(VZ E_DVi(-pl ")

D R A i S G R WA U e A ey

i14io+iz=i—1 i1+i2+iz+ig=1
+ § Vi viswVial + § Vipzvie Vsl
i1 +igtigtis=i i1tiatigtia=i

+ Z Vit w;z vis (Xv t&)@“a}? + Z V11¢;2+1Vi3trx§“ of

i1+i2+i3+ig=1 i1+i2+iz+ig=i—1

+ > VA tve (g, try) Ve
i1+i2+iztig=1—2

+ § vzl w;z vzgava (pF7 O_F)vzg, aF
i1+i2+iz3+ig+is=i—1

+ > VipeVealVial = A,
i1+i2+iztig=i—1

V4V’(—pF, O'F) _ *DVZO[F

_ Z Vit ¢;2+1vi3+1aF + Z vi w;z vis tI‘XV“ (PF, JF)
i14igtiz=i—1 i1+i2+izt+ia=1

+ Z Vhlp;zvig(n’ﬂ)ﬁuaf’_’_ Z V711/112V“(X7t1“>()v7 ( F F)

i1+i2+i3+iga=1 i1+i2+i3+ig=1
Y VTR (R ) V(p" o)
i1 +i2+iz+iga=1—2

Y Ve VR (e VRV (pf, o)
i1+iz+iz+ig=i—1

- > Vi Viaal Vi (pf oF) = B,

i1+ig+iz+ig=i—1

Making use of Proposition 6.2, we arrive at

97

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
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[(a?)i"1Via "I + (@) Vi (pF o Iz

(H(O u)) (H(uoo u))
1 LA
Sll(ad) Va2, oy Tl(@2)’ (", )H )
a INi—1d 1y
+// m”«tw) gy aFy(az) 1Ai>”L%SC)(Su/ u,)du du’ (6.26)
Duu

a LNi-1G Lyie
+ ] I T ) ) B g5 0
Du,u

Call the last two spacetime integrals above N and M respectively. For the first one, we have, using Holder’s
inequality,

N a INi—1Gi 1y
N = // mll((az) il (b)) T Al s, dul du
Duyu
[ 2 (6.27)

u
a 1 1 1 1 F
S [ | fleby At o | spl@dy e,
Uoo 0

‘We shall work on the term

u

1
= | [1eh a6,
0

The term A; comprises nine summands, as seen in (6.24). We bound each of the corresponding terms in H;
individually. For the first term:

(110 byie iv, a1
/ 2 Z \v4 1¢g2+1v 3+1(pF7O—F)”zL(ZSC)(SUI,E/)d@,’ (628)
0

i1+i2+izg=i—1

we observe the following. If i3 +1 = N + 5, we estimate ¢, in L, and (az)NHAYNF5(pF oF) in

L%SC) (HS,)’H)). Otherwise, we can bound the entire term using estimates on the I' norm. Therefore we
estimate, using the bootstrap assumptions:

$yi— i, i b1 r2m? r
[(a2)i! Z v 1wg2+1v st1(pF )||L2 (S ,)dg =t S (6.29)
i1+istig=i—1 lu | a?u/|

Ot~

Similarly, for the second term, we have

1 S A
(a?)" 1 Z Vi %2 AVALAVAS (pF7 O-F) H%?SC)(SH,&/) du/
i1+i2+i3+iga=1

A

St— T

1
R A N AR VS T (6.:30)
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u
u 4
1
L e G G IR T
0
FQMQ Fz ‘u/|2 ) F4
w2 W2 a? .Ft°p+a|u'|27

where in the last line we have utilized the bootstrap assumption

@ (@) N AN

||

77||L2 (H(O “)) ~ Ftop

For the third term, we have

@)=t > VihplvEeVEal2, o du
i1 i tiaria=i (e

u
o/
u
1
S [l ¥ TV al By o du
0
u
o/

(6.31)
4
3 \N+4, FgN+5 Ly
# [l T, oo
al?M? r4 aF2 1N
5 +4—N+5 /
S /]2 |u’|2 /]2 /” 2) Vv w||L2 NCR
For the fourth term, we have
u
Ji@y S et o,
0 i1+i2+iz3+ia=1
u
LN SN+5_F
S [I@h¥ @Y car R,
Ou (6.32)
iy 4
1
g ORI e (AR Ve
0
al®T3,  T* ar2 Ly
FYNHAGN 45, F
S \u’|2 + \u’|2 /|2 /H 2 V ||L2 oy (Sur, ,)d
In the fifth term, the worst term that is encountered is
u
1 Ry
/H(CLQ)Z 1 Z vllwzzvzsxvmaF||i§sc)(su/&/)dul
0 i1+i2+i3+iga=1
u
1
S e R TP (6.33)
0
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i i N+4 FxgN+5¢ F4
3 l
/ a2 a’'V ||L2 S ., ,)d + ?

0

< 219 M2 F_4 al? H)NHAGN+5 o2 du’
~ [K] [ ] + + || XHL(ZSC)(Su’,E’) u.

>

For the sixth term, we have

/ @Y R R, (e
0 i1+ig+iz+ig=i—1 (634)
|t 10 _I°

S

az /[t~ a2’

since there are at most N +4 derivatives in the expression, thus each term is controllable under the I'-norm.
For the seventh term, we have

u
/ [(a2)~? > VRt VR R Vel s, de
0

i1+ig+iz3+ig=i—2

) (6.35)
T 6
/ <D<y
o o S g S
0
The eighth and ninth terms are similarly controlled as follows:
Ji@h S T ol
0 i1t+i2tizt+iatis=i—1 se)
(6.36)
r . e a?T®  oI*
+ / I(az) Yoo VRRVERIVRATT o du S o
0 i1-FinHistiga=i—1 (se)Prula || ||
Putting equations (6.28)-(6.36) together, we arrive at
1
2
~ CL2 1
H; S 1+ T M[a”] + / (@) T w0 DI s,
(6.37)

lN4 N5F
‘/l /” 2 +v * ||L2 )(S/ /)d—/

u’

The terms above involving integrals cannot be controlled along outgoing null hypersurfaces, but nevertheless,
going back to (6.27), we see that



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 101

2

U 1 u

a a2l L\N+4oN+5 '
[ o far | [169 Dl 0 )
Uoo 0

u’,u

Nf=

P
lN+4 N+5 P al’ , (6.38)
: /|u'|4/” A S (RIS I Wy oL
azl a:T'R
ST (RAR+1) S —+,
|ul2 |u| 2

where we have made use of Holder’s inequality, the bootstrap assumptions as well as (5.149). Similarly, we
have

<
S]]

(Sur ur) du’

(12F 1
/ |u/|2' /H(az)N-i-4vN+5 F”L"’

|w] (o
0
b\ (6.39)
l]\7—‘,—4@1\/4—5}?2 dld/ /ard/ :
2 [
//|u’|2” e HL%SC)(SH/&/) u dw N U
0 Uoso Uoo
al’ 1 al' M
<—= sup ||(a 2)N+4VN+5 F”L2 (o) S — S L
“ulz o<u<i (s¢) |ul2
Putting everything together, we get
N < (C[RIM[a"] + TR+ 1) - sup||(a?) ' Via FIILQ U (6.40)
u/
Moving on to M , we similarly obtain
3 - //|,| (@) (@) B g 5,0 '
1 (6.41)
1., 1
/ / SN B s | sl @D T e

We now work on the spacetime integral in the inequality above. Here, there holds

[ a Iyi— 01,0 7
//W”(m) oY VRtV g il

0 Uno i1+i2+i3=1—1

A

1, EPEAVA Vi
@)™ 3 VYR,
i1+ig+iztiga=i—1

) du’ du’

u’

s
[\v]
TT—r

(6.42)

u

u
1 N+4AN+5 F 2 R
u’2 |u’|2 /|| 2 v o ||L§SC)(su,&,)dg du +//| P | /|2 du’ du/
0

Uoo

2F2M F12
)+1§a|u|3[°‘]+151.

N

g g
e 3\@ 8 ~~—=

~ ‘ul‘4

a21“2 1 1\N
A (a3 NHATN+5  F
(S T,

Uoo
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The second term is contained in the fourth, so we skip it for now. For the third term, there holds

>

i1+i2+i3+iga=1

7 / el edy

0 Uso

ViV (n,n)Via "Il

S/’,)du du’

u u
a  al” I\N+4GN+5 /
< [ o e [1aH e, o,
Uoo 0
[ i Y o 6.43)
a r? L\N+ASN+5, F |12 ’ a r+ o, (
+/ |u/|2 : "LL"Q /”(a2) \% « ||L(2$C)(su,&,)du du +//—|u,|2 : |u/|2 du’ du
Uoco 0 0 Uoo
a2 ‘u/|2 FaT? 212 a2T2 M| )2
< R du - a-M F 2d / 1< top 1
S [ fa T+ [ e MR 1 £ = o
<l1.
For the fourth term, we have
[ a Lyie i1, 102703 (0 Si
// |u,|2||(a2) 1 Z V1¢g2V3(X7trX)V4(pF70 )||L2 (S, ,)du du/
0 Uoso i1+i2+iz+is=1
al (1 i LIN+ASN+5 02 / /
ot 3 Ve IR, |
0
[a 12 f 6.44
+/ B Tup /||( 2)N+4VN+5trXHLz (S ,)du du’ (6.44)
Uoo 0
21—‘2& 1N-‘:—4 N+5¢ F _Fy\|2 7y, [/
/ /[ / a? VAT (p" o )HL(QSC)(su,’E,)dE du +/ |u’|2 |u’|2 du’ du/
Uoo 0 0 Uso
Q2T2T2 212 2712 I 4
< Fl;top FI‘;OP al“]\ﬂp3 %51.
|ul |ul |ul |ul
For the fifth term, we have
[ a 1 i— i 1 (2 7
// |u/|2||(a2) 1 Z \V4 11/} i2+1y1 3(X, trX)V 4(p o )||L2 o (Surar )du’dg’
0 Uso i1+io+ig+ia=i—2
u u (6.45)
/
<[ [ i e <1
0 Uoo
The last two terms are, similarly, bounded above by 1. Consequently, one has
M S Su{pH(a%)iflﬁi(pF’ O-F)”L?SC) (ﬂ'@;w,u)). (646)

Taking (6.40) and (6.46) into account and multiplying throughout by a=!

, we get
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oty Ve, +a M (a2) V(P oF)

2
SC)(HT(LO,&)) ||L?su) (Egmoc,u))

— 1154 — i 1S4 —1/n7 T
<a Y|(a?)’ leaF||2L§,,>(H§P&))+a Y(az) 1vz(pF,aF)H?L?”)(ﬂéuwu))+a YN+ M)

Sa”M[(a2) V2, +a7|(a2) IV (p", 0T

6.47
20 (HZ) (6.:47)

2
|| L?sc) (E(()“oo JL))

1

+a *(CM+TR+1)-M+a"%-M

Sa7!(a2) "V 2, +a7|(a2) V(" oT) +1.
(

2
oy (L) ”L%Sc) (HSroe™)y
By taking the roots, we translate the above into the desired conclusion in a straightforward fashion. The

result follows. O

Proposition 6.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), (5.2), we have,
for0 <t < N +5:

INi—1 1\i—1&4
H(a’z) 1v (pF7JF)||L%SC>(H7SOaE)) + ||(a’2) 1V QF||L%SC)(ELHOC’“))
(6.48)
INi—1i 1\i—154
ST )y oy 1@ TV Ny )+ 1

Proof. The proof follows along the same lines as the preceding Proposition. We begin with the schematic
equations for ((—pf", of"), af)

Va(=p",0") +trx(—p",0") = D’ = (n,n) - 2", (6.49)
Via —*D(=p",0") = (trx,w)a” + (n,n)(p",0") + g aF. (6.50)
Commuting these two equations with ¢ gauge-covariant angular derivatives we arrive at

o~ o~ .

VaVi(—pf, o) + Z;

1 .
trxvl(pr,aF) —DVial =

Z Vil,l/};2+1§i3+1gF + Z vhw;z vi3 (nvﬂ)ﬁugF

i1+io+iz=i—1 i1+i2+i3+ia=1
+ E V2V (y, trx)V“(—pF, of) + E V“?/J;?HV“ter“(—pF, o)
i1+i2+i3+iga=1 i1+i2+iz+tig=i—1

o _ (6.51)
R A AR oA G
i1+io2+ig+ig=1—2
+ Z vil/l/};2§i3gF§i4(pF’O'F)ﬁiS(*pF7O'F)
i1 +i2+iz+igtis=i—1
+ Z v’hw;z@ZBQF@M(_pF’ O’F) = Al
i1+i2+iz+ig=1—1
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64@1.@}7 _ *'Dﬁi(—pF,UF)
- Z V“i/);”l@iﬁl(—pF,JF) + Z V“?/J;ZViS (trmw)@“gF

i1+io+izg=i—1 i1+i2+i3+ia=1
+ Z V’Ll wzg v(n n)vu( F F) + Z vil w;g vingi4aF
i1+i2+i3+ia=1 i1+i2+i3+ia=1
+ VPRV (R, trx) Ve
2 J (6.52)

i1+i2+iz3+ia=1

+ Y Ve tR(R ) Via”
i1+i2+iztig=1—2

+ Z V’il w;g vigaFvi4 (pF’ O'F)V,LSQF
i1+i2+iztigtis=i—1

+ Y VrveafVid =B

i1+iz2+iz+tig=i—1

We thus arrive, using Proposition 6.2, at

1@ T o +1@2) VT,

(ﬁc)( u))
ST o, + a2 T2, iz40, (6:5%)
~ (H(O u)) (I_I(uQO u)) =g iy
where
:/ |L % i— 1A ( %)i_lﬁi(pF’O-F)”L%SC)(SH/'H/)du/dgl (6.54)
0 Uoso
and
/ || 3 B (a2) " Wi s, (s, du’ du’. (6.55)
0 Uso
Focusing on Z;, we have
w - —
5/ | /|2|| 2 Az‘HL%sc)(sul&)H(az) IV (pF’UF)”L?SC)(Su/,l) du'dg’
0 Uoo
/ / e : (6.56)
a 1. . F .
oy B W ACH R RRE T B 0 et (RN
1
u u 1
a 1yi—1 2 P L1
5 / |u/‘2H(CL2) Ai”L?SC)(S“/&,)dU dg 'u S<u£<uH( 2) \V4 (P o )|‘L%SC>(H$}A))-
0 Uso S

For the first term of the spacetime integral in the line above, as in previous Propositions, we have
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@3 = 3 ViRt ) du du

/ 7|2
0 Uso |u| i1+iz+iz=i—1
< [ a_ I? I(a) =1 ¥iaF |2 du’ du ;
~) ) W e QLY (8,0 AU AL (6.57)
0 Uso
[ [ a I R 2 al? 1
+// |u/|2 . |u,|2H(a2) \% (nvﬂ)HL%Sc)(Su )du du + — ‘ /‘3 5 a%
0

@
8

Secondly, we have

u u a 1, i ; .
//—|u’|2”(a2) S DI A ST ON)) | A T P i 4
0

i1+i2+iz3+ig=1

u

e 3

u
< _a . F_2||(a%)i71§iaFH2 du’ du’
2] wE 0l 5,00 B0

0 Uso (658)
u u u u
a r INi—1Gi 2 ’ .7 a r ’ 3.0
+// el |u’|2_”(a2) v (n,ﬁ)IILﬁsc)@u,&,)du du +/ DERTIE du’ du
0 Uoo 0 Uso
< aFQ (FQ + Ftop) < 1
ul® ~ab
For the third term, the most borderline case is when we have
// \u’IQH a?)” Yoo VREVERViE(—pFo Lz, (5,0, du'du!
0 Ueo i1+i2+izt+ia=1
[ [ a WP T2
5// \u’|2. a | /‘2”( a?)’ 1V( pro )HL2 o (Sur, “)du’dg’ (6.59)
LNi—1wig 1
" /|4H a?) Vx||L2 (S /)dudu +15 —,
az
0 Uso
where we have used the bootstrap assumptions (3.1) as well as equation (5.149) from Remark 8.
Out of the fourth and fifth terms, the most borderline one is the fifth. We estimate it as follows:
u u
a 1yi— i1 ,/,0 7 7
//W||<CL2> 1 Z v ¢2+1V3(X trx)V4<p o )||L2 o (St du’dyl
0 oo i1+iz+iz+ia=i—2
v u . (6.60)
r 1
5// O dude S
[w'|?  a az
0 U

The sixth and seventh terms are similarly bounded above by a*%, noting that since they involve up to i —1
derivatives, no elliptic estimates are involved in their estimation. Finally, we have
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= < 1 INi—1Ti <
SiSp sup [(a2)" V' (p", 0 )HLz Loy S L (6.61)
u u' <u
by the bootstrap assumptions (3.1). Finally, for O;, we have
u u %
a 2)i-1 )12 1yi-1 F
/ / |ul|2 ||(a2 )l ,L”L? (Su' u/) d’ll, du ’ Oiliglu(aQ)Z vl ||L2 (H(uoo u)) (662)
0 Uso Sus
For the first term in the spacetime integral above, we estimate
u u
a Lo A
/ —|u/|2||(a2)z 1 Z Vz1¢;2+1vzg+1(_pF,UF)”%%SC)(SM’H/)du’dg/
0 Uoso i1+io+iz=i—1 !
u u 9
a —F A VA F S Fy)2 ;3.0 (6.63)
g// |U,/|2 . ‘u/lg‘l((l?)z VZ(—/) O )”L%SC)(Su,’E,)du du +1
0 Uoso
M2F2
Samp +151

The second and third terms can be similarly bounded above by 1 using just the bootstrap assumptions (3.1)
and (5.2). The most dangerous term is the fourth one. Indeed, distinguishing between those terms which

are top-order and those who are not, we have

[ a 1yi— 7 [P wi] 14
mzle) ™ Z Vi, VERV F||L2 (S, ) du'dd!
|u/]

i1+i2+iz3+ig=1

[ o [WPTRP, e
5//|— [P T [(a2)i =1V F||L2 (S,’,)dudu

W2 ooa |u

0 Uso
u u
r CLQF[ ] e (6.64)
+// |u/|4 ||( 2) 1VIXH%%SC)(SH/,£’)du/d@l
0 Uso

u u
e 7112 ]_'\2 & ]_'\2 aF
// o T hmﬂggrm%wmfﬁ+rpﬁ%R+E+U+1
|u/|2 a |u/|2 AY

<YM 2+ (R+R+1P+1S (R+R+1)%.
The remaining terms are not of top order and hence can be bounded above by 1 in a by now standard way.

Ultimately, we have

(NI

2 u

u u u
a Lyi—1 2 I 3.7 N1 F |2 ’
// \u’|2H(a2) Ei||L%SC)(Su,&,)du du /||(a2) Via ”Lfsc)(ﬂgjw*“))dg
0 Uso s
u u
1yi—1 113 F ,
5// |u,|2||( a?)' " E; HLz (S /,,)du du’ + = / a?) Via || L2, (H e u>)du (6.65)
0 Uso 4

N

u
SR+ R+ 12+ ¢ [ 1T, o o'
0
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Combining equations (6.53), (6.61) and (6.65), we arrive at
Ni—1Gi FFy)|2 Ni—1Gi  F
O At TR (00 P

INi—1Gi INi— %
Sli(a2)='v (pF,UF)IiQ +ll(az)='v FH

oy () ey (HG"7)

+(R+ R+ 1)

MH

u

1

5 i—1i  F du’
1 [l R,
0

from where an application of Gronwall’s inequality yields the desired result. O

6.2. Remaining energy estimates for Yang-Mills

107

(6.66)

In this section we obtain energy estimates for up to N + 4 derivatives of @401}7 and @ggF . These will be

useful in the energy estimates for o and «a respectively.

Proposition 6.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1) and (

holds, for all 0 <i < N + 4:

1, 1eue g 1o S F S

a—%||(a2V)ZV4a ”L?SC)(H&O&)) T H( 2V)* (—V4p 7V40' )”LQ )(H(uoo wy
@)l . ow, + iH(a%W(ﬁ F 0" + L
ot 44 Nz o) ™ T P, VAT My qafree) T T

Proof. We begin by noticing the equations

~ ~ 1 ~ ~ ~ ~
ViVeal + 5trxV4aF — D(V4pF,V4UF)
=thgtrxal + (g, %) (Wg, D) (@, Vo) + V(n,m)al + 9,V (", p o) + (@F, o', o7 Vi,
+(Vig, V(T 0T) + (%, 40)V (7, 07) + (o7, aT) (o7, o) + o (o7, o) + aal
+ (g, X)Vaal + (p,0)al + B (pl" 0T,
64(@4[21?, @40’F> — *ﬁ§4OzF =
BRF +OLF(pF7JF)O[F +af . af Jrq/}g@wéF
+ (% )Vl + (g, X)ga” + (g, X) (g, R) (", o)
+ ¢g¢g(aF,pF70F) + (VUJ)OéF

Commuting with ¢ gauge-covariant angular derivatives, we arrive at

1 ~ ~ ~ o~ ~. ~
trxViVaa — D(VIV4p", ViV,eh)

SN i+

V3Vivea® + 5

— Z Vi1w22+1vi3+1(v4pF7v4o_F)
i1+i2+iz=i—1

+ > VigizVisy Vistry Vi al
i1+i2+iz+ig+is=1

Y VRV, DV (6, DV (0, )

i1+i2+iz3+ig+is=1

5.2), there

(6.67)

(6.68)

(6.69)
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+ Z V“z/);"’ Vistl(p, ﬂ)@“aF
i1+i2+iz3+ig=1
+ Z vi1w;2+1§i3<aF7pF,UF)
i1+ig+iz=i—1
+ Y VIR ey, )V (pF o7
i1+i2+i3+ia=1
+ Z vhw;zvia (¢g,)€)§i4+1(pF,JF)
i1 +i2+i3+ia=1
D R e
i1+i2+iz+ig+is=1
+ Z Vilw?@isaF@m (pF,O'F)
i1+i2+iz3+ig=1
+ Y VigRvEavial
i1+i2+iz+ia=1
+ Z V“z/);"‘ Vi (p, U)V“ozF
i1+i2+iz3+ig=1
+ Z vil w;z vigBRﬁu (pF’ O'F)
i1+i2+i3+ig=1
+ ) VIRVE (4, )V Ve
i1+i2+i3+ia=1
+ Y VRV (R, i) Vi Ve
i1 +i2+i3+ia=1
D D A T e A e
i1+i2+iztig=1—1
+ Z v%;“vis (X trx)@i“ Vil
i1+i2+iztig=1—2
+ Z V’il ¢;2 §’L—3QF§’L'4 (pF7 O'F)@,% @40&F
i1+i2+iztigtis=i—1
+ Z Vilz/);"‘ Vi Ve, of =G, (6.70)
i1+i2+iz3+ig=1
64(§i§4pF, §i§4O’F) — *D§i§4aF =
Z V’il w;2+1§7]3+164OLF
i1 +i2+i3=1—1
+ Z vi w;g vis 5R§i4aF
i1+i2+iz3+ig=1
+ Z vi w?@iSQF%u (pF, O_F)§i5aF
i1+i2+iz3+ig+is=1
S SR VA v e
i1+i2+i3+ig=1
+ Y ViRV, VeVl
i1+i2+i3+ig=1
+ Y VIRVE(R, 1) ViV
i1+i2+i3+ia=1
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i1,/,92 7 Stvs <is  F
+ g VlngVS(iﬁg,X)V g VP
i1+i2+iz+ig+is=1

Y VRYERVER (Y, )V (8, DVE (07, o)
i1+i2+iz3+ig+is=1

+ Z vi1 d};zviz,wgvuz/}gvis (OzF,pF,JF)
i1+i2+i3+ig+is=1

+ Z Vi wéa vi3+1w§i4 of
i1+i2+iz3+ia=1
bY TS, Sa”)

i1+i2+iz=1

+ > VRV (R )V (Vap", Vo)
i1+i2+iz+ig=1

+ > VitV (f,trx) Vi (Vap!, Viol)
i1+iz2+iztig=i—1

4 § : Vzl ’l/);z vzggFVM (,DF7 O'F)st (V4[)F, V4O'F)
i1+i2+iz+igtHis=i—1

Y Rl (§F Vi) — B
i1+i2+iztig=1—1

We have
”(QEv)iv‘lO‘F”ig“)(Hﬁ"*”) + (a2 V) (=Vap", VMF)”szsc)(ﬂg‘w’“))
18V, F 12 1OV L F T L FY 2
@A Fa0F 12, oy + @9V (=Tap" Fa0 N2, i) + X+,
where

X [ @ TiaF ad Gl s,

a [IPSUEPN N .
Y = ﬂ |—||<(G;V) (V4pF, V4OF)’a2Hi>||L<1$C)(Su/&/) du’ du’.

As before, we have the estimate

(@2 9) Vo

u u
a L 2 ’ o
X< // 7|u’|2 ||laz Gi”L?sc)(Suay)du du . sup SC)(HS@).
0 Uso -

O

109

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)
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We begin with the first term. There holds

u u

LN il il (S F S _Fy\)2 L
//|u/2|a2 Z ity tlyis (Vap™,Vyo )HL?SC)(SU/&/)du du
0 Uso

i1+i2+iz=1—1

1

//| /‘2|W’g az )‘(64/01?7 Vol )||L2 o) (Sur /)du du’

ul

0 Uso
i (6.76)
a i . . . N =N
+// |u’\2Ha§ Z Vzlw;2+1VZ+1(V4pF’ Vol )”L"’ [(Sur, u/)du du’
0 Yoo 11+;§—£§3 11 1
u u
S (@ EAY V) (Vap?', Vaa)|? +i<i
~ |u/‘2 |u’|2 4P s V4 L2 (Sur ur) "~ ar’
0 Uso

where we have used the bootstrap assumptions (3.1). For the second term, we have

[ a i 1,00 i i 7
// ‘u/‘2Ha2 Z VgV, vV 4’ClVXV SOéFHLz NCA du du’

- T o
v u v 52 1 (6.77)
a u 1
< . .z - du du’ < —.
N// u'? ( a " |u'2> tE
0 Uso
For the third term, we have
u u
a i . . .
[ [ amlet X Ve OV DT DI, e
0 Ueo i1+i2+iz+tigtis=1
u oy (6.78)
[ a o] L 13,712 ? ’ 1
5/ 5o la? s a2 T du'du’ < —.
) |u’] az as
Uoo
For the fourth term, we have
u u
//L]zlla% Z vzlwlgvls—‘rl(n n)vl4 F”L2 , , du/dg/
0 U |u| i1+i2+i3+ig=1 B
u u
a al?
5//WI /|2|| AV, 77)||L2 (8, A’ du
0 Uoo (6.79)
u u
a F4 1 1 1
__d/d/<_ 5 \N+47N+5 2 . el
[ [ i € @I, e
0 Uso
1 1 1
ST F%op + 1 S/ 1
az a3 a3
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Most of the other terms are bounded above by a~% in a similar fashion. We will give the details for the
sixth and fifteenth terms, which present the most difficulties. For the sixth term, the most borderline term
appears when (try, ¥) = X. We then have

U u
a i : : : =
/ — ||CL§ Z Vuw?vszrl)zvu(pF’O_F)”iz (Sur o) du’ d@’
5 [l i1 iatigtia=i o
u u 2 u u
al?  a | iyl (6.80)
i+1
5// e . ‘U/PHCLQ Vi HL2 o (Sur ) du du/ +//| ,‘2| /|2 du’ du/
0 Uoo 0 Uoso

4
g al 1
Sa—%rtopb{] + |u,|3 5 a_%

Finally, the fifteenth term can be estimated as follows:

u u
a i . . o ~. o~
/ / —|U/|2 Ha2 Z Vllw;’z-‘rlvl& (Ka trX)V14V4OéFH%?Sc)(sul,ﬁl) du/ dul

i1+i2+iz+ig=i—1

0 =)
! (6.81)
/|4 176 176 1
. du'd S — .
//wcﬂ S RS
0 uso
As a consequence, using (6.75), one can conclude that
1 Py
X<—- sup [(@V)Vial|, oy S 1. (6.82)
a3 u<u'<-% (se) N !
For Y, we once again have
1
u 2
a i 18\ 1S S
// WHazHi”%%sc)(Su’,u’)du,dﬁ/ -OilllL]ilH(a?V)Z(V‘lpF’V‘lg )”L2 o (HG) (6.83)

0 Uso

We begin with the first term in H;. We have

u u
a i o i
//‘u/|2Ha2 Z Vnw;z—&-leﬁ-le;aFHL%SC)(S,H/&,)du’du/

0 U i1+iz+iz=i—1

// [PIER |u’|2”( a2V)'Via” ||L2 " ,)duldﬂl (6.84)

1
/
// /|2 ) |u’|2 u S _%’

0 Uso

where we have used the bootstrap assumptions. Most of the rest of the terms can be bounded above by a3
similarly. The terms which are most borderline are the fourth, tenth and thirteenth. We treat them one by

one.
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i1,i2 5713 o F i F |12 ’ 3.0
./ /|2 Z V1¢92v 30( V4a HL%SC)(Su’,H/)du du
Yoo i1+i2+i3+ia=1
y (6.85)

a2 2 12
Do [ofPT o [ 2 2
/ iz 2 du'dv' S (R+R+1)° < R,

O\\: O\\c

Uoo

where again we have used the bootstrap assumptions (3.1). For the tenth term, we have

u u

/ | C/l|2 la? Zl+i2§+i4:i V“¢;2Vi3+1w$i4aF||2L?SC)(SM&/) du' du’
f,// | C,l|2 ) |al:|2||a2v“rlw||L2 (S )du’dy/ (6.86)
+O/UZ|?|2|F,|2du du’ < ai%’

u u
a i ) . . . ~. 9~ ~ .
/ u /|2||a5 Z V“vamz/)gvu(&trX)VIS(VMF,V“UF)H%%N)(SU,,H,)duldul
0 Uoo i1+i2+iz+tig=i—1
(6.87)
</ﬂ/u a Wt T 11
aa' . —_— —_—

~ /|2 a? |t ful Y as

0 Uso

Combining everything, we arrive at

VSR s @) Ta, Tao )l e, (6.5
0<u<1 o)
Taking into account (6.72), (6.82) and (6.87), we
FIENPEN 18v, S S
DT, o) + 1@ T, T2,
1= l . ~ ~
Sl V)iV aF|| oyt (a2 V) (=Vap", Vo™ )H () (6.89)

1 e Loy (S F ©
s @2 V) Vaa o)+ (R+1) sup [[(@2 V) (Vap”, Vao )l sy

a3 uo<ul—% u 0<u<1

Multiplying everything by % and using the bootstrap assumptions (3.1), (5.2) we arrive at
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1, 1eue 1, iy o pe
R 2 R C O KGR SV Z b [,

1 ISP PN ~
< 5 i F 2 - > i F Fy2
LI Ta0F 12, + 2l @9 (<Tap, Vi >\|L?SC)@W,M)

1 1 14
T .<_ sup  [|(a2V) V4aF||L%WC)(H<9,u))> (6.90)
1

1 ISV o F O
uo,om)—i-aﬂ(a?V) (=Vup ,Vao? )H 12, (G u))+17

whence we obtain the result by taking the square root.
Now we need to estimate the energy associated with the mixed derivative of of i.e. VIV3a!. Before

proceeding, we need the following integration lemma.

~

Proposition 6.7. Let us define ¥y := V ,of) and Uy := 2 Vsal. The following Hodge system
Jul p* ] g ge sy

~ I-1 - R
VoVl + (= + DtV 0y = DV + |i|5{,
- u

VI, = DYty 4 Lel

|ul
verifies the energy estimate

SI-1 S Fy2 2

97 (2T, L0 s / P T s,
Hz(LO,H)
< oI-1_% & F _ 0 & _Fy2
S [ IR T T s, d
Hﬁi’f)

u

a o1-1, S Fy2 ’
+/| ,|2||v (mvz&g )HL(QSC)(S“/)O) du

a a -~
// 1V o Ve Vs, SV ey s, )

o
a or-1 0 g vli-lg
+ // T (e Ta0), (T s,
Du,g

Proof. First we denote ﬁ@g(pF , O ) by ¥y Whlle Tul Vga by W5. Now we commute the evolution equations

in the proposition with V-1 to obtain

~ I—1 ~ ~~

VaVITlw, + (——+ Dtrx V=1 = DV, + %5{, (6.91)

%46171\112 = *ﬁ§171\1/1 + ﬁggl (692)
u

Now apply Proposition 6.1 with J =1 —2 \g = % + 52(P1), Ay = 2)\g — 1 to obtain the following
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~ ~ J ~ ~
2 / [/ IR (G, (Vs + (5 4 52(80))trx) V) = / [uf2/ 1A [Ty 2

Dy, o H,(0,u)
N / |uoo|2J—1+4sz(\I/1)|§J\Ijl|2 + / |u/|2J—1+4sz(\I/1)f|§J\Ijl|2 (693)
Hy (0,u) Dy
and for Wy
2 / ‘u/|2‘]71+482(\1j1)<§‘]\1’2, §4§J\I’2> _ / |u/|2J71+452 |§J\112|2 (694)
Dy H, (oo u)
N / |u/|2J—1+432|§J\I/2|2 + / |u/|2J—1+432(\I/1)(2w —trx)|§‘]\112|2.
Ho(uoo,u) Doy y

Adding the previous two expressions we obtain

_ N J _
9 / |u,|2J71+4S2(\II1)<vJ\Ifl,(V3+(§+82(\Ij1))trX)V\Ijl>
Dy u

19 / |u/|2J71+4S2(‘I’1) <§J\112, §4§J‘112>

Dyw
_ / ‘u|2J71+452(\P1)|§J\Ijl|2+ / |u/|2J71+452|§J\112|2
H,(0,u) H, (oo u)
. / |u00|2J—1+4s2(\I/1)|§J\IJ1‘2
qu(O u)
_ / |u/|2J—1+452|§J\IJ2|2+ / |ul|2J—1+452(‘111)f|§J\I,1|2
Ho(itoo ) D
+ / ‘u/‘2J—1+452(\111)(2w_trX)|§J\I/2‘2.
D’U.u

Now use the equations of motion to yield

/ |u|2J—1-|-452(\111)‘§‘1\111|2+ / |u/|2J—1+452(\111)‘§J\I,2|2

H,(0,u) ﬂi(uoo:u)
_ / |uoo|2J—1+432(\I/1)|§J\II1|2 + / ‘u/|2J—1+4sz(\P1)|§J\I,2|2
H,_ (0,u) Ho(too,u)

+2 / |ul|2.]fl+452(\111)<§‘]\1117| ,|51 _|_2 / |U,|2J 1+4s5(¥q) <VJ\IJQ, >

u u

/ |U |2J 1+4so( \Ill)( ﬂ)<§J\p17§J\II2> N / |u/|2J71+452(‘I!1)f|§J\111|2
Dy

e

/ ! [27 1452 (00 (200 — ) [97 W . (6.95)
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After applying Gronwall’s inequality, we obtain

/ |u|2J*1+452(‘1’1)‘§J\I,1|2+ / |ul|2J71+452(\D1)‘§J\I,2|2

H,(0,u) H,, (oo u)
5( / |Uoo|2J_1+452(\Ill)|vJ\I/1‘2+ / |u/|2J—1+452(‘1/1)‘§I\I]2|2.
Huoo (0,u) H(too,u)
_ s = a _ s ~ a
+ [ e @ el [ 2<%><w2,w£§>|). (6.96)
Du,g’ Du7£
Similarly,
sy (U1) | S a
/ |u/|2J 1+4‘2(\I/)|<VJ\1117W‘€11>|
Dy
_ / |u/|2J—1+432(\Ill)aJ+1+2sQ(\1/1)|u/|—2J—1—432(\1/1)K@J\I,l’ﬁg{HLl (Sur /)du’dg'
u sc uw'
Dy
= / aJ+1+2sz(\I/1)|u/‘—2|<§J\I/1’ %5{>|L§C(Su/,!/)du/dﬂl (6.97)
Dy
and

/ |ul‘2J—1+432(‘I/1) |<§J\I’2, ﬁﬁJ‘CJ’?H
u
Du,g

21 /S a4 &
:/aJ+1+232(\I/1)|u/| 2‘<VJ\I]27va‘€2>‘Lgc(su/&/)du/dﬂ/-
Uyu

Collecting all the terms together and noting that |u| < |u/| yields the result. O
The following proposition allows us to obtain the necessary estimates.

Proposition 6.8. Under the assumption of the main Theorem 1.2 and the bootstrap assumptions (3.1), the
following energy estimate is satisfied for all 0 <1 < N +5:

u
—I—1 a = F a = Fn2 , a E—_— a ~ Foo /
[ I G s M s @ [ I Ve,
HO e
< @IAL@Fa@FQ !
S [ IR T e s, d
(0,)
Uoo
u
a SI-1/ @& Fyy2 ,
+/ |u/|2||V (WVZ%Q )||L%sc)(su/,0) du —|—1
uOO

Proof. First we compute the error terms & and &. An explicit calculation using the null Yang-Mills
equations yields
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Ei~(Vo—x-+n)+whn+n) —B+e’ -af —pF-af)al +(n—n) Vil
+(pF oeYVatrx + (B + o - (pF +o))al + af ol + (n+ 1) Vaal — x - Val + xna®,
&2 ~ap" + () (—trx(p", 0") — diva” + (n, 1) - &*) — xVp" + xnp”
+afol — X@oF + xno’ + wVsa” — wVpF + w* Vel + (n— g)@gF
+oa + pfa + (|p7 ] + |07 [P’ + w(trxa® — 2 no" — 2np" + 2wa”

") - jinaa”

Note that the expression of &; contains Vstry, which contains (tr&)Q, a double anomaly that might cause
problems in closing the estimates later. Therefore, we work with the re-normalized entity try := trx + |i—‘
We write Vstry as follows:

2 2 —~ -1
Vi(try) =Vs(trxy + — — —) = Vstrx +

ul  Jul

= Q7 = 1) + [erx|? + 2wty — [X[* — [aF* +

[ul?

201
Jul?

Therefore £; reads

29*1)
|ul?

Q71— 1) + [trx|? + 2wtry — [R]* — o7 ]* +

Now using the commutation formulae (2.86)-(2.87) as appropriate, we obtain

Eh Z V‘h"'ltrK%Jz\Ifl

Ji+Ja=1-1

+ Z V7 (n+n) VR, trx)@]‘*\h
Jit+J2+Jz+Js=1-1

+ Z V(4 0) 2V (R, try) VI
Ji+Jo+J3+Jy=1-1

+ Z v'i(n +Q)']2H@J3trxﬁ‘]4\lll
J1+Jo+Js+J4=J—1

+ Z V7 (n+n)2TV (g, trx)@J“\Dl
Ji+Jo+J3+Ja=J—1

+ Z V(g 4 1) 2V V0w,
Ji+Jo+J3+Ja=J—1

+ Z VJ1 (n+Q)J2§J3QF§J4(pF,UF)§J5\I}1

Ji+J2+J3+Jy+I5=J—1
+ E \va! (77 +H)J2VJ3+1WVJ4QF
Ji+Jo+J3+Js=J

+ > V7 (n+ n) 2V XV (g, ) V"
Ji+Jo+ T3+ s+ Js=J



and similarly

+

+

_|_
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+ Z VJ1 (T] +ﬂ)J2vJ3£vJ4(n7ﬂ)§Jng
Ji+Jo+Jz+Ja+Js=J

+ Z VJl (77 + Q)J2 VJL)'E%JA‘QF
Ji+Jo+J3+Ja=J

LD DR AR V) e S ON) A
Ji+Jo+J3+Ja=J

+ > V7 (1 + )2V ey VPt V7 pf
Ji+Jo+ I3+ Ja+JIs=J

I

1 ~
A DI UR i S
Ji+Jo+Jd3=I—1

11

1 ~

+W Z v.]l (77 +ﬂ).fgv.73 (Qfl _ 1)VI4pF
u Ji+Jo+J3+Ja=1-1

+ Z le (77 4 ﬂ)JQvJ;;XVEMX@Jy,pF
Ji+Jo+ T3+ Js+Js=J

+ Z V,h (77 4 ﬂ)J;z V'J3QVJ4U'X§J5/)F
Ji+Jo+Jz+Ja+JIs=J

+ Z le (n+ﬂ)J2§J3QF§J4QF§JspF
Ji+Jo+Jz+Ja+JIs=J

+ Z le (T]+ﬂ)J2§J3QF§J4gF§J5pF
Ji+Jo+Jz+Ja+JIs=J

+ > Vi +n) VBV (pr o)Vl

Ji+Jo+Jz+Ja+JIs=J

+ Z v (n+ Q)Jz §JSQF§J4QF
J1+Jo+Js+Ja=J

+ Y ViV, ViVae”
J1+Jo+Js+Ja=J

+ Z le (,,7 + E)Jz VJ3XVJ477§J5QF
Ji+Jo+J3+Ja+Js=J

Ji+Jo+J3+Ja=J

II7
Z v/i(n +Q)J2VJ3ﬂ§J4\I!2
Ji+Jo+J3+Jy=J—1
Z le (77+ﬂ)h@‘]:“aF%‘]“(pF,(jF)%Jf*\IIQ

Ji+Jo+J3+Jy+Is=J—1
V(g +n)2V5al Vv,
Ji+Je+J3+Ja=1-1

Z VJI(T]—FQ)'EVJSX%'M\IJQ
J1+Jo+Js+J4=1—1

117

(6.98)
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+ Z v/ (77 + ﬂ)J2 @JggFﬁhpF
J1+Jo+J3=I—-1

+ Z V7 (n+ Q)Jz @JSQF@QPF
Ji+Jo+J3=1—1

+ > V(4 10) 2V () + ) VeV (o7 o)
Ji+Jo+ T3+ s+ Js=1—1

S DR S R O S RS A
Jit+Jo+Js+Ja=1-1

+ > V(4 n) 2V (g + )V (g + )V a”
Ji+Jo+J3+Js+Js=1—1

A S

Ji+Jo+J3+Js=1—-1

potentially dangerous term

+ Z le (77+Q)JQVJ3(77+Q)VJ4XVJ5(pF,UF)
Ji+Jo+J3+Ja+Js=1-1

+ Z V7 (n+n)"2V7%(n+ Q)V*‘x@‘ho}?
Ji+Jo+Jds+Js4+Js=1—1

+ > Vi (4 1)2 VB0V iV al
Ji+Jo+Jz+Ja=1-1

> VeV (o)
Jit+J2+J3+Ja=1-1

+ > VI + )2V (i + ) VT
Ji+Jo+Js+Ja=1—1

+ Z le(n+Q)J2VJ3QFVJ4(PF,UF)
Jit+J2+Jz+Js=1-1

_|_ Z VJl(,r}+ﬂ).]vag(pF,o_F)v,LL(pF’UF)@J{;QF
Jit+Ja+Jz+Jat+Js=1—-1

+ Z v (n+ Q)J2VJBQVJ4trx§J5gF
Ji+Jo+J3+Ja+Js=1—1

+ Z \vai! (77+Q)JZVJ3QVJ4Q§J5(,OF,O’F)
Ji+Jo+J3+Js+Js=1-1

+ Z le (n + Q)J2 VJ;’»QVJALW%J{,QF
Ji+Jo+Jz+Ja+JIs=1—1

+ > V(4 )2 VPV Vel
Ji4+Jo+Js+Ja+Js=1—1

+ > V(4 n) VPtV Vsal (6.99)

Ji+Jo+J3+Ja=1-1

In the error term, we will only estimate the most dangerous and borderline terms. The most dangerous
error term is estimated as follows:

a’ 1T 18 a I-1 ~
// /|2 (a2 v! 1V3QF, Wa ztry - VIpF>||L<15C)(Su/&,) du’ du/
U, u
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|U'|2 IS1-15,  F

< il a7 V50l || fla" T VP ||, du’ du’
|u/|3 sc sc

TV P2, du! du

.sc

/|2||

a a I-127 1S -1
5// i (e ™ V1 Vaal zz lla= V1o 1, du’ du
Uy
2
a a 1187 18 F 2 11 Fyp2 ! 4,/
,S//W (u—/|2|a V7 Via |‘L§C+‘|a = Vip ||L§c> du’ du
U
3
a -1 = a 1S
<[ [ e 9 Ssa v+ [ L[ 15 9w
U u u u
3
a — o~ A~
51+//W||alzlvl1V3QF||2L§cdu’dg’. (6.100)

Other ill-behaved (but not necessarily borderline) terms include &£, for example, X VIHpF c €6 and

\_11461 -1y, ¢ 511 among others. These are estimated as follows:

I—1

2 L =R a N
Sl VI e, a1 V) (s, ) Al du
/] /]

’U.

1
az2
‘//| ,|4Ha VI IVBO(FHLQ Su/u/)| /lH

1 a® Il T 18 Fi2 a I-l1 Fy2
N—;//Wm A C T | P du’dg’+//w||a, 2 ViptllLe s, du'du’
u,u u,u

ol

o du’ du/

(m YM? + |3YM2> (6.101)

u’

1l 1107 12
//| ST TG0 ), T TG0 a0 A0

a — A A~
SJ /4Ha%vl—1v3(pF70_F)||%2 (5o l)du/dyl
|'U/| sc u! u
uu

1 a2 I—1 ~ ~ ]_
< = VLV (pF, o)) du' < —YM <1 6.102
N\UMS{EEW] / |u’|2”a TV Vs ol s, S |ul ~ ( )
H(/&)
/ a
||
u,u
;1 p AN
a9, Yoo V)V OV ) s, du du

Ji+Jo+J3+Jy=1-1

§1+/ ¢ e T VI,
|u’[2

I—1 ~
sslla s Via i s, ) du' duf
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<1+ YM2[a //| /|2||a U2 (5, dud (6.103)

U Uoo

a I—1 ~
/WH ERAVARR g,ﬁa Tz Z V(0 + 1)V trx V1 Vaa ) |1 s, ) du du
Ji1+Jo+J3+Ja=J

2
a Il o
St [ (1o 9l s, + 10T 9 e s, )

u,u

a? e 1 iy
514—// |u,|5\|aITIVI_1V3gF||2L§C(Su&)du’dg'+E//|\a%V1_1V3gF||2Lgc(su,&)du’dg’
u u u

SL (6.104)
a
[
(o™= V11w, m 3 V(g + )2Vt Ve V7 o) | s, ) du dud

Ji+Jo+J3+Js+Js=J

1 a
si+ [ o (|a T T 5,00 + 1l T

. o)

2/\

LYM[QF]Q, (6.105)

ol—1
v V?)p ||L2 (S, /)+|u‘2

where we have used the L? estimate for the Yang-Mills curvature p¥’. We estimate some of the remaining
terms as follows:

-1 a 1 ~
/| L U i S DR VRS
Ji+Jo+J3=I—1

sc (Su’ ' ) duldgl

a2
St [ 0 (107 9 0 s, + 107 9 s 5,,0) il

u,u

u a2 u o
51 + / W / ||a%v1_1‘1}||igc(su/‘u/)d@l d’U/ + WYM[ ]
Uoo 0

<1+/| ,|5/||a 7 Vi "l7e (s, ) du' (6.106)

Uoo

I
a a4 =~ 12 a NSNS
/m||<mvl 1v3gF7m Z VJl(T]+ﬂ)szJdXvJLIVSQFH|L§C(Su,‘£,)duldﬂl
Ji+Jo+J3+Ja=1-1

P

SH/l /|5”VI 'Vaa"|[72, 2o (8,0, du'du
u,u
a% a3
<1+ —sup/ﬂnvf*lvgaFHB ydu!, (6.107)
ul w J || o o
u
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I
a b SI-1S a ~ ~ ~
Rl 2 S SR SRR R A PR RA
Usu Ji+JotJz+Ja=1-1

3

a ~r i~

§1+/ |u,|5\|VI Ve lia (s, ol s, ,odu'dy
u,u

1

s 3 .
<1+ Esup/ a/4||VI_1V3gF|
ul w )
u

22.(s, XLz (s, du

1

3
a2 a ~r i R
514’ msup/w—%ﬂvl 1V3QF||%§C(SH,7E)||X|‘ng(su,&/)d’u/. (6108)

Collecting all the terms and using Gronwall’s inequality, we obtain

u

SI-1 43S F S _Fy2 a SI-1 % & Fyj2
/ v (mvsp ,mvstf )HL%SC)(sw,)dﬂl"‘/ |u,|2||V (WV3Q )||L?SC)(Su,&)du’
Hq(JO,g) Uoso
< SI-1_% & F 0 & _Fy2 /
S A b AL
(0,u)
Uoo

a &1-1, 2 & Fy2 ’
+/—|u,|2||v (mvfzg Mz (s, 0 Q0 + 1.

This completes the energy estimates for ﬁggF . 0O
6.3. Energy estimates for the Weyl/Riemann curvature components

For (U, T,) € { (o, BB, (BE, (p,0)), ((p, o), ﬁR), (ﬁR, Q) } the energy estimates are carried out in Bianchi
pairs, via the aid of the following proposition:

Proposition 6.9. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), for a Bianchi

pair (U1, Uy) satisfying

141
2
ViV, — "DV, = Q;,

ngi\:[fl + ( + 82(\111)> t’fxvi\:[fl — Dvi\:[fg = Pi,

the following holds true:

. 2 a i 2
/ HVZ\IHHL%SC)(S%H/) du' + / /|2 ”Vz\l/?HL?sc)(Su,g) du’

gow (o)
. 9 ’ a i 2 !

< / HV“I/1||L§SC>(SW&,)@+ / WHVZ\I}QHL%’SC)(SM’O)du (6.109)

(0w H oo

a i a i
+ // ] IV - Billzy (s, ) du’ du’ + // ] VW2 - Qills, (5,0 . du’ du’.
Do Dau
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122
With this Proposition as the main tool, we begin with (a, 3%).
(6.110)

Proposition 6.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds,

)

‘|(a§v)iﬂR||L(2$C) (ﬁ&ioc-,“))
1

1

forall0 <i < N +4:
L toy
@ VYl oy +
< 2@ Vyall s o) + @B )+
~gs Lo () T 1 L2, (Hg) T T
Proof. We recall the (schematic) Bianchi equations for Via, V¢3%:
i i+1 i iR
VaV'ia + trxV'a — DV'S
Z Vilw;2+1vi3a

— Z vil w;z-‘rlvig-‘rlﬁR +
i1+i2+iz=i—1 i1+i2+izg=i—1
+ Y VRV (U, )V (p, 0, BT
i1+i2+i3+ia=1
+ > VigRvRY, Vit

i1+i2+i3+ia=1
Vh w;z vis (aF’ yﬁ)vz}ﬁrl yy

DY

i1 +i2+i3+ia=1
Vg2V (4, %, X, trx) Vi (a

>

—+
i1+i2+iz+igt+is=i
Vi Ve Y,V Vaal

DY

i1+i2+iz+ig=1
ViV (R, trx) Vi

D>

i1+i2+iz3+ig=1
il i2+1 i3 i4
Va2 VB trx Via

>

i1+i2+iz+tig=i—1

)

i1+i2+iz+ig=i—2

Similarly, we have

VuVipt - DVia= Y
i1+i2+i3+ia=1

vil ¢;2 62‘30(}7‘61-44*1&1’7

DY

i1 +izt+ig+ig=i

D

+
i1+i2+iz3+ig+is=1
Vitgizyis §i4 F@is F
+ Yy PV «

i1+i2+iz3+ig+is=1
VIRV (3, try) V57

DY

i1+ia+i3+ia=1
Vi (g, o) Vi 7

)

i1+ia+iz+ig=i—2

7", 0V (@ W)

(6.111)

Vit ve (g, trx)Via := Pl 4 - + P

ViV (g, )V (BT, a)

ViV (4, ) VY, Vi
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+ > Vi Visal Vi (pf oF)Vh R = Qf +

i1+i2+igtigtis=i—1

Applying Proposition 6.9, we have

1 i 1 .
l@9Yalls romn + 1@V B sy

Ay

SH(az ) a||L2 (H(O u)) + ||(a2v) ﬂR”LQ (H(“oc “))

+ la> P; - (a>V )iOéHL(lsc)(su,,g,) du’ du’

W\

3
8

+

O — T

3
8

—e
Q‘g

i 1 i
lazQ; - (a2V) BRHL@ (S, u/)du du’.

’

By Holder’s inequality, one has

u

u
a i 1 . , ,
// m”az‘Pi (a2 V)lOLHL(lSC)(SU,&,)d’U, du

0 u

Uoo

Let us focus on the sum in the above line. For the first three terms, there holds

u 2

3 - 1

a2’ R

E 2P <
/”a ||L2 )(Su w! ~ |u/|

Jj=1

For the fourth and fifth terms, there holds

/nazP 2 (5,0, du

For the sixth term, there holds

ol
N[=

) o aeil-M

//)u ~

a?P ||L2

O\\s

Nf=

i 5612 / 3
iP5, e | STV

i

For the seventh term, there holds

u 1
ip7y2 !

/“a2Pi ||L?5E)(Su/,ﬂ/)dﬂ 5 T

0

For the eighth term, there holds

/ 0PIy (s, | dusupll @39 el

-+ Q.

123

(6.112)

(6.113)

(6.114)
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2

\/”a%-P,L8 H%(QSC) (Su/,g’) d@l 5 F2 + FR

For the ninth and tenth terms, there holds

-

u

N

/ 04 P21, s |+ | [l PO, s, | ST+ TRR
0

Putting everything together, there holds

u

[/

0 Uoso

(a2 V) a||Llsc)(S , du'dd ST+ TR+ TR+ 1. (6.115)

Similarly, for the analogous term involving 4%, there holds

u " . . i
// mHGQQi (V) B (s, du’ duf

O7uxu u 1 (6.116)
= 2; / ﬁ /Ila%Q{IIi@C)(Su,&,) du' | du - sgpu(a%vng”LQ ey
=1, 0
We estimate term by term. For the first term, there holds
u u 1
Z o / (04 QL, s, | a5 TEED) o
For the second term, there holds
u ;
/ ﬁ QL (s, ' | du'S F(Z\ér D (6.118)

For the third and fourth terms, there holds

N
N

u

a u
/ ‘U/P /Ha Q3||L S . / —/ dul+/W /||a2Q ||L2 S ’ /) / du’
0 (6.119)

Uoo

_al(M +T)

~

Jul

For the fifth term there holds

=

u

a L 502 / / 3
— a2<;2- I d dv' < ———~ 6.120
/ ju'[? 0/“ i (o) (Sur ) “ ~ [ul ( )
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For the sixth term, we have

. 10012 : , _ al*(R+T)
[ i | [t s | o T
Uoo 0

For the seventh term, we have

u a u i FZ(R-{—F)
/ "U/|2 /Ha2 anifsc)(su/&/)dﬂl dU,, 5 I S
Uoco 0

Putting everything together, we have

=

=

M

70 “
a i i , , _al'(R+M+71)
Z; / W /HCL2 Qi ||L(25C)(Su’,ﬂ’) dﬂ du ,S T + 1
I= e 0
Combining (6.115) and (6.123), we have

1. a 1.
a_%H(a’zV)la||L?sc>(H£9vl)) + a_%||(a2v)lﬁR”L?SC)(ﬂiﬂ”’“))

1 1 . 1 1 )
< ___ 3 2 _ 5 i QR
Na% ||(a2v) OZHL%SC)(HI(L‘;’OE)) + a% ||(a2v) 5 ||L%SC)(§((]’U'QOYH))
u u
1 i )
+— | [ orllaf P @ V)all s, dv'
a2 |u| (sc) U
0 Uso
u u
1 a i Lov\ipR 1oy
+ —illa2 Qi (a2V)' B (g, ,ydu’du
az |u| (sc) N
0 Uso
1 1 : 1 1 . 1
<_ 2 ' K -1 2 igk u u .
Na% ||(a2V) Oé”L%SC)(HfL%ol)) + a% ||(G2V) /8 ||L?w)(ﬂé oo )) + a%

The claim follows. O

We now move on to energy estimates for the remaining pairs (8%, (p, )), ((p, ), 8%) and (3

125

(6.121)

(6.122)

(6.123)

(6.124)

Q).

Proposition 6.11. Let (U1, V3) € { (8%, (p,0)), ((p, or),éR), (ER,Q) }. For 0 <i < N +4, there holds:

1 i 1 i
||<a2v> qleL%sc)(HéOYH)) + ||(a2v> ‘I’2||L?sc) (ﬂiluocyu))

. 1 : 1
< i % 5 i .
Sl@ V) Wulls gy + M@V Walpy oy + T

Proof. The schematic equations for Wy, Uy are:

1 ~ ~
V3V + (5 + 52(‘1’1)) trx¥y — DYy =(¢, X)WV + VYV + YV (P, V)

+(f¢)a )27 Xa tI‘X)(OAF, yu)(aF, yﬁ)a

Valz = "DV = (), )(Tu, a) + (@, V) V(@ V) + (4, %, £ trx) (@, V) (@, D).

(6.125)

(6.126)

(6.127)
(6.128)
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Commuting with ¢ angular derivatives, for ¥, we have:

1+1
2

VsVl + ( - 52(\1/1)> trxV'W; — DV,

= D VUpTIVEH, 4 YT VRRVE(Y, VI

i1+i2+i3=i—1 i1+i2+i3+i4=i

+ Z vi1¢;2§i3aF§i4+1yl+ Z Vi1w;2§i3ylﬁi4+l(af’)yl)
i1+io+tiz+ig=1 i1+i2+ig+ig=1

+ > VAPV (1hg, %, R trx) V' (@, V)V (@, V) (6.129)
i1+i2+i3+igt+His=1

+ Z Vil’@/J;QVi?’(X,{I&)VM‘IH‘F Z V“w;ﬁlvif’t@v“\h
i1+i2+i3+iga=1 i1+i2+iz3+ig=i—1

D D A A e M O
i1ti2+i3t+ia=i—2

* > VigVEa Vi (pf o ") Vi = P
i1+io+iz+igtis=i—1

Analogously, for Ws, we have
V,Vil, — *DViv,
_ Z vil 1/);2+1vi3+1\1,1 + Z vil 1/);2 vis (ww X)vu (\117 a)
11 +io+iz=i—1 i1+i2+i3+ia=1
+ Y VIRRVE(RN, )V (D)
i1+i2+iz3+ig=1

- S VIRV (4, %, X )V (@, V)V (0F, W)

i14iatist+iatis=i (6.130)
+ Y VRRVE (R ) VI,

i1+i2+iz+ig=1

+ Y VR (R, ) VI,

i1+i2t+iz+ig=i—2

LD DR A A A R i P

i1+i2+iz+igtis=i—1

Making use of Proposition 6.9 once again, we arrive at

1 i 1 i
[@2 OV U2, o+ @2 O) T2,

o (o)
L7\i 2 1\ 2
DO, oy + 1@V A2,
u u
+//%Ha%Pi-(a%V)i\I'1||L%SC)(Su,’E,)du’dg' (6.131)
0 Uoso
u u
a i 1 i
+/ WHGQQZ : (G2V) ‘I’Q”L%SC)(Su,&,)duldg/.
0 Uoso

For the first spacetime integral in the above, we estimate
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u

i

u

[ [ et P @ 9wy s,
u sc 2U

0

Uoo

1 1 (6.132)
u u 2 u 2
a i
SJ/ |2 /||a2Pi||i?sc)(Su’@’)dg/ / (@*) \I/1||L2 (S, Jodu | dd.
Uoo 0 0
For the first term:
3
/ /|2 /||a Vi1¢;2+1vi3+1\1’2||2L% (S /)dg' du’, (6.133)
v l1+22+13 i—1 =
if is +1 > N + 3, we estimate
3
/ [ / lo? VIVl (s, | e
v L1+12+13 i—1
(6.134)

1 1
< sup /W||(azv)”“%ﬁsc><sf @) et e sy du

0<u'<u ()

Uoo

and we can estimate ||(a%)“+12V“W2+1 || oo I

o using the bootstrap assumption (3.1), to obtain

(s,,,)by

/|u/2 /||a% Vi11/);2+1vi3+1\1]2H%%M)(Su/&/)dﬂl du’
11+12+23—z 1
(6.135)
az R
< su / a5V i+l U 2
~ ogg’zu |2 It ) 2||L(§C)(Su/&/ e

Uoo

If, however, i3+1 < N+2, we can control the corresponding L%Sc) (S) norm just by the bootstrap assumption
(3.1) to get the bound

al?
/ |UI‘2 /H(I v11w12+1v’bg+1\p2“L2 (S , /)d_ d’LL/ < < 1 (6136)

uw!u "LL|2 ~
11+12+13 1—1

For the rest of the terms, we estimate using the same philosophy as appropriate. There holds

/|u,|2 /||a% Vilwgzvi3(¢g>X)V“‘I’\ﬁ%m(su/,y)du' du’
7,1+l2+13+’b4 i (6.137)
5a§r(R+F)§1.
[l

Here in particular, when 74 > N 4+ 3, we treat the cases ¥ = ¥,, and ¥ = ¥,, separately. For the third and
fourth terms, there holds
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N

L i2x7i3 - Fx7ia+1 2
Z vuw;Q Visal Viat yM”L%SC)(S“/&,)dﬂ/ du’

u
[lat
. 0 iy i tiatia=i
u
[l
0

a (6.138)
+ |u,|2 Z Vlezvm vl4+1( F7yl)|‘%%sc)(su/,l/) d@/ du’
Uoo i14io+iz+ig=1
<1“(M +I) <1
D
For the fifth term, we have
u u %
a i i1, ia 7 5o Si Sis
/ |ul‘2 /||a2 Zvlwg2v3(w7X,K,tI‘X)V4(QF7yE)V‘)( yu)”ch S“/ u/)d du/
‘ (6.139)

STl P € = <1
ul UI

where we have used the improvements I[trx] + I'[a’] < 1 from Propositions 4.7 and 4.9. For the sixth and
seventh terms, we can bound them by one as in previous calculations. For the eighth term, using the fact
that ¢ — 2 < N + 2 and the improvements from Proposition 4.15 and Proposition 6.10, we arrive at

)

1
2

/ P /||a V“W?‘HV” (X trx)V“\I/lHLz (S )du du’
%1-&-22-‘:—23-&-14 i—2 (6 140)
a 1y ’
ﬁ Cltrx]T[a"]? < mf[n,Q]F[trK]F[\Ill] S m”(‘“v) (8%, 8 )”L?w) Suw) 1 (Rle]+1)
SRl +1)? S 1,
where in the last line we made use of Proposition 6.10. For the final term in P;, we have
1
2
/ ‘u"Z /Ha% Vil?ﬁjfvingvi“(p )vzo\I,IHLQ ) du’ du/
11+12+13+14+15 i—1 (6.141)
<0 azT2(R+1T) <1
™ Jul |ul? ~

This completes the estimates for the first spacetime integral in (6.131). For the second and last one, a double
application of Holder’s inequality yields

/Mw@wwwmswmm

O\\:

W=

u

i 1 .
//HJQMQJM @39 ol e 6.112)
J ¢

N
N

O\l:

u

u
a i
< =0).112 / / /
S| [ [ ilatQis o, 0 u
0 Ueo

CLQV \IJQH

(sc)(H(uoo u))
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u

u
§/ ,‘2||a2QZ||L2 (5,00 Q' du’ +
0

UDQ

|J>|H

/ a?V \I/2|| (H(?oo,u))dg’
0 —u

Define B := [i* [* e a2 Qz|| )du’ du’. We can then estimate B as follows:

u u
a i . . .
//—|u’|2”a2 Z v11¢;2+1v23+1\111”%?SC)(SM&,)duldu/

0 Uoso i1+io+iz3=1—1

u u
9 ek i 2 7.7
5// |u/|2 ||a2'(/)gvl\p]_”L%SC)(Su/&I)du dg

0 Uso

u u
LN i—1 2 1
+// |u,|2||a2vwgv \IfluL%N)(Sw,)du du

0 Uoso

(6.143)

u u
a i i—
+/ / |u,|2||a2'(/)gwgv 1\1}1”%%50)(Su,&,)du/dgl

_CL Z 01,00 i
+// |ul|2||a2 Z \V4 ¢gz+1v3+1\I/1||2L?SC)(S“,&,)du/dw

i1+i2+i3=i—1
13<i—2

where in the first three integrals we estimate g, Viog in L77 ) (Su) and V¥ in the hypersurface norm

L(Sc)(hﬂgO E)) and in the last integral, since i — 2 < N + 2, we can estimate V*¥; in L%
bootstrap assumption on the norm I'. For the second term, we similarly have

(Su,u) using the

sc)

[ [ amlet X VROV @a)l s,

0 Uso i1+io+ig+ia=1

<(Rla] +1)* <1, (6.144)
where we have used the improvements on ¥ from Proposition 4.3 and the energy estimate from Proposi—
tion 6.10. For the third term, we notice that the worst case is when the termis a2 3, V“@/J” Vis x
af Vist1oF We therefore estimate

i1+i2+iz3+ia=1

i1+ia+iz+ig=1

u u

a i
// \u’P”aE Yo VEgRvEVitg "Iz s, du' du
0 Uso

[S

a

AN
\:

o [labaf T, (6.145)

[}

uOQ

u

(f|2 /||a% E vilwzzﬁisaFﬁiﬁ—laF||2L%§C)(Su/&/)dg/dul.
0

+

\ﬁ

u N i
11 +i2+i3+i4=1

u . .
> 14 <1
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When i4 < i, we can control VistlgF using the bootstrap assumption on the I' norm, hence the second
integral of (6.145) is bounded above by 1. For the first, we have

u

u
a i F&itl F
/|u’|2 /cha Vitly H%%Sc)(su'&/)d@,dw
0

a a’Tla 2 1 (6.146)
< 2+1 F .
~ |u’|2 |u’\2 /a azV ”L2 NCm du du/
Uoo 0
<a3f[a 12M[af)?
~ |ul?

We now make use of the improvements given by Proposition 4.9 and the Yang-Mills energy estimate on
(af', (pF', o)) to deduce that

Tla"]? S (YM[p", 0]+ 1)* <1, (6.147)
M[a"]? £ 1, (6.148)
so that, finally,
/ 2 a3 S VigvEal Vit FllZa (5,00 du'du’ S 1. (6.149)
0 Yoo i1+i2+i3+ia=1

The rest of the terms can also be bounded above by 1, using the same approach. We finally arrive at an
estimate of the form

[ [ et @)l s, i
0

u (6.150)
1
St g [V, o do'
0
From here, collecting all the terms together and using Proposition 6.3, we arrive at the desired result. 0O
7. The formation of a trapped surface
As in all trapped surface formation results in the absence of symmetry, the formation argument is an

ODE argument. It relies heavily, as we shall see, on the estimates obtained during the proof of semi-global
existence. In this section we prove Theorem 1.3.

Proof. The idea is to obtain estimates for [g|2 and |a* 2 5+ We begin with {. Recall the null structure
equation

1 A 1 A
Vsx + 5“&92 —2wx = V&n — §tr><X + nRn. (7.1)

Contracting once with another y tensor, we obtain
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1 o 1 12 2 apoa 1 N
5 ValXl5 + StrxIR[ = 20[R[ = X(V@n — Stoxg + nen).
Using the fact that w = —%Q_1V3Q, we can rewrite the above as
216 2|12 2.4 1
Va(Q[X17) + trx QR[] = 207%(V&n — StrxR + nén).

Using V3 = (au + b4 aaA) we have

0 1 0 .
5o (VIXI5) + Qtrx - Q%[ = 20°% (V& — Strxg +nén) - v g1 (I%L)-
Substituting
Qtry = Q (trx+ i) — (- 1)i — i,
= = ul ul  ful
we have
2 (Q2[32) - 2RI =207V — Strxg + ném) — b (@[3 )
ou [ul 2 69‘4
2 .
—Q(trx + m)(mlxﬁ) +(Q-1)- | | (Q%R13)-
We therefore have the following equation for x:
O (u2021%12) =200 R(Vén — Strs + ném) — 2 -0 (@2]32)
ou v 2 064
2 . .
= u*Q(trx + =) QX)) + [u (2 - 1) - —(92|X\3)~

|u |u
For b4, there holds

o4
Zv _492 A
8@ C 9

where ¢ = 3(n — 7). Using the derived estimates on 7,7, one can then conclude that

%
||b ||L°°(Su w) N ‘ |

(7.5)

(7.6)

(7.8)

in the slab of existence. For the right-hand side of (7.6), we can obtain, using the various estimates on the

Ricci coefficients obtained during the proof of Theorem 1.2, the following bounds:

. A 1 R N a
[[2]u> QP (VEn — 5”)@ + 77®77)HL(°§C)(S“,H) < U

(S5

7] a
A 21012
H|U| b 89‘4 (Q |X|7)||L(°:U>(Su,g) < |u|27

a
/|2’

\ /\

lul2Qtrx + m)(ﬂw iz, Sum
NlP(Q = 1) - 2 (@R (500 < .
o o (Sea) < P2

|u

(7.9)

(7.10)
(7.11)

(7.12)
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Putting everything together, we have

0 9Dl A2 a at
‘% (lul?@*1%5) | < Ju[2 < a2’
As a consequence, one has
7 7
. R a4 a4
|u|2QQ|X|3(U,@701702) - |uoo|2Q2|X|»2y(uoo,@701702) 2 -+ —
lul  Jucol
However, our gauge choice was (| m, =1, therefore
7
N ~ at
[l (s 0, 0%, 6%) 2 oaoo [R5 ttoo, 67, 6%) — o

Integrating from 0 to 1 with respect to u, we have

7

a4

1 1
/ 202 R (.o, 6, 62) du’ > / e PR 7, 67) =
u
0 0

An analogous procedure using the null Yang-Mills equation for o yields

0 a3 at
‘% (|U|292|0<F|3,5) | S W < W’

whence we also get

1 1 ;

a4
/ 2020 2 5wy, 7, 67) du’ > / e Pl 2 07, 0%) = T
0 0

Indeed, consider the equation
o~ ]_ ~ k) o~
Vol + §trxaF =Vpl" + Vol —2*no? + 2mp" + 2wa?” — - aF

and contract with of" to get

1~ 1 ~ ~
§V3|aF\i,5 + §trx|aF|375 - 2g|OzF|3,6 =af(Vpl" + Vol —2 *not 4+ 2np" + 2wal” — - a®).

As before, we obtain

9
= ([u*Q%a" [} 5) =

ou

~ * o~ a
2ul2Pal (Vo' + Vol —2*ne? 4 2npt" + 2wal” — 5 - af) — |u|2bAW (Ju[?Q?a”

)

Jul ul

Using the bounds obtained in the preceding sections, there holds

2 2
P (trw —) (@10" P ) + P (@ - 1) 2 (@[aP2).

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)
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H2|u|2Q3aF(§pF + Vel - 2*nof + 2npF + 2wak — % - QF)”L(";’C)(Su,E) < P + TaP (7.22)
a0 2002, F 2 a:
I 5 (PP ) i 5.0 < T (7.2
Il (trx+ ) (210" p)lszs, (5000 < (7.24)
X+ roligysu <
If?(© = 1) 2 (@1 ez (510 < (7.25)
a1 etz ) = Ty
Equations (7.22)-(7.25) yield (7.17) and (7.18). Combining (7.16) and (7.18), we conclude that
1P (R + 1" ) (w67, 67)
(7.26)
>/|u 202 (K + [aF P ) (oo 0%, 6) ' — 2 so_2ai,, gaf ST
sl [e'e] Xfy ~,0 ooy Yy ) 25 |7.L| el |U‘ el a = 87
uniformly for u € [uc, —a/4]. Pick u = —a/4. Then (7.26) yields
1
a . a
(57 [ 003+ 1a" ) (-5, 01,6%)
1 0 (7.27)
6 . 6 Ta _ 3a
Z;/ % (1IR3 + "3 5) (w2, 6", 6%) du AR
0
where we have made use of the bound ||Q — 1[|z~(s, ) S 7, for a sufficiently large. This implies
/ 3a 16 12
2 @ g1 p2 a
—— 04,09 du > =— . = = =, 2
J OB +1a7B ) (-5t 2y aw > 320 = (7.25)
0
Consider now the equation
Vatry + (6rx)? = —[R[? — 2wt 7.29
atrx + 5 (trx)* = —[%]] = 2wtrx = "7 5. (7.29)
This can be rewritten, using w = —1V,(log(), as
1 9 NP
Vatry + E(trx) =—|xI5 + 5V4Q Stry — 7 5 (7.30)
which rewrites as
_ _ _ _ 1 .
Va(Q Mtry) = Q71 (Vatry — Q71 Qtry) = Q71 (E(trx)2 - |X|’v ) (7.31)
Finally, using the fact that e, = Q! 8 , we arrive at the equation
3(9—1trx> = Lr? - IR~ Ja” (7.32)
ou 2 B '



134 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661

Since at u = 0 the initial data are Minkowskian, we have

2 8
QM) (= 2,000, 6%) =171 = = 2, (7.33)
4 1 a
Integrating (7.32), we obtain
1
(@7 ) (= 5,1,6%,6%) < (@7 Mrx) (- 5,0,0%,6%) /x| + a2 (=00, 6%) du/
4 4 v
0 (7.34)
L8 2
a a
Notice that the above bound holds pointwise on the sphere S_a ;. Finally, recall the bound
Jorx+ ol <o (7.35)
I ao — .
X Ju 1 B =
As a result,
trx(—%, 1,6",62) <0, (7.36)

for all (6",6%) € S. The bounds (7.34) and (7.36) finally imply that the sphere S_a ; is trapped, which
was what we wanted. O

8. Concluding remarks

We conclude with a few brief remarks. The first one we wish to make is that, given the fact that all
preceding estimates are independent of us., one can take (carefully) the limit uo, — oo and thus obtain
a trapped surface formation criterion from past null infinity. In that case, the present result could be
interpreted as a formation of trapped surfaces due to the focusing of an amalgamation of Yang-Mills waves
and gravitational waves. Secondly, going back to the statement of Theorem 1.2, we see that conditions
(1) and (2) are formally independent. This means that, in principle, both { and (af)? o can contribute
equally to the largeness of the data. As a consequence, our result implies that in a spherically symmetric
spacetime (¥ = 0) the mere presence of Yang-Mills “radiation” is enough to form a trapped surface, as
long as this radiation is, of course, suitably large. Also, since we noticed in the work of [26] that Yang-
Mills fields can counterbalance the gravitational attraction to yield regular solutions, it would be natural to
investigate the precise mathematical condition on the Yang-Mills fields that would lead to a ‘non-trapping’
scenario. Finally, we note that many subsequent problems naturally arise, for example the formation of
apparent horizons for the Einstein-Yang-Mills system as well as trapped surface formation questions for
different matter models. Important examples of such models are the Einstein-Klein-Gordon system and
more ambitiously the Einstein-Euler system, which promises to be the most mathematically difficult, due
to the possible formation of shocks and the breakdown of spacetime regularity before trapped surfaces have

a chance to form. We intend to investigate these issues in the future.
Data availability

The authors of this text confirm that all data related to this work are openly available at https://
arxiv.org/pdf/2302.06915.pdf.
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