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formation result in the context of coupled Einstein-Yang-Mills theory, without sym
metry assumptions. More precisely, we prove a scale-invariant semi-global existence 
theorem and show that the focusing of the gravitational and/or chromoelectric
chromomagnetic waves could lead to the formation of a trapped surface. Adopting 
the signature for decay rates approach introduced in [1], we develop a novel gauge 
(and scale) invariant hierarchy of non-linear estimates for the Yang-Mills curvature 
which, together with the estimates for the gravitational degrees of freedom, yields 
the desired semi-global existence result. Once semi-global existence has been estab
lished, the formation of a trapped surface follows from a standard ODE argument.
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r é s u m é

Nous prouvons un résultat d’existence semi-globale et invariant par changement 
d’échelle et un résultat de formation de surface piégée dans le cadre de la théorie 
couplée d’Einstein-Yang-Mills, sans hypothèses de symétrie. Plus précisément, nous 
prouvons un théorème d’existence semi-globale invariant par changement d’échelle 
à partir de l’ifini nul passé et montrons que la focalisation des ondes gravitation
nelles et/ou chromoélectriques-chromomagnétiques pourrait conduire à la formation 
d’une surface piégée. En adoptant l’approche de signature pour les taux de décrois
sance introduite dans [1], nous développons une hiérarchie novatrice d’estimations 
non linéaires invariantes de jauge (et d’échelle) pour la courbure de Yang-Mills qui, 
avec les estimations pour les degrés de liberté gravitationnels, donne le résultat 
d’existence semi-globale désiré. Une fois l’existence semi-globale établie, la forma
tion d’une surface piégée découle d’un argument standard d’équations différentielles 
ordinaires (EDO).
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1. Introduction

In the present work, we investigate the question of dynamical trapped surface formation for the Einstein
Yang-Mills system (E-Y-M system for short) for a (3 + 1)-dimensional Lorentzian manifold (M, g) and a 
(matrix-valued) Yang-Mills curvature two-form FP

Qαβ (to be dfined rigorously in Section 2.3):

Rμν − 1
2Rgμν = Tμν , (1.1)

Tμν = 1
2

(
FP

QμαF
Q
Pν

α + ∗FP
Qμα

∗FQ
Pν

α
)
, (1.2)

where by ∗FP
Q we denote the Hodge dual of FP

Q.

1.1. Historical background

Trapped surfaces have been an object of significant interest within the classical theory of General Rela
tivity for almost sixty years. After Schwarzschild’s discovery of his eponymous metric in 1915, it took almost 
twenty years before researchers came to realize the existence, within it, of a region B with the following 
surprising yet salient features: First of all, observers situated inside B cannot send signals to observers 
situated at an ideal conformal boundary at ifinity, called I+. Furthermore, any observer located inside B
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lives only for finite proper time1 (geodesic incompleteness). The characteristics of this region (which later 
came to be known as a black hole) took most of the researchers of the time aback. The consensus seemed 
to be that these observed phenomena have to be accidents; pathologies, only present because of the strong 
(spherical) symmetry inherent in the Schwarzschild solution and that, in general solutions to the Einstein 
equations,2 such phenomena would not arise. However, in the 60’s, this belief was spectacularly falsfied 
by Roger Penrose through his celebrated incompleteness theorem.3 It was Penrose [14] who introduced the 
notion of a trapped surface, without which one cannot state the incompleteness theorem:

Definition 1. Given a (3+1)-dimensional Lorentzian manifold (M, g), a closed spacelike 2-surface S is called 
trapped if the following two fundamental forms χ and χ have everywhere pointwise negative expansions on 
S:

χ(X,Y ) := g(DXL, Y ), χ(X,Y ) := g(DXL, Y ).

Here D denotes the Levi-Civita connection of g, L and L denote a null basis of the 2-dimensional orthogonal 
complement of TpS in TpM, extended as smooth vector fields and X,Y are arbitrary S-tangent vector fields.

In other words, a surface is called trapped if both trχ and trχ are pointwise negative everywhere on S. 
These traces signify the ifinitesimal changes in area along the null generators normal to S, whence one 
can interpret trapped surfaces as closed, spacelike 2-surfaces that ifinitesimally decrease in area ``along any 
possible future direction''.

The incompleteness theorem is now presented.

Theorem 1.1 (Penrose incompleteness). Let (M, g) be a spacetime containing a non-compact Cauchy hy
persurface. If (M, g) moreover satifies the null energy condition and contains a closed trapped surface, it 
is geodesically incomplete.

The existence of a trapped surface is a stable feature in the context of dynamics. Indeed, sufficiently small 
perturbations of Schwarzschild initial data must also contain such surfaces, by Cauchy stability. As such, 
incompleteness is not an accident, but rather a recurring theme in the dynamics of the Einstein equations.

At the time, the existence of a trapped surface in a spacetime was too strong an assumption to begin 
with. In fact, the only way back then to guarantee its existence was to assume it at the level of initial 
data, but this itself can be a highly non-trivial question. The first trapped surface formation result at the 
level of initial data was given in [16]. This however, begged the question of whether trapped surfaces are 
dynamical objects, meaning whether they can be formed in evolution starting with data devoid of trapped 
surfaces. This problem bears high physical significance and serves as a test of reality of black holes, in the 
following sense. The mathematical definition of a black hole region would be without physical meaning if it 
did not accurately capture what physicists perceive as black holes (this is more meaningful now than ever, 
as scientists recently succeeded in capturing the first-ever image of a black hole). Hence if ``mathematical'' 
black holes describe ``physical'' black holes, they should mathematically verify certain physical properties, 
one of which is dynamical formation.

The first results along this direction were obtained by Christodoulou for the Einstein equations coupled 
to a massless scalar field in spherical symmetry. Through a series of works [8], [6], [7] and [10], Christodoulou 

1 Sbierski [15] moreover showed that the termination of the observer’s proper time manifests in a particularly ferocious way, as 
they, in fact, get torn apart by ifinitely strong tidal forces.
2 The meaning of this phrase was not rigorous at the time, as the setup for the initial value problem in General Relativity had 

not yet been discovered.
3 This theorem, in fact, was the main reason why he was awarded the Nobel Prize in Physics back in 2020, ``for the discovery 

that black hole formation is a robust prediction of the general theory of relativity''.
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managed to not only prove trapped surface formation, but to understand the picture of gravitational collapse 
in its entirety for the given model and under the given symmetry. The breakthrough in the absence of 
symmetry came in [9] by the same author. In this work, Christodoulou introduced a hierarchy of small and 
large components in the initial data which (almost) persists under the evolution of the Einstein equations. He 
termed his method the short pulse method. After Christodoulou, the work [12] by Klainerman-Rodnianski 
reduces the size of Christodoulou’s work from about 600 to approximately 120 pages, by using a slightly 
different hierarchy. Moreover, it reduces the number of derivatives of curvature required to prove semi-global 
existence from two to one. A few years later, An [3] introduces the signature for decay rates s2 on his way 
to proving an extension of [12] from a finite region to a region close to past null ifinity. In 2014, An and 
Luk [5] prove the first scale-critical trapped surface formation criterion for the vacuum equations in the 
absence of symmetry. While Christodoulou’s data in [9] were large in H1(R3), An and Luk give data which 
only have to be large in H

3
2 (R3), which is a scale-critical norm for the initial data. Taking advantage of the 

scale criticality in [5], An [2] constructs initial data that give rise not merely to trapped surfaces, but an 
apparent horizon, a smooth 3-dimensional hypersurface consisting of marginally outer trapped surfaces. In 
2019, An [1] produces a 55-page proof of trapped surface formation for the vacuum equations, making use 
of the signature for decay rates and obtaining an existence result from a region close to past null ifinity. 
In [4], An and the first author extend [1] to the case of the Einstein-Maxwell system.

1.2. Yang-Mills

The Non-abelian Yang-Mills dynamics has long been an area of high interest and intense investigation 
[17--21]. Classically, Yang-Mills fields correspond to special types of interacting waves and their rich non
linear structure due to the non-abelian characteristics at the level of partial differential equations has led to 
development of sophisticated techniques. Of course, at the quantized level Yang-Mills theory plays the most 
important role in the contemporary high energy particle physics. More specifically, non-abelian Yang-Mills 
fields describe Strong and weak interactions, two of the four fundamental forces present in nature. The pure 
Yang-Mills theory while quantized, however, exhibits a non-trivial mass gap [22--24] i.e., the excitation of 
the vacuum requires a non-zero energy and this fundamentally separates it from the U(1) Yang-Mills theory 
the electromagnetism where both classical and quantum spectra are gap-less. Classical Yang-Mills fields on 
the other hand, do not exhibit any spectral gap and therefore its existence is not expected. The scenario 
is substantially different while Yang-Mills fields are coupled to other sources. For example, the Yang-Mills 
fields that acquire mass at the classical level through interaction with scalar fields can exist in nature. For 
example, the carrier of the weak force W and Z bosons may exist classically due to the fact that they 
obtain mass through the spontaneous symmetry breaking (Higgs mechanism). In other words, while pure 
Yang-Mills fields can not exist in nature all by itself, coupling to other source field may lead to a different 
outcome. In this article, we want to investigate the dynamics of Yang-Mills field while coupled to gravity 
and possible condensation property.

Contrary to the Einstein-Maxwell system or Einstein-scalar field system, the Einstein-Yang-Mills equa
tions are tremendously rich even in spherical symmetry and exhibit non-trivial dynamics. The numerical 
result of Bartnik [25] first showed the existence of a countable family of soliton-type solutions that are glob
ally regular. Later Yau, Wasserman, and Smoller [26] rigorously proved the existence of such soliton-like 
solutions. However, such solutions were proven to be unstable against perturbations [27]. [28] first rigorously 
proved the existence of an ifinite number of black hole solutions to the Einstein-Yang-Mills equations with 
gauge group SU(2) in spherical symmetry. The existence of these nontrivial solutions essentially unfolds the 
rich characteristics of the Einstein-Yang-Mills system. Due to the non-linear characteristics of the Yang
Mills fields, the fully coupled Einstein-Yang-Mills system is dynamically flexible i.e., both the possibility of 
the existence of regular solutions and the formation of singularities (naked or trapped behind a horizon) 
are open. This is precisely due to the fact that the non-linearity of Yang-Mills fields can counterbalance the 
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non-linearity of gravity. The important feature, however, is that the nature of this balance is delicate and 
the possibility of collapse is open.

Motivated by these previous studies on spherically symmetric static Einstein-Yang-Mills system, one 
would naturally ask the following question ``given suitable initial data, can one prove the formation of an 
Einstein-Yang-Mills black hole in an evolutionary manner?''. Moreover, it is desirable to consider a generic 
data i.e., remove any symmetry assumption on the spacetime. The first step towards answering such a 
question would be prove the formation of a trapped surface. In a recent pre-print [13], the second and 
third authors provided a semi-global existence result for the characteristic initial value problem for the 
Einstein-Yang-Mills equations for generic initial data. A natural next step would be to investigate if one 
can form trapped surface in an evolutionary manner. A naive though would be to incorporate a certain 
‘largeness’ in the initial data. However, in the presence of gravity, this issue is far from obvious due to 
the possibility of a naked singularity. In addition, the gravity-Yang-Mills competition is delicate and one 
ought to identify the exact Yang-Mills curvature component (suitable gauge-invariant norm) on which to 
impose the largeness condition. The initial data should be chosen appropriately to be able to evolve the 
spacetime long enough to form a trapped surface. The most important issue that arises in the context of 
Yang-Mills theory is the choice of gauge for the Yang-Mills fields. Since Yang-Mills theory is a gauge theory 
after all, one ought to work in a particular choice of gauge (or equivalently descend to the ‘orbit space’ of 
the theory). Unfortunately, there does not exist a global gauge choice in Yang-Mills theory (in topological 
terms, one can not find a single chart to cover the entire orbit space [30]). The traditional choice of Lorentz 
gauge is known to develop finite time coordinate singularities in non-abelian theory contrary, to the linear 
Maxwell theory where such a breakdown is absent. In fact, the geometry of the orbit space of the theory 
(i.e., the space of connections modulo the bundle automorphisms) has a non-trivial effect in the matter of 
gauge choice [31,32]. The positivity of sectional curvature [31] of the orbit space leads to the development 
of the so-called ‘Gribov horizon’ [29] which essentially indicates the breakdown of the so called ‘Coulomb’ 
gauge.

We circumvent the problem of Yang-Mills gauge choice in the current context by developing a novel 
gauge invariant framework for the Yang-Mills fields, where we write down the Yang-Mills equations in the 
double null gauge in terms of the fully gauge covariant derivative. By the virtue of the compatibility of the 
fiber metrics with the fully gauge covariant derivative, we are able to obtain the necessary gauge-invariant 
energy estimates.4 The true non-linear characteristics of the Yang-Mills theory manifest themselves in the 
higher-order energy estimates when we commute the fully gauge covariant derivatives. The estimates pass 
through to the orbit space (the true cofiguration space of the theory) by the virtue of its gauge-invariant 
property. The task, therefore, is to control these non-linear terms or, more precisely, preserve the smallness 
of appropriate weighted norms of them compared to the linear terms throughout the domain of existence. 
As it turns out, among the non-linearities present, the Yang-Mills non-linearities are the borderline ones, 
due to slow decay of Yang-Mills fields in the direction of past null ifinity. In addition, we require control on 
certain additional null derivatives of the Yang-Mills curvature components. We discuss in due course how to 
handle this precisely. Once we obtain the necessary gauge invariant estimates, we can work in a particular 
collection of gauge choices to yield a semi-global existence result for the coupled theory. The latter part is 
standard and therefore we omit its discussion, focusing instead on the trapped surface formation mechanism.

1.3. Main results

The main contribution of this paper is the following pair of theorems:

4 To our knowledge this gauge-invariant framework is not utilized in any previous work related to Yang-Mills equations.
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Theorem 1.2 (Semi-global existence result). Given I > 0 and a positive number N ≥ 3, there exists an 
a0 = a0(I) sufficiently large so that the following holds. Any smooth initial data set (χ̂, αF ) to the Einstein
Yang-Mills system (1.1)-(1.2) satisfying the following conditions:

1) sup 
0≤u≤1

∑
i≤N+7
m≤3

a−
1
2 ‖∇m

4 (|u∞|∇)iχ̂‖L∞
(Su∞,u)

≤ I,

2) sup 
0≤u≤1

∑
i≤N+7
m≤3

a−
1
2 ‖∇̂m

4 (|u∞|∇̂)iαF ‖L2
(Su∞,u)

≤ I,

3) The initial data on u = 0 are trivial (Minkowski),

gives rise to a unique smooth solution to the Einstein-Yang-Mills system in the region

u∞ ≤ u ≤ −a

4 
, 0 ≤ u ≤ 1.

Theorem 1.3 (Formation of trapped surfaces). With the notation of Theorem 1.1, if in addition to the 
assumptions of the previous Theorem, the initial data also satisfy the following isotropic condition:

4) 
1 ˆ

0 

|u∞|2
(
|χ̂|2 + |αF |2γ,δ

)
(u∞, u′, θ1, θ2) du′ ≥ a, uniformly for all (θ1, θ2) ∈ S2,

then the spacetime arising as a solution from Theorem 1.1 has a trapped surface at S−a
4 ,1.
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2. Setup

2.1. Construction of the double null gauge

Denote by LM the frame bundle of M. We construct a double null gauge, meaning a smooth section of 
this bundle such that, through it, each point p ∈ M maps to a renormalized frame (e1, e2, e3, e4) ∈ LM
with g(e3, e4) = −2, g(eA, eB) = δAB and g(e3, eA) = g(e4, eA) = 0 (Fig. 1).

We begin with two null hypersurfaces Hu∞ , H0 and their intersection Su∞,0, a topological 2-sphere. For 
any point q on this 2-sphere, the tangent space TqSu∞,u is 2-dimensional and admits a 2-dimensional orthog
onal complement T⊥

q Su∞,0, on which we can find two future-directed null vectors L′
q and L′

q, normalized so 
that

g(L′
q, L

′
q) = −2.

The pair 
{
L′
q, L

′
q

}
is uniquely determined up to a scaling factor s > 0

{
L′
q, L

′
q

}
�→
{
sL′

q, s
−1L′

q

}
.
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H
u∞

(u
=
u∞

)

H
1 (u

=
1)

H
0 (u

=
0)

H
u

L
′

L
′

L ′

L ′

Fig. 1. Schematic depiction of the spacetime region of existence. 

Starting from q and initially tangent to L′
q, a unique geodesic is sent out. Call this geodesic, lq. We extend 

the vector field L′ along lq by parallel transport: DL′L′ = 0. It then follows by simple calculation that lq is 
null, so that g(L′, L′) = 0 along lq. Gathering the { lq } together we get a null hypersurface Hu∞ . The null 
hypersurface H0 is obtained similarly. Note that, by construction, given a point p on Hu∞ or H0, in the 
corresponding tangent spaces, there is a preferred null vector L′

p or L′
p.

We next choose a lapse function Ω, which we dfine to be equal to 1 on Su∞,0 and then extend as a 
continuous function along both initial null hypersurfaces.5 Dfine the vector fields

L := Ω2L′ along Hu∞ and L := Ω2L′ along H0.

We use these vector fields to dfine two functions

u on Hu∞ satisfying Lu = 1 on Hu∞ and u = 0 on Su∞,0,

u on H0 satisfying Lu = 1 on H0 and u = 0 on Su∞,0.

We now use these (so-called optical) functions to proceed further with the construction. Let Su∞,u′ be the 
embedded 2-surface on Hu∞ on which u = u′ and dfine Su,0 similarly. At each point p ∈ Su∞,u′ we have 
constructed a preferred null vector L′

p. It follows that we can uniquely determine an incoming g-null vector 
L′
p satisfying g(L′

p, L
′
p) = −2. Let lp be the unique geodesic emanating from p with tangent vector L′

p. We 
extend the definition of L′ along lq by parallel transport, so that DL′L′ = 0. Gathering all the 

{
lp
}

on 
Su∞,u′ , we thus obtain the null hypersurface Hu′ . We obtain the null hypersurface Hu′ in an analogous way 
and dfine Su,u := Hu ∩Hu. Having constructed the vector fields L′ and L′ in all of the spacetime region, 
we extend the definition of the lapse function Ω by requiring, at each point p ∈ Su,u that

g(L′
p, L

′
p) = −2Ω−2∣∣

p
.

5 Indeed, there is a gauge freedom in choosing Ω on the initial hypersurfaces.
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The incoming null hypersurfaces 
{
Hu

}
0≤u≤1 and outgoing null hypersurfaces {Hu}− a

4 ≤u≤u∞
along with 

their pairwise intersections Su,u together dfine a double null foliation on the spacetime. On a given Su,u, 
we have g(ΩL′,ΩL′) = −2 and hence the vectors

e3 := ΩL′, e4 := ΩL′

dfine a normalized null pair at each point on the sphere. We make the gauge choice Ω ≡ 1 along both 
initial hypersurfaces.

2.2. Choice of coordinates and expression of the metric

To dfine angular coordinates on each Su,u in a smooth way, we begin by defining angular coordinates 
on Su∞,0. Since this is a standard 2-sphere in Minkowki space, we can use the stereographic projection 
coordinates (θ1, θ2) on Su∞,0. We first extend this coordinate to the whole of H0 by insisting that /LLθ

A = 0
on H0 for A = 1, 2 and then to the whole spacetime by insisting that, for all u, /LLθ

A = 0, where L initially 
starts normal to some Su,0. As such we have established a coordinate system (u, u, θ1, θ2) in a neighborhood 
of the initial sphere. In these coordinates, the vectors e3, e4 become

e3 = Ω−1
(

∂

∂u
+ bA

∂

∂θA

)
, e4 = Ω−1 ∂

∂u

and the metric now takes the following form:

g = −2Ω2 (du⊗ du + du⊗ du) + /gAB

(
dθA − bAdu

)
⊗
(
dθB − bBdu

)
(2.1)

It is a requirement that bA ≡ 0 on H0. The section that maps p ∈ M �→
(
θ1
∣∣
p
, θ2
∣∣
p
e3|p, e4|p

)
is the double 

null gauge we wanted to construct.

2.3. Yang-Mills theory

Now we dfine a Yang-Mills theory on (M, g). We denote by P a C∞ principal bundle with base a 
3 + 1 dimensional Lorentzian manifold M and a Lie group G. We assume that G is compact semi-simple 
(for physical purposes) and therefore admits a positive definite non-degenerate bi-invariant metric. Its Lie 
algebra g by construction admits an adjoint invariant, positive definite scalar product denoted by 〈 , 〉 which 
enjoys the property: for A,B,C ∈ g,

〈[A,B], C〉 = 〈A, [B,C]〉, (2.2)

as a consequence of adjoint invariance. A Yang-Mills connection is dfined as a 1-form w on P with values 
in g endowed with compatibility properties. Its representative in a local trivialization of P over U ⊂ M,

ϕ : p �→ (x, a), p ∈ P, x ∈ U, a ∈ G (2.3)

is the 1-form s∗w on U , where s is the local section of P corresponding canonically to the local trivialization 
s(x) = ϕ−1(x, e), called a gauge. Let A1 and A2 be representatives of w in gauges s1 and s2 over U1 ⊂ M
and U2 ∈ M. In U1 ∩ U2, one has

A1 = Ad(u−1
12 )A2 + u12ΘMC , (2.4)
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where ΘMC is the Maurer-Cartan form on G, and u12 : U1 ∩U2 → G generates the transformation between 
the two local trivializations:

s1 = Ru12s2, (2.5)

Ru12 is the right translation on P by u12. Given the principal bundle P → M, a Yang-Mills potential A on 
M is a section of the fibered tensor product T ∗M ⊗M PAffine,g where PAffine,g is the a˙ine bundle with 
base M and typical fiber g, associated to P via relation (2.4). If Â is another Yang-Mills potential on M , 
then A− Â is a section of the tensor product of vector bundles T ∗M ⊗M PAd,g, where PAd,g := P×Ad g is 
the vector bundle associated to P by the adjoint representation of G on g. There is a inner product in the 
fibers of PAd,g, induced from that on g. The curvature C of the connection w considered as a 1− form on 
P is a g-valued 2-form on P. Its representative in a gauge where w is represented by A is given by

F := dA + [A,A], (2.6)

and relation between two representatives F1 and F2 on U1 ∩ U2 is F1 = Ad(u−1
12 )F2 and therefore F is a 

section of the vector bundle Λ2T ∗M ⊗M PAd,g. For a section O of the vector bundle ⊗kT ∗M ⊗M PAd,g, a 
natural covariant derivative is dfined as follows

D̂O := DO + [A,O], (2.7)

where D is the usual covariant derivative induced by the Lorentzian structure of M and by construction 
D̂O is a section of the vector bundle ⊗k+1T ∗M ⊗M PAd,g. The Yang-Mills coupling constant gYM is set 
to 1. If the space of connections in a particular Sobolev class is denoted by A and G is the automorphism 
group of the bundle P, then the true cofiguration space (or the orbit space) of the theory is A/G.6

The classical Yang-Mills equations (in the absence of sources) correspond to setting the natural (space
time and gauge as dfined in (2.7)) covariant divergence of this curvature two-form F to zero. By virtue of 
its definition in terms of the connection, this curvature also satifies the Bianchi identity that asserts the 
vanishing of its gauge covariant exterior derivative. Taken together, these equations provide a geometrically 
natural nonlinear generalization of Maxwell’s equations (when the latter are written in terms of a ‘vec
tor potential’) and of course play a fundamental role in modern elementary particle physics. If nontrivial 
bundles are considered or nontrivial spacetime topologies are involved, then the foregoing so-called ‘local 
trivializations’ of the bundles in question must be patched together to give global descriptions but, by virtue 
of the covariance of the formalism, there is a natural way of carrying out this patching procedure, at least 
over those regions of spacetime where the connections are well-defined.

We choose a vector space V and a matrix representation for the action of G on V . For simplicity, let us 
cofine our attention to real representations though in fact this restriction is inessential. We now consider 
vector bundles over spacetime (so-called ‘associated’ bundles) with standard fiber � V . Cross sections of such 
bundles would represent, in physical terms, multiplets of Higgs fields. To formulate field equations for such 
Higgs fields that are naturally covariant with respect to automorphisms of the associated vector bundle 
(i.e., with respect to gauge transformations acting on the Higgs fields) one needs a covariant derivative 
operator D̂ or connection dfined on this bundle. Such an object is naturally induced from a ‘fundamental’ 
connection on the principal G-bundle described above and in turn induces (when expressed relative to a 
local trivialization) a one-form on (some local chart for) the base manifold with values in the chosen matrix 
representation for the Lie algebra g. Let us consider the dimension of the group G to be dimG and since 
g := TeG, it has a natural vector space structure. Assume that the vector space g has a basis {χA}dimG

A=1

6 A/G is an ifinite dimensional manifold modulo certain additional criteria.
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given by a set of k×k real valued matrices (k being the dimension of the representation V of the Lie algebra 
g). The connection 1-form field is then dfined to be

A := AA
μχAdx

μ = AA
μ (χA)PQdxμ = AP

Qμdx
μ, P,Q = 1, 2, 3, ..., k. (2.8)

From now on by the connection 1-form field Aμ, we will always mean AP
Qμ. In the current setting A ∈

Ω1(M ;End(V )), where End(V ) denotes the space of endomorphisms of the vector space V . The curvature 
of this connection is dfined to be the Yang-Mills field F ∈ Ω2(M ;End(V ))

FP
Qμν := ∂μA

P
Qν − ∂νA

P
Qμ + [A,A]P Qμν , (2.9)

where the bracket is dfined on the Lie algebra g and given by the commutator of matrices under multipli
cation. The Yang-Mills coupling constant is set to unity. Since G is compact, it admits a positive definite 
adjoint invariant metric on g. We choose a basis of g such that this adjoint invariant metric takes the 
Cartesian form δAB and work with representations for which the bases satisfy

−tr(χAχB) = (χA)PQ(χA)QP = δAB . (2.10)

Under a gauge transformation by U , the g-valued 1-form field A transforms as

Aμ �→ U−1AμU + U∂μU−1 (2.11)

and therefore Aμ is not a tensor in the sense that it is not a (1, 1) section of the associated V -bundle over 
Du,ū. For any g-valued section KP

Qμ1μ2μ3....μk
of a vector bundle over Du,ū that transforms as a tensor 

under the gauge transformation, the gauge covariant derivative is dfined to be

D̂αKP
Qμ1μ2μ3....μk

:= DαKP
Qμ1μ2μ3....μk

+ AP
RαKR

Qμ1μ2μ3....μk
−AR

QαKP
Rμ1μ2μ3....μk

=DαKP
Qμ1μ2μ3....μk

+ [A,K]P Qμ1μ2μ3....μk
, (2.12)

where Dα is the ordinary spacetime covariant derivative with respect to a Lorentzian metric on Du,ū. Even 
though the connection of the gauge bundle appears in the definition of the gauge covariant derivative, we 
will never make explicit use of it in the current context, but rather work with the fully gauge covariant 
derivative D̂. More specifically, in our analysis, we will encounter the commutator of the fully gauge covariant 
derivative which yields Riemann curvature and Yang-Mills curvature components. In other words, using the 
fully gauge covariant derivative, we do not encounter any connection terms, allowing us to obtain estimates 
in a gauge-invariant way. The commutator of the fully gauge covariant derivative while acting on a g-valued 
section of a vector bundle KP

Qμ1μ2μ3....μk
(or a section of the mixed bundle) yields

[D̂α, D̂β ]KP
Qμ1μ2μ3....μk

=FP
RαβKR

Qμ1μ2μ3....μk
− FR

QαβKP
Rμ1μ2μ3....μk

−
∑
i 

Rγ
μiαβKP

Qμ1μ2μ3...γ̂....μk
, (2.13)

where γ̂ indicates the removal of the index μ̂i and replacing by γ. Note that D̂ is compatible with both the 
metrics and therefore the commutator produces curvature of the mixed bundle (Yang-Mills curvature and 
spacetime curvature). Action of D̂ is only well-defined on sections of the mixed bundle.
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2.4. The E-Y-M system expressed in the double null gauge

In this section we are going to express the Einstein-Yang-Mills system in the double null gauge given 
above. We begin by decomposing curvature components and Ricci coefficients with respect to the frame 
(e1, e2, e3, e4). Let A,B take values in {1, 2}. We dfine the following (Weyl) null curvature components:

αAB := W (eA, e4, eB , e4), αAB := W (eA, e3, eB , e3),

βA := 1
2W (eA, e4, e3, e4), β

A
:= 1

2W (eA, e3, e3, e4),

ρ := 1
4W (e3, e4, e3, e4), σ = 1

4
∗W (e3, e4, e3, e4).

Moreover, for reasons to be explained later on, we dfine the renormalized curvature components

βR
A = βA − 1

2RA4, βR

A
= β

A
+ 1

2RA3. (2.14)

For the Ricci coefficients, we decompose as follows:

χAB := g(DAe4, eB), χ
AB

:= g(DAe3, eB),

ηA := −1
2g(DAe3, e4), η

A
:= −1

2g(DAe4, e3),

ω := −1
4g(D4e3, e4), ω := −1

4g(D3e4, e3),

ζA := 1
2g(DAe4, e3).

Moreover, if γ denotes the induced metric on Su,u, we make the following further decomposition:

χ = χ̂ + 1
2trχγ, χ = χ̂ + 1

2trχγ.

The Yang-Mills curvature 2-form F is also decomposed into null components as follows:

αF
A := FP

Q(eA, e4), αF
A := FP

Q(eA, e3), (2.15)

ρF := 1
2F

P
Q(e3, e4), σF := 1

2
∗
FP

Q(e3, e4) = FP
Q(e1, e2). (2.16)

For the Yang-Mills energy-momentum tensor Tμν, there holds gαβTαβ = 0, whence it follows that the scalar 
curvature vanishes and the Einstein equations reduce to Rμν = Tμν .

Before we are ready to present the equations, we introduce a few basic definitions. First of all, denote by 
∇ and ∇̂ the covariant derivative operators induced by D and D̂ on Su,u respectively. Let ∇3,∇4 denote 
the projections of the covariant derivatives D3 and D4 to Su,u and dfine, in a similar fashion, ∇̂3 and ∇̂4
using D̂. For two 1-forms φ1

A, φ
2
A, we dfine

(φ1⊗̂φ2)AB := φ1
A φ2

B + φ1
B φ2

A − γAB (φ1 · φ2),

while for symmetric 2-tensors φ1
AB , φ

2
AB , we dfine

(φ1 ∧ φ2)AB := /ε
AB (γ−1)CD φ1

AB φ2
CD.
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Here /ε is the volume form associated with the metric γ. Moreover, by φ1·φ2 we mean an arbitrary contraction 
of the tensor product of φ1 and φ2 with respect to the metric γ. We also dfine suitable trace, divergence 
and curl operators. For totally symmetric tensors φ, we dfine these operators as follows:

(div φ)A1...Ar
:= ∇BφBA1...Ar

,

(curl φ)A1...Ar
:= /ε

BC∇BφCA1...Ar
,

(trφ)A1...Ar−1 := (γ−1)BCφBCA1...Ar−1 .

Be it noted that the operators d̂iv and ̂curl can be dfined similarly on sections of the mixed bundle. 
Furthermore, we introduce the ∗ operator on 1-forms and 2-tensors:

∗φA := γAC/ε
CB φB ,

∗φAB := γBD /ε
DC φAC .

Finally, on a 1-form φ, the operator ∇⊗̂ is dfined as follows:

(∇⊗̂φ)A := ∇BφA + ∇AφB − γAB div φ.

Expressed in the double null gauge, the Einstein-Yang-Mills system turns into a system of null structure, 
null Bianchi and null Yang-Mills equations, which take the following form:

∇4trχ + 1
2(trχ)2 = −|χ̂|2γ − 2ωtrχ− T44 (2.17)

∇4χ̂ + trχχ̂ = −2ωχ̂− α (2.18)

∇3trχ + 1
2(trχ)2 = −|χ̂|2γ − 2ωtrχ− T33 (2.19)

∇3χ̂ + trχχ̂ = −2ωχ̂− α (2.20)

∇4ηa = −χ · (η − η) − β − 1
2Ta4 (2.21)

∇3ηa = −χ · (η − η) + β + 1
2Ta3 (2.22)

∇4ω = 2ωω + 3
4 |η − η|2 − 1

4(η − η) · (η + η) − 1
8 |η + η|2 + 1

2ρ + 1
4T43 (2.23)

∇3ω = 2ωω + 3
4 |η − η|2 + 1

4(η − η) · (η + η) − 1
8 |η + η|2 + 1

2ρ + 1
4T43 (2.24)

∇4trχ + 1
2trχtrχ = 2ωtrχ + 2divη + 2|η|2γ + 2ρ− χ̂ · χ̂ (2.25)

∇3trχ + 1
2 trχtrχ = 2ωtrχ + 2divη + 2|η|2 + 2ρ− χ̂ · χ̂ (2.26)

∇4χ̂ + 1
2trχχ̂ = ∇⊗̂η + 2ωχ̂− 1

2 trχχ̂ + η⊗̂η + T̂ab (2.27)

∇3χ̂ + 1
2 trχχ̂ = ∇⊗̂η + 2ωχ̂− 1

2trχχ̂ + η⊗̂η + T̂ab (2.28)

divχ̂ = 1
2∇trχ− 1

2(η − η) · (χ̂− 1
2trχγ) − β + 1

2T(e4, ·) (2.29)

divχ̂ = 1
2∇trχ− 1

2(η − η) · (χ̂− 1
2 trχγ) − β + 1

2T(e3, ·) (2.30)

curlη = χ̂ ∧ χ̂ + σε = −curlη (2.31)
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K − 1
2 χ̂ · χ̂ + 1

4trχtrχ = −ρ + 1
4T43, (2.32)

∇4ζ = 2∇ω + χ · (η − ζ) + 2ω(ζ + η) − β − σF ε · αF − ρF · αF , (2.33)

∇3ζ = −2∇ω − χ · (ζ + η) + 2ω(ζ − η) − β + εσF · αF − ρF · αF . (2.34)

The Bianchi equations then read as follows:

∇3α + 1
2trχα =∇⊗̂β + 4ωα− 3 (χ̂ρ + ∗χ̂σ) + (ζ + 4η)⊗̂β

−D4RAB + 1
2 (DBR4A + DAR4B) + 1

2 (D4R43 −D3R44) /gAB
,

(2.35)

∇4β + 2trχβ = divα− 2ωβ + (η − 2ζ) · α + 1
2 (D4R4A −DAR44) , (2.36)

∇3β + trχβ = ∇ρ + ∗∇σ + 2ωβ + 2χ̂ · β + 3 (ηρ + ∗ησ) + 1
2 (DAR43 −D4R3A) , (2.37)

∇4σ + 3
2trχσ = −div ∗β + 1

2 χ̂ · ∗α− (ζ + 2η) · ∗β − 1
4 (DμR4ν −DνR4μ) εμν34, (2.38)

∇3σ + 3
2trχσ = −div ∗β + 1

2 χ̂ · ∗α− (ζ + 2η) · ∗β + 1
4 (DμR3ν − 0DνR3μ) εμν34, (2.39)

∇4ρ + 3
2trχρ = div β − 1

2 χ̂ · α + (ζ + 2η) · β − 1
4 (D3R44 −D4R43) , (2.40)

∇3ρ + 3
2trχρ = −divβ − 1

2 χ̂ · α + (ζ − 2η) · β + 1
4 (D3R34 −D4R33) , (2.41)

∇4β + trχβ = −∇ρ + ∗∇σ + 2ωβ + 2χ̂ · β − 3
(
ηρ− ∗ησ

)
− 1

2 (DAR43 −D3R4A) , (2.42)

∇3β + 2trχβ = −divα− 2ωβ + η · α + 1
2 (DAR33 −D3R3A) , (2.43)

∇4α + 1
2trχ α = −∇⊗̂β + 4ωα− 3

(
χ̂ρ− ∗χ̂σ

)
+
(
ζ − 4η

)
⊗̂β

−D3RAB + 1
2 (DAR3B + DBR3A) + 1

2 (D3R34 −D4R43) /gAB
.

(2.44)

Moreover, the Yang-Mills equations,

D̂μF
P
Qνλ + D̂νF

P
Qλμ + D̂λF

P
Qμν = 0, gαβD̂αF

P
Qβμ = 0, (2.45)

take the following form:

∇̂4α
F + 1

2trχαF = −∇̂ρF +
∗∇̂σF − 2 ∗ησF − 2ηρF + 2ωαF − χ̂ · αF , (2.46)

∇̂3α
F + 1

2trχαF = ∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF , (2.47)

∇̂4ρ
F = d̂ivαF − trχρF −

(
η − η

)
· αF , (2.48)

∇̂4σ
F = −ĉurlαF − trχσF +

(
η − η

)
· ∗αF , (2.49)

∇̂3ρ
F + trχρF = −d̂ivαF +

(
η − η

)
· αF , (2.50)

∇̂3σ
F + trχσF = −ĉurlαF +

(
η − η

)
· ∗αF . (2.51)

Remark 1 (An important renormalization). As in [4], the analysis will take place using the renormalized 
quantities βR and βR introduced in (2.14). The benfit of using these, as also explained in [4], is that the 
Bianchi equations can then be expressed in a way so that the right-hand sides of the equations are directly 
expressible in terms of the Ricci coefficients and the curvature and Yang-Mills components.
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2.5. Integration

Let U be a coordinate patch on a 2-sphere Su,u and let pU be a partition of unity subordinate to U . For 
a function φ, we dfine its integral on a 2-sphere as well as on the null hypersurfaces Hu and Hu.

ˆ

Su,u

φ :=
∑
U

∞ ˆ

−∞

∞ ˆ

−∞

φ · pU ·
√

detγ dθ1dθ2, (2.52)

ˆ

H
(0,u)
u

:=
∑
U

uˆ

0 

∞ ˆ

−∞

∞ ˆ

−∞

φ · 2 pU · Ω ·
√

detγ dθ1dθ2 du′, (2.53)

ˆ

H
(u∞,u)
u

:=
∑
U

u ˆ

u∞

∞ ˆ

−∞

∞ ˆ

−∞

φ · 2 pU · Ω ·
√

detg dθ1dθ2 du′. (2.54)

For a spacetime region Du,u :=
{(

u′, u′, θ1, θ2) | u∞ ≤ u′ ≤ u, 0 ≤ u′ ≤ u
}
, we dfine the spacetime integral

ˆ

Du,u

φ :=
∑
U

u ˆ

u∞

uˆ

0 

∞ ˆ

−∞

∞ ˆ

−∞

φ · pU · Ω2 ·
√

−detg dθ1dθ2 du′ du′. (2.55)

We proceed with the definition of Lp norms (1 ≤ p < ∞) for an arbitrary tensofield φ:

‖φ‖pLp(Su,u) :=
ˆ

Su,u

〈φ, φ〉
p
2 
γ (2.56)

‖φ‖p
Lp(H(0,u)

u )
:=

ˆ

H
(0,u)
u

〈φ, φ〉
p
2 
γ (2.57)

‖φ‖p
Lp(H(u∞,u)

u )
:=

ˆ

H
(u∞,u)
u

〈φ, φ〉
p
2 
γ . (2.58)

For the case p = ∞, we separately dfine

‖φ‖L∞(Su,u) := sup
(θ1,θ2)∈Su,u

〈φ, φ〉
1
2
γ (θ1, θ2). (2.59)

2.6. Signature for decay rates and scale-invariant norms

Perhaps the most challenging aspect of trapped surface formation results, historically, has been the 
attempt to find initial data that are, in an appropriate sense, large (this is by necessity, as is implied by 
the monumental work of [11]) but also small enough to allow for an existence result of a spacetime region 
that gives trapped surfaces the time they would require to form. The first such initial data set, in the 
absence of symmetries, was given by [9]. Later contributions include [12], [5] and [2]. Moreover, one would 
have to construct norms which preserve, at least approximately, the hierarchy present in the initial data 
upon evolution of the Einstein equations. The signature for decay rates, which was first introduced in [3], 
is the tool we will use in the present paper to build scale-invariant norms. These will be norms that, upon 
evolution of the initial data, remain bounded above by a uniform constant (with the exception of a few 
anomalous terms). For another application of this framework, see [4].
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To each φ ∈
{
α, α, βR, βR, ρ, σ, η, η, χ, χ, ω, ω, ζ, γ

}
we associate its signature for decay rates s2(φ):

s2(φ) = 0 ·N4(φ) + 1
2NA(φ) + 1 ·N3(φ) − 1.

Here Nα(φ) (α = 1, 2, 3, 4) denotes the number of times eα appears in the definition of φ. We also extend 
the definition of s2 in the same way to the set of null components of the curvature 2-form F , which we will 
schematically denote by Y. We get the following tables of signatures:

φ α α βR βR ρ σ η η χ χ ω ω ζ γ

s2(φ) 0 2 0.5 1.5 1 1 0.5 0.5 0 1 0 1 0.5 0

Y αF αF ρF σF

s2(Y) 0 1 0.5 0.5

Several properties of s2 follow:

s2(∇4φ) = s2(φ), s2(∇̂4Y) = s2(Y),

s2(∇φ) = s2(φ) + 1
2 , s2(∇̂Y) = s2(Y) + 1

2 ,

s2(∇3φ) = s2(φ) + 1, s2(∇̂3Y) = s2(Y) + 1.

Finally, perhaps the most important property of s2 is signature conservation:

s2(φ1 · φ2) = s2(φ1) + s2(φ2), s2(φ · Y) = s2(φ) + s2(Y) and s2(Y1 · Y2) = s2(Y1) + s2(Y2). (2.60)

This allows for the (almost)-preservation of the scale-invariant norms upon evolution, as we shall see.
For any horizontal tenso-field φ and Yang-Mills component Y, we dfine the following norms:

‖φ ∨ Y‖L∞
(sc)(Su,u) := a−s2(φ∨Y)|u|2s2(φ∨Y)+1‖φ ∨ Y‖L∞(Su,u), (2.61)

‖φ ∨ Y‖L2
(sc)(Su,u) := a−s2(φ∨Y)|u|2s2(φ∨Y)‖φ ∨ Y‖L2(Su,u), (2.62)

‖φ ∨ Y‖L1
(sc)(Su,u) := a−s2(φ∨Y)|u|2s2(φ∨Y)−1‖φ ∨ Y‖L1(Su,u). (2.63)

Notice the difference in the u-weights amongst the definitions.
A crucial property of the above norms is the scale-invariant Hölder’s inequalities that they satisfy. For 

Υ denoting an arbitrary φ or Y, there hold:

‖Υ1 · Υ2‖L1
(sc)(Su,u) ≤

1 
|u| ‖Υ1‖L2

(sc)(Su,u)‖Υ2‖L2
(sc)(Su,u), (2.64)

‖Υ1 · Υ2‖L1
(sc)(Su,u) ≤

1 
|u| ‖Υ1‖L∞

(sc)(Su,u)‖Υ2‖L1
(sc)(Su,u), (2.65)

‖Υ1 · Υ2‖L2
(sc)(Su,u) ≤

1 
|u| ‖Υ1‖L∞

(sc)(Su,u)‖Υ2‖L2
(sc)(Su,u). (2.66)

Notice that this is possible partly thanks to the signature conservation property (2.60). In the region of 
study, the factor 1 

|u| plays the role that δ 1
2 plays in the definition of the corresponding norms7 in [12], namely 

that of measuring the smallness of the nonlinear terms. The above inequalities are the primary tools that 
will be used to close the bootstrap argument required for the existence part.

7 See Section 2.17 in [12].
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2.7. Norms

Let N ≥ 3 be a natural number. Let ψg ∈
{
ω, trχ, ω, η, η

}
, Ψu ∈

{
βR, ρ, σ, βR

}
and Ψu ∈

{
ρ, σ, βR, α

}
. 

Moreover, we will sometimes use Ψ to denote an arbitrary Ψu or a Ψu. Also, dfine t̃rχ := trχ+ 2 
|u| and let 

Yu ∈
{
ρF , σF , αF

}
. For 0 ≤ i ≤ N , we dfine

L
i,∞(u, u) := 1 

a
1
2
‖(a 1

2∇)iχ̂‖L∞
(sc)(Su,u) + ‖(a 1

2∇)iψg‖L∞
(sc)(Su,u) + a

1
2

|u| ‖(a
1
2∇)iχ̂‖L∞

(sc)(Su,u)

+ a 
|u|2 ‖(a

1
2∇)itrχ‖L∞

(sc)(Su,u) + a 
|u| ‖(a

1
2∇)it̃rχ‖L∞

(sc)(Su,u),

(2.67)

Ri,∞(u, u) := 1 

a
1
2
‖(a 1

2∇)iα‖L∞
(sc)(Su,u) + ‖(a 1

2∇)iΨu‖L∞
(sc)(Su,u), (2.68)

YM i,∞(u, u) := 1 

a
1
2
‖(a 1

2 ∇̂)iαF ‖L∞
(sc)(Su,u) + ‖(a 1

2 ∇̂)iYu‖L∞
(sc)(Su,u). (2.69)

For 0 ≤ i ≤ N − 1, dfine

YM C
j,∞(u, u) := 1 

a
1
2
‖(a 1

2 ∇̂)i∇̂4α
F ‖L∞

(sc)(Su,u) + a 
|u| ‖(a

1
2 ∇̂)i∇̂3α

F ‖L∞
(sc)(Su,u). (2.70)

Furthermore, for 0 ≤ i ≤ N + 3 and 0 ≤ j ≤ N + 4, we dfine

L
j,2(u, u) := 1 

a
1
2
‖(a 1

2∇)iχ̂‖L2
(sc)(Su,u) + ‖(a 1

2∇)iψg‖L2
(sc)(Su,u) + a

1
2

|u| ‖(a
1
2∇)iχ̂‖L2

(sc)(Su,u)

+ a 
|u|2 ‖(a

1
2∇)itrχ‖L2

(sc)(Su,u) + a 
|u| ‖(a

1
2∇)it̃rχ‖L2

(sc)(Su,u),

(2.71)

Ri,2(u, u) := 1 

a
1
2
‖(a 1

2∇)iα‖L2
(sc)(Su,u) + ‖(a 1

2∇)iΨu‖L2
(sc)(Su,u), (2.72)

YM j,2(u, u) := 1 

a
1
2
‖(a 1

2 ∇̂)jαF ‖L2
(sc)(Su,u) + ‖(a 1

2 ∇̂)jYu‖L2
(sc)(Su,u). (2.73)

For 0 ≤ j ≤ N + 2, dfine

YM C
j,2(u, u) := 1 

a
1
2
‖(a 1

2 ∇̂)i∇̂4α
F ‖L2

(sc)(Su,u) + a 
|u| ‖(a

1
2 ∇̂)i∇̂3α

F ‖L2
(sc)(Su,u). (2.74)

Finally, for 0 ≤ i ≤ N + 4 and 0 ≤ j ≤ N + 5, we dfine the norms along the null hypersurfaces:

Ri(u, u) := 1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u ) + ‖(a 1

2∇)iΨu‖L2
(sc)(H

(0,u)
u ), (2.75)

Ri(u, u) := 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
u ) + ‖(a 1

2∇)iΨu‖L2
(sc)(H

(u∞,u)
u ) (2.76)

YMC
j := 1 

a
1
2
‖(a 1

2 ∇̂)i∇̂4α
F ‖

L2
(sc)(H

(0,u)
u ), (2.77)

YMC
j :=

u ˆ

u∞

a3

|u′|4 ‖(a
1
2 ∇̂)i∇̂3α

F ‖2
L2

(sc)(Su′,u′ ) du′, (2.78)

YMj := 1 

a
1
2
‖(a 1

2 )j−1∇̂jαF ‖
L2

(sc)(H
(0,u)
u ) + ‖(a 1

2 )j−1∇̂j(ρF , σF )‖
L2

(sc)(H
(0,u)
u ) (2.79)
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YMj := 1 

a
1
2
‖(a 1

2 )j−1∇̂j(ρF , σF )‖
L2

(sc)(H
(u∞,u)
u ) + ‖(a 1

2 )j−1∇̂jαF ‖
L2

(sc)(H
(u∞,u)
u ) (2.80)

We now set Li,∞,
L

i,2,Ri,∞,Ri,2,YM i,∞,YM i,2 to be the suprema over (u, u) of the corresponding norms. 
Finally, we dfine the total norms

L :=
∑

0≤i≤N

(Li,∞ + Ri,∞ + YM i,∞) +
∑

0≤i≤N+3
Ri,2 +

∑
0≤j≤N+4

(Lj,2 + YMj,2) (2.81)

R :=
∑

0≤i≤N+4
Ri + Ri, YM :=

∑
0≤j≤N+5

YMj + YMj . (2.82)

In addition, we also dfine the following top-order total norm for connection coefficients, that is to be 
controlled by means of separate elliptic estimates in terms of L,R and YM:

ON+5,2 := 1 

a
1
2
‖(a 1

2 )N+4∇N+5χ̂‖L2
sc(H

(0,u)
u ) + ‖(a 1

2 )N+4∇N+5(trχ, ω)‖L2
sc(H

(0,u)
u )

+‖(a 1
2 )N+4∇N+5η‖L2

sc(H
(u∞,u)
u ) + a 

|u| ‖(a
1
2 )N+4∇N+5(η, η)‖L2

sc(H
(0,u)
u )

+‖(a 1
2 )N+4∇N+5ω‖L2

sc(H
(u∞,u)
u ) +

u ˆ

u∞

a
3
2

|u′|3 ‖(a
1
2 )N+4∇N+5χ̂‖L2

sc(Su′,u)du
′

+
u ˆ

u∞

a2

|u′|3 ‖(a
1
2 )N+4∇N+5trχ‖L2

sc(Su′,u)du
′. (2.83)

2.8. Commutation formulae

Use the definition of the gauge-covariant derivative (2.12) and project it onto the topological 2-sphere 
Su,u to yield

[∇̂4, ∇̂B ]GP
QA1A2A3····An

= [D̂4, D̂B ]GP
QA1A2A3····An

+ (∇B log Ω)∇̂4GP
QA1A2A3····An

−γCDχBD∇̂CGP
QA1A2A3····An

−
n ∑

i=1 
γCDχBDη

Ai
GP

QA1A2A3··ÂiC··An

+
n ∑

i=1 
γCDχAiBηDGP

QA1A2A3··ÂiC··An

[D̂4, D̂A]GP
QA1A2····An

= −
∑
i 

R(eC , eAi
, e4, eA)GP

QA1··Âi,··An
+ FP

R4AGR
QA1A2···An

−FR
Q4AGP

RA1A2···An
+ (∇A log Ω)∇̂4GP

QA1A2····An
.

Notice that the last term is redundant since it already appears in the previous expression. We need to take 
care of the curvature terms.

[∇̂4, ∇̂A]G ∼ (β + αF · (ρF + σF ))G + αFG + (η + η)∇̂4G − χ∇̂G + χηG.

Notice that if G is not a section of the vector bundle k⊗T ∗S⊗PAd,g (PAD,g is the vector bundle associated 
to P by the adjoint representation of the gauge group G on g), then αFG does not appear and the gauge 
covariant derivatives are simply ordinary covariant derivatives. For higher order commutation, we have the 
following lemma:
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Lemma 2.1. Suppose G is a section of the product vector bundle k ⊗ T ∗S2 ⊗ PAd,ρ, k ≥ 1, that satifies 
∇̂4G = F1 and ∇̂4∇̂IG = FI

1 , then FI
1 verfies the following schematic expression:

FI
1 ∼

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3β∇̂J4G

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4G +

∑
J1+J2+J3=I

∇J1(η + η)J2∇̂J3F1

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3χ∇̂J4G.

(2.84)

Similarly, for ∇̂3G = F2, and ∇̂3∇̂IG = FI
2 ,

FI
2 ∼

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3β∇̂J4G

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4G +

∑
J1+J2+J3=I

∇J1(η + η)J2∇̂J3F2

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3χ∇̂J4G.

(2.85)

Proof. For I = 1, this identity is clearly satified due to the calculations above. Assume, it holds for J = I−1
and show that it holds for J = I. We omit the proof and refer to [4]. �
Remark 2. In both of the expressions, one can replace β (β resp.) by the re-normalized curvature βR

A :=
βA − 1

2R4A (βR

A
:= β

A
+ 1

2R3A resp.) and remove the quadratic terms αF (ρF , σF ) (αF (ρF , σF ) resp.). By 
moving the top derivatives of G multiplied by trχ from the right hand side to the left hand side, one may 
also obtain

FI
2 + I

2 
trχ∇̂IG ∼

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3βR∇̂J4G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4G

+
∑

J1+J2+J3=I

∇J1(η + η)J2∇̂J3F2

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3 χ̂∇̂J4G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇̂J3trχ∇̂J4G.

Finally, if one takes into account the identities

βR
A = −(divχ̂)A + 1

2∇Atrχ− 1
2

(
(η − η) · (χ̂− 1

2trχγ)
)

A

− 1
2R4A,
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βR

A
= (div χ̂)A − 1

2∇Atrχ− 1
2

(
(η − η) · (χ̂− 1

2trχγ)
)

A

+ 1
2R3A,

we arrive at the following identities:

FI
1 ∼

∑
J1+J2+J3=I

∇J1(η + η)J2∇̂J3F1

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇̂J4G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4G

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4G︸ ︷︷ ︸

C1

(2.86)

and

FI
2 + I

2 
trχ∇̂IG ∼

∑
J1+J2+J3=I

∇J1(η + η)J2∇̂J3F2

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇̂J4G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇̂J3trχ∇̂J4G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4G

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5G

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4G︸ ︷︷ ︸

C2

.

(2.87)

Remark 3. Note that the commutation terms C1 and C2 are produced because of the non-abelian (and 
hence non-linear) characteristic of the Yang-Mills theory. For any section of the bundle ⊗kT ∗Su,u, C1 and 
C2 drop out.

2.9. Gauge-invariant inequalities for scale-invariant norms

Let the space-time gauge covariant derivative be denoted by D̂ and let its projection on the horizontal 
direction, i.e., on the topological 2-sphere, be denoted by ∇̂. More precisely D̂μ := Dμ + [Aμ, ·] and ∇̂A :=
∇A + [A(eA), ·], where ∇ is the horizontal component of the usual spacetime covariant derivative D. For 
G ∈ Γ(N⊗T ∗S ⊗ PAD,g), we dfine the gauge-invariant norm as follows:

|G|2γ,δ := GP
QA1A2A3····AN

GQ
PB1B2B3····BN

γA1B1γA2B2γA3B3 · · · ·γANBN , (2.88)
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where repeated indices P and Q represent the inner product with respect to the metric δ on the fibers of 
the vector bundle PAD,g. Notice that due to the compatibility of the fiber metric δ with the connection ∇̂, 
we have the following

∇|G|2γ,δ = 2〈∇̂G,G〉γ,δ, (2.89)

where 〈 , 〉γ,δ denotes the joint inner product induced by the metrics γ and δ. Clearly |G|2γ,δ = 〈G,G〉γ,δ. 
Now we proceed to dfine the Lp (1 ≤ p < ∞) norms of an arbitrary section G ∈ Γ(N⊗T ∗S ⊗ PAD,g):

||G||pLp(Su,u) :=
ˆ

Su,u

〈G,G〉
p
2 
γ,δ, ||G||

p
Lp(Hu) :=

ˆ

Hu

〈G,G〉
p
2 
γ,δ, ||G||

p
Lp(Hu) :=

ˆ

Hu

〈G,G〉
p
2 
γ,δ. (2.90)

In the case p = ∞, we dfine the L∞ norm as follows:

||G||L∞(Su,u) := sup 
θ∈Su,u

〈G,G〉
1
2
γ,δ. (2.91)

In order to establish Sobolev inequalities on Su,u (note that these topological 2-spheres are evolving in 
spacetime), we need to have estimates for the metric γ. These are carried out in Section 3.

2.10. Yang-Mills pair integration

To close the energy estimates for curvature and thus establish semi-global existence, we ought to obtain 
energy estimates for the Yang-Mills fields. To that end, instead of using the Yang-Mills stress energy tensor 
to construct suitable currents, integrate over the bulk Du,u, and control the error terms, we directly utilize 
the manifestly hyperbolic character of the null Yang-Mills equations. However, since the gauge covariant 
derivative appears in the equations instead of the ordinary covariant derivative, we need to be careful while 
performing a direct integration by parts procedure by means of the equations. As we shall see, we once 
again utilize the compatibility of the gauge covariant derivative with the metric on the fibers of the bundle 
PAD,g. We briefly sketch the procedure here, even though we will perform the actual energy estimates later. 
First recall the following integration lemma:

Lemma 2.2. Let f : M → R be a gauge-invariant object on the spacetime. The following integration by parts 
identities hold for f :

ˆ

Du,u

∇4f =
ˆ

Hu

f −
ˆ

Hu0

f +
ˆ

Du,u

(2ω − trχ)f (2.92)

and

ˆ

Du,u

∇3f =
ˆ

Hu

f −
ˆ

Hu0

f +
ˆ

Du,u

(2ω − trχ)f. (2.93)
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Proof. The proof is a simple consequence of the following integration by parts procedure:

ˆ

Duu

∇4f =
u ˆ

u0

du′
uˆ

u0

⎛⎜⎝ ˆ

Su′u′

∂f

∂u′Ωμγ

⎞⎟⎠ du′

=
u ˆ

u0

du′
uˆ

u0

⎧⎪⎨⎪⎩ d 
du′

ˆ

Su′u′

fΩμγ −
ˆ

Su′u′

f( ∂Ω 
∂u′ + Ω

2 
trγ∂uγ)μγ

⎫⎪⎬⎪⎭ du′

=
u ˆ

u0

du′
ˆ

Su′u

fΩμγ −
u ˆ

u0

ˆ

Su′u0

fΩμγ +
ˆ

Duu

f(2ω − trχ)

=
ˆ

Hu

f −
ˆ

Hu0

f +
ˆ

Duu

(2ω − trχ)f.

The other part follows in a similar fashion. �
Proposition 2.1. Null Yang-Mills equations are manifestly hyperbolic.

Remark 4. Note that this is natural since the Yang-Mills equations are derivable from a Lagrangian and as 
such they are equipped with a canonical stress-energy tensor.

Proof. The integration lemma can be utilized to prove the manifestly hyperbolic characteristics of the Yang
Mills equations while expressed in the double null coordinates. First consider the null triple (αF , ρF , σF )
and recall their gauge covariant evolution equations

∇̂4α
F + 1

2trχαF = −∇̂ρF +
∗∇̂σF − 2 ∗ησF − 2ηρF + 2ωαF − χ̂ · αF , (2.94)

∇̂3ρ
F + trχρF = −d̂ivαF +

(
η − η

)
· αF , (2.95)

∇̂3σ
F + trχσF = −ĉurlαF +

(
η − η

)
· ∗αF . (2.96)

Now dfine f1 := |αF |2γ,δ, f2 = |ρF |2γ,δ, and f3 := |σF |2γ,δ. With these definitions in mind, let us apply the 
integration lemma to f1, f2, and f3 to yield

ˆ

Du,u

∇4f1 +
ˆ

Du,u

∇3f2 +
ˆ

Du,u

∇3f3 =
ˆ

Hu

f1 +
ˆ

Hu

f2 +
ˆ

Hu

f3 −
ˆ

Hu0

f1 (2.97)

−
ˆ

Hu0

f2 −
ˆ

Hu0

f3 +
ˆ

Du,u

(2ω − trχ)f1 +
ˆ

Du,u

(2ω − trχ)(f2 + f3).

In order for these equations to exhibit a hyperbolic characteristic, the left hand side should simplify to 
terms that are algebraic in αF , ρF , and σF upon using the null evolution equations. Now we note the 
most important point: f1, f2, and f3 are gauge-invariant objects and therefore we have the following as a 
consequence of the compatibility of the gauge covariant connection ∇̂ with the metrics γ and δ of the fibers:

∇4f1 = 2〈αF , ∇̂4α
F 〉γ,δ, ∇3f2 = 2〈ρF , ∇̂3ρ

F 〉γ,δ, ∇3f3 = 2〈σF , ∇̂3σ
F 〉γ,δ. (2.98)

Now we only focus on the principal terms for the hyperbolicity argument.
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〈αF , ∇̂4α
F 〉γ,δ = 〈αF ,−∇̂ρF +

∗∇̂σF + · · ··〉γ,δ

= −div〈αF , ρF 〉γ,δ + 〈d̂ivαF , ρF 〉γ,δ + div∗〈αF , σF 〉γ,δ + 〈ĉurlαF , σF 〉 + l.o.t
(2.99)

〈ρF , ∇̂3ρ
F 〉γ,δ = 〈ρF ,−d̂ivαF + · · ··〉γ,δ (2.100)

〈σF , ∇̂3σ
F 〉γ,δ = 〈σF ,−ĉurlαF + · · ··〉γ,δ. (2.101)

Now upon addition, we have

〈αF , ∇̂4α
F 〉γ,δ + 〈ρF , ∇̂3ρ

F 〉γ,δ + 〈σF , ∇̂3σ
F 〉γ,δ

= − div〈αF , ρF 〉γ,δ + 〈d̂ivαF , ρF 〉γ,δ + div∗〈αF , σF 〉γ,δ + 〈ĉurlαF , σF 〉

− 〈ρF , d̂ivαF 〉γ,δ − 〈σF , ĉurlαF 〉γ,δ + l.o.t

= − div〈αF , ρF 〉γ,δ + div∗〈αF , σF 〉γ,δ + l.o.t

(2.102)

which, upon integration over the topological 2-sphere, yields terms that are algebraic in αF , ρF , and σF . 
Here 〈αF , ρF 〉γ,δ = (αF )P Qab(ρF )Q P

b and ∗〈αF , σF 〉γ,δ = εca(αF )P Qabρ
Q

P
b. The most vital property 

that is utilized here is the compatibility of the connection ∇̂ with the inner product 〈 , 〉γ,δ induced by 
the fiber metrics γ and δ together with the Hodge structure present in the null Yang-Mills equations. 
Notice that nowhere in the procedure did we require explicit information about the Yang-Mills connection 
1-form AP

Qμdx
μ. The remaining Yang-Mills null evolution equations may be utilized in a similar manner 

to obtain energy identities associated with the triple αF , ρF , σF . This concludes the proof of the hyperbolic 
characteristics of the null Yang-Mills equations. �
3. Preliminary estimates

3.1. Preliminary bootstrap assumptions

We will be employing a bootstrap argument to obtain a priori bounds on 
L, R and YM. Along the initial 

hypersurfaces Hu∞ and H0, an analysis of the initial data using transport equations (see for example, 
[LukLocal]) yields

L
0 + R0 + YM0 � I.

Our goal is to show that in the entire region

D :=
{

(u, u, θ1, θ2) | u∞ ≤ u ≤ −a
4 , 0 ≤ u ≤ 1

}
there exists a constant c(I) = I4 + I2 + I + 1 such that

L + R + YM � c(I).

We assume, as a bootstrap assumption the following:

L ≤ Γ, R ≤ R, YM ≤ M, (3.1)

where Γ, R and M are large so that

I4 + I2 + I + 1 � min {Γ, R, M }
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but also such that

(Γ + R + M)20 ≤ a
1 
16 .

3.2. Estimates on the metric components

For the metric component Ω, the induced metric γ of Su,u and for the area of Su,u the following propo
sitions hold:

Proposition 3.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), we have

‖Ω − 1‖L∞(Su,u) � Γ 
|u| .

Proposition 3.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there exist two 
constants c and C depending only on the initial data such that the bounds

c ≤ detγ ≤ C,

and

|γAB | + |γ−1
AB | ≤ C

hold throughout the slab of existence D.

Proposition 3.3. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), fix a point 
(u, θ) on the initial hypersurface H0. Let Λ(u) and λ(u) be the largest and smallest eigenvalues of 
γ−1(u, 0, θ) γ(u, u, θ) respectively, along the outgoing null geodesics emanating from (u, θ). There holds

|Λ(u) − 1| + |λ(u) − 1| � 1 

a
1
2
.

Proposition 3.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), for the area 
of the 2-sphere Su,u, there holds

sup
u
|Area(Su,u) − Area(Su,0)| � Γ 1

2

a
1
2
|u|2.

The proofs of Propositions 3.1 to 3.4 are the same as in [1].

3.3. Estimates for transport equations

We shall be using two fundamental bounds on transport equations throughout this work.

Proposition 3.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following 
hold for an arbitrary G ∈ Γ(N⊗T ∗S ⊗ PAD,g):

‖G‖L2
(sc)(Su,u) � ‖G‖L2

(sc)(Su,u′′ ) +
uˆ

u′′

‖∇̂4G‖L2
(sc)(Su,u′ ) du′ (3.2)
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‖G‖L2
(sc)(Su,u) � ‖G‖L2

(sc)(Su′′,u) +
u ˆ

u′′

a 
|u′|2 ‖∇̂4G‖L2

(sc)(Su′,u) du′ (3.3)

There are, however, cases which are borderline and require more delicate control than what the above 
Proposition provides. These have to do with components X satisfying an equation of the form ∇̂3X =
−λtrχX + . . . , where λ > 0. Keeping in mind that trχ is the worst Ricci coefficient in terms of peeling, one 
would hope to be able to get rid of its appearance and thus obtain stronger bounds regarding the peeling 
properties of X. The following weighted transport inequality achieves this.

Proposition 3.6. Let G,H ∈ Γ(N⊗T ∗S ⊗ PAD,g) and assume that the following equation holds:

∇̂3G + λ0 trχG = H.

Then, under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following is true:

|u|λ1‖G‖L2(Su,u) � |u∞|λ1‖G‖L2(Su∞,u) +
u ˆ

u∞

|u′|λ1‖H‖L2(Su′,u) du′

for λ1 = 2λ0 − 1.

Proof. The variation of area formula for a scalar function f reads:

L

ˆ

Su,u

f =
ˆ

Su,u

Lf + Ω trχf =
ˆ

Su,u

Ω 
(
e3(f) + trχf

)
. (3.4)

Plugging in f = |u|2λ1 |G|2γ,δ and exploiting the compatibility of the gauge-covariant derivative with the fiber 
metrics γ, δ, we calculate:

L

ˆ

Su,u

|u|2λ1 |G|2γ,δ

=
ˆ

Su,u

Ω
(
−2 λ1|u|2 λ1−1e3(u)|G|2γ,δ + 2|u|2 λ1〈G, ∇̂3G〉γ, δ + trχ |u|2λ1 |G|2γ,δ

)

=
ˆ

Su,u

Ω
(
2|u|2λ1〈G, ∇̂3G + λ0trχG〉γ,δ

)
+

ˆ

Su,u

Ω|u|2λ1

(
−2λ1e3(u)

|u| + (1 − 2λ0) trχ
)
|G|2γ,δ.

(3.5)

Notice that

−2λ1e3(u)
|u| + (1 − 2λ0) trχ

=−2λ1(Ω−1 − 1)
|u| + (1 − 2λ0)(trχ + 2 

|u| ) −
2λ1 + 2 − 4λ0

|u| 

≤ Γ 
|u|2 ,

(3.6)

where we have used the bootstrap assumption ‖trχ + 2 
|u|‖L∞(Su,u) ≤ Γ 

|u|2 and the definition of λ1. For the 
first term in the last line of (3.5) we then use Cauchy-Schwartz and for the second we apply Grönwall’s 
inequality to get:
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|u|2λ1‖G‖L2(Su,u)

�eΓ‖u−2‖L1
u

⎛⎝|u∞|λ1‖G‖L2(Su∞,u) +
u ˆ

u∞

|u′|λ1‖H‖L2(Su′,u) du′

⎞⎠
�|u∞|λ1‖G‖L2(Su∞,u) +

u ˆ

u∞

|u′|λ1‖H‖L2(Su′,u) du′,

(3.7)

where we have used the fact that eΓ‖u−2‖L1
u � eΓ/a � 1. �

3.4. Sobolev embedding

With the derived estimates for the metric γ, we can obtain a bound on the isoperimetric constant for a 
topological 2-sphere S:

I(S) := sup 
U⊂S, ∂U∈C1

min {Area(U), Area(U c)}
[Perimeter(∂U)]2 . (3.8)

The following proposition yields an upper bound for I(S).

Proposition 3.7. Under the assumption on the initial data and the bootstrap assumption (2.10), the isoperi
metric constant obeys the following bound

I(Su,u) ≤ 1 
π

(3.9)

for u ∈ [u∞,−a
4 ] and u ∈ [0, 1].

Proof. Fix a u. For Uu a subset of Su,u, denote by U0 ⊂ Su,0 the backward image of Uu under the diffeo
morphism generated by the equivariant vector field L. Using Propositions 3.2 and 3.3 and their proof, we 
can obtain the estimates

Perimeter(∂Uu)
Perimeter(∂U0) 

≥
√

inf
Su,0

λ(u)

and

Area(Uu)
Area(U0) 

≤ sup 
Su,0

det(γu)
det(γ0) 

, 
Area(U c

u)
Area(U c

0 ) ≤ sup 
Su,0

det(γu)
det(γ0) 

.

The conclusion then follows from the fact that I(Su,0) = 1 
2π and the bounds from Propositions 3.2, 3.3. �

Throughout this work, we will be using an L2 − L∞ Sobolev estimate. To obtain it, utilizing the basic 
estimates above, we may proceed to write down the following gauge-invariant Sobolev inequalities for the 
topological 2− sphere S.

Proposition 3.8. Let (S, γ) be a Riemannian 2-manifold with the isoperimetric constant I(S). Then the 
following Sobolev embedding holds for any G ∈ Γ(N⊗T ∗S ⊗ PAD,g)

(Area(S))−
1 
p ||G||Lp(S) ≤ Cp (max(1, I(S)))

1
2
(
||∇̂G||L2(S) + Area(S)− 1

2 ||G||L2(S)

)
(3.10)

for any p ∈ (2,∞).
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Proof. We know that the standard Sobolev inequality with p ∈ (2,∞)

(Area(S))−
1 
p ||f ||Lp(S) ≤ Cp (max(1, I(S)))

1
2
(
||∇f ||L2(S) + Area(S)− 1

2 ||f ||L2(S)

)
(3.11)

holds for a function f . Now we set

f =
√
GP

QA1A2A3····AN
GQ

PB1B2B3····BN
γA1B1γA2B2γA3B3 · · · ·γANBN + ε (3.12)

with ε > 0 to yield

||∇f ||L2(S) = || 〈G, ∇̂G〉γ,δ√
GP

QA1A2A3····AN
GQ

PB1B2B3····BN
γA1B1γA2B2γA3B3 · · · ·γANBN + ε

||L2(S)

≤ || |G|γ,δ|∇̂G|γ,δ√
GP

QA1A2A3····AN
GQ

PB1B2B3····BN
γA1B1γA2B2γA3B3 · · · ·γANBN + ε

||L2(S),

since f is a gauge-invariant object and the gauge covariant derivative is compatible with fiber metrics γ
and δ. Substituting this inequality in (3.11) and taking the limit ε → 0 yields the desired gauge-invariant 
Sobolev inequality. �
Proposition 3.9. Let (S, γ) be a Riemannian 2-manifold with the isoperimetric constant I(S). Then the 
following Sobolev embedding holds for any G ∈ Γ(N⊗T ∗S ⊗ PAD,g)

||G||L∞(S) ≤ Cp (max(1, I(S)))
1
2 [Area(S)]

1
2− 1 

p

(
||∇̂G||Lp(S) + Area(S)− 1

2 ||G||Lp(S)

)
(3.13)

for any p ∈ (2,∞).

Proof. A calculation similar to the previous one and the standard L∞ − Lp Sobolev inequality on the 
Riemannian manifold (S, γ) yield the result. �

The two inequalities above, together with Propositions 3.1-3.4, allow us to control the L2-norm of G in 
terms of its H2-norm. Following the area estimates, we have Area(Su,u) ≈ u2. Therefore, we obtain the 
following important inequality.

Proposition 3.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following 
Sobolev embedding holds for any G ∈ Γ(N⊗T ∗Su,u ⊗ PAD,g):

||G||L∞(Su,u) �
∑

0≤I≤2
|||u|I−1∇̂IG||L2(Su,u), (3.14)

which, in scale-invariant norms, reads

||G||L∞
sc(Su,u) �

∑
0≤I≤2

||(a 1
2 ∇̂)IG||L2

sc(Su,u). (3.15)

Proof. Substitute p = 4 in the previous proposition (3.13) and estimate the right hand side by means of 
(3.10), the estimate on the area given by Proposition 3.4 and on the isoperimetric constant of Su,u given 
by Proposition 3.9. �
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4. Scale-invariant estimates on the Ricci coefficients and Yang-Mills components

4.1. Preliminary estimates

In this section we list some necessary and useful estimates, to be used extensively in the following sections. 
Let

Υ ∈
{

1 
a

1
2
αF , ρF , σF , αF

}
, Ψ ∈

{
α 
a

1
2
, βR, ρ, σ, βR, α

}
, Υ̃ ∈

{
1 
a

1
2
∇̂4α

F , a 
|u|∇̂3α

F
}
,

ψg ∈
{

a 
|u|2 trχ, 1 

a
1
2
χ̂, a

1
2

|u| χ̂,
a 
|u| t̃rχ, ω, ζ, η, η, ω, trχ

}
.

Finally, we note that by ∇i1ψi2
g we mean an expression of the form

∇k1ψg . . .∇ki2ψg,

where k1 + · · · + ki2 = i1.

Proposition 4.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following 
hold: ∑

i1+i2≤N+4
‖(a 1

2 )i1+i2∇i1ψi2
g ‖L2

(sc)(Su,u) ≤ |u|,

∑
i1+i2+i3≤N+4

‖(a 1
2 )i1+i2+i3∇i1ψi2

g ∇i3(ψg,Υ)‖L2
(sc)(Su,u) ≤ Γ,

∑
i1+i2+i3+i4≤N+4

‖(a 1
2 )i1+i2+i3+i4∇i1ψi2

g ∇̂i3(ψg,Υ)∇̂i4(ψg,Υ)‖L2
(sc)(Su,u) ≤

Γ2

|u| ,

∑
i1+i2+i3+i4+i5≤N+5

‖(a 1
2 )i1+i2+i3+i4+i5∇i1ψi2

g ∇̂i3(ψg,Υ)∇̂i4(ψg,Υ)∇̂i5(ψg,Υ)‖L2
(sc)(Su,u) ≤

Γ3

|u|2 ,∑
i1+i2+i3≤N+3

‖(a 1
2 )i1+i2+i3∇i1ψi2

g ∇i3Ψ‖L2
(sc)(Su,u) ≤ Γ,

∑
i1+i2+i3+i4≤N+3

‖(a 1
2 )i1+i2+i3+i4∇i1ψi2

g ∇̂i3(ψg,Υ)∇i4Ψ‖L2
(sc)(Su,u) ≤

Γ2

|u| ,

∑
i1+i2+i3+i4+i5≤N+3

‖(a 1
2 )i1+i2+i3+i4+i5∇i1ψi2

g ∇̂i3(ψg,Υ)∇̂i4(ψg,Υ)∇i5Ψ‖L2
(sc)(Su,u) ≤

Γ3

|u|2 ,∑
i1+i2+i3≤N+2

‖(a 1
2 )i1+i2+i3∇i1ψi2

g ∇̂i3Υ̃‖L2
(sc)(Su,u) ≤ Γ,

∑
i1+i2+i3+i4≤N+2

‖(a 1
2 )i1+i2+i3+i4∇i1ψi2

g ∇̂i3(ψg,Υ,Ψ)∇̂i4Υ̃‖L2
(sc)(Su,u) ≤

Γ2

|u| .

Proof. We only prove the first two statements and the rest follow in the same way (see also [1] for more 
details), taking into account the bootstrap assumptions (3.1) and the fact that these assumptions help us 
control up to N + 4 derivatives of (ψg,Υ), N + 3 derivatives of Ψ and N + 2 derivatives of Υ̃. Working on 
the first inequality, we see that if i2 = 0 then it trivially holds, since

‖1‖L2
(sc)(Su,u) = |u|.
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If i2 ≥ 1, we write ∇i1ψi2
g as ∇k1ψg . . .∇ki2ψg, for k1 + · · · + ki2 = i1. Assume, without loss of generality, 

that ki2 is the largest among the coefficients. We then write

(a 1
2 )i1+i2∇i1ψi2

g = (a 1
2 )i2(a 1

2∇)ki2ψgΠi2−1
λ=1 (a 1

2∇)kλψg

and proceed to bound (a 1
2∇)ki2ψg in L2

(sc) and the rest of the terms in L∞
(sc). By iterating (2.66) a total of 

(i2 − 1) times, we obtain

1 
|u|

∑
i1+i2≤N+4

‖(a 1
2 )i1+i2∇i1ψi2

g ‖L2
(sc)(Su,u)

≤ 1 
|u|

∑
i1+i2≤N+4

(a 1
2 )i2

|u|i2−1 ‖(a
1
2∇)ki2ψg‖L2

(sc)(Su,u)Πi2−1
λ=1 ‖(a

1
2∇)kλψg‖L∞

(sc)(Su,u)

≤
(
a

1
2 Γ
|u| 

)i2

≤ 1.

(4.1)

Moving on to the second inequality, if i2 = 0, it trivially holds by the definition of Γ. If i2 ≥ 1, in the case 
where i1 ≤ N +2, we bound (a 1

2∇)i4(ψg,Υ) in L2
(sc) and the rest of the terms in L∞

(sc), thus getting a bound 
of

1 
|u| · ‖(a

1
2 )i1+i2∇i1ψi2

g ‖L∞
(sc)(Su,u) · ‖(a

1
2∇)i3(ψg,Υ)‖L2

(sc)(Su,u) ≤
(a 1

2 )i2Γi2+1

|u|i2 ≤ Γ.

If, on the other hand, i1 ≥ N + 3, we bound (a 1
2∇)i4(ψg,Υ) in L∞

(sc) and the rest of the expression in 
L2

(sc). Using the bound obtained in the first inequality of the proposition, we then arrive at a bound of 
1 
|u| · |u| · Γ = Γ. The result follows. �

4.2. Estimates on the Ricci coefficients

Proposition 4.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

∑
i≤N+4

‖(a 1
2∇)iω‖L2

(sc)(Su,u) � a
1
2

|u| 12
(1 + R[ρ]) .

Proof. We begin by recalling that ω satifies the schematic equation

∇3ω = 1
2ρ + ψgψg + YuYu.

Crucially, the schematic product YuYu is gauge-invariant (in this case, it equals |ρF |2 + |σF |2). Using the 
commutation formula (2.87) and the notation of Section 2.7, we have, for a general i:



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 29

∇3∇iω + i 
2trχ∇iω =∇iρ +

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3ρ +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4ψg

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4Yu +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4ω

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4ω

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3Yu∇̂i4Yu∇i5ω.

(4.2)

Note that since ω is not a section of the vector bundle k⊗T ∗S⊗PAd,g, the last term on the right-hand side 
of (2.87) does not appear. Passing to scale-invariant norms, we get

‖(a 1
2∇)iω‖L2

(sc)(Su,u)

�‖(a 1
2∇)iω‖L2

(sc)(Su∞ ,0) +
u ˆ

u∞

a 
|u′|2 ‖(a

1
2∇)iρ‖L2

(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3=i−1

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2+1

g ∇i3ρ‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4=i

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇i3ψg∇i4ψg‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4=i

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇̂i3Yu∇̂i4Yu‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4=i

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇i3(χ̂, t̃rχ)∇i4ω‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4=i−1

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2+1

g ∇i3trχ∇i4ω‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4=i−2

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su′,u) du′

+
u ˆ

u∞

∑
i1+i2+i3+i4+i5=i−1

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇̂i3Yu∇̂i4Yu∇i5ω‖L2
(sc)(Su′,u) du′. (4.3)

For 0 ≤ i ≤ N + 4, the first term, by virtue of the fact that Ω ≡ 1 initially, vanishes. The second term can 

be bounded, using Hölder’s inequality, by a
1
2

|u|
1
2
R[ρ]. The third, fourth and fifth terms can be bounded above 

by

u ˆ

u∞

a 
|u′|2

Γ2

|u′| du
′ ≤ a Γ2

|u|2 ≤ a
1
2

|u| 12
.
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The sixth term is controlled as follows:

u ˆ

u∞

∑
i1+i2+i3+i4=i

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇i3(χ̂, t̃rχ)∇i4ω‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2

|u′|
a

1
2

Γ2

|u′| du
′ � a

1
2 Γ2

|u| � a
1
2

|u| 12
.

(4.4)

The seventh term is controlled as follows:

u ˆ

u∞

∑
i1+i2+i3+i4=i−1

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2+1

g ∇i3trχ∇i4ω‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2

|u′|2
a 

Γ3

|u′|2 du′ � Γ3

|u| � a
1
2

|u| 12
. (4.5)

For the eighth and most borderline term, we estimate:

u ˆ

u∞

∑
i1+i2+i3+i4=i−2

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su′,u) du′

=
u ˆ

u∞

∑
i1+i2+i3+i4=i−2

a
3
2

|u′|2 ‖(a
1
2 )i−1∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a
3
2

|u′|2
|u′|2
a 

Γ3

|u′|2 du′ � a
1
2 Γ3

|u| � a
1
2

|u| 12
. (4.6)

Finally, the ninth term can be estimated as follows:

u ˆ

u∞

∑
i1+i2+i3+i4+i5=i−1

a 
|u′|2 ‖(a

1
2 )i∇i1ψi2

g ∇̂i3Yu∇̂i4Yu∇i5ω‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a
3
2

|u′|2
Γ3

|u′|2 du′ � a
1
2

|u| 12
. (4.7)

The result follows. �
We move on to estimates for χ̂ and χ̂, which are the same as in [4] or [1], because of the absence of matter 

terms in the corresponding structure equations.

Proposition 4.3. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there hold

∑
i≤N+4

a
1
2

|u| ‖(a
1
2∇)iχ̂‖L2

(sc)(Su,u) � 1, 
∑

i≤N+4

1 

a
1
2
‖(a 1

2∇)iχ̂‖L2
(sc)(Su,u) � R[α] + 1.

Proof. This is the same as in [1]. �
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Remark 5. As will be shown later on, there holds

∑
0≤i≤N+3

1 

a
1
2
‖(a 1

2∇)iα‖L2
(sc)(Su,u) � 1.

As a consequence, when i �= N + 4, the result of Proposition 4.3 can be improved to

∑
0≤i≤N+3

1 

a
1
2
‖(a 1

2∇)iχ̂‖L2
(sc)(Su,u) � 1.

By Sobolev embedding, this also implies the pointwise estimate

∑
0≤i≤N+1

1 

a
1
2
‖(a 1

2∇)iχ̂‖L∞
(sc)(Su,u) � 1.

This will be useful later on, for example in Proposition 4.6.

The estimates for ω are, in a sense, dual to those for ω.

Proposition 4.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

∑
i≤N+4

‖(a 1
2∇)iω‖L2

(sc)(Su,u) ≤ R[ρ] + 1.

Proof. We have, schematically,

∇4ω = 1
2ρ + ψgψg + YuYu.

As before, the schematic product of the Yang-Mills components is gauge-invariant. Using the commutation 
formula (2.86), we have, for a general i:

∇4∇iω =∇iρ +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3ρ +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4ψg

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4Yu +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4ω

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5ω.

(4.8)

Passing to scale-invariant norms, we have, since ‖(a 1
2∇)iω‖L2

(sc)(Su,0) vanishes,



32 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 

‖(a 1
2∇)iω‖L2

(sc)(Su,u)

�
uˆ

0 

‖(a 1
2∇)iρ‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3=i−1

‖(a 1
2 )i∇i1ψi2+1

g ∇i3ρ‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3ψg∇i4ψg‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3Yu∇̂i4Yu‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i−2

‖(a 1
2 )i∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4+i5=i−1

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5ω‖L2
(sc)(Su,u′ ) du′.

(4.9)

For 0 ≤ i ≤ N + 4, the first four terms are controlled as in Proposition 4.2 and are bounded above by 
R[ρ] + 1. For the next terms, there holds

uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su,u′ ) du′

�
uˆ

0 

a
1
2

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3( χ̂

a
1
2
,
trχ
a

1
2

)∇i4ω‖L2
(sc)(Su,u′ ) du′

�a
1
2 Γ2

|u| � 1.

(4.10)

Working similarly, there hold

uˆ

0 

∑
i1+i2+i3+i4=i−2

‖(a 1
2 )i∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ω‖L2
(sc)(Su,u′ ) du′ � a Γ3

|u|2 � 1, (4.11)

uˆ

0 

∑
i1+i2+i3+i4+i5=i−1

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5ω‖L2
(sc)(Su,u′ ) du′ � a

1
2 Γ3

|u|2 � 1. (4.12)

The claim follows. �
We move on to estimates for η.
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Proposition 4.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑
0≤i≤N+4

‖(a 1
2∇)iη‖L2

(sc)(Su,u) � R[βR] + 1.

Proof. We begin with the schematic structure equation for η:

∇4η = βR + (χ̂, trχ) · (η, η) + αFYu,

with the product of Yang-Mills curvature terms being once again gauge-invariant. Here, the Yu term is 
(ρF , σF ). Using the commutation formula (2.86) for the ∇4-direction, we have

∇4∇iη =∇iβR +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3βR +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4(η, η)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4Yu +

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇i5η.

(4.13)

Estimating in scale-invariant norms, we have

‖(a 1
2∇)iη‖L2

(sc)(Su,u) �
û

0 

‖(a 1
2∇)iβR‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3=i−1

‖(a 1
2 )i∇i1ψi2+1

g ∇i3βR‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3(χ̂, trχ)∇i4(η, η)‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4Yu‖L2
(sc)(Su,u′ )

+
uˆ

0 

∑
i1+i2+i3+i4+i5=i−1

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5η‖L2
(sc)(Su,u′ ) du′.

(4.14)

For 0 ≤ i ≤ N + 4, the first term is bounded by R[βR]. The second term is bounded by

uˆ

0 

∑
i1+i2+i3=i−1

‖(a 1
2 )i∇i1ψi2+1

g ∇i3βR‖L2
(sc)(Su,u′ ) du′ � Γ2

|u| � 1. (4.15)

Notice that, since i3 ≤ i − 1 ≤ N + 3, we can bound i3 derivatives of βR using the bootstrap assumption 
(3.1) on the total norm 

L. For the third term there holds

û

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3(χ̂, trχ)∇i4(η, η)‖L2
(sc)(Su,u′ ) du′ � a

1
2 Γ2

|u| � 1.

Here we have picked up an a
1
2 -term because of the existence of χ̂ in the expression. For the fourth term, we 

have
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uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )‖L2
(sc)(Su,u′ ) � a

1
2O2

|u| � 1

and finally, for the fifth term, we have

uˆ

0 

∑
i1+i2+i3+i4+i5=i−1

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5η‖L2
(sc)(Su,u′ ) du′

=
uˆ

0 

a
∑

i1+i2+i3+i4+i5=i−1

∥∥∥∥(a 1
2 )i−1∇i1ψi2

g ∇̂i3

(
αF

a
1
2

)
∇̂i4(ρF , σF )∇i5η

∥∥∥∥
L2

(sc)(Su,u′ )
du′

�aΓ3

|u|2 � 1.

(4.16)

The result follows. �
Proposition 4.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

∑
0≤i≤N+4

‖(a 1
2∇)itrχ‖L2

(sc)(Su,u) � R[α] + YM[ρF , σF ] + 1.

Proof. We begin by recalling the schematic equation

∇4trχ = |χ̂|2 + ψgψg + |αF |2.

Commuting with i angular derivatives using (2.86), we obtain

∇4∇itrχ =
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇i4(χ̂, trχ) +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4ψg

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4αF +

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4ψg

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5ψg.

(4.17)

Passing to scale-invariant norms, we have

‖(a 1
2∇)itrχ‖L2

(sc)(Su,u) �
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3 χ̂∇i4(χ̂, trχ)‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3ψg∇i4ψg‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4αF ‖L2
(sc)(Su,u′ ) du′ (4.18)



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 35

+
uˆ

0 

∑
i1+i2+i3+i4=i−2

‖(a 1
2 )i∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4ψg‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

∑
i1+···+i5=i−1

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5ψg‖L2
(sc)(Su,u′ ) du′.

From the first term, the most dangerous case is when i4 falls on χ̂, so we only give details for that. We 
distinguish two cases:

• If in the term ∇i1ψi2
g there exists some ψg whose derivative is of order > N + 3, we bound that 

term in L2
(sc) and the rest of the terms in L∞

(sc). Notice, crucially, that from Remark 5, we can bound 

‖(a 1
2∇)iχ̂‖L∞

(sc)(Su,u) � a
1
2 for small i. As a consequence, we have the bound

uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3 χ̂∇i4(χ̂, trχ)‖L2
(sc)(Su,u′ ) du′ �

‖(a 1
2∇)iχ̂‖2

L∞
(sc)(Su,u)

|u| � 1.

• Otherwise, in the expression ∇i3 χ̂∇i4 χ̂, at most one index i3, i4 is greater than N + 1 (in which case, 
we cannot bound that term in L∞

(sc)). Say without loss of generality, that i3 > N + 1. We bound 

(a 1
2 )i3−1∇i3 χ̂ in L2

(sc) above by R[α] + 1 and the rest of the terms in L∞
(sc) above by 1 (using the 

improvement mentioned in Remark 5), whence

uˆ

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇i3 χ̂∇i4(χ̂, trχ)‖L2
(sc)(Su,u′ ) du′ � (R[α] + 1) · 1.

The second term is handled as in the previous propositions. For the third term, we can bound

û

0 

∑
i1+i2+i3+i4=i

‖(a 1
2 )i∇i1ψi2

g ∇̂i3αF ∇̂i4αF ‖L2
(sc)(Su,u′ ) du′ �

(
YM[ρF , σF ] + 1

)
· 1,

using the same idea as for χ̂ and the improvement given in Remark 6. The last two terms are bounded 
above by 1, as in previous Propositions. �
Proposition 4.7. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), the following 
estimates hold:

a 
|u|

∑
0≤i≤N+4

‖(a 1
2∇)i t̃rχ‖L2

(sc)(Su,u) � 1, a 
|u|2

∑
0≤i≤N+4

‖(a 1
2∇)itrχ‖L2

(sc)(Su,u) � 1.

Proof. Notice that trχ satifies the following structure equation:

∇3trχ + 1
2(trχ)2 = −|χ̂|2 − 2ωtrχ− |αF |2.

Commuting with i angular derivatives using (2.87), we get
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∇3∇itrχ + i + 1
2 

trχ∇itrχ =
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇i4 χ̂

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ω∇i4trχ

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4trχ

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4trχ

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4trχ

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5trχ := Gi.

(4.19)

Passing to scale invariant norms and using the weighted transport inequality from Proposition 3.6, we obtain

a 
|u|2 ‖(a

1
2∇)itrχ‖L2

(sc)(Su,u) � 
a 

|u∞|2 ‖(a
1
2∇)itrχ‖L2

(sc)(Su∞,u) (4.20)

+
u ˆ

u∞

a2

|u′|4 ‖(a
1
2∇)iGi‖L2

(sc)(Su′,u) du′. (4.21)

We focus on 0 ≤ i ≤ N + 4. For the first term in Gi, there holds

u ˆ

u∞

a2

|u′|4 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇i4 χ̂‖L2

(sc)(Su′,u) du′ �
u ˆ

u∞

a 
|u′|2 · Γ2

|u′| du
′ � 1. (4.22)

The second and third terms are handled in the same way. For the fourth term, there holds

u ˆ

u∞

a2

|u′|4 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4trχ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a2

|u′|4 · |u
′|2
a 

|u′|
a

1
2
· Γ2

|u′| du
′ � a

1
2 Γ2

|u| � 1.

(4.23)

For the fifth term, we bound

u ˆ

u∞

a2

|u′|4 ‖a
i 
2

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇i4trχ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a2

|u′|4 · |u
′|4
a2 · Γ3

|u′|2 du′ � Γ3

|u| � 1.

(4.24)

For the sixth term, we can bound
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u ˆ

u∞

a2

|u′|4 ‖a
i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4trχ‖L2

(sc)(Su′,u) du′

=
u ˆ

u∞

a
5
2

|u′|4 ‖a
i−1
2 

∑
i1+i2+i3+i4+1=i−1

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4trχ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
5
2

|u′|4 · |u
′|4
a2 · Γ3

|u′|2 du′ � a
1
2 Γ3

|u| � 1.

(4.25)

Finally, there holds

u ˆ

u∞

a2

|u′|4 ‖a
i 
2

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇i5trχ‖L2

(sc)(Su′,u) du′ (4.26)

=
u ˆ

u∞

a
5
2

|u′|4 ‖a
i−1
2 

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇i5trχ‖L2

(sc)(Su′,u) du′ (4.27)

�
u ˆ

u∞

a
5
2

|u′|4 · |u
′|2
a 

· Γ3

|u′|2 du′ � a
3
2 Γ3

|u|3 � 1. (4.28)

Crucially, this implies that

a 
|u|2

∑
0≤i≤N+2

‖(a 1
2∇)itrχ‖L∞

(sc)(Su,u) � I + 1, (4.29)

by Sobolev embedding. This will prove useful in the estimates for t̃rχ. For this component, we have the 
following structure equation:

∇3t̃rχ + trχt̃rχ = 2 
|u|2 (Ω−1 − 1) + t̃rχt̃rχ + ψgtrχ− |χ̂|2 − |αF |2 := H0.

Commuting with i angular derivatives, we arrive at

∇3∇it̃rχ + i + 2
2 

trχ∇it̃rχ =
∑

i1+i2+i3=i

∇i1ψi2
g ∇i3H0 (4.30)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4 t̃rχ (4.31)

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4 t̃rχ (4.32)

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4 t̃rχ (4.33)

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5 t̃rχ := Hi. (4.34)

Estimating in scale-invariant norms, we have

a 
|u| ‖(a

1
2∇)it̃rχ‖L2

(sc)(Su,u) � a 
|u∞| ‖(a

1
2∇)it̃rχ‖L2

(sc)(Su∞,u) +
u ˆ

u∞

a2

|u′|3 ‖a
i 
2Hi‖L2

(sc)(Su′,u) du′.
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We restrict attention to 0 ≤ i ≤ N + 4. The first term

u ˆ

u∞

a2

|u′|3 ‖
∑

i1+i2+i3=i

∇i1ψi2
g ∇i3H0‖L2

(sc)(Su′,u) du′

can be bounded above by R[ρ]+R[ρ]+1, precisely as in [AnAth]. The second, third and fourth of the terms 
can be bounded as in previous propositions by 1. For the last term, we have

u ˆ

u∞

a2

|u′|3 ‖
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5 t̃rχ‖L2
(sc)(Su′,u) (4.35)

�
u ˆ

u∞

a2

|u′|3
|u′|
a 

Γ3

|u′|2 du′ � 1. (4.36)

Here, once again, we have made use of the bootstrap assumptions on the gauge-covariantly differentiated 
Yang-Mills curvature components, bounded above by Γ. The result follows. �

We conclude this section with the corresponding estimate on η and its angular derivatives.

Proposition 4.8. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑
0≤i≤N+4

‖(a 1
2∇)iη‖L2

(sc)(Su,u) � R[βR] + R[βR] + 1.

Proof. The schematic equation for η is as follows:

∇3η + 1
2trχη = βR + trχη + ψgχ̂ + αF · (ρF , σF ). (4.37)

∇3∇iη + i + 1
2 

trχ∇iη =∇iβR +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3βR

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4(χ̂, trχ)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4η

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4η

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4η

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5η := Hi. (4.38)

Calculating in scale-invariant norms, we arrive at

1 
|u| ‖(a

1
2∇)iη‖L2

(sc)(Su,u) � 1 
|u∞| ‖(a

1
2∇)iη‖L2

(sc)(Su∞,u) +
u ˆ

u∞

a 
|u′|3 ‖a

i 
2Hi‖L2

(sc)(Su′,u) du′. (4.39)
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We restrict attention to 0 ≤ i ≤ N + 4. For the first term, there holds

1 
|u∞| ‖(a

1
2∇)iη‖L2

(sc)(Su∞,u) � I
|u∞| � I

|u| . (4.40)

There holds
u ˆ

u∞

a 
|u′|3 ‖(a

1
2∇)iβR‖L2

(sc)(Su′,u) du′

�

⎛⎝ u ˆ

u∞

a 
|u′|2 ‖(a

1
2∇)iβR‖2

L2
(sc)(Su′,u) du′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|4 du′

⎞⎠ 1
2

�R[βR] · a
1
2

|u| 32
�

R[βR]
|u| . (4.41)

For the next term, there holds

u ˆ

u∞

a 
|u′|3 ‖(a

1
2∇)i

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3βR‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|3 · a

1
2 Γ2

|u′| du′ � 1 
|u| . (4.42)

For the third term, there holds

u ˆ

u∞

a 
|u′|3 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4(χ̂, trχ)‖L2

(sc)(Su′,u) du′ � R[βR] + 1
|u| . (4.43)

This is done by further taking into account that the schematic product appearing is actually ψg(χ̂, trχ) =
χ̂ · ψg + trχη. As such, we use the improvement obtained in Proposition 4.7 for the trχ-term as well as the 
improvement obtained in Proposition 4.5 for η. The term χ̂ is less anomalous than trχ and hence the above 
bound is easier to obtain. Continuing the estimates, there holds

u ˆ

u∞

a 
|u′|3 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|3 · Γ2

|u′| du
′ � 1 

|u| . (4.44)

For the fifth term, there holds

u ˆ

u∞

a 
|u′|3 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4η‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|3 · |u

′|
a

1
2
· Γ2

|u′| du
′ � 1 

|u| . (4.45)
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For the sixth term, there holds

u ˆ

u∞

a 
|u′|3 ‖a

i 
2

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇i4η‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|3 · |u

′|2
a 

· Γ3

|u′|2 du′ � 1 
|u| . (4.46)

For the seventh term, there holds

u ˆ

u∞

a 
|u′|3 ‖a

i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4η‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
3
2

|u′|3 · |u
′|2
a 

· Γ3

|u′|2 du′ � a
1
2 Γ3

|u|2 � 1 
|u| . (4.47)

Finally, for the last term, there holds

u ˆ

u∞

a 
|u′|3 ‖

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇i5η‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
3
2

|u′|3 · Γ3

|u′|2 du′ � 1 
|u| . (4.48)

Putting everything together, we have

1 
|u| ‖(a

1
2∇)iη‖L2

(sc)(Su,u) �
R[βR] + R[βR] + 1

|u| ,

whence the result follows. �
This concludes the estimates on Ricci coefficients.

4.3. Estimates on the Yang-Mills fields

Proposition 4.9. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

1 

a
1
2

∑
0≤i≤N+4

‖(a 1
2 ∇̂)iαF ‖L2

(sc)(Su,u) � YM[ρF , σF ] + 1.

Proof. Recall the null evolution equation for αF

∇̂3α
F + 1

2trχαF = ∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF . (4.49)

An application of the commutation identity (2.87) yields
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∇̂3∇̂IαF + I + 1
2 

trχαF

=∇̂I+1(ρF , σF ) +
∑

J1+J2=I−1
∇J1+1trχ∇̂J2αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4αF +

∑
J1+J2+J3=I−1

∇J1(η + η)J2+1∇̂J3+1(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(ρF , σF ) +
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF +
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3 χ̂∇̂J4αF

=G1,

(4.50)

where we denote the right hand side by G1 for convenience. An application of the weighted transport 
inequality (3.6) yields

|u|I ||∇̂IαF ||L2(Su,u) ≤ |u∞|I ||∇̂IαF ||L2(Su∞,u) +
u ˆ

u∞

|u′|I ||G1||L2(Su′,u)du
′. (4.51)

Now we recall the definitions of the scale-invariant norms

||φ||L2
sc(Su,u) := a−s2(φ)|u|2s2(φ)||φ||L2(Su,u)

to yield

||∇̂IαF ||L2
sc(Su,u) = a−

I
2 |u|I ||∇̂IαF ||L2(Su,u), (4.52)

since s2(∇̂IαF ) = s2(αF ) + I × 1
2 = 0 + I

2 =
I
2 . Similarly s2(G1) = s2(∇̂3∇̂IαF ) = 0 + 1 + I × 1

2 = I
2 + 1

and therefore

||G1||L2
sc(Su,u) = a−

I+2
2 |u|I+2||G1||L2(Su,u). (4.53)

In terms of the scale invariant norms, the weighted transport inequality (4.51) for αF reads

a−
1
2 ||(a 1

2 ∇̂)IαF ||L2
sc(Su,u)

≤ a−
1
2 ||(a 1

2 ∇̂)IαF ||L2
sc(Su∞,u) +

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 G1||L2

sc(Su′,u)du
′

≤ a−
1
2 ||(a 1

2 ∇̂)IαF ||L2
sc(Su∞,u) +

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 ∇̂I+1(ρF , σF )||L2(Su′,u)du

′

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2=I−1

∇J1+1trχ∇̂J2αF ||L2(Su′,u)
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+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF ||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF ||L2(Su′,u) (4.54)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3=I−1

∇J1(η + η)J2+1∇̂J3+1(ρF , σF )||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(ρF , σF )||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF ||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF ||L2(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3 χ̂∇̂J4αF ||L2(Su′,u).

We now control each term by means of the bootstrap assumption (3.1). Notice that the first term ´ u

u∞
a

1
2

|u′|2 ||a
I
2 ∇̂I+1(ρF , σF )||L2(Su′,u)du

′ has the top-most derivative (i.e., N + 5) and therefore we bound 

it in L2
sc(H(u∞,u)). An application of Cauchy-Schwartz yields

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 ∇̂I+1(ρF , σF )||L2

sc(Su′,u)du
′

≤

⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇̂I+1(ρF , σF )||2L2

sc(Su′,u)

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

1 
|u′|2 du

′

⎞⎠ 1
2

�||a I
2 ∇̂I+1(ρF , σF )||L2

sc(H(u∞,u))
1 

|u| 12
� 1 

a
1
2
||a I

2 ∇̂I+1(ρF , σF )||L2
sc(H(u∞,u))

a
1
2

|u| 12
� YM[ρF , σF ].

(4.55)

We estimate the next term:
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2=I−1

∇J1+1trχ∇̂J2αF ||L2(Su′,u)

=
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2=I−1

∇J1+1(trχ + 2 
|u′| )∇̂

J2αF ||L2(Su′,u) �
u ˆ

u∞

1 
|u′|2

L2 � Γ2

|u| � 1

(4.56)

due to integrability of 1 
|u′|2 away from zero. Now consider the next term:
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u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF ||L2(Su′,u)

=
u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, (trχ + 2 
|u′| −

2 
|u′| ))∇̂

J4αF ||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′|
L3 +

u ˆ

u∞

a
1
2

|u′|2
L3 � a 

|u|2 Γ3 + a
1
2

|u| Γ
3 � 1.

(4.57)

Similarly, for the next term we have:

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF ||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
a

3
2

|u′|3
L4 +

u ˆ

u∞

a
1
2

|u′|2
a 

|u′|2
L3 � a2

|u|4 Γ4 + a
3
2

|u|3 Γ3 � 1. (4.58)

For the next term:

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
a

3
2

|u′|2
L3 +

u ˆ

u∞

a
1
2

|u′|2
a 
|u′|

L2 � a2

|u|3 Γ3 + a
3
2

|u|2 Γ2 � 1. (4.59)

We proceed with the seventh term:

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3=I−1

∇J1(η + η)J2+1∇̂J3+1(ρF , σF )||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|3
L2 � a

1
2

|u|2 Γ2 � 1. (4.60)

For the eighth term:

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(ρF , σF )||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
1 
|u′|

L2 +
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′|
L3 � a

1
2

|u|2 Γ2 + a 
|u|3 Γ3 � 1. (4.61)

For the ninth term:

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF ||L2(Su′,u)
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�
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′|
L2 +

u ˆ

u∞

a
1
2

|u′|2
a 

|u′|2
L3 � a 

|u|2 Γ2 + a
3
2

|u|3 Γ3 � 1. (4.62)

The penultimate term reads

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF ||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′|
L2 +

u ˆ

u∞

a
1
2

|u′|2
a 

|u′|2
L3 � a 

|u|2 Γ2 + a
3
2

|u|3 Γ3 � 1, (4.63)

while the last term reads

u ˆ

u∞

a
1
2

|u′|2 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3 χ̂∇̂J4αF ||L2(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
|u′|
a

1
2

a 
|u′|2

L3 +
u ˆ

u∞

a
1
2

|u′|2
|u′|
a

1
2

a
1
2

|u′|
L2 � a 

|u|2 Γ3 + a
1
2

|u| Γ
2 � 1. (4.64)

Collecting all the terms, we have

a−
1
2 ||(a 1

2 ∇̂)IαF ||L2
sc(Su,u) � YM[ρF , σF ] + 1, (4.65)

since a−
1
2 ||(a 1

2 ∇̂)IαF ||L2
sc(Su∞,u) � 1. This concludes the proof. �

Remark 6. For the non-extremal cases 0 ≤ i ≤ N + 3, we have the improved estimate since the topmost 
(N + 5) derivatives of (ρF , σF ) do not appear in the commuted null evolution equation for αF

1 

a
1
2

∑
0≤i≤N+3

‖(a 1
2 ∇̂)iαF ‖L2

(sc)(Su,u) � 1,

which implies, by Sobolev embedding, the following L∞ estimate:

1 

a
1
2

∑
0≤i≤N+1

‖(a 1
2 ∇̂)iαF ‖L∞

(sc)(Su,u) � 1.

This will be useful later on, for example in Proposition 4.6.

Proposition 4.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑
0≤i≤N+4

‖(a 1
2 ∇̂)i(ρF , σF )‖L2

(sc)(Su,u) � YM[αF ] + 1.

Proof. We use the null evolution equation

∇̂3ρ
F + trχρF = −d̂ivαF +

(
η − η

)
· αF , (4.66)

∇̂3σ
F + trχσF = −ĉurlαF +

(
η − η

)
· ∗αF , (4.67)
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and the commutation relation to get the following schematic null evolution equation for the pair (ρF , σF ):

∇̂3∇̂I(ρF , σF ) + (I2 
+ 1)trχ∇̂I(ρF , σF )

=∇̂I+1αF +
∑

J1+J2=I−1
∇J1+1trχ∇̂J2(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η + η)∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇̂J3trχ∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5(ρF , σF ),

(4.68)

which is compactly written as follows

∇̂3∇̂I(ρF , σF ) + (I2 
+ 1)trχ∇̂I(ρF , σF ) = G2. (4.69)

An application of the weighted transport inequality from Proposition 3.6 yields

|u|I+1||∇̂I(ρF , σF )||L2(Su,u) � |u∞|I+1||∇̂I(ρF , σF )||L2(Su∞,u) +
u ˆ

u∞

|u′|I+1||G2||L2(Su′,u)du
′. (4.70)

Recalling the definitions of the scale-invariant norms

||φ||L2
sc(Su,u) := a−s2(φ)|u|2s2(φ)||φ||L2(Su,u)

we arrive at

||∇̂I(ρF , σF )||L2
sc(Su,u) = a−

I+1
2 |u|I+1||∇̂IαF ||L2(Su,u) (4.71)

since s2(∇̂I(ρF , σF )) = s2((ρF , σF ))+I× 1
2 = I

2 +
1
2 . Similarly s2(G2) = s2(∇̂3∇̂IρF ) = 1

2 +1+I× 1
2 = I

2 +
3
2

and therefore

||G2||L2
sc(Su,u) = a−

I+3
2 |u|I+3||G2||L2(Su,u). (4.72)

Therefore, the weighted transport inequality from Proposition 3.6 yields

||(a 1
2 ∇̂)I(ρF , σF )||L2

sc(Su,u)
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�||(a 1
2 ∇̂)I(ρF , σF )||L2

sc(Su∞,u) +
u ˆ

u∞

a 
|u′|2 ||a

I
2 G2||L2

sc(Su′,u)du
′

�||(a 1
2 ∇̂)I(ρF , σF )||L2

sc(Su∞,u) +
u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇̂I+1αF ||L2

Sc(Su′,u)du
′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2=I−1

∇J1+1trχ∇̂J2(ρF , σF )||L2
Sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η + η)∇̂J4αF ||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇̂J3trχ∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5(ρF , σF )||L2
sc(Su′,u)du

′. (4.73)

Now we estimate each term separately.

u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇̂I+1αF ||L2

Sc(Su′,u)du
′

�

⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇̂I+1αF ||2L2

sc(Su′,u)du
′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2 du

′

⎞⎠ 1
2

� YM[αF ] · a
1
2

|u| 12
� YM[αF ],

(4.74)

while

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2=I−1

∇J1+1trχ∇̂J2(ρF , σF )||L2
Sc(Su′,u)du

′

=
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2=I−1

∇J1+1(trχ + 2 
|u| −

2 
|u| )∇̂

J2(ρF , σF )||L2
Sc(Su′,u)du

′
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=
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2=I−1

∇J1+1t̃rχ∇̂J2(ρF , σF )||L2
Sc(Su′,u)du

′ �
u ˆ

u∞

a 
|u′|2 · |u

′|
a 

· Γ2

|u′| du
′

� 1 
|u|Γ

2 � 1. (4.75)

Here we note a crucial point. trχ appears in a differentiated (angular) manner and therefore, we can simply 
replace it by t̃rχ allowing us to obtain an integrable factor 1 

|u′|2 . The next term is estimated as follows:

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

�
u ˆ

u∞

a 
|u′|3

L3 +
u ˆ

u∞

a
1
2

|u′|2
L3 � a 

|u|2 Γ3 + a
1
2

|u| Γ
3 � 1. (4.76)

The next term:

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η + η)∇̂J4αF ||L2
sc(Su′,u)du

′

�
u ˆ

U∞

a 
|u′|3

L2 � a 
|u|2 Γ2 � 1. (4.77)

The next term is estimated as follows:

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

�
u ˆ

u∞

a
1
2

|u′|2
L2 +

u ˆ

u∞

a 
|u′|3

L3 � a
1
2

|u| Γ
2 + a 

|u|2 Γ3 � 1. (4.78)

For the next terms we have:

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇̂J3trχ∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

�
u ˆ

u∞

a
1
2

|u′|2
L3 � a

1
2

|u| Γ
3 � 1, (4.79)

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′

�
u ˆ

u∞

a 
|u′|3

L3 +
u ˆ

u∞

a
1
2

|u′|2
L3 � a

1
2

|u| Γ
3 � 1, (4.80)
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u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )||L2
sc(Su′,u)du

′ (4.81)

�
u ˆ

u∞

a
3
2

|u′|3
L2 +

u ˆ

u∞

a2

|u′|4
L3 � a

3
2

|u|2 Γ2 + a2

|u|3 Γ3 � 1. (4.82)

Note that in this term, the true non-linear characteristics of the Yang-Mills equations show up. Finally, we 
have

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5(ρF , σF )||L2
sc(Su′,u)du

′

�
u ˆ

u∞

a
3
2

|u′|4
L3 +

u ˆ

u∞

a2

|u′|5
L4 � a

3
2

|u|3 Γ3 + a2

|u|4 Γ5 � 1. (4.83)

Putting everything together yields the desired estimate, namely∑
0≤i≤N+4

‖(a 1
2 ∇̂)i(ρF , σF )‖L2

(sc)(Su,u) � YM[αF ] + 1. �

Remark 7. For the non-extremal cases 0 ≤ i ≤ N + 3, we have the improved estimate since the topmost 
(N + 5) derivatives of αF do not appear in the commuted null evolution equation for (ρF , σF )

∑
0≤i≤N+3

‖(a 1
2 ∇̂)i(ρF , σF )‖L2

(sc)(Su,u) � 1 + a
1
2

|u| � 1,

which implies, by Sobolev embedding, the following L∞ estimate:∑
0≤i≤N+1

‖(a 1
2 ∇̂)i(ρF , σF )‖L∞

(sc)(Su,u) � 1.

Proposition 4.11. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑
0≤i≤N+4

‖(a 1
2 ∇̂)iαF ‖L2

(sc)(Su,u) � YM[ρF , σF ] + YM[ρF , σF ] + 1.

Proof. Let us recall the null evolution equation for αF :

∇̂4α
F + 1

2trχαF = −∇̂ρF +
∗∇̂σF − 2 ∗ησF − 2ηρF + 2ωαF − χ̂ · αF . (4.84)

Commuting with the gauge-covariant operator ∇̂I (we restrict to 0 ≤ I ≤ N+4 here), using Proposition 3.6, 
we get

∇̂4∇̂IαF =∇̂I+1(ρF , σF )

+
∑

J1+J2+J3=I−1
∇J1(η + η)J2+1∇̂J3+1(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4αF
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+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(σF , ρF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇̂J4αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4αF . (4.85)

Now recall that s2(αF ) = 1 and therefore s2(∇̂IαF ) = I
2 + 1. Similarly ∇̂4∇̂IαF = I

2 + 1. Definition of the 
scale-invariant norms yields

||∇̂IαF ||L2
sc(Su,u) = a−

I+2
2 |u|I+2||∇̂IαF ||L2(Su,u). (4.86)

Therefore an application of the scale-invariant transport inequality along e4 yields

||(a 1
2 ∇̂)IαF ||L2

sc(Su,u)

�||(a 1
2 ∇̂)IαF ||L2

sc(Su,0) +
uˆ

0 

||a I
2 ∇̂4∇̂IαF ||L2

sc(Su,u′ )du
′

�||(a 1
2 ∇̂)IαF ||L2

sc(Su,0) +
uˆ

0 

||a I
2 ∇̂I+1(ρF , σF )||L2

sc(Su,u′ )du
′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3=I−1

∇J1(η + η)J2+1∇̂J3+1(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4αF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(σF , ρF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF ||L2
sc(Su,u′ )du

′



50 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇̂J4αF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2
sc(Su,u′ )du

′. (4.87)

Now we estimate each term separately. For the first term there holds:

û

0 

||a I
2 ∇̂I+1(ρF , σF )||L2

sc(Su,u′ )du
′ � YM[ρF , σF ]. (4.88)

The next term is estimated as follows:

uˆ

0 

||a I
2 

∑
J1+J2+J3=I−1

∇J1(η + η)J2+1∇̂J3+1(ρF , σF )||L2
sc(Su,u′ )du

′

�
uˆ

0 

1 
|u|

L2du′ � Γ2

|u| |u| � 1. (4.89)

For the third term we have:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4αF ||L2
sc(Su,u′ )du

′

�
uˆ

0 

1 
|u|

L2du′ � Γ2

|u| |u| � 1. (4.90)

For the fourth term we have:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3η∇̂J4(σF , ρF )||L2
sc(Su,u′ )du

′

�
uˆ

0 

1 
|u|

L2du′ � Γ2

|u| |u| � 1. (4.91)

For the fifth term there holds:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4αF ||L2
sc(Su,u′ )du

′
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�
uˆ

0 

1 
|u|

L2du′ � Γ2

|u| |u| � 1. (4.92)

For the next term we have:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4αF ||L2
sc(Su,u′ )du

′

�
uˆ

0 

a
1
2

|u| ‖(a
1
2∇)I χ̂‖L2

(sc)(Su,u)a
− 1

2 ||(a 1
2 ∇̂)IαF ||L2

sc(Su,u′ )du
′ � YM[ρF , σF ] + 1, (4.93)

where we have used Proposition 4.3 to estimate the χ̂ term and Proposition 4.9 to estimate the αF term. 
For the seventh term:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4αF ||L2
sc(Su,u′ )du

′

�
uˆ

0 

a
1
2

|u|2
L3du′ � a

1
2 |u|
|u|2 Γ3 � 1. (4.94)

For the eighth term:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF ||L2
sc(Su,u′ )du

′

�
uˆ

0 

a 
|u|2

L3du′ � a|u|
|u|2 Γ3 � 1. (4.95)

Finally, for the ninth term we have:

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2
sc(Su,u′ )du

′

�
uˆ

0 

a 
|u|a

− 1
2 ||(a 1

2 ∇̂)I−1αF ||L2
sc(Su,u′ )||(a

1
2 ∇̂)I−1αF ||L2

sc(Su,u′ )du
′ + a

3
2

|u|2 Γ3

� a 
|u|

uˆ

0 

||(a 1
2 ∇̂)I−1αF ||L2

sc(Su,u′ )du
′ + 1 �

û

0 

||(a 1
2 ∇̂)I−1αF ||L2

sc(Su,u′ )du
′ + 1 (4.96)

Here we have made use of the improved bounds from the remark on αF from Proposition 4.9, since (4.96)
does not contain top-order derivatives. This is a crucial point, asserting that the Yang-Mills non-linearities 
are under control. Collecting all the terms, we have:∑

0≤i≤N+4
‖(a 1

2 ∇̂)iαF ‖L2
(sc)(Su,u) (4.97)
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�YM[ρF , σF ] + YM[ρF , σF ] + 1 +
uˆ

0 

||
∑

0≤i≤N+4
‖(a 1

2 ∇̂)iαF ‖L2
(sc)(Su,u)du

′. (4.98)

An application of Grönwall’s inequality yields∑
0≤i≤N+4

‖(a 1
2 ∇̂)iαF ‖L2

(sc)(Su,u) � YM[ρF , σF ] + YM[ρF , σF ] + 1,

since |u| � 1. This concludes the proof of the lemma. �
Proposition 4.12. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

1 

a
1
2

∑
0≤i≤N+2

‖(a 1
2 ∇̂)i∇̂4α

F ‖L2
(sc)(Su,u) � 1.

Proof. Because of the fact that there is no null Yang-Mills equation for ∇̂4α
F , we commute with ∇̂3. There 

holds

∇̂3∇̂4α
F + 1

2trχ∇̂4α
F = ψg trχαF + (ψg, χ̂)(ψg, χ̂)(αF ,Yu) + ∇(η, η)αF + ψg∇̂(αF , ρF , σF )

+ ∇̂2αF + ∇(ψg, χ̂)(ρF , σF ) + (χ̂, ψg)∇̂(ρF , σF ) + αF (ρF , σF )(ρF , σF )

+ αF (ρF , σF ) + ααF + (ρ, σ)αF + βR(ρF , σF ) + (ψg, χ̂)∇̂4α
F

: =
13 ∑
j=1 

Tj . (4.99)

We commute with i angular derivatives, using (2.87). We obtain:

∇̂3∇̂i∇̂4α
F + i + 1

2 
trχ∇̂i∇̂4α

F =
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3ψg∇i4trχ∇̂i5αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ψg, χ̂)∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(η, η)∇̂i4αF

+
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3(αF , ρF , σF )

+
∑

i1+i2+i3=i

∇i1ψi2
g ∇̂i3+2αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(ψg, χ̂)∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4+1(ρF , σF )

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )
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+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3α∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ρ, σ)∇i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3βR∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3+1trχ∇̂i4∇̂4α
F

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4∇̂4α
F

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5∇̂4α
F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4∇̂4α

F := Gi. (4.100)

An application of Proposition 3.6, expressed in scale-invariant norms, yields

1 

a
1
2
‖(a 1

2∇)i∇̂4α
F ‖L2

(sc)(Su,u) � 1 

a
1
2
‖(a 1

2∇)i∇̂4α
F ‖L2

(sc)(Su∞,u) +
u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2Gi‖L2

(sc)(Su′,u) du′. (4.101)

We restrict attention to 0 ≤ i ≤ N + 2 and treat each of the 18 terms separately.
For the first term, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇̂i4αF ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · |u
′|2

a
1
2

Γ3

|u′|2 du′ � Γ3

|u| � 1. (4.102)

For the second term, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ψg, χ̂)∇̂i4(αF ,Yu)‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · |u′| · a 1
2 · Γ3

|u′|2 du′ � aΓ3

|u|2 � 1. (4.103)

For the third term, there holds

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(η, η)∇̂i4αF ‖L2

(sc)(Su′,u) du′
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�
u ˆ

u∞

a
1
2

|u′|2
Γ2

|u′| du
′ � aΓ2

|u|2 � 1. (4.104)

This is because, for i3 up to N + 2, we can control ∇i3+1(η, η) in terms of the 
L norm. For the fourth term 

we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3(αF , ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2 · Γ2

|u′| du
′ � aΓ2

|u|2 � 1. (4.105)

For the fifth term, there holds

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3=i

∇i1ψi2
g ∇̂i3+2αF ‖L2

(sc)(Su′,u) du′ �
u ˆ

u∞

a 
|u′|2

Γ 
a|u′| du

′ � 1. (4.106)

Note, crucially, that for 0 ≤ i3 ≤ N +2 we can bound ∇̂i3+2αF using the 
L norm. For the sixth and seventh 

terms, there holds

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3+1(ψg, χ̂)∇̂i4(ρF , σF )‖L2

(sc)(Su′,u) du′

+
u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(ψg, χ̂)∇̂i4+1(ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2

1 

a
1
2

Γ2

|u′| du
′ � 1. (4.107)

For the eighth term, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5(ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · a 1
2 · Γ3

|u′|2 du′ � aΓ3

|u|3 � 1. (4.108)

Similarly, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · a 1
2 · Γ2

|u′| du
′ � aΓ3

|u|2 � 1. (4.109)
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For the tenth and eleventh terms -and for i always up to N + 2- we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3α∇̂i4αF ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · a
1
2 Γ2

|u′| du′ � aΓ2

|u′|2 � 1 (4.110)

and

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ρ, σ)∇̂i4αF ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · a
1
2 Γ2

|u′| du′ � 1. (4.111)

For the twelfth term, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3βR∇̂i4(ρF , σF )‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 · Γ2

|u′| du
′ � a

1
2 Γ2

|u|2 � 1. (4.112)

For the thirteenth and fourteenth terms, we have

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂, t̃rχ)∇̂i4∇̂4α

F ‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a
1
2

|u′|2 a
Γ2

|u′| du
′ +

u ˆ

u∞

a 
|u′|2

|u′|
a

1
2

Γ2

|u′| du
′ � a

3
2 Γ2

|u|2 + a
1
2 Γ2

|u| � 1. (4.113)

For the fifteenth and sixteenth terms, we have

u ˆ

u∞

a
1
2

|u′|2 ‖
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3+1trχ∇̂i4∇̂4α
F ‖L2

(sc)(Su′,u) du′

+
u ˆ

u∞

a
1
2

|u′|2 ‖
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4∇̂4α
F ‖L2

(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2 · a 1

2 · |u
′|2
a 

Γ3

|u′|2 du′ � a
1
2 Γ3

|u| � 1. (4.114)

Finally, the seventeenth and eighteenth terms are estimated as follows:
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u ˆ

u∞

a
1
2

|u′|2 ‖
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5∇̂4α
F ‖L2

(sc)(Su′,u) du′

+
u ˆ

u∞

a
1
2

|u′|2 ‖
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4∇̂4α

F ‖L2
(sc)(Su′,u) du′

�
u ˆ

u∞

a 
|u′|2 · Γ3

|u′|2 du′ +
u ˆ

u∞

a 
|u′|2

Γ2

|u′| du
′ � 1. (4.115)

Adding the estimates together, we obtain the desired result. �
Proposition 4.13. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑

0≤i≤N+2

a 
|u| ‖(a

1
2 ∇̂)i∇̂3α

F ‖L2
(sc)(Su,u) � 1.

Proof. As with the preceding Proposition, there is no null Yang-Mills equation for ∇̂3α
F and so, to get an 

estimate, we commute with ∇̂4. Schematically, we have

∇̂4∇̂3α
F =(ψg, χ̂, χ̂)(ψg, χ̂, t̃rχ, trχ)(αF ,Yu) + YuYuYu + YuYu + (ψg, χ̂, t̃rχ, trχ)∇̂Yu

+∇(ψg, χ̂, t̃rχ)Yu + (α, βR, ρ, σ)(αF ,Yu) + (ψg, χ̂)∇̂3α
F + ∇̂2αF . (4.116)

Commuting with i angular derivatives using (2.86), we have

∇̂4∇̂i∇̂3α
F =

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂)∇i4(ψg, χ̂, t̃rχ, trχ)∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇̂i3Yu∇̂i4Yu∇̂i5Yu +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4Yu

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂, t̃rχ, trχ)∇̂i4+1Yu

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(ψg, χ̂, t̃rχ)∇̂i4Yu

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3Ψu∇̂i4(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4∇̂3α

F +
∑

i1+i2+i3=i

∇i1ψi2
g ∇̂i3+2αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4∇̂3α

F

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇̂i4∇̂3α
F

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3trχ∇̂i4∇̂3α
F

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5∇̂3α
F

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4∇̂3α
F := Hi. (4.117)
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Passing to scale-invariant norms, there holds

a 
|u| ‖(a

1
2∇)i∇̂3α

F ‖L2
(sc)(Su,u) � a 

|u|

uˆ

0 

‖a i 
2Hi‖L2

(sc)(Su,u′ ) du′. (4.118)

From now on, we restrict attention to 0 ≤ i ≤ N + 2. The first term contains a triple anomaly:

a 
|u|

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂)∇i4(ψg, χ̂, t̃rχ, trχ)∇̂i5(αF ,Yu)‖L2

(sc)(Su,u′ ) du′

� a 
|u|

uˆ

0 

|u| 
a

1
2

|u|2
a 

a
1
2

Γ3

|u|2 du′ � Γ[χ̂]Γ[trχ]Γ[αF ]. (4.119)

At this point, we can bound the product Γ[χ̂]Γ[trχ]Γ[αF ] by 1, using the improvements obtained in Propo
sitions 4.3, 4.7 and 4.9 respectively.

For the fourth term, there holds

a 
|u|

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂, t̃rχ, trχ)∇̂i4+1Yu‖L2

(sc)(Su,u′ ) du′

�a
1
2

|u| 

uˆ

0 

‖(a 1
2 )i+1

∑
i1+i2+i3+i4+1=i+1

∇i1ψi2
g ∇i3(ψg, χ̂, t̃rχ, trχ)∇̂i4+1Yu‖L2

(sc)(Su,u′ ) du′

�a
1
2

|u| 

uˆ

0 

|u|2
a 

Γ2

|u| du
′ � Γ2

a
1
2

� 1. (4.120)

The rest of the terms are not borderline and can be bounded above by 1 as before. The result follows. �
4.4. Estimates on the curvature components

Proposition 4.14. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds

∑
0≤i≤N+2

1 

a
1
2
‖(a 1

2∇)iα‖L2
(sc)(Su,u) � 1.

Proof. Recall the Bianchi equation for α:

∇3α + 1
2trχα =∇⊗̂β + 4ωα− 3 (χ̂ρ + ∗χ̂σ) + (ζ + 4η)⊗̂β

−D4RAB + 1
2 (DBR4A + DAR4B) + 1

2 (D4R43 −D3R44) /gAB
. (4.121)

Schematically, the above rewrites as

∇3α + 1
2trχα =∇βR + ψgα + χ̂(ρ, σ) + ψgβ

R + Yu∇̂αF + (αF ,Yu)∇̂Yu

+ (ψg, χ̂, χ̂, trχ)(αF , ρF , σF )(αF ,Yu) + Yu∇̂4α
F . (4.122)
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Commuting with i angular derivatives using (2.87), we arrive at

∇3∇iα + i + 1
2 

trχ∇iα

=∇i+1βR +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3+1βR +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3α

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ρ, σ, βR)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4+1αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1Yu

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂, trχ)∇̂i4(αF , ρF , σF )∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4α

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4α

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4α := T 1
i + · · · + T 11

i . (4.123)

Passing to scale-invariant norms and using the weighted transport equality from Proposition 3.6, we can 
estimate as follows.

1 

a
1
2
‖(a 1

2∇)iα‖L2
(sc)(Su,u) � 1 

a
1
2
‖(a 1

2∇)iα‖L2
(sc)(Su∞,u) +

∑
1≤j≤12

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2T j

i ‖L2
(sc)(Su′,u) du′. (4.124)

The expressions for T 1
i , T

2
i , T

3
i , T

4
i , T

9
i , T

10
i , T 11

i do not contain Yang-Mills components and their treatment 
is exactly the same as in [4], bounded by 1. For the rest of the terms, there holds:

u ˆ

u∞

a
1
2

|u′|2
(
‖a i 

2T 5
i ‖L2

(sc)(Su′,u) + ‖a i 
2T 6

i ‖L2
(sc)(Su′,u)

)
du′ �

u ˆ

u∞

a
1
2 Γ2

|u′|3 du′ � 1. (4.125)

Moreover, there holds

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2T 7

i ‖L2
(sc)(Su′,u) du′ �

u ˆ

u∞

a
1
2 Γ3

|u′|2 du′ � 1. (4.126)

For the eighth term, we can bound

u ˆ

u∞

a
1
2

|u′|2 ‖a
i 
2T 8

i ‖L2
(sc)(Su′,u) du′ �

u ˆ

u∞

aΓ2

|u′|3 � 1. (4.127)

The result follows. �
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Proposition 4.15. For Ψu dfined as in Section 2.7, there holds∑
0≤i≤N+3

‖(a 1
2∇)iΨu‖L2

(sc)(Su,u) � R[α] + 1.

Proof. Each of the Ψu satifies the following schematic equation:

∇4Ψu = ∇ (Ψu, α) + (ψ, χ̂) (Ψu, α) + (αF ,Yu)∇̂(αF ,Yu) + (ψ, χ̂, χ̂, trχ)(αF ,Yu)(αF ,Yu). (4.128)

Commuting with i angular derivatives using (2.86), we obtain

∇4∇iΨu =∇i+1(Ψu, α) +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3+1(Ψu, α)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψ, χ̂)∇i4(Ψu, α)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1(αF ,Yu)

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψ, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4Ψu

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4Ψu

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5Ψu. (4.129)

Passing to scale-invariant norms and estimating, we have

‖(a 1
2∇)iΨu‖L2

(sc)(Su,u)

�
uˆ

0 

‖a i 
2∇i+1α‖L2

(sc)(Su,u′ ) du′ +
uˆ

0 

‖a i 
2∇i+1Ψu‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1(Ψu, α)‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(Ψu, α)‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1(αF ,Yu)‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψ, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4Ψu‖L2

(sc)(Su,u′ ) du′
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+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4Ψu‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5Ψu‖L2

(sc)(Su,u′ ) du′ (4.130)

We restrict attention to 0 ≤ i ≤ N + 3. For the first term, we have,

uˆ

0 

‖a i 
2∇i+1α‖L2

(sc)(Su,u′ ) du′ �

⎛⎝ uˆ

0 

‖a i 
2∇i+1α‖2

L2
(sc)(Su,u′ ) du′

⎞⎠1/2

= R[α], (4.131)

by using Hölder’s inequality. For the second term, since the Ψu are regular with respect to scaling, we 
conclude that

uˆ

0 

‖a i 
2∇i+1Ψu‖L2

(sc)(Su,u′ ) du′ � 1 

a
1
2
R � 1 

a
1
2
R � 1, (4.132)

by the bootstrap assumptions (3.1). For the third term, we have i3 + 1 ≤ i, hence everything can be closed 
using the 

L total norm. We have

uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1(Ψu, α)‖L2

(sc)(Su,u′ ) � Γ2

|u| � 1. (4.133)

The fourth term can be estimated by

û

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(Ψu, α)‖L2

(sc)(Su,u′ ) du′ �
uˆ

0 

|u|
a 

Γ2

|u| du
′ � 1. (4.134)

For the fifth term, we have

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1(αF ,Yu)‖L2

(sc)(Su,u′ ) du′

=
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+1=i+1

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1(αF ,Yu)‖L2

(sc)(Su,u′ ) du′

�
uˆ

0 

1 

a
1
2

aΓ2

|u| du′ � a
1
2 Γ2

|u| � 1. (4.135)

For the sixth term (which is the most borderline one), we have the following estimate (the worst possible 
scenario is when we have the triple anomaly trχ|αF |2, all other cases are bounded above by 1 as before):

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψ, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)‖L2

(sc)(Su,u′ ) du′
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�
uˆ

0 

|u|2
a 

· a ·
L(trχ)L(αF )L(αF )

|u|2 du′ � L(trχ)L(αF )L(αF ). (4.136)

Using Remark 6 from Proposition 4.9, since 0 ≤ i ≤ N+3, we see an improvement for L(αF ), whence we can 
bound 

L
∞(αF ) + L

2(αF ) � 1. Moreover, for L(trχ), we make use of Proposition 4.7 to bound 
L(trχ) � 1. 

For the seventh term, there holds

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4Ψu‖L2

(sc)(Su,u′ ) du′ �
uˆ

0 

a
1
2 Γ2

|u| du′ � 1. (4.137)

For the eighth term, there holds

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4Ψu‖L2

(sc)(Su,u′ ) du′ �
uˆ

0 

a
3
2 Γ3

|u|2 du′ � 1. (4.138)

Finally, for the ninth term, there holds

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5Ψu‖L2

(sc)(Su,u′ ) du′ �
uˆ

0 

aΓ3

|u|2 du′ � 1. (4.139)

Putting all of the above together, the result follows. �
Proposition 4.16. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds∑

0≤i≤N+2
‖(a 1

2∇)iα‖L2
(sc)(Su,u) � 1.

Proof. Recall the Bianchi equation for α:

∇4α + 1
2trχ α = −∇⊗̂β + 4ωα− 3

(
χ̂ρ− ∗χ̂σ

)
+
(
ζ − 4η

)
⊗̂β

−D3RAB + 1
2 (DAR3B + DBR3A) + 1

2 (D3R34 −D4R43) /gAB
.

(4.140)

Schematically, the above rewrites as

∇4α = ∇Ψu + ψg(α, βR) + χ̂(ρ, σ) + Yu∇̂Yu + (ψg, χ̂, χ̂, trχ)(αF ,Yu)Yu + αF ∇̂3α
F . (4.141)

Commuting with i angular derivatives, we arrive at

‖(a 1
2∇)iα‖L2

(sc)(Su,u)

�
uˆ

0 

‖a i 
2∇i+1α‖L2

(sc)(Su,u′ ) du′ +
uˆ

0 

‖a i 
2∇i+1Ψu‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψu‖L2

(sc)(Su,u′ ) du′
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+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(Ψu)‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4+1Yu‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψ, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5Yu‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4∇̂3α

F ‖L2
(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4α‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4α‖L2

(sc)(Su,u′ ) du′

+
uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5α‖L2

(sc)(Su,u′ ) du′ (4.142)

In the above expression, all terms except the seventh one can be bounded above by 1, in the same way as 
in the preceding Proposition. For the seventh term, we have

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4∇̂3α

F ‖L2
(sc)(Su,u′ ) du′ �

uˆ

0 

a
1
2
|u|
a 

Γ2

|u| du
′ � 1, (4.143)

as the 
L norm bootstraps up to N + 2 angular derivatives of ∇̂3α

F . The result follows. �
5. Elliptic estimates for the top-order derivatives of the Ricci coefficients

While estimating the energy norms for curvature, we will need control of the L2
sc(H,H) norms for N + 5

derivatives of the Ricci coefficients. We obtain such estimates by means of the elliptic equations. Let us 
dfine the following norm on which we must make a bootstrap assumption:

ON+5,2 := 1 

a
1
2
‖(a 1

2 )N+4∇N+5χ̂‖L2
sc(H

(0,u)
u ) + ‖(a 1

2 )N+4∇N+5(trχ, ω)‖L2
sc(H

(0,u)
u )

+‖(a 1
2 )N+4∇N+5η‖L2

sc(H
(u∞,u)
u ) + a 

|u| ‖(a
1
2 )N+4∇N+5(η, η)‖L2

sc(H
(0,u)
u )

+‖(a 1
2 )N+4∇N+5ω‖L2

sc(H
(u∞,u)
u ) +

u ˆ

u∞

a
3
2

|u′|3 ‖(a
1
2 )N+4∇N+5χ̂‖L2

sc(Su′,u)du
′

+
u ˆ

u∞

a2

|u′|3 ‖(a
1
2 )N+4∇N+5trχ‖L2

sc(Su′,u)du
′ (5.1)

The bootstrap assumption reads
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ON+5,2 � Γtop � a1/1000. (5.2)

Throughout this section, we shall be repeatedly invoking a pivotal Proposition, which lies at the heart of 
the rationale behind the elliptic estimates. We include a statement and refer the reader to [4] for a proof.

Proposition 5.1. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), let φ be a 
totally symmetric, (r + 1)-covariant tensofield on a two-sphere (S2, γ) satisfying the following:

div φ = f, curl φ = g, trφ = h.

Then, for 0 ≤ i ≤ N + 5, there holds:

‖(a 1
2∇)iφ‖L2

(sc)(Su,u) � a
1
2

i−1 ∑
j=0 

‖(a 1
2∇)i(f, g)‖L2

(sc)(Su,u) +
i−1 ∑
j=0 

‖(a 1
2∇)i(φ, h)‖L2

(sc)(Su,u).

We begin with the estimates for χ̂, trχ.

Proposition 5.2. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1) the following 
estimates hold for the top derivatives of the Ricci coefficients (trχ, χ̂)

a−
1
2 ‖(a 1

2 )N+4∇N+5χ̂‖L2
sc(Su,u) � 1 + R[β̃] + R[α] + YM[αF ] + YM[ρF , σF ],

‖(a 1
2 )N+4∇N+5trχ‖L2

sc(Su,u) � 1 + R[β̃] + R[α] + YM[αF ] + YM[ρF , σF ].

Proof. Recall the null-transport equation for trχ

∇4trχ + 1
2(trχ)2 = −|χ̂|2 − |αF |2 − 2ωtrχ (5.3)

and commute with ∇̂I to obtain

∇4∇Itrχ =
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4trχ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4trχ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4trχ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4trχ

+
∑

J1+J2+J3+J4+J5=I−2
∇J1(η + η)J2∇J3αF∇J4(ρF , σF )∇J5+1trχ. (5.4)

Applying the transport inequality from Proposition 3.5 with respect to the scale-invariant norm, we have:
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||aN+4
2 ∇N+5trχ||L2

sc(Su,u)

�||aN+4
2 ∇N+5trχ||L2

sc(Su,0) +
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+5

∇J1(η + η)J2∇J3trχ∇J4trχ||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+5

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+5

∇J1(η + η)J2∇J3αF∇J4αF ||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+5

∇J1(η + η)J2∇J3ω∇J4trχ||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+5

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4trχ||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4=N+4

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4trχ||L2
sc(Su,u′ )

+
uˆ

0 

||aN+4
2 

∑
J1+J2+J3+J4+J5=N+3

∇J1(η + η)J2∇J3αF∇J4(ρF , σF )∇J5+1trχ||L2
sc(Su,u′ )

�||aN+4
2 ∇N+5trχ||L2

sc(Su,0) + a 
|u|O(αF )∞

uˆ

0 

a−
1
2 ||aN+4

2 ∇̂N+4αF ||L2
sc(Su,u′ )du

′

+a
1
2

|u| O(χ̂)∞

uˆ

0 

||aN+4
2 ∇N+5χ̂||L2

sc(Su,u′ )du
′ + 1, (5.5)

where we observe that the most dangerous terms are the ones containing top-order derivatives. The remain
ing terms are estimated by means of the L2 connection and Yang-Mills estimates (Propositions 4.8-4.9). 
Treating the initial data as O(1), we write

||aN+4
2 ∇N+5trχ||L2

sc(Su,u)

�1 + a
1
2

|u| O(χ̂)∞

uˆ

0 

||aN+4
2 ∇N+5χ̂||L2

sc(Su,u′ )du
′ + a 

|u|O(αF )∞YM[αF ]. (5.6)

We now need the L2
sc estimate for the top derivative of χ̂. We utilize the elliptic equation for χ̂ to this end. 

Once we obtain an L2
sc estimate for χ̂, the idea is to utilize a Grönwall inequality to complete the estimate 

for trχ. Recall the elliptic equation for χ̂:

divχ̂ = 1
2∇trχ− 1

2(η − η) · (χ̂− 1
2trχγ) − β̃ + 1

2T(e4, ·). (5.7)

Apply the elliptic estimate from Proposition 5.1 to obtain
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||(a 1
2 )N+4∇N+5χ̂||L2

sc(Su,u) �
∑

I≤N+5

1 

a
1
2
||(a 1

2∇)Itrχ||L2
sc(Su,u) +

∑
I≤N+4

||(a 1
2∇)I β̃||L2

sc(Su,u)

+
∑

I≤N+4

∑
J1+J2=I

||a I
2 ∇J1(η, η)∇J2(χ̂, trχ)||L2

sc(Su,u)

+
∑

I≤N+4

∑
J1+J2=I

||a I
2 ∇̂J1αF · ∇̂J2(ρF , σF )||L2

sc(Su,u)

+
∑

I≤N+4

1 

a
1
2
||(a 1

2∇)I χ̂||L2
sc(Su,u). (5.8)

Now, after substituting (5.8) into (5.6), an application of Cauchy-Schwartz and Grönwall’s inequality to
gether with the L2

sc(Su,u) estimates for the connection and curvature components proved in Section 4, we 
obtain

||aN+4
2 ∇N+5trχ||L2

sc(Su,u) �(1 + R[β̃] + R[α] + YM[αF ] + YM[ρF , σF ])e|u|
a

1
2

|u| 

�1 + R[β̃] + R[α] + YM[αF ] + YM[ρF , σF ], (5.9)

since |u| � 1. Here we have made use of Proposition 4.6 to estimate the lower order norm 
∑

I≤N+4
1 
a

1
2
× 

||(a 1
2∇)Itrχ||L2

sc(Su,u). Using this estimate, we obtain

a−
1
2 ‖(a 1

2 )N+4∇N+5χ̂‖L2
sc(Su,u) � 1 + R[β̃] + R[α] + YM[αF ] + YM[ρF , σF ]. (5.10)

This concludes the proof of the lemma. �
Proposition 5.3. Under the assumption of Theorem 1.2 and the bootstrap assumption (3.1)-(5.2), the follow
ing estimates for ω hold:

||aN+4
2 ∇N+5ω||

L2
sc(H

0,u)
u ) � 1 + R[β̃]. (5.11)

Proof. We first introduce ω†, dfined as the solution of the following equation

∇3ω
† = 1

2σ, (5.12)

with ω† = 0 on Hu∞ . We now introduce the new notation 〈ω〉 for the pair (−ω, ω†) and dfine κ as follows:

κ :=∗ D〈ω〉 − 1
2 β̃ = ∇ω +∗ ∇ω† − 1

2 β̃. (5.13)

We intend to obtain a transport equation for ∗D〈ω〉. We have the following commutation relation:

[∇3,
∗ D](−ω, ω†) = 1

2trχ(∇ω +∗ ∇ω†) + χ̂ · (−∇ω +∗ ∇ω†)

+1
2(η + η)∇3ω + 1

2(∗η +∗ η)∇3ω
†. (5.14)

A ∇3 equation for ω† (5.12) has been dfined. The ∇3 equation for ω reads

∇3ω = 2ωω + 3
4 |η − η|2 + 1

4(η − η) · (η + η) − 1
8 |η + η|2 + 1

2ρ + 1
4T43
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which we can write in the following schematic notation

∇3ω = 1
2ρ + ψgψg + |(ρF , σF )|2. (5.15)

We can further denote the term ψgψg + |(ρF , σF )|2 by F . An explicit computation yields

∇3
∗D〈ω〉 =1

2(∇ρ +∗ ∇σ) + ∇F − 1
2trχ∗D〈ω〉 + χ̂ · (−∇ω +∗ ∇ω†)

−1
2(η + η)(1

2ρ + F ) + 1
4(∗η +∗ η)σ. (5.16)

This transport equation contains derivatives of the Weyl curvatures ρ and σ, which do not allow us to 
close the estimates on account of regularity. This is precisely the reason why a modfied variable κ was 
constructed. Indeed, note the following:

∇3κ = ∇3
∗D〈ω〉 − 1

2∇3β̃, (5.17)

and therefore 1
2 (∇ρ+∗∇σ) in ∇3

∗D1〈ω〉 is canceled point-wise by −1
2 (∇ρ+∗∇σ) in 1

2∇3β̃. Now we denote 
the Weyl curvature components (ρ, σ, β̃) by Ψ and Yang-Mills components (ρF , σF ) by Υ. Collecting all the 
terms, we obtain the following evolution equation for κ:

∇3κ + 1
2trχκ = (ψg, χ̂)Ψ + (ψg, χ̂)∇ψg + Υ · ∇̂(Υ, αF ) + (αF ,Υ) · ∇̂Υ

+(ψg, χ̂, trχ, χ̂) · (αF ,Υ) · Υ + ψgψgψg. (5.18)

Using the commutation Lemma 2.1, we obtain for I ≤ N + 4 (since κ ∼ ∇ω + β̃, we only need to estimate 
up to N + 4 derivatives of κ):

∇3∇Iκ + I + 1
2 

trχ∇Iκ =
∑

J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂)∇J4Ψ

+
∑

J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂)∇J4+1ψg

+
∑

J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3Υ∇J4+1(Υ, αF )

+
∑

J1+J2+J3+J4=I

∇J1ψJ2
g ∇̂J3(αF ,Υ) · ∇̂J4+1Υ

+
∑

J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3(ψg, χ̂, trχ, χ̂)∇̂J4(αF ,Υ) · ∇̂J5Υ

+
∑

J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3ψg∇J4ψg∇J5ψg

+
∑

J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂, t̃rχ)∇J4κ

+
∑

J1+J2+J3+J4+1=I

∇J1ψJ2+1
g ∇J3trχ∇J4κ := F1 (5.19)

Applying the weighted transport inequality from Proposition 3.6 on κ with λ0 = I+1
2 , we get
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|u|I ||∇Iκ||L2(Su,u) � |u∞|I ||∇Iκ||L2(Su∞,u) +
u ˆ

u∞

|u′|I ||F1||L2(Su′,u) du
′. (5.20)

We want to convert this to its scale-invariant form. Noting s2(κ) = s2(∇ω, β̃) = 1
2 , we have s2(∇Iκ) = I+1

2 . 
Therefore

||(a 1
2∇)Iκ||L2

sc(Su,u) = a
I−1
2 |u|I+1||∇Iκ||L2(u,u) (5.21)

and hence

||(a 1
2∇)Iκ||L2

sc(Su,u) �a
I−1
2 |u|

⎛⎝|u∞|I ||∇Iκ||L2(Su∞,u) +
u ˆ

u∞

|u′|I ||F1||L2(Su′,u)du
′

⎞⎠
�a

I−1
2 |u∞|I+1||∇Iκ||L2(Su∞,u) + a

I−1
2 

u ˆ

u∞

|u′|I+1||F1||L2(Su′,u)du
′

�||(a 1
2∇)Iκ||L2

sc(Su∞,u) +
u ˆ

u∞

a 
|u′|2 ||a

I
2 F1||L2

sc(Su′,u)du
′, (5.22)

where we have used the fact that |u′| ∈ [u∞, u] and |u| ≤ |u|∞. We now use the expression for F1 to estimate 
term by term:

||(a 1
2∇)Iκ||L2

sc(Su,u)

�||(a 1
2∇)Iκ||L2

sc(Su∞,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5+J6=I

∇J1ψJ2
g ∇J3ψJ4

g ∇J5(ψg, χ̂)∇J6Ψ||L2
sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂)∇J4+1ψg||L2

sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3Υ∇J4+1(Υ, αF )||L2

sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇̂J3(αF ,Υ) · ∇̂J4+1Υ||L2

sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3(ψg, χ̂, trχ, χ̂)∇̂J4(αF ,Υ) · ∇̂J5Υ||L2

sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3ψg∇J4ψg∇J5ψg||L2

sc(Su′,u)

+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂, t̃rχ)∇J4κ||L2

sc(Su′,u)
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+
u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+1=I

∇J1ψJ2+1
g ∇J3trχ∇J4κ := F1||L2

sc(Su′,u). (5.23)

Integrating along u, we have:

uˆ

0 

||(a 1
2∇)Iκ||L2

sc(Su,u)

�
uˆ

0 

||(a 1
2∇)Iκ||L2

sc(Su∞,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5+J6=I

∇J1ψJ2
g ∇J3ψJ4

g ∇J5(ψg, χ̂)∇J6Ψ||L2
sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂)∇J4+1ψg||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3Υ∇J4+1(Υ, αF )||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇̂J3(αF ,Υ) · ∇̂J4+1Υ||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3(ψg, χ̂, trχ, χ̂)∇̂J4(αF ,Υ) · ∇̂J5Υ||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3ψg∇J4ψg∇J5ψg||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂, t̃rχ)∇J4κ||L2

sc(Su′,u)

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+1=I

∇J1ψJ2+1
g ∇J3trχ∇J4κ := F1||L2

sc(Su′,u). (5.24)

Now we estimate term by term, as follows (we shall often omit, when there is no confusion, the du′, du′

at the end of integrals, for brevity):

uˆ

0 

||(a 1
2∇)Iκ||L2

sc(Su∞,u′ )du
′

�
uˆ

0 

||(a 1
2∇)I β̃||L2

sc(Su∞,u′ )du
′ +

uˆ

0 

1 

a
1
2
||(a 1

2∇)I+1ω||L2
sc(Su∞,u′ )du

′

�R[β̃] + I0 � 1 + R[β̃], (5.25)
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by Cauchy-Schwartz, where I ≤ N + 5. The next terms read

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5+J6=I

∇J1ψJ2
g ∇J3ψJ4

g ∇J5(ψg, χ̂)∇J6Ψ||L2
sc(Su′,u) � a

3
2

|u|2R, (5.26)

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂)∇J4+1ψg||L2

sc(Su′,u) �a
1
2

|u| Γtop + a
3
2

|u|2 Γtop

�a
1
2+ 1 

1000

|u| + a
3
2+ 1 

1000

|u|2 � 1, (5.27)

since |u| < a. Continuing, we have:

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3Υ∇J4+1(Υ, αF )||L2

sc(Su′,u)

� a 
|u|2YM[Υ] + a

3
2

|u|2YM[αF ], (5.28)

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇̂J3(αF ,Υ) · ∇̂J4+1Υ||L2

sc(Su′,u) � a
3
2

|u|2YM[Υ], (5.29)

û

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3(ψg, χ̂, trχ, χ̂)∇̂J4(αF ,Υ) · ∇̂J5Υ||L2

sc(Su′,u)

�a
1
2

|u| Γ � 1, (5.30)

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+J5=I

∇J1ψJ2
g ∇J3ψg∇J4ψg∇J5ψg||L2

sc(Su′,u) � a 
|u|3 Γ � 1, (5.31)

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4=I

∇J1ψJ2
g ∇J3(ψg, χ̂, t̃rχ)∇J4κ||L2

sc(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2

⎛⎝ uˆ

0 

||a I
2 ∇Iκ||L2

sc(Su′,u′ )du
′

⎞⎠ du′, (5.32)

while for the final term we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ||a

I
2 

∑
J1+J2+J3+J4+1=I

∇J1ψJ2+1
g ∇J3trχ∇J4κ||L2

sc(Su′,u)

�
u ˆ

u∞

1 
|u′|2

⎛⎝ uˆ

0 

||a I
2 ∇Iκ||L2

sc(Su′,u′ )du
′

⎞⎠ du′. (5.33)

A collection of all the terms yields
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uˆ

0 

||(a 1
2∇)Iκ||L2

sc(Su,u)du
′ �1 + R[β̃] +

u ˆ

u∞

a
1
2

|u′|2

⎛⎝ uˆ

0 

||a I
2 ∇Iκ||L2

sc(Su′,u′ )du
′

⎞⎠ du′

+
u ˆ

u∞

1 
|u′|2

⎛⎝ uˆ

0 

||a I
2 ∇Iκ||L2

sc(Su′,u′ )du
′

⎞⎠ du′, (5.34)

which, after an application of Grönwall’s inequality, yields

uˆ

0 

||(a 1
2∇)Iκ||L2

sc(Su,u)du
′ � 1 + R[β̃]. (5.35)

Now recall the elliptic system

div∇ω = divκ + 1
2∇β̃,

div∇ω† = curlκ + 1
2curlβ̃. (5.36)

We can apply the div − curl estimates from Proposition 5.1 to obtain

||aN+4
2 ∇N+5ω||L2

sc(Su,u) �
N+4∑
J=0 

||(a 1
2∇)Jκ||L2

sc(Su,u) +
N+4∑
J=0 

||(a 1
2∇)J ||L2

sc(Su,u)

+ 1 

a
1
2

N+4∑
J=0 

||(a 1
2∇)J(ω, ω†)||L2

sc(Su,u), (5.37)

which, after integrating along the u direction and applying Grönwall’s inequality, yields

||aN+4
2 ∇N+5ω||

L2
sc(H

0,u)
u ) � 1 + R[β̃]. (5.38)

This concludes the proof of the lemma. �
Proposition 5.4. Under the assumptions of the main Theorem 1.2 and the bootstrap assumptions (5.2), the 
following estimates for η and η hold:

a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + R,

||aN+4
2 ∇N+5η||

L2
sc(H

(u∞,u)
u ) � 1 + R,

a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + R.

Proof. In order to prove these estimates, we introduce the mass aspect functions

μ = −div η − ρ, μ := −div η − ρ. (5.39)

We want to obtain a ∇4 evolution equation for μ and a ∇3 evolution equation for μ. We explicitly compute



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 71

∇4μ = −∇4div η −∇4ρ

= −div∇4η −∇4ρ− [∇4,div]η

= div(χ · (η − η)) + divβ̃ − divβ̃ − 3
2trχρ + E1

= ∇(trχ, χ̂)(η − η) + (trχ, χ̂)∇(η, η) − trχρ + E1, (5.40)

where E1 reads

E1 ∼
(
β̃ + αF · (ρF + σF )

)
η + (trχ, χ̂)(η + η)(η + η) + αF · (ρF + σF )(trχ, χ̂)

+(trχ, χ̂)∇η + ∇̂αF · (ρF + σF ) + αF · (∇̂ρF + ∇̂σF ). (5.41)

Notice the reason behind constructing the function μ instead of directly working with η. Since the ∇4
equation for η contains β̃, one needs the same level of regularity of β̃ as that of the Ricci coefficients in order 
to apply the transport inequality therefore the estimates do not close. However, as we have just observed, 
the spatial derivative of β̃ cancels pointwise in the ∇4 evolution equation for μ i.e., ∇4 equation for μ only 
contains algebraic terms in Weyl curvatures. We now commute the ∇4 equation for μ with ∇I , I = N + 4
and get:

∇4∇Iμ =
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1(trχ, χ̂)∇J4(η, η)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4+1(η, η)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4η

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5η

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(trχ, χ̂)∇̂J4(η, η)∇J5(η, η)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(trχ, χ̂)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF ∇̂J4(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4+1(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4η

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4η

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5η

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF∇J4η. (5.42)
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We now apply the ∇4 transport inequality to obtain

||a I
2 ∇Iμ||L2

sc(Su,u) � ||a I
2 ∇Iμ||L2

sc(Su,0) +
uˆ

0 

||a I
2 ∇4∇Iμ||L2

sc(Su,u′ )du
′

=
uˆ

0 

||a I
2 ∇4∇Iμ||L2

sc(Su,u′ )du
′, (5.43)

since ∇Iμ|Hu=0 = 0 due to the data being Minkowski on Hu=0 (notice that ∇4μ = 0 on Hu=0). We therefore 
obtain

||a I
2 ∇Iμ||L2

sc(Su,u)

�
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1(trχ, χ̂)∇J4(η, η)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4+1(η, η)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4η||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5η||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(trχ, χ̂)∇̂J4(η, η)∇J5(η, η)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(trχ, χ̂)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF ∇̂J4(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4+1(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4μ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4μ||L2
sc(Su,u′ )du

′
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+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5μ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF∇J4μ||L2
sc(Su,u′ )du

′. (5.44)

We estimate each term separately as follows:

û

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1(trχ, χ̂)∇J4(η, η)||L2
sc(Su,u′ )du

′

� Γ2

|u|a 1
2

+ Γ2

|u| � 1, (5.45)

û

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4+1(η, η)||L2
sc(Su,u′ )du

′

�ΓΓtop

a 
+ ΓΓtop

a
1
2

� a−1+ 1 
1000 + a−

1
2+ 1 

1000 � 1, (5.46)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ||L2
sc(Su,u′ )du

′ � 1 
|u|Γ

2 � 1, (5.47)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4η||L2
sc(Su,u′ )du

′ � Γ2

|u| � 1, (5.48)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5η||L2
sc(Su,u′ )du

′

� a
1
2

|u|2 Γ3 � 1, (5.49)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(trχ, χ̂)∇̂J4(η, η)∇J5(η, η)||L2
sc(Su,u′ )du

′ (5.50)

� Γ3

|u|2 + a
1
2 Γ3

|u|2 � 1, (5.51)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(trχ, χ̂)||L2
sc(Su,u′ )du

′ (5.52)

�a
1
2 Γ3

|u|2 + aΓ3

|u|2 � 1, (5.53)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF ∇̂J4(ρF , σF )||L2
sc(Su,u′ )du

′

�a
1
2

|u| YM Γ � 1, (5.54)
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uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4+1(ρF , σF )||L2
sc(Su,u′ )du

′

�a
1
2

|u| YM Γ � 1, (5.55)

û

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4μ||L2
sc(Su,u′ )du

′

�(a
1
2

|u| +
1 
|u| )

uˆ

0 

||∇Iμ||L2
sc(Su,u′ ) �

uˆ

0 

||∇Iμ||L2
sc(Su,u′ ), (5.56)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4μ||L2
sc(Su,u′ )du

′

�
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)(∇J4+1η + ∇J4ρ)||L2
sc(Su,u′ )du

′ (5.57)

�1 + a
1
2

|u|2 Γ3 + a 
|u|2 Γ3 � 1,

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5μ||L2
sc(Su,u′ )du

′

�
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )(∇J5+1η + ∇J5ρ)||L2
sc(Su,u′ )du

′

� a
1
2

|u|2 Γ3 + a 
|u|2 Γ3 � 1 (5.58)

and finally

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF∇J4μ||L2
sc(Su,u′ )du

′

�
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF (∇J4+1η + ∇J4ρ)||L2
sc(Su,u′ )du

′

�a
1
2

|u| Γ
2 + a 

|u|R[α] � 1 + R[α].

Collecting all the terms together and an application of the Grönwall’s inequality yields

||a I
2 ∇Iμ||L2

sc(Su,u) � 1 + R[α]. (5.59)

Now the elliptic equation

div η = −μ− ρ, curl η = σε + 1
2 χ̂ ∧ χ̂ (5.60)

along with Proposition 5.1 yield:
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||aN+5
2 ∇N+5η||L2

sc(Su,u) � a
1
2

N+4∑
I=0 

||a I
2 ∇Iμ||L2

sc(Su,u) + a
1
2

N+4∑
I=0 

||a I
2 ∇I(ρ, σ)||L2

sc(Su,u)

+ a
1
2

N+4∑
I=0 

||a I
2 ∇I(χ̂χ̂)||L2

sc(Su,u) +
N+4∑
I=0 

||a I
2 ∇Iη||L2

sc(Su,u) (5.61)

which, upon integrating along u, applying Cauchy-Schwartz and taking into account the estimates from 
Section 4 for I ≤ N + 4, yield the result

a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + R. (5.62)

Similarly, the elliptic estimate (5.61) together with the estimate on the mass aspect function and integration 
along H yield

||aN+4
2 ∇N+5η||

L2
sc(H

(u∞,u)
u ) � 1 + R. (5.63)

We now consider the ∇3 evolution equation for μ. Explicit calculations yield

∇3μ = −div∇3η −∇3ρ + [div,∇3]η

=div(χ · (η − η)) − divβ̃ + divβ̃ + 3
2trχρ + E2

= − trχ(−divη − ρ) + 1
2trχρ + E2

= − trχμ + 1
2trχρ + E2, (5.64)

where E2 reads

E2 ∼ (η + η)β̃ + ∇̂αF · (ρF , σF ) + αF · ∇̂(ρF , σF ) + trχ(ρF · ρF + σF · σF )

+β̃η + αF · (ρF , σF )(η, η) + (χ̂, trχ)(η − η)(η − η) + (η, η)β̃. (5.65)

Commuting the operator ∇I for I = N + 4 with the ∇3 evolution equation for μ yields

∇3∇Iμ + I + 2
2 

trχ∇Iμ =
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF∇J4(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF∇J4+1(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3trχ∇J4(ρF , σF )∇J5(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ρF , σF )∇J5αF

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4(η, η)∇J5(η, η)
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+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4μ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇̂J3trχ∇J4μ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4μ

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5μ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4μ. (5.66)

We now apply the transport inequality in the e3 direction with λ0 = I+2
2 (equivalently λ1 = I + 1) which 

gives

|u|I+1||∇Iμ||L2(Su,u) � |u∞|I+1||∇Iμ||L2(Su∞,u) +
u ˆ

u∞

|u′|I+1||∇3∇Iμ||L2(Su′,u)du
′. (5.67)

Now recall that s2(μ) = 1
2 + 1

2 = 1, s2(∇Iμ) = I
2 + 1, and s2(∇3∇Iμ) = I

2 + 2 and therefore

||∇Iμ||L2
sc(Su,u) = a−

I
2 −1|u|I+2||∇Iμ||L2(Su,u). (5.68)

The scale invariant transport inequality reads

a 
|u| ||a

I
2 ∇Iμ||L2

sc(Su,u)

� a 
|u∞| ||a

I
2 ∇Iμ||L2

sc(Su,u) +
u ˆ

u∞

a2

|u′|3 ||a
I
2 ∇3∇Iμ||L2

sc(Su′,u)

� a 
|u∞| ||a

I
2 ∇Iμ||L2

sc(Su,u) +
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF∇J4(ρF , σF )||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF∇J4+1(ρF , σF )||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3trχ∇J4(ρF , σF )∇J5(ρF , σF )||L2
sc(Su′,u)
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+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ρF , σF )∇J5αF ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4(η, η)∇J5(η, η)||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4μ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇̂J3trχ∇J4μ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4μ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5μ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4μ||L2
sc(Su′,u). (5.69)

We now estimate each term separately as follows:

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃||L2
sc(Su′,u)

� 1 +

⎛⎝ u ˆ

u∞

a3

|u′|6 du
′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇I β̃||2L2

sc(Su′u)du
′

⎞⎠ 1
2

� 1, (5.70)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇J4ρ||L2
sc(Su′,u)

�1 +
u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇Iρ||L2

sc(Su′,u)du
′ � 1 + a 

|u|

⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇Iρ||2L2

sc(Su′,u)du
′

⎞⎠ 1
2

�1 + R[ρ], (5.71)
u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3+1αF∇J4(ρF , σF )||L2
sc(Su′,u)

�1 +

⎛⎝ u ˆ

u∞

a3

|u′|6 du
′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I
2 ∇I+1αF ||2L2

sc(Su′,u)

⎞⎠ 1
2

� 1, (5.72)
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u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF∇J4+1(ρF , σF )||L2
sc(Su′,u)

� a
3
2

|u| 52
YM[ρF , σF ] � 1, (5.73)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3trχ∇J4(ρF , σF )∇J5(ρF , σF )||L2
sc(Su′,u)

� a 
|u|2 Γ � 1, (5.74)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ρF , σF )∇J5αF ||L2
sc(Su′,u)

� a2

|u|4 Γ � 1, (5.75)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4(η, η)∇J5(η, η)||L2
sc(Su′,u)

� a 
|u|2 Γ � 1, (5.76)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4 β̃||L2
sc(Su′,u)

� a
3
2

|u| 52
R[β̃] � 1, (5.77)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4μ||L2
sc(Su′,u)

�
u ˆ

u∞

a
1
2

|u′|2
a 
|u′| ||a

I
2 ∇Iμ||||L2

sc(Su′,u)du
′, (5.78)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇̂J3trχ∇J4μ||L2
sc(Su′,u)

�
u ˆ

u∞

a 
|u′|3

(
||a I

2 ∇Iη||L2
sc(Su′,u) + ||a I

2 ∇I−1ρ||L2
sc(Su′,u)

)
du′

� a 
|u|2 Γ + a

3
2

|u|2 Γ � 1, (5.79)

u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4μ||L2
sc(Su′,u)

� a 
|u|2 Γ + a

3
2

|u|2 Γ � 1, (5.80)
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u ˆ

u∞

a2

|u′|3 ||a
I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5μ||L2
sc(Su′,u)

� a2

|u|4 + a
5
2

|u|4 Γ � 1. (5.81)

Collecting all the terms and an application of Grönwall yields

a 
|u| ||a

I
2 ∇Iμ||L2

sc(Su,u) �(1 + a 
|u∞| ||a

I
2 ∇Iμ||L2

sc(Su,u) + R[ρ])e
a

1
2

|u| 

�1 + a 
|u∞| ||a

I
2 ∇Iμ||L2

sc(Su,u) + R[ρ]

�1 + R[ρ]. (5.82)

Now we utilize the elliptic equations

div η = −μ− ρ, curl η = −σε− χ̂ ∧ χ̂ (5.83)

to obtain, using Proposition 5.1,

a 
|u| ||a

N+4
2 ∇N+5η||L2

sc(Su,u) �
N+4∑
I=0 

(
a 
|u| ||a

I
2 ∇Iμ||L2

sc(Su,u) + ||a I
2 ∇I(ρ, σ)||L2

sc(Su,u)

+||a I
2 ∇I(χ̂χ)||L2

sc(Su,u) + a−
1
2 ||a I

2 ∇Iη||L2
sc(Su,u)

)
, (5.84)

which, after integrating along the e4 direction, yields

(5.85)
a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + R.

The claim follows. �
Proposition 5.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1)-(5.2), there 
hold:

‖(a 1
2 )N+4∇N+5ω‖L2

sc(H
(u∞,u)
u ) � 1 + R + YM. (5.86)

Proof. Similarly to the ω estimates, we dfine the auxiliary entity ω† to be zero on H0 whilst verifying the 
following ∇4 equation:

∇4ω
† = 1

2σ. (5.87)

Now we dfine κ as follows

κ = −∇ω + ∗∇ω† − 1
2 β̃. (5.88)

Recall the transport equation for ω

∇4ω = 2ωω + 3
4 |η − η|2 − 1

4(η − η) · (η + η) − 1
8 |η + η|2 + 1

2ρ + 1
4T43. (5.89)
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An explicit computation yields

∇4κ = −∇∇4ω +∗ ∇∇4ω
† − 1

2∇4β̃ + [∇,∇4]ω + [∇4,
∗∇]ω†

= −1
2∇ρ + 1

2∇σ − 1
2(−∇ρ + ∗∇σ) + E

= E , (5.90)

where E reads

E ∼ω∇ω + ω∇ω + (η, η)∇(η, η) + ρF · ∇̂ρF + σF · ∇̂σF + β̃(ω, ω†) + αF · (ρF , σF )(ω, ω†)

+(η, η)ωω(ηη + ηη + ηη) + (η, η)(ρ, σ) + (η, η)|ρF , σF |2 + (trχ, χ̂)∇(ω, ω†)

+(trχ, χ̂)η(ω, ω†) + (trχ, χ̂)αF · (ρF , σF ) + (trχ, χ̂)αF · (ρF , σF ) + trχβ̃ + ωβ̃ + χ̂β̃. (5.91)

We now commute ∇I , I = N + 4 with the ∇4 evolution equation for κ to obtain

∇4∇Iκ =
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4+1ω (5.92)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3+1ω∇J4ω

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4+1(η, η)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3ρF ∇̂J4+1ρF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3σF ∇̂J4+1σF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4(ω, ω†)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(ω, ω†)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ω, ω)∇J5(η, η)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3(η, η)∇J4(ρ, σ)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(η, η)∇̂J4(ρF , σF )∇̂J5(ρF , σF )

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4+1(ω, ω†)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4η∇J5(ω, ω†)

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )
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+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4 β̃

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4 β̃

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4 β̃

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4κ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4κ

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5κ. (5.93)

Now we apply the scale invariant ∇4 transport inequality

||a I
2 ∇Iκ||L2

sc(Su,u) (5.94)

�||a I
2 ∇Iκ||L2

sc(Su,0)

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4+1ω||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3+1ω∇J4ω||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4+1(η, η)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3ρF ∇̂J4+1ρF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3σF ∇̂J4+1σF ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4(ω, ω†)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(ω, ω†)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ω, ω)∇J5(η, η)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3(η, η)∇J4(ρ, σ)||L2
sc(Su,u′ )du

′
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+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(η, η)∇̂J4(ρF , σF )∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4+1(ω, ω†)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4η∇J5(ω, ω†)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4 β̃)||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4 β̃||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4 β̃||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4κ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4κ||L2
sc(Su,u′ )du

′

+
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5κ||L2
sc(Su,u′ )du

′. (5.95)

Now we estimate each term separately. We have

||a I
2 ∇Iκ||L2

sc(Su,0) � I0 � 1, (5.96)
uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4+1ω||L2
sc(Su,u′ )du

′

�1 + 1 
|u| ||a

I
2 ∇I+1ω||L2

sc(Su,u′ )du
′ � 1, (5.97)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3+1ω∇J4ω||L2
sc(Su,u′ )du

′

�1 + 1 
|u|

uˆ

0 

||a I
2 ∇I+1ω||L2

sc(Su,u′ )du
′, (5.98)
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uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4+1η||L2
sc(Su,u′ )du

′

�1 + 1 
a

a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + 1 

a
R, (5.99)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(η, η)∇J4+1η||L2
sc(Su,u′ )du

′

�1 + 1 
a

a 
|u| ||a

N+4
2 ∇N+5η||

L2
sc(H

(0,u)
u ) � 1 + 1 

a
R, (5.100)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3ρF ∇̂J4+1ρF ||L2
sc(Su,u′ )du

′

�1 + 1 
|u| ||a

I
2 ∇̂I+1ρF ||

L2
sc(H

(0,u)
u ) � 1 + YM

|u| , (5.101)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3σF ∇̂J4+1σF ||L2
sc(Su,u′ )du

′

�1 + 1 
|u| ||a

I
2 ∇̂I+1σF ||

L2
sc(H

(0,u)
u ) � 1 + YM

|u| , (5.102)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 β̃∇J4(ω, ω†)||L2
sc(Su,u′ )du

′

�1 + 1 
|u| (R + Γ) � 1 + R 

|u| , (5.103)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5(ω, ω†)||L2
sc(Su,u′ )du

′

� a
1
2

|u|2 Γ � 1, (5.104)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(η, η)∇J4(ω, ω)∇J5(η, η)||L2
sc(Su,u′ )du

′

� 1 
|u|2 Γ � 1, (5.105)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3(η, η)∇J4(ρ, σ)||L2
sc(Su,u′ )du

′

�1 + 1 
|u| ||a

I
2 ∇I(ρ, σ)||

L2
sc(H

(0,u)
u ) � 1 + 1 

|u|R[ρ, σ], (5.106)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇̂J3(η, η)∇̂J4(ρF , σF )∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

� 1 
|u|2 Γ � 1, (5.107)
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uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4+1(ω, ω†)||L2
sc(Su,u′ )du

′

�1 + a
1
2

|u| 

uˆ

0 

||a I
2 ∇I+1(ω, ω†)||L2

sc(Su,u′ )du
′, (5.108)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇J4η∇J5(ω, ω†)||L2
sc(Su,u′ )du

′

� a
1
2

|u|2 Γ � 1, (5.109)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

� 1 

a
1
2
Γ � 1, (5.110)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4αF ∇̂J5(ρF , σF )||L2
sc(Su,u′ )du

′

�a
1
2

|u| Γ � 1, (5.111)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3trχ∇̂J4 β̃)||L2
sc(Su,u′ )du

′ � 1 + 1 
|u|R[β̃] (5.112)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇̂J4 β̃||L2
sc(Su,u′ )du

′ � 1 + 1 
|u|R[β̃], (5.113)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇̂J4 β̃||L2
sc(Su,u′ )du

′ � 1 + 1 

a
1
2
R[β̃], (5.114)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, trχ)∇J4κ||L2
sc(Su,u′ )du

′

�a
1
2

|u| 

uˆ

0 

||a I
2 ∇Iκ||||L2

sc(Su,u′ )du
′, (5.115)

uˆ

0 

||a I
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4κ||L2
sc(Su,u′ )du

′

� a 
|u|2

uˆ

0 

||a I
2 ∇Iκ||||L2

sc(Su,u′ )du
′ (5.116)

and finally
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uˆ

0 

||a I
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5κ||L2
sc(Su,u′ )du

′

� a 
|u|2

û

0 

||a I
2 ∇Iκ||||L2

sc(Su,u′ )du
′. (5.117)

Here we have utilized the elliptic estimate for ω from Proposition 5.3. In addition, the L2
sc(Su,u) norm of 

∇Jω† for J ≤ N + 4 may be estimated directly from the evolution equation (5.87) along with the trivial 
boundary condition for ω† along H0. Collecting all the terms together, we have

||a I
2 ∇Iκ||L2

sc(Su,u) �1 + a
1
2

|u| 

û

0 

||a I
2 ∇I+1(ω, ω†)||L2

sc(Su,u′ )du
′ + a

1
2

|u| 

uˆ

0 

||a I
2 ∇Iκ||L2

sc(Su,u′ )du
′

+ a 
|u|2

uˆ

0 

||a I
2 ∇Iκ||||L2

sc(Su,u′ )du
′ + YM + R, (5.118)

which, upon using Grönwall’s inequality, yields

||a I
2 ∇Iκ||L2

sc(Su,u) � 1 + YM + R + a
1
2

|u| 

uˆ

0 

||a I
2 ∇I+1(ω, ω†)||L2

sc(Su,u′ )du
′, (5.119)

due to the fact that |u| � 1. We now notice that the elliptic equations

−∇ω + ∗∇ω† = −κ− 1
2 β̃ (5.120)

yield the div − curl system

div∇ω = −divκ− 1
2divβ̃, curl∇ω = 0, (5.121)

curlω† = curlκ + 1
2curlβ̃, div∇ω† = 0. (5.122)

An application of the elliptic estimates and transport estimates for κ yield

||a I+1
2 ∇I+1(ω, ω†)||L2

sc(Su,u) �
∑

J≤N+4
||a J

2 ∇Jκ||L2
sc(Su,u) +

∑
J≤N+4

||a J
2 ∇J β̃||L2

sc(Su,u)

+
∑

J≤N+4
||a J

2 ∇J (ω, ω†)||L2
sc(Su,u)

�1 + YM + R + a
1
2

|u| 

uˆ

0 

||a I
2 ∇I+1(ω, ω†)||L2

sc(Su,u′ )du
′ (5.123)

and therefore

||a I+1
2 ∇I+1(ω, ω†)||L2

sc(Su,u) � 1 + YM + R. (5.124)

Now an integration of the square of the previous inequality (5.124) with respect to the measure a 
|u′|2 du

′

yields
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‖(a 1
2 )N+4∇N+5ω‖L2

sc(H
(u∞,u)
u ) � 1 + R + YM. (5.125)

This concludes the proof of the lemma. �
Proposition 5.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1)-(5.2), there 
hold:

u ˆ

u∞

a
3
2

|u′|3 ‖(a
1
2 )N+4∇N+5χ̂‖L2

(sc)(Su′,u) du′ � 1,

u ˆ

u∞

a2

|u′|3 ‖(a
1
2 )N+4∇N+5trχ‖L2

(sc)(Su′,u) du′ � R + R + YM + 1.

Proof. We start the proof by recalling the ∇3 transport equation for t̃rχ

∇3t̃rχ + trχt̃rχ = 2 
|u|2 (Ω−1 − 1) + |t̃rχ|2 + 2ωtrχ− |χ̂|2 − |αF |2. (5.126)

We now commute ∇I , I = N + 5 with ∇3:

∇3∇I t̃rχ + (I2 
+ 1)trχt̃rχ

= 1 
|u|2

∑
J1+J2+J3=I

∇J1(η + η)J2∇J3(Ω−1 − 1) (5.127)

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 t̃rχ∇J4 t̃rχ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4trχ

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4αF

+
∑

J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4 t̃rχ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇̂J3trχ∇̂J4 t̃rχ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4 t̃rχ

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5 t̃rχ

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF∇J4 t̃rχ := E . (5.128)

An application of the weighted transport inequality from Proposition 3.6 yields
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|u|I+1||∇I t̃rχ||L2(Su,u) � |u∞|I+1||∇I t̃rχ||L2(Su∞,u) +
u ˆ

u∞

|u′|I+1||E||L2(Su′,u)du
′. (5.129)

We now calculate the relevant signatures. We have s2(t̃rχ) = 1 and therefore s2(∇I t̃rχ) = I
2 + 1 and 

s2(E) = s2(∇3∇I t̃rχ) = I
2 + 2. Therefore

|u|I+1||∇I t̃rχ||L2(Su,u) = a
I
2 +1|u|−(I+2)||∇I t̃rχ||L2

sc(Su,u), (5.130)

|u′|I+1||E||L2(Su,u) = a
I
2 +2|u′|−(I+4)||E||L2

sc(Su′,u). (5.131)

The transport inequality in terms of the scale invariant norm reads8

a 
|u|a

I−1
2 ||∇I t̃rχ||L2

sc(Su,u)

� a 
|u∞|a

I−1
2 ||∇I t̃rχ||L2

sc(Su∞,u) (5.132)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 1 

|u′|2
∑

J1+J2+J3=I

∇J1(η + η)J2∇J3(Ω−1 − 1)||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 t̃rχ∇J4 t̃rχ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4trχ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4 t̃rχ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇̂J3trχ∇̂J4 t̃rχ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4 t̃rχ||L2
sc(Su′,u)

+
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5 t̃rχ||L2
sc(Su′,u). (5.133)

Now we estimate each term separately as follows:

8 The factor of a/|u| is kept with ||∇I t̃rχ||L2
sc

(Su,u) since we need to integrate in the u direction with respect to the measure 
a 

|u|2 du.
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a 
|u∞|a

I−1
2 ||∇I t̃rχ||L2

sc(Su∞,u) � 1, (5.134)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 1 

|u′|2
∑

J1+J2+J3=I

∇J1(η + η)J2∇J3(Ω−1 − 1)||L2
sc(Su′,u)

=
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 1 

|u′|2
∑

J1+J2+J3=I

∇J1(η + η)J2∇J3(
uˆ

0 

ω du′)||L2
sc(Su′,u)

�1 + R, (5.135)
u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 t̃rχ∇J4 t̃rχ||L2
sc(Su′,u)

�
u ˆ

u∞

1 
|u′|2

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′, (5.136)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3ω∇J4trχ||L2
sc(Su′,u)

�
u ˆ

u∞

a 
|u′|3

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′ +

u ˆ

u∞

a 
|u′|2 ||∇

Iω||L2
sc(Su′,u)

�
u ˆ

u∞

a 
|u′|3

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′

+

⎛⎝ u ˆ

u∞

a 
|u′|2 du

′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I−1
2 ∇Iω||2L2

sc(Su′,u)
du′

⎞⎠ 1
2

�
u ˆ

u∞

a 
|u′|3

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′ + R + YM, (5.137)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂||L2
sc(Su′,u)

�
u ˆ

u∞

a 
|u′|2

a
1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u), (5.138)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ||L2
sc(Su′,u)

�

⎛⎝ u ˆ

u∞

a3

|u′|6 du
′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2 ||a

I−1
2 ∇̂IαF ||2L2

sc(Su′u)
du′

⎞⎠ 1
2

� a
3
2

|u| 52
YM[αF ] � 1, (5.139)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I

∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇J4 t̃rχ||L2
sc(Su′,u)
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�
u ˆ

u∞

a
1
2

|u′|2
a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′ +

u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)du
′

+
u ˆ

u∞

1 
|u′|2

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′, (5.140)

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2+1∇J3(χ̂, trχ)∇J4 t̃rχ||L2
sc(Su′,u)

�
u ˆ

u∞

|u′|−2Γ du′ � 1, (5.141)

and for the last term we have

u ˆ

u∞

a2

|u′|3 ||a
I−1
2 

∑
J1+J2+J3+J4+J5=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇J5 t̃rχ||L2
sc(Su′,u)

�
u ˆ

u∞

a 
|u′|4 Γ � a 

|u|3 Γ � 1. (5.142)

A collection of all the terms yields

a 
|u|a

I−1
2 ||∇I t̃rχ||L2

sc(Su,u)

�1 + R +
u ˆ

u∞

a 
|u′|3

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′ (5.143)

+
u ˆ

u∞

a 
|u′|2

a
1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u) +
u ˆ

u∞

a
1
2

|u′|2
a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′

+
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)du
′ +

u ˆ

u∞

1 
|u′|2

a 
|u′| ||a

I−1
2 ∇I t̃rχ||L2

sc(Su,u)du
′. (5.144)

An application of Grönwall’s inequality leads to

a 
|u|a

I−1
2 ||∇I t̃rχ||L2

sc(Su,u)

�

⎛⎝1 + R + R + YM +
u ˆ

u∞

a 
|u′|2

a
1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)

+
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)du
′

⎞⎠ e
a 

|u|2 + a
1
2

|u| + 1 
|u|

�1 + R + R + YM +
u ˆ

u∞

a 
|u′|2

a
1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)
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+
u ˆ

u∞

a
1
2

|u′|2
a

1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)du
′. (5.145)

Now we return to the elliptic constraint equation

divχ̂ ∼ 1
2∇trχ− 1

2(η − η) · (χ̂− 1
2trχγ) − β̃ + αF · (ρF , σF ) (5.146)

which yields

||a I−1
2 ∇I χ̂||L2

sc(Su,u) �
∑

J≤I−1
||a J

2 ∇I+1t̃rχ||L2
sc(Su,u) +

∑
J≤I−1

||a I
2 ∇I β̃||L2

sc(Su,u) (5.147)

+ 1 

a
1
2

∑
J≤I−1

||a J
2 ∇J χ̂||L2

sc(Su,u) +
∑

J≤I−1
||a J

2 
∑

J1+J2=J

∇J1(η, η)∇J2(trχ, χ̂)||L2
sc(Su,u).

Now substitute the estimate for t̃rχ from (5.145) into (5.147) and apply Grönwall to obtain

a 
|u|a

I−1
2 ||∇I t̃rχ||L2

sc(Su,u) � (1 + R + R + YM)e
a

1
2

|u| + 1 
|u| � 1 + R + R + YM. (5.148)

Now (5.147) yields

u ˆ

u∞

a 
|u′|2

a
1
2

|u′| ||a
I−1
2 ∇I χ̂||L2

sc(Su′,u)

�
u ˆ

u∞

a 
|u′|2

a
1
2

|u′|
∑

J≤I−1
||a J

2 ∇I+1t̃rχ||L2
sc(Su′,u)du

′ +
u ˆ

u∞

a 
|u′|2

a
1
2

|u′|
∑

J≤I−1
||a I

2 ∇I β̃||L2
sc(Su′,u)du

′

�(1 + R + R + YM)
u ˆ

u∞

a
1
2

|u′|2 du
′

+

⎛⎝ u ˆ

u∞

a2

|u′|4 du
′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a 
|u′|2

∑
J≤I−1

||a I
2 ∇I β̃||2L2

sc(Su′,u)du
′

⎞⎠ 1
2

+ 1 � 1.

This concludes the proof of the lemma. �
Remark 8. In the same way as above, one can obtain the following estimates:

⎛⎝ u ˆ

u∞

a2

|u′|4 ‖(a
1
2 )N+4∇N+5χ̂‖2

L2
(sc)(Su′,u) du′

⎞⎠ 1
2

+

⎛⎝ u ˆ

u∞

a3

|u′|4 ‖(a
1
2 )N+4∇N+5trχ‖2

L2
(sc)(Su′,u) du′

⎞⎠ 1
2

� R + R + 1.

(5.149)
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6. Energy estimates Weyl and Yang-Mills curvature components

In this section we finish the final estimates, namely those on the energy associated with the Weyl and 
Yang-Mills curvature. There are several ways to execute this step. Since both the Einstein and the Yang
Mills equations are derivable from a Lagrangian, one would expect the existence of stress-energy tensors. 
For pure gravity, however, one cannot simply find a canonical stress-energy tensor due to the equivalence 
principle. Nevertheless, one can utilize the Bel-Robinson tensor to construct suitable energy currents or use 
the quasi-local type energy constructed by [33,34]. In the case of Yang-Mills theory, there exists a canonical 
stress-energy tensor that can be used directly to construct necessary energies. However, in the current context 
where we impose a double-null foliation, the use of Bel-Robionson or Yang-Mills stress energy tensors can 
be avoided altogether, since, in this setting, both the Bianchi and the Yang-Mills equations can be cast into 
a coupled symmetric hyperbolic system, as we have already shown in Proposition 2.1. Therefore, we can use 
the direct integration by parts approach. To this end, we require the following pair of propositions which 
we prove using Lemma 2.2 and Proposition 2.1.

Proposition 6.1. If ϕ ∈ section(k⊗T ∗Su,u ⊗PAd,g) and λ1 = 2λ0 − 1, then the following estimates hold:

2
ˆ

Du,u

|u′|2λ1〈ϕ, (∇̂3 + λ0trχ)ϕ〉 =
ˆ

Hu(0,u)

|u′|2λ1 |ϕ|2 −
ˆ

Hu∞ (0,u)

|u∞|2λ1 |ϕ|2

+
ˆ

Du,u

|u′|2λ1f |ϕ|2,

where f verfies the estimate f � Γ|u|−2.

Proof. The proof follows in an exact same way as that of proposition (7.3) of [4]. The only difference is that 
ϕ is a section of the fibered vector bundle k ⊗ T ∗Su,u ⊗PAd,g. However, note that |ϕ|2 is a gauge-invariant 
object and therefore

∇3|ϕ|2 = 2〈ϕ, ∇̂3ϕ〉, (6.1)

due to the fact that the gauge covariant connection ∇̂3 is metrics compatible. �
We will need Proposition 6.1 for proving the following proposition.

Proposition 6.2. For a Bianchi pair (Ψ1,Ψ2) ∈
{

(α, β̃), (β̃, (ρ, σ)), ((ρ, σ), β̃), (β̃, α)
}

∪
{
(αF , (ρF , σF )), 

((ρF , σF ), αF )
}

satisfying

∇̂3∇̂iΨ1 +
(
i + 1

2 
+ s2(Ψ1)

)
trχ∇̂iΨ1 − D̂∇̂iΨ2 = Pi,

∇̂4∇̂iΨ2 −
∗D̂∇̂iΨ1 = Qi,

the following holds true:
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ˆ

H
(0,u)
u

‖∇̂iΨ1‖2
L2

(sc)(Su,u′ ) du′ +
ˆ

H
(u∞,u)
u

a 
|u′|2 ‖∇̂

iΨ2‖2
L2

(sc)(Su′,u) du′

�
ˆ

H
(0,u)
u∞

‖∇̂iΨ1‖2
L2

(sc)(Su∞,u′ ) du′ +
ˆ

H
(u∞,u)
0

a 
|u′|2 ‖∇̂

iΨ2‖2
L2

(sc)(Su′,0)
du′

+
¨

Du,u

a 
|u′| ‖〈∇̂

iΨ1, Pi〉‖L1
(sc)(Su′,u′ ) du′ du′ +

¨

Du,u

a 
|u′| ‖〈∇̂

iΨ2, Qi〉‖L1
(sc)(Su′,u′ ) du′ du′.

(6.2)

Proof. This property essentially indicates the symmetric hyperbolic character of the null Yang-Mills equa
tions. First note the following relation:

ˆ

Su,u

〈Ψ1, D̂Ψ2〉 +
ˆ

Su,u

〈Ψ2,
∗D̂Ψ2〉

=
ˆ

Su,u

∇〈Ψ1,Ψ2〉 −
ˆ

Su,u

〈∗D̂Ψ1,Ψ2〉 +
ˆ

Su,u

〈Ψ2,
∗ D̂Ψ1〉 −

ˆ

Su,u

(η + η)〈Ψ1,Ψ2〉

= −
ˆ

Su,u

(η + η)〈Ψ1,Ψ2〉,

due to the fact that 〈Ψ1,Ψ2〉 is gauge-invariant (see Lemma 2.2). Similar identities hold for the higher 
derivatives as well:

ˆ

Su,u

〈∇̂IΨ1, D̂∇̂IΨ2〉 +
ˆ

Su,u

〈∇̂IΨ2,
∗D̂∇̂IΨ2〉 = −

ˆ

Su,u

(η + η)〈∇̂IΨ1, ∇̂IΨ2〉. (6.3)

With these identities in mind, we apply Proposition 6.1 with λ0 = I+1
2 + s2(Ψ1) and λ1 = 2λ0 − 1 =

I + 2s2(Ψ2) to yield

2
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, (∇̂3 + (I + 1
2 

+ s2(Ψ1))trχ)∇̂IΨ1〉 =

ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 −
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

Du,u

|u′|2I+4s2(Ψ1)f |∇̂Iψ1|2, (6.4)

where f verfies |f | � Γ|u|−2. For Ψ2 we have a simpler expression using the integration lemma:

2
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, ∇̂4∇̂IΨ2〉 =
ˆ

Hu(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

−
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2 +
ˆ

Du,u

|u′|2I+4s2(Ψ1)(2ω − trχ)|∇̂IΨ2|2. (6.5)

Adding the previous two equations together we get
ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2
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=
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

+2
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, (∇̂3 + (I + 1
2 

+ s2(Ψ1))trχ)∇̂IΨ1〉

+2
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, ∇̂4∇̂IΨ2〉 −
ˆ

Du,u

|u′|2I+4s2(Ψ1)f |∇̂IΨ1|2

−
ˆ

Du,u

|u′|2I+4s2(Ψ1)(2ω − trχ)|∇̂IΨ2|2. (6.6)

Now we utilize the equations of motion to yield
ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

=
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2

+
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2 + 2
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, D̂∇̂IΨ2 + P 〉

+2
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2,
∗D̂∇̂IΨ1 + Q〉 −

ˆ

Du,u

|u′|2I+4s2(Ψ1)f |∇̂IΨ1|2

−
ˆ

Du,u

|u′|2I+4s2(Ψ1)(2ω − trχ)|∇̂IΨ2|2. (6.7)

An application of (6.3) yields
ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

=
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

+2
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉

+2
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈(η + η)∇̂IΨ1, ∇̂IΨ2〉 + 2
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉

−
ˆ

Du,u

|u′|2I+4s2(Ψ1)f |∇̂IΨ1|2 −
ˆ

Du,u

|u′|2I+4s2(Ψ1)(2ω − trχ)|∇̂IΨ2|2. (6.8)

Now notice that P and Q are lower order terms. In this integration by parts procedure, all the principal 
terms are canceled. Using the definition of the scale invariant norms and the boot-strap assumptions (3.1), 
we observe that |ω| � |u|−1, |η, η| � |u|−2, |f | � |u|−2, and |trχ| � |u|−1. We need to apply Grönwall’s 
inequality twice. Notice the following important points
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|
ˆ

Du,u

|u′|2I+4s2(Ψ1)(2ω − trχ)|∇̂IΨ2|2| �
uˆ

0 

|u|−1
ˆ

H(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2|, (6.9)

|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈(η + η)∇̂IΨ1, ∇̂IΨ2〉| �
u ˆ

u∞

|u′|−2
ˆ

H(0,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ1|2

+
uˆ

0 

|u|−2
ˆ

H(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2, (6.10)

|
ˆ

Du,u

|u′|2I+4s2(Ψ1)f |∇̂IΨ1|2| �
u ˆ

u∞

|u′|−2
ˆ

H(0,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ1|2 (6.11)

since 0 > u′ ∈ [u∞, u]. Therefore applying Grönwall in u′, we obtain

ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2

�
( ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2 (6.12)

+2|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉| + 2|
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉|

+
uˆ

0 

|u|−1
ˆ

H(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2|
)
e
´ u
u∞ |u′|−2du′

�
( ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

+2|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉| + 2|
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉|

+
uˆ

0 

|u|−1
ˆ

H(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2|
)
,

due to integrability of |u′|−2 at ifinity. Now we need to apply the Grönwall in the u direction. We obtain

ˆ

Hu(u∞,u)

|u′|2I+4s2 |∇̂IΨ2|2

�
( ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2

+2|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉| + 2|
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉|
)
e

u
|u|
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�
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2

+2|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉| + 2|
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉|.

Putting everything together, we obtain
ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2

�
ˆ

Hu∞ (0,u)

|u∞|2I+4s2(Ψ1)|∇IΨ1|2 +
ˆ

H0(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2

+|
ˆ

Du,u′

|u′|2I+4s2(Ψ1)〈∇̂IΨ1, P 〉| + |
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉|. (6.13)

In order to convert this inequality in terms of scale invariant norms, we need to recall the signature of each 
term involved and the signature difference between Ψ1 and Ψ2. Firstly note the following

s2(Ψ2) = s2(Ψ1) + 1
2 , s2(∇IΨ1) = I

2 
+ s2(Ψ1), s2(P ) = s2(∇̂3∇̂IΨ1) = I

2 
+ 1 + s2(Ψ1)

s2(Q) = s2(∗D̂∇̂IΨ1) = I + 1
2 

+ s2(Ψ1), (6.14)

which imply

s2(∇IΨ2) = I

2 
+ s2(Ψ2) = I + 1

2 
+ s2(Ψ1). (6.15)

We consider each term separately:

ˆ

Hu(0,u)

|u|2I+4s2(Ψ1)|∇̂IΨ1|2 =
û

0 

|u|2I+4s2(Ψ1)||∇̂IΨ1||2L2(Su,u′ )du
′

=
uˆ

0 

|u|2I+4s2(Ψ1)aI+2s2(Ψ1)|u|−2I−4s2(Ψ1)||∇̂IΨ1||2L2
sc(Su,u′ )du

′

=
uˆ

0 

aI+2s2(Ψ1)||∇̂IΨ1||2L2
sc(Su,u′ )du

′, (6.16)

ˆ

Hu(u∞,u)

|u′|2I+4s2(Ψ1)|∇̂IΨ2|2 =
u ˆ

u∞

|u′|2I+4s2(Ψ1)||∇̂IΨ2||2L2(Su′,u)du
′

=
u ˆ

u∞

|u′|2I+4s2(Ψ1)aI+1+2s2(Ψ1)|u|−2(I+1)−4s2(Ψ1)||∇̂IΨ2||2L2
sc(Su′,u)du

′

=
u ˆ

u∞

aI+1+2s2(Ψ1)|u′|−2||∇̂IΨ2||2L2
sc(Su′,u)du

′, (6.17)
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ˆ

Du,u′

|u′|2I+4s2(Ψ1)|〈∇̂IΨ1, P 〉| =
ˆ

u,u

|u′|2I+4s2(Ψ1)||〈∇̂IΨ1, P 〉||L1(Su′,u′ )du
′du′

=
ˆ

u,u

|u′|2I+4s2(Ψ1)aI+1+2s2(Ψ1)|u′|−2I−1−4s2(Ψ1)||〈∇̂IΨ1, P 〉||L1
sc(Su′,u′ )du

′du′

=
ˆ

u,u

aI+1+2s2(Ψ1)|u′|−1||〈∇̂IΨ1, P 〉||L1
sc(Su′,u′ )du

′du′, (6.18)

and
ˆ

Du,u

|u′|2I+4s2(Ψ1)〈∇̂IΨ2, Q〉| =
ˆ

u,u

|u′|2I+4s2(Ψ1)||〈∇̂IΨ2, Q〉||L1(Su′,u′ )du
′du′

=
ˆ

u,u

|u′|2I+4s2(Ψ1)aI+1+2s2(Ψ1)|u′|−2I−1−4s2(Ψ1)||〈∇̂IΨ2, Q〉||L1
sc(Su′,u′ )du

′du′

=
ˆ

u,u

aI+1+2s2(Ψ1)|u′|−1||〈∇̂IΨ2, Q〉||L1
sc(Su′,u′ )du

′du′. (6.19)

Collecting all the terms yield
ˆ

H
(0,u)
u

‖∇̂IΨ1‖2
L2

(sc)(Su,u′ ) du′ +
ˆ

H
(u∞,u)
u

a 
|u′|2 ‖∇̂

IΨ2‖2
L2

(sc)(Su′,u) du′

�
ˆ

H
(0,u)
u∞

‖∇̂IΨ1‖2
L2

(sc)(Su∞,u′ ) du′ +
ˆ

H
(u∞,u)
0

a 
|u′|2 ‖∇̂

IΨ2‖2
L2

(sc)(Su′,0)
du′

+
¨

Du,u

a 
|u′| ‖〈∇̂

IΨ1, P 〉‖L1
(sc)(Su′,u′ ) du′ du′ +

¨

Du,u

a 
|u′| ‖〈∇̂

IΨ2, Q〉‖L1
(sc)(Su′,u′ ) du′ du′. �

(6.20)

Before embarking on the energy estimates, we provide a final helpful proposition, which can be found for 
example in [12].

Proposition 6.3. Let f(x, y), g(x, y) be positive functions dfined on a rectangle U := {0 ≤ x ≤ x0, 
0 ≤ y ≤ y0}. Suppose there exist constants J, c1, c2 such that

f(x, y) + g(x, y) � J + c1

x ˆ

0 

f(x′, y) dx′ +
yˆ

0 

g(x, y′) dy′,

for all (x, y) ∈ U . Then there holds

∀(x, y) ∈ U : f(x, y) + g(x, y) � Jec1x+c2y.

6.1. Energy estimates for the Yang-Mills components

We begin with the pair (αF , (ρF , σF )).

Proposition 6.4. Under the assumptions of Theorem 1.2 and the bootstrap assumptions, there holds, for 
0 ≤ i ≤ N + 5:
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1 

a
1
2
‖(a 1

2 )i−1∇̂iαF ‖
L2

(sc)(H
(0,u)
u ) + 1 

a
1
2
‖(a 1

2 )i−1∇̂i(ρF , σF )‖
L2

(sc)(H
(u∞,u)
u )

� 1 

a
1
2
‖(a 1

2 )i−1∇̂iαF ‖
L2

(sc)(H
(0,u)
u∞ ) + 1 

a
1
2
‖(a 1

2 )i−1∇̂i(ρF , σF )‖
L2

(sc)(H
(u∞,u)
0 ) + 1.

(6.21)

Proof. We consider the schematic equations for αF , (−ρF , σF ):

∇̂3α
F + 1

2trχαF −D(−ρF , σF ) = η(ρF , σF ) + ωαF + χ̂αF , (6.22)

∇̂4(−ρF , σF ) − ∗DαF = trχ(ρF , σF ) + (η, η)αF . (6.23)

Commuting with i angular derivatives, we arrive at the following two:

∇̂3∇̂iαF + i + 1
2 

trχ∇̂iαF −D∇̂i(−ρF , σF )

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3+1(−ρF , σF ) +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3η∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ω∇̂i4αF +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇̂i3αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4αF +

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇̂i4αF

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4αF

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5αF

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4αF := Ai,

(6.24)

∇̂4∇̂i(−ρF , σF ) − ∗D∇̂iαF

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3+1αF +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3trχ∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(η, η)∇̂i4αF +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇̂i5(ρF , σF )

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3(ρF , σF )∇̂i4αF ∇̂i5(ρF , σF )

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF ) := Bi.

(6.25)

Making use of Proposition 6.2, we arrive at
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‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u )

+ ‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
u )

�‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u∞ )

+ ‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
0 )

+
¨

Du,u

a 
|u′| ‖〈(a

1
2 )i−1∇̂iαF , (a 1

2 )i−1Ai〉‖L1
(sc)(Su′,u′ ) du′ du′

+
¨

Du,u

a 
|u′| ‖〈(a

1
2 )i−1∇̂i(ρF , σF ), (a 1

2 )i−1Bi〉‖L1
(sc)(Su′,u′ ) du′ du′.

(6.26)

Call the last two spacetime integrals above Ñ and M̃ respectively. For the first one, we have, using Hölder’s 
inequality,

Ñ =
¨

Du,u

a 
|u′| ‖〈(a

1
2 )i−1∇̂iαF , (a 1

2 )i−1Ai〉‖L1
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖(a 1
2 )i−1Ai‖2

L2
(sc)(Su′,u′ )

⎞⎠ 1
2

du′ · sup
u′

‖(a 1
2 )i−1∇̂iαF ‖

L2
(sc)(H

(0,u)
u′ ).

(6.27)

We shall work on the term

Hi :=

⎛⎝ uˆ

0 

‖(a 1
2 )i−1Ai‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

.

The term Ai comprises nine summands, as seen in (6.24). We bound each of the corresponding terms in Hi

individually. For the first term:

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′, (6.28)

we observe the following. If i3 + 1 = N + 5, we estimate ψg in L∞
(sc) and (a 1

2 )N+4∇̂N+5(ρF , σF ) in 

L2
(sc)(H

(0,u)
u′ ). Otherwise, we can bound the entire term using estimates on the 

L norm. Therefore we 
estimate, using the bootstrap assumptions:

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ � Γ2M2

|u′|2 + Γ4

a2|u′|2 . (6.29)

Similarly, for the second term, we have

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3η∇̂i4(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′

�
uˆ

0 

‖(a 1
2 )N+4η∇̂N+5(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ (6.30)



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 99

+
û

0 

‖(a 1
2 )N+4(ρF , σF )∇N+5η‖2

L2
(sc)(Su′,u′ ) du′ + Γ4

a|u′|2

� Γ2M2

|u′|2 + Γ2

|u′|2
|u′|2
a2 · Γ2

top + Γ4

a|u′|2 ,

where in the last line we have utilized the bootstrap assumption

a 
|u′| ‖(a

1
2 )N+4∇N+5η‖

L2
(sc)(H

(0,u)
u′ ) � Γtop.

For the third term, we have

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ω∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′

�
uˆ

0 

‖(a 1
2 )N+4ω∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′

+
uˆ

0 

‖(a 1
2 )N+4αF∇N+5ω‖2

L2
(sc)(Su′,u′ ) du′ + Γ4

|u′|2

�aΓ2M2

|u′|2 + Γ4

|u′|2 + aΓ2

|u′|2

uˆ

0 

‖(a 1
2 )N+4∇N+5ω‖2

L2
(sc)(Su′,u′ ) du′.

(6.31)

For the fourth term, we have

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′

�
uˆ

0 

‖(a 1
2 )N+4χ̂∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′

+
uˆ

0 

‖(a 1
2 )N+4αF∇N+5χ̂‖2

L2
(sc)(Su′,u′ ) du′ + Γ4

|u′|2

�
aΓ2Γ2

top

|u′|2 + Γ4

|u′|2 + aΓ2

|u′|2

uˆ

0 

‖(a 1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′.

(6.32)

In the fifth term, the worst term that is encountered is

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′

�
uˆ

0 

‖(a 1
2 )N+4χ̂∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′ (6.33)
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+
uˆ

0 

‖(a 1
2 )N+4αF∇N+5χ̂‖2

L2
(sc)(Su′,u′ ) du′ + Γ4

a 

� Γ2[χ̂]M2[αF ] + Γ4

a 
+ aΓ2

|u′|2

û

0 

‖(a 1
2 )N+4∇N+5χ̂‖2

L2
(sc)(Su′,u′ ) du′.

For the sixth term, we have

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′

� |u′|4
a2 · Γ6

|u′|4 � Γ6

a2 ,

(6.34)

since there are at most N +4 derivatives in the expression, thus each term is controllable under the 
L-norm. 

For the seventh term, we have

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′

�
uˆ

0 

|u′|4
a2 · a · Γ6

|u′|4 � Γ6

a 
� 1.

(6.35)

The eighth and ninth terms are similarly controlled as follows:

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5αF ‖2

L2
(sc)(Su′,u′ ) du′

+
uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ � a2 Γ6

|u′|4 + a Γ4

|u′|2 .

(6.36)

Putting equations (6.28)-(6.36) together, we arrive at

Hi � 1 + Γ[χ̂]M [αF ] + a
1
2 Γ
|u′| 

⎛⎝ uˆ

0 

‖(a 1
2 )N+4∇N+5(ω, χ̂)‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

+ a
1
2 Γ
|u′| 

⎛⎝ uˆ

0 

‖(a 1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

.

(6.37)

The terms above involving integrals cannot be controlled along outgoing null hypersurfaces, but nevertheless, 
going back to (6.27), we see that



N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 101

u ˆ

u∞

a 
|u′|2 · a

1
2 Γ
|u′| 

⎛⎝ uˆ

0 

‖(a 1
2 )N+4∇N+5(ω, χ̂)‖2

L2
(sc)(Su′,u′ )

⎞⎠ 1
2

du′

�

⎛⎝ u ˆ

u∞

a2

|u′|4

uˆ

0 

‖(a 1
2 )N+4∇N+5(ω, χ̂)‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

aΓ2

|u′|2 du′

⎞⎠ 1
2

�a
1
2 Γ

|u| 12
(R + R + 1) � a

1
2 ΓR
|u| 12

,

(6.38)

where we have made use of Hölder’s inequality, the bootstrap assumptions as well as (5.149). Similarly, we 
have

u ˆ

u∞

a 
|u′|2 · a

1
2 Γ
|u′| 

⎛⎝ uˆ

0 

‖(a 1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ )

⎞⎠ 1
2

du′

�

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2
⎛⎝ u ˆ

u∞

a2Γ2

|u′|4 du′

⎞⎠ 1
2

� a Γ 

|u| 32
sup 

0≤u≤1
‖(a 1

2 )N+4∇̂N+5αF ‖
L2

(sc)(H
(u∞,u)
u ) � a Γ M

|u| 32
� 1.

(6.39)

Putting everything together, we get

Ñ � (Γ[χ̂]M [αF ] + ΓR + 1) · sup
u′

‖(a 1
2 )i−1∇̂iαF ‖

L2
(sc)(H

(0,u)
u′ ). (6.40)

Moving on to M̃ , we similarly obtain

M̃ =
¨

Du,u

a 
|u′| ‖〈(a

1
2 )i−1∇̂iαF , (a 1

2 )i−1Bi〉‖L1
(sc)(Su′,u′ ) du′ du′

�

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Bi‖2

L2
(sc)(Su′,u′ )

⎞⎠ 1
2

du′ · sup
u′

‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(u∞,u)
u′ ).

(6.41)

We now work on the spacetime integral in the inequality above. Here, there holds

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2

uˆ

0 

‖(a 1
2 )i−1

∑
i1+i2+i3+i4=i−1

∇i1ψi2
g ∇i3(η, η)∇̂i4+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ·
uˆ

0 

‖(a 1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′ du′ +

uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ4

|u′|2 du′ du′

�
u ˆ

u∞

a2 Γ2

|u′|4 ·
(

1 
a
‖(a 1

2 )N+4∇̂N+5αF ‖2
L2

(sc)(H
(0,u)
u′ )

)
+ 1 � a2 Γ2M [αF ]2

|u|3 + 1 � 1.

(6.42)
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The second term is contained in the fourth, so we skip it for now. For the third term, there holds

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(η, η)∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2 · a Γ2

|u′|2

uˆ

0 

‖(a 1
2 )N+4∇̂N+5(η, η)‖2

L2
(sc)(Su′,u′ ) du′

+
u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2

uˆ

0 

‖(a 1
2 )N+4∇̂N+5αF ‖2

L2
(sc)(Su′,u′ ) du′ du′ +

uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ4

|u′|2 du′ du′

�
u ˆ

u∞

a2Γ2

|u′|4 · |u
′|2
a2 · Γ2

top du′ +
u ˆ

u∞

a Γ2

|u′|4 · a ·M [αF ]2 du′ + 1 �
Γ2Γ2

top

|u| + a2Γ2M [αF ]2

|u|3 + 1

�1.

(6.43)

For the fourth term, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇̂i4(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2 · a Γ2

|u′|2

⎛⎝1 
a

uˆ

0 

‖(a 1
2 )N+4∇̂N+5χ̂‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ du′

+
u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2

uˆ

0 

‖(a 1
2 )N+4∇̂N+5trχ‖2

L2
(sc)(Su′,u′ ) du′ du′

+
u ˆ

u∞

a2 Γ2

|u′|4

uˆ

0 

‖(a 1
2 )N+4∇̂N+5(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′ +

uˆ

0 

u ˆ

u∞

a 
|u′|2

Γ4

|u′|2 du′ du′

�
a2 Γ2 Γ2

top

|u|3 +
aΓ2Γ2

top

|u|3 + a2 Γ2M [ρF , σF ]2

|u|3 + a Γ4

|u|3 � 1.

(6.44)

For the fifth term, we have

û

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇̂i4(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
û

0 

u ˆ

u∞

a 
|u′|2 · a Γ6

|u′|4 du′ du′ � 1.

(6.45)

The last two terms are, similarly, bounded above by 1. Consequently, one has

M̃ � sup
u′

‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(u∞,u)
u′ ). (6.46)

Taking (6.40) and (6.46) into account and multiplying throughout by a−1, we get
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a−1‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u )

+ a−1‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
u )

�a−1‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u∞ )

+ a−1‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
0 )

+ a−1(Ñ + M̃)

�a−1‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u∞ )

+ a−1‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
0 )

+a−
1
2 (Γ M + Γ R + 1) ·M + a−

1
2 ·M

�a−1‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(0,u)
u∞ )

+ a−1‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(u∞,u)
0 )

+ 1.

(6.47)

By taking the roots, we translate the above into the desired conclusion in a straightforward fashion. The 
result follows. �

Proposition 6.5. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), (5.2), we have, 
for 0 ≤ i ≤ N + 5:

‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(0,u)
u ) + ‖(a 1

2 )i−1∇̂iαF ‖
L2

(sc)(H
(u∞,u)
u )

�‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(0,u)
u∞ ) + ‖(a 1

2 )i−1∇̂iαF ‖
L2

(sc)(H
(u∞,u)
0 ) + 1.

(6.48)

Proof. The proof follows along the same lines as the preceding Proposition. We begin with the schematic 
equations for ((−ρF , σF ), αF ):

∇̂3(−ρF , σF ) + trχ(−ρF , σF ) −DαF = (η, η) · αF , (6.49)

∇̂4α
F − ∗D(−ρF , σF ) = (trχ, ω)αF + (η, η)(ρF , σF ) + χ̂αF . (6.50)

Commuting these two equations with i gauge-covariant angular derivatives we arrive at

∇̂3∇̂i(−ρF , σF ) + i + 1
2 

trχ∇̂i(−ρF , σF ) −D∇̂iαF =∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1αF +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(η, η)∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4(−ρF , σF ) +

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇̂i4(−ρF , σF )

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4(−ρF , σF )

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5(−ρF , σF )

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(−ρF , σF ) := Δi

(6.51)
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∇̂4∇̂iαF − ∗D∇̂i(−ρF , σF )

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3+1(−ρF , σF ) +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(trχ, ω)∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇(η, η)∇̂i4(ρF , σF ) +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇̂i4αF

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4αF

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5αF

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4αF := Ei.

(6.52)

We thus arrive, using Proposition 6.2, at

‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(0,u)
u )

+ ‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u )

�‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(0,u)
u∞ )

+ ‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
0 )

+ Ξi + Oi,
(6.53)

where

Ξi :=
uˆ

0 

u ˆ

u∞

a 
|u′| ‖(a

1
2 )i−1Δi(a

1
2 )i−1∇̂i(ρF , σF )‖L1

(sc)(Su′,u′ ) du′ du′ (6.54)

and

Oi :=
uˆ

0 

u ˆ

u∞

a 
|u′| ‖(a

1
2 )i−1Ei(a

1
2 )i−1∇̂iαF ‖L1

(sc)(Su′,u′ ) du′ du′. (6.55)

Focusing on Ξi, we have

Ξi

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Δi‖L2

(sc)(Su′,u)‖(a
1
2 )i−1∇̂i(ρF , σF )‖L2

(sc)(Su′,u) du′ du′

�
u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖(a 1
2 )i−1Δi‖2

L2
(sc)(Su′,u) du′

⎞⎠ 1
2
⎛⎝ uˆ

0 

‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(Su′,u) du′

⎞⎠ 1
2

du′

�

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Δi‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2

· sup 
u∞≤u′≤u

‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(0,u)
u′ ).

(6.56)

For the first term of the spacetime integral in the line above, as in previous Propositions, we have
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uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 )i−1∇̂iαF ‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 )i−1∇i−1(η, η)‖2

L2
(sc)(Su′,u′ ) du′ du′ + aΓ2

|u′|3 � 1 

a
1
2
.

(6.57)

Secondly, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(η, η)∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 )i−1∇̂iαF ‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 )i−1∇̂i(η, η)‖2

L2
(sc)(Su′,u′ ) du′ du′ +

uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ4

|u′|2 du′ du′

�
aΓ2(Γ2 + Γ2

top)
|u|3 � 1 

a
1
2
.

(6.58)

For the third term, the most borderline case is when we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3 χ̂∇̂i4(−ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · |u

′|2
a 

· Γ2

|u′|2 ‖(a
1
2 )i−1∇̂i(−ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

aΓ2

|u′|4 ‖(a
1
2 )i−1∇iχ̂‖2

L2
(sc)(Su′,u′ ) du′ du′ + 1 � 1 

a
1
2
,

(6.59)

where we have used the bootstrap assumptions (3.1) as well as equation (5.149) from Remark 8.
Out of the fourth and fifth terms, the most borderline one is the fifth. We estimate it as follows:

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇̂i3(χ̂, trχ)∇̂i4(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ6

a 
du′ du′ � 1 

a
1
2
.

(6.60)

The sixth and seventh terms are similarly bounded above by a−
1
2 , noting that since they involve up to i− 1

derivatives, no elliptic estimates are involved in their estimation. Finally, we have
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Ξi � 1 

a
1
4
· sup 
u∞≤u′≤u

‖(a 1
2 )i−1∇̂i(ρF , σF )‖

L2
(sc)(H

(0,u)
u′ ) � 1, (6.61)

by the bootstrap assumptions (3.1). Finally, for Oi, we have:⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Ei‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2

· sup 
0≤u≤1

‖(a 1
2 )i−1∇̂iαF ‖

L2
(sc)(H

(u∞,u)
u′ ). (6.62)

For the first term in the spacetime integral above, we estimate

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1(−ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 )i−1∇̂i(−ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′ + 1

�aM2Γ2

|u|3 + 1 � 1.

(6.63)

The second and third terms can be similarly bounded above by 1 using just the bootstrap assumptions (3.1)
and (5.2). The most dangerous term is the fourth one. Indeed, distinguishing between those terms which 
are top-order and those who are not, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3 χ̂∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · |u

′|2
a 

Γ[χ̂]2

|u′|2 ‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a2Γ[αF ]2

|u′|4 ‖(a 1
2 )i−1∇̂iχ̂‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

uˆ

0 

a 
|u′|2 · |u

′|2
a 

·
Γ2[χ̂]Γ2[αF ]

|u′|2 du′ du′ � Γ[χ̂]2YM[αF ]2 + Γ[αF ]2 (R + R + 1) + 1

�YM[αF ]2 + (R + R + 1)2 + 1 � (R + R + 1)2 .

(6.64)

The remaining terms are not of top order and hence can be bounded above by 1 in a by now standard way. 
Ultimately, we have

Oi �

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Ei‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2
⎛⎝ û

0 

‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u′ )

du′

⎞⎠ 1
2

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖(a

1
2 )i−1Ei‖2

L2
(sc)(Su′,u′ ) du′ du′ + 1

4

uˆ

0 

‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u′ )

du′

�(R + R + 1)2 + 1
4

uˆ

0 

‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u′ )

du′.

(6.65)
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Combining equations (6.53), (6.61) and (6.65), we arrive at

‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(0,u)
u )

+ ‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u )

�‖(a 1
2 )i−1∇̂i(ρF , σF )‖2

L2
(sc)(H

(0,u)
u∞ )

+ ‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
0 )

+(R + R + 1)2 + 1
4

uˆ

0 

‖(a 1
2 )i−1∇̂iαF ‖2

L2
(sc)(H

(u∞,u)
u′ )

du′,

(6.66)

from where an application of Grönwall’s inequality yields the desired result. �
6.2. Remaining energy estimates for Yang-Mills

In this section we obtain energy estimates for up to N + 4 derivatives of ∇̂4α
F and ∇̂3α

F . These will be 
useful in the energy estimates for α and α respectively.

Proposition 6.6. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1) and (5.2), there 
holds, for all 0 ≤ i ≤ N + 4:

1 

a
1
2
‖(a 1

2 ∇̂)i∇̂4α
F ‖

L2
(sc)(H

(0,u)
u ) + 1 

a
1
2
‖(a 1

2 ∇̂)i(−∇̂4ρ
F , ∇̂4σ

F )‖
L2

(sc)(H
(u∞,u)
u )

1 

a
1
2
‖(a 1

2 ∇̂)i∇̂4α
F ‖

L2
(sc)(H

(0,u)
u∞ ) + 1 

a
1
2
‖(a 1

2 ∇̂)i(−∇̂4ρ
F , ∇̂4σ

F )‖
L2

(sc)(H
(u∞,u)
0 ) + 1 

a
1
3
.

(6.67)

Proof. We begin by noticing the equations

∇̂3∇̂4α
F + 1

2trχ∇̂4α
F − D̂(∇̂4ρ

F , ∇̂4σ
F )

=ψgtrχαF + (ψg, χ̂)(ψg, χ̂)(αF ,Yu) + ∇(η, η)αF + ψg∇̂(αF , ρF , σF ) + (αF , ρF , σF )∇ψg

+(∇ψg,∇χ̂)(ρF , σF ) + (χ̂, ψg)∇̂(ρF , σF ) + αF (ρF , σF )(ρF , σF ) + αF (ρF , σF ) + ααF

+ (ψg, χ̂)∇̂4α
F + (ρ, σ)αF + βR(ρF , σF ),

(6.68)

∇̂4(∇̂4ρ
F , ∇̂4σ

F ) − ∗D̂∇̂4α
F =

βRαF + αF (ρF , σF )αF + αF · αF + ψg∇̂4α
F

+ (χ̂, ψg)∇̂αF + (ψg, χ̂)ψgα
F + (ψg, χ̂)(ψg, χ̂)(ρF , σF )

+ ψgψg(αF , ρF , σF ) + (∇ω)αF .

(6.69)

Commuting with i gauge-covariant angular derivatives, we arrive at

∇̂3∇̂i∇̂4α
F + i + 1

2 
trχ∇̂i∇̂4α

F − D̂(∇̂i∇̂4ρ
F , ∇̂i∇̂4σ

F )

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3+1(∇̂4ρ
F , ∇̂4σ

F )

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3ψg∇i4trχ∇̂i5αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ψg, χ̂)∇̂i5(αF ,Yu)
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+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(η, η)∇̂i4αF

+
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3(αF , ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(trχ, χ̂)∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4+1(ρF , σF )

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3α∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ρ, σ)∇i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3βR∇̂i4(ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3+1trχ∇̂i4∇̂4α
F

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4∇̂4α
F

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5∇̂4α
F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4∇̂4α

F := Gi, (6.70)

∇̂4(∇̂i∇̂4ρ
F , ∇̂i∇̂4σ

F ) − ∗D∇̂i∇̂4α
F =∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇̂i3+1∇̂4α
F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3βR∇̂i4αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, ψg)∇̂i4∇̂αF
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+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4ψg∇̂i5αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ψg, χ̂)∇̂i5(ρF , σF )

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3ψg∇i4ψg∇̂i5(αF , ρF , σF )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1ω∇̂i4αF

+
∑

i1+i2+i3=i

∇i1ψi2
g ∇̂i3(∇̂4ρ

F , ∇̂4σ
F )

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇̂i4(∇̂4ρ

F , ∇̂4σ
F )

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇̂i4(∇̂4ρ
F , ∇̂4σ

F )

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇̂i5(∇̂4ρ
F , ∇̂4σ

F )

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(∇̂4ρ
F , ∇̂4σ

F ) := Hi. (6.71)

We have

‖(a 1
2 ∇̂)i∇̂4α

F ‖2
L2

(sc)(H
(0,u)
u )

+ ‖(a 1
2 ∇̂)i(−∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(H

(u∞,u)
u )

‖(a 1
2 ∇̂)i∇̂4α

F ‖2
L2

(sc)(H
(0,u)
u∞ )

+ ‖(a 1
2 ∇̂)i(−∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(H

(u∞,u)
0 )

+ X + Y,
(6.72)

where

X :=
¨

D(u,u)

a 
|u′| ‖〈(a

1
2 ∇̂)i∇̂4α

F , a
i 
2Gi〉‖L1

(sc)(Su′,u′ ) du′ du′, (6.73)

Y :=
¨

D(u,u)

a 
|u′| ‖〈(a

1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F ), a i 

2Hi〉‖L1
(sc)(Su′,u′ ) du′ du′. (6.74)

As before, we have the estimate

X ≤

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2Gi‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2

· sup 
u∞≤u′≤− a

4 
‖(a 1

2 ∇̂)i∇̂4α
F ‖

L2
(sc)(H

(0,u)
u′ ). � (6.75)
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We begin with the first term. There holds

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1(∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖ψg(a

1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3=i−1

i3<i−1

∇i1ψi2+1
g ∇̂i+1(∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2

Γ2

|u′|2 ‖(a
1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(Su′,u′ ) + 1 

a
1
3

� 1 

a
1
3
,

(6.76)

where we have used the bootstrap assumptions (3.1). For the second term, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3ψg∇i4trχ∇̂i5αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ·

(
|u′|2
a 

· a 1
2 · Γ3

|u′|2
)2

du′ du′ � 1 

a
1
3
.

(6.77)

For the third term, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ψg, χ̂)∇̂i5(αF ,Yu)‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ·

(
a

1
2 · |u

′|
a

1
2
· a 1

2 · Γ3|u′|2
)2

du′ du′ � 1 

a
1
3
.

(6.78)

For the fourth term, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1(η, η)∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2

aΓ2

|u′|2 ‖a
i 
2∇i+1(η, η)‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2

Γ4

|u′|2 du′ du′ � 1 

a
1
2
‖(a 1

2 )N+4∇N+5(η, η)‖2
L2

(sc)(H
(0,u)
u )

+ 1 

a
1
3

� 1 

a
1
2
· Γ2

top + 1 

a
1
3

� 1 

a
1
3
.

(6.79)
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Most of the other terms are bounded above by a−
1
3 in a similar fashion. We will give the details for the 

sixth and fifteenth terms, which present the most difficulties. For the sixth term, the most borderline term 
appears when (trχ, χ̂) = χ̂. We then have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1χ̂∇̂i4(ρF , σF )‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

aΓ2

|u′|2 · a 
|u′|2 ‖a

i 
2∇i+1χ̂‖2

L2
(sc)(Su′,u′ ) du′ du′ +

uˆ

0 

u ˆ

u∞

a 
|u′|2

Γ4

|u′|2 du′ du′

� 1 

a
1
2
Γtop[χ̂]2 + aΓ4

|u′|3 � 1 

a
1
3
.

(6.80)

Finally, the fifteenth term can be estimated as follows:

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇̂i4∇̂4α

F ‖2
L2

(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2

|u′|4
a2 · a · Γ6

|u′|4 du′ du′ � Γ6

|u| � 1 

a
1
3
.

(6.81)

As a consequence, using (6.75), one can conclude that

X � 1 

a
1
3
· sup 
u∞≤u′≤− a

4 
‖(a 1

2 ∇̂)i∇̂4α
F ‖

L2
(sc)(H

(0,u)
u′ ) � 1. (6.82)

For Y , we once again have

Y ≤

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2Hi‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2

· sup 
0≤u≤1

‖(a 1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F )‖

L2
(sc)(H

(0,u)
u′ ). (6.83)

We begin with the first term in Hi. We have

û

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇̂i3+1∇̂4α

F ‖L2
(sc)(Su′,u′ ) du′ du′

�
û

0 

u ˆ

u∞

a 
|u′|2 · Γ2

|u′|2 ‖(a
1
2 ∇̂)i∇̂4α

F ‖2
L2

(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 · aΓ

4

|u′|2 du′ du′ � 1 

a
1
3
,

(6.84)

where we have used the bootstrap assumptions. Most of the rest of the terms can be bounded above by a−
1
3

similarly. The terms which are most borderline are the fourth, tenth and thirteenth. We treat them one by 
one.



112 N. Athanasiou et al. / J. Math. Pures Appl. 194 (2025) 103661 

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · a

2Γ2[αF ]2Γ∞[αF ]2

|u′|2 du′ du′ � (R + R + 1)2 � R2,

(6.85)

where again we have used the bootstrap assumptions (3.1). For the tenth term, we have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3+1ω∇̂i4αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · aΓ

2

|u′|2 ‖a
i 
2∇i+1ω‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2

Γ4

|u′|2 du′ du′ � 1 

a
1
3
,

(6.86)

where we have used the bootstrap assumptions (5.2). For the thirteenth term, there holds

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i−1

∇i1ψi2
g ∇i3ψg∇i4(χ̂, trχ)∇̂i5(∇̂4ρ

F , ∇̂i5σF )‖2
L2

(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 · a · |u

′|4
a2 · Γ6

|u′|4 � 1 
|u| � 1 

a
1
3
.

(6.87)

Combining everything, we arrive at

Y ≤ (R + 1) · sup 
0≤u≤1

‖(a 1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F )‖

L2
(sc)(H

(u∞,u)
u′ ). (6.88)

Taking into account (6.72), (6.82) and (6.87), we

‖(a 1
2 ∇̂)i∇̂4α

F ‖2
L2

(sc)(H
(0,u)
u )

+ ‖(a 1
2 ∇̂)i(−∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(H

(u∞,u)
u )

�‖(a 1
2 ∇̂)i∇̂4α

F ‖2
L2

(sc)(H
(0,u)
u∞ )

+ ‖(a 1
2 ∇̂)i(−∇̂4ρ

F , ∇̂4σ
F )‖2

L2
(sc)(H

(u∞,u)
0 )

+ 1 

a
1
3
· sup 
u∞≤u≤− a

4 
‖(a 1

2 ∇̂)i∇4α
F ‖

L2
(sc)(H

(0,u)
u′ ) + (R + 1) · sup 

0≤u≤1
‖(a 1

2 ∇̂)i(∇̂4ρ
F , ∇̂4σ

F )‖
L2

(sc)(H
(u∞,u)
u′ ).

(6.89)

Multiplying everything by 1 
a and using the bootstrap assumptions (3.1), (5.2) we arrive at
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1 
a
‖(a 1

2 ∇̂)i∇̂4α
F ‖2

L2
(sc)(H

(0,u)
u )

+ 1 
a
‖(a 1

2 ∇̂)i(−∇̂4ρ
F , ∇̂4σ

F )‖2
L2

(sc)(H
(u∞,u)
u )

�1 
a
‖(a 1

2 ∇̂)i∇̂4α
F ‖2

L2
(sc)(H

(0,u)
u∞ )

+ 1 
a
‖(a 1

2 ∇̂)i(−∇̂4ρ
F , ∇̂4σ

F )‖2
L2

(sc)(H
(u∞,u)
0 )

+ 1 

a
5
6
·
(

1 

a
1
2

sup 
u∞≤u≤− a

4 
‖(a 1

2 ∇̂)i∇4α
F ‖

L2
(sc)(H

(0,u)
u′ )

)

+R + 1
a

1
2

·
(

1 

a
1
2

sup 
0≤u≤1

‖(a 1
2 ∇̂)i(∇̂4ρ

F , ∇̂4σ
F )‖

L2
(sc)(H

(u∞,u)
u′ )

)
�1 
a
‖(a 1

2 ∇̂)i∇̂4α
F ‖2

L2
(sc)(H

(0,u)
u∞ )

+ 1 
a
‖(a 1

2 ∇̂)i(−∇̂4ρ
F , ∇̂4σ

F )‖2
L2

(sc)(H
(u∞,u)
0 )

+ 1,

(6.90)

whence we obtain the result by taking the square root.
Now we need to estimate the energy associated with the mixed derivative of αF i.e. ∇̂I∇̂3α

F . Before 
proceeding, we need the following integration lemma.

Proposition 6.7. Let us dfine Ψ1 := a 
|u|∇̂3(ρF , σF ) and Ψ2 := a 

|u|∇̂3α
F . The following Hodge system

∇̂3∇̂I−1Ψ1 + (I − 1
2 

+ 1)trχ∇̂I−1Ψ1 = D̂∇̂I−1Ψ2 + a 
|u|E

I
1 ,

∇̂4∇̂I−1Ψ2 = ∗D̂∇̂I−1Ψ1 + a 
|u|E

I
2

verfies the energy estimate

ˆ

H
(0,u)
u

‖∇̂I−1( a 
|u| ∇̂3ρ

F ,
a 
|u| ∇̂3σ

F )‖2
L2

(sc)(Su,u′ ) du
′ +

u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u′| ∇̂3α

F )‖2
L2

(sc)(Su′,u) du
′

�
ˆ

H
(0,u)
u∞

‖∇̂I−1( a 
|u∞| ∇̂3ρ

F ,
a 

|u∞| ∇̂3σ
F )‖2

L2
(sc)(Su∞,u′ ) du

′

+
u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u| ∇̂3α

F )‖2
L2

(sc)(Su′,0)
du′

+
¨

Du,u

a 
|u′| ‖〈∇̂

I−1( a 
|u′| ∇̂3ρ

F ,
a 
|u′| ∇̂3σ

F ), a 
|u′| ∇̂

I−1E1〉‖L1
(sc)(Su′,u′ ) du′ du′

+
¨

Du,u

a 
|u′| ‖〈∇̂

I−1( a 
|u′| ∇̂3α

F ), a 
|u′| ∇̂

I−1E2〉‖L1
(sc)(Su′,u′ ) du′ du′.

Proof. First we denote a 
|u|∇̂3(ρF , σF ) by Ψ1 while a 

|u|∇̂3α
F by Ψ2. Now we commute the evolution equations 

in the proposition with ∇̂I−1 to obtain

∇̂3∇̂I−1Ψ1 + (I − 1
2 

+ 1)trχ∇̂I−1Ψ1 = D̂∇̂I−1Ψ2 + a 
|u| E

I
1 , (6.91)

∇̂4∇̂I−1Ψ2 = ∗D̂∇̂I−1Ψ1 + a 
|u|E

I
2 (6.92)

Now apply Proposition 6.1 with J = I − 2 λ0 = J
2 + s2(Ψ1), λ1 = 2λ0 − 1 to obtain the following
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2
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ1, (∇̂3 + (J2 
+ s2(Ψ1))trχ)∇̂Ψ1〉 =

ˆ

Hu(0,u)

|u|2J−1+4s2(Ψ1)|∇̂JΨ1|2

−
ˆ

Hu∞ (0,u)

|u∞|2J−1+4s2(Ψ1)|∇̂JΨ1|2 +
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)f |∇̂JΨ1|2 (6.93)

and for Ψ2

2
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ2, ∇̂4∇̂JΨ2〉 =
ˆ

Hu(u∞,u)

|u′|2J−1+4s2 |∇̂JΨ2|2 (6.94)

−
ˆ

H0(u∞,u)

|u′|2J−1+4s2 |∇̂JΨ2|2 +
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)(2ω − trχ)|∇̂JΨ2|2.

Adding the previous two expressions we obtain

2
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ1, (∇̂3 + (J2 
+ s2(Ψ1))trχ)∇̂Ψ1〉

+2
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ2, ∇̂4∇̂JΨ2〉

=
ˆ

Hu(0,u)

|u|2J−1+4s2(Ψ1)|∇̂JΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2J−1+4s2 |∇̂JΨ2|2

−
ˆ

Hu∞ (0,u)

|u∞|2J−1+4s2(Ψ1)|∇̂JΨ1|2

−
ˆ

H0(u∞,u)

|u′|2J−1+4s2 |∇̂JΨ2|2 +
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)f |∇̂JΨ1|2

+
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)(2ω − trχ)|∇̂JΨ2|2.

Now use the equations of motion to yield
ˆ

Hu(0,u)

|u|2J−1+4s2(Ψ1)|∇̂JΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2J−1+4s2(Ψ1)|∇̂JΨ2|2

=
ˆ

Hu∞ (0,u)

|u∞|2J−1+4s2(Ψ1)|∇̂JΨ1|2 +
ˆ

H0(u∞,u)

|u′|2J−1+4s2(Ψ1)|∇̂JΨ2|2

+2
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ1,
a 
|u′|E

I
1 〉 + 2

ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ2,
a 
|u′|E

I
2 〉

+
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)(η + η)〈∇̂JΨ1, ∇̂JΨ2〉 −
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)f |∇̂JΨ1|2

−
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)(2ω − trχ)|∇̂JΨ2|2. (6.95)
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After applying Grönwall’s inequality, we obtain
ˆ

Hu(0,u)

|u|2J−1+4s2(Ψ1)|∇̂JΨ1|2 +
ˆ

Hu(u∞,u)

|u′|2J−1+4s2(Ψ1)|∇̂JΨ2|2

�
( ˆ

Hu∞ (0,u)

|u∞|2J−1+4s2(Ψ1)|∇JΨ1|2 +
ˆ

H0(u∞,u)

|u′|2J−1+4s2(Ψ1)|∇̂IΨ2|2.

+|
ˆ

Du,u′

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ1,
a 
|u′|E

I
1 〉| + |

ˆ

Du,u

|u′|2J−1+4s2(Ψ1)〈∇̂JΨ2,
a 
|u′|E

I
2 〉|
)
. (6.96)

Similarly,
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)|〈∇̂JΨ1,
a 
|u′|E

I
1 〉|

=
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)aJ+1+2s2(Ψ1)|u′|−2J−1−4s2(Ψ1)|〈∇̂JΨ1,
a 
|u′|E

I
1 〉|L1

sc(Su′,u′ )du
′du′

=
ˆ

Du,u

aJ+1+2s2(Ψ1)|u′|−2|〈∇̂JΨ1,
a 
|u′|E

I
1 〉|L1

sc(Su′,u′ )du
′du′ (6.97)

and
ˆ

Du,u

|u′|2J−1+4s2(Ψ1)|〈∇̂JΨ2,
a 
|u′| ∇̂

JE2〉|

=
ˆ

u,u

aJ+1+2s2(Ψ1)|u′|−2|〈∇̂JΨ2,
a 
|u′| ∇̂

JE2〉|L1
sc(Su′,u′ )du

′du′.

Collecting all the terms together and noting that |u| ≤ |u′| yields the result. �
The following proposition allows us to obtain the necessary estimates.

Proposition 6.8. Under the assumption of the main Theorem 1.2 and the bootstrap assumptions (3.1), the 
following energy estimate is satified for all 0 ≤ I ≤ N + 5:

ˆ

H
(0,u)
u

‖∇̂I−1( a 
|u| ∇̂3ρ

F ,
a 
|u| ∇̂3σ

F )‖2
L2

(sc)(Su,u′ ) du
′ +

u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u′| ∇̂3α

F )‖2
L2

(sc)(Su′,u) du
′

�
ˆ

H
(0,u)
u∞

‖∇̂I−1( a 
|u∞| ∇̂3ρ

F ,
a 

|u∞| ∇̂3σ
F )‖2

L2
(sc)(Su∞,u′ ) du

′

+
u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u′| ∇̂3α

F )‖2
L2

(sc)(Su′,0)
du′ + 1.

Proof. First we compute the error terms E1 and E2. An explicit calculation using the null Yang-Mills 
equations yields
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E1 ∼
(
∇ω − χ · (η + η) + ω(η + η) − β + εσF · αF − ρF · αF

)
αF + (η − η) · ∇̂3α

F

+(ρF , σF )∇3trχ + (β̃ + αF · (ρF + σF ))αF + αFαF + (η + η)∇̂3α
F − χ · ∇̂αF + χηαF ,

E2 ∼αF ρF + (η, η)(−trχ(ρF , σF ) − d̂ivαF + (η, η) · αF ) − χ∇̂ρF + χηρF

+αFσF − χ∇̂σF + χησF + ω∇̂3α
F − ω∇̂ρF + ω∗∇̂σF + (η − η)∇̂αF

+σαF + ρFαF + (|ρF |2 + |σF |2)αF + ω(trχαF − 2 ∗ησF − 2ηρF + 2ωαF

−χ̂ · αF ) − 1
2trχ∇̂3α

F .

Note that the expression of E1 contains ∇3trχ, which contains (trχ)2, a double anomaly that might cause 
problems in closing the estimates later. Therefore, we work with the re-normalized entity t̃rχ := trχ + 2 

|u| . 
We write ∇3trχ as follows:

∇3(trχ) =∇3(trχ + 2 
|u| −

2 
|u| ) = ∇3t̃rχ + 2Ω−1

|u|2

∼ 2 
|u|2 (Ω−1 − 1) + |t̃rχ|2 + 2ωtrχ− |χ̂|2 − |αF |2 + 2Ω−1

|u|2 .

Therefore E1 reads

E1 ∼
(
∇ω − χ · (η + η) + ω(η + η) − β + εσF · αF − ρF · αF

)
αF

+(η − η) · ∇̂3α
F + (ρF , σF )( 2 

|u|2 (Ω−1 − 1) + |t̃rχ|2 + 2ωtrχ− |χ̂|2 − |αF |2 + 2Ω−1

|u|2 )

+(β̃ + αF · (ρF + σF ))αF + αFαF + (η + η)∇̂3α
F − χ · ∇̂αF + χηαF .

Now using the commutation formulae (2.86)-(2.87) as appropriate, we obtain

EI
1 ∼

∑
J1+J2=I−1

∇J1+1trχ∇̂J2Ψ1

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4Ψ1

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3(χ̂, t̃rχ)∇̂J4Ψ1

+
∑

J1+J2+J3+J4=J−1
∇J1(η + η)J2+1∇̂J3trχ∇̂J4Ψ1

+
∑

J1+J2+J3+J4=J−1
∇J1(η + η)J2+1∇J3(χ̂, trχ)∇̂J4Ψ1

+
∑

J1+J2+J3+J4=J−1
∇J1(η + η)J2∇̂J3αF ∇̂J4Ψ1

+
∑

J1+J2+J3+J4+J5=J−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5Ψ1

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇J3+1ω∇̂J4αF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3χ∇J4(η, η)∇̂J5αF
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+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3ω∇J4(η, η)∇̂J5αF

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇J3 β̃∇̂J4αF

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇J3(η, η)∇̂J4∇̂3α
F

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3 t̃rχ∇J4 t̃rχ∇̂J5ρF︸ ︷︷ ︸
I

+ 1 
|u|2

∑
J1+J2+J3=I−1

∇J1(η + η)J2∇̂J3ρF︸ ︷︷ ︸
II

+ 1 
|u|2

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3(Ω−1 − 1)∇̂J4ρF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3 χ̂∇J4 χ̂∇̂J5ρF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3ω∇J4trχ∇̂J5ρF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ∇̂J5ρF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇̂J3αF ∇̂J4αF ∇̂J5ρF

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5αF

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇̂J3αF ∇̂J4αF

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇J3(η, η)∇̂J4∇̂3α
F

+
∑

J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3χ∇J4η∇̂J5αF

+
∑

J1+J2+J3+J4=J

∇J1(η + η)J2∇J3χ∇̂J4+1αF

︸ ︷︷ ︸
III

(6.98)

and similarly

EI
2 ∼

∑
J1+J2+J3+J4=J−1

∇J1(η + η)J2∇J3β∇̂J4Ψ2

+
∑

J1+J2+J3+J4+J5=J−1
∇J1(η + η)J2∇̂J3αF ∇̂J4(ρF , σF )∇̂J5Ψ2

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4Ψ2

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3χ∇̂J4Ψ2
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+
∑

J1+J2+J3=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4ρF

+
∑

J1+J2+J3=I−1
∇J1(η + η)J2∇̂J3αF ∇̂J4ρF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3(η + η)∇J4trχ∇̂J5(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3(η + η)∇̂J4+1αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3(η + η)∇J4(η + η)∇̂J5αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3χ∇̂J4+1(ρF , σF )︸ ︷︷ ︸

potentially dangerous  term 

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇̂J3(η + η)∇̂J4χ∇̂J5(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3(η + η)∇J4χ∇̂J5σF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3ω∇J4∇̂3α

F

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3ω∇J4+1(ρF , σF )

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3(η + η)∇J4+1αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3αF∇J4(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3(ρF , σF )∇J4(ρF , σF )∇̂J5αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3ω∇J4trχ∇̂J5αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3ω∇J4η∇̂J5(ρF , σF )

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3ω∇J4ω∇̂J5αF

+
∑

J1+J2+J3+J4+J5=I−1
∇J1(η + η)J2∇J3ω∇J4 χ̂∇̂J5αF

+
∑

J1+J2+J3+J4=I−1
∇J1(η + η)J2∇J3trχ∇J4∇̂3α

F . (6.99)

In the error term, we will only estimate the most dangerous and borderline terms. The most dangerous 
error term is estimated as follows:

¨

u,u

a2

|u′|2 ‖〈a
I−1
2 ∇̂I−1∇̂3α

F ,
a 
|u′|a

I−1
2 trχ · ∇̂IρF 〉‖L1

(sc)(Su′,u′ ) du′ du′
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�
¨

u,u

a3

|u′|5
|u′|2
a 

||a I−1
2 ∇̂I−1∇̂3α

F ||L2
sc

a 
|u′|2 ||trχ||L

∞
sc
||a I−1

2 ∇̂IρF ||L2
sc

du′ du′

�
¨

u,u

a2

|u′|3 ||a
I−1
2 ∇̂I−1∇̂3α

F ||L2
sc
||a I−1

2 ∇̂IρF ||L2
sc

du′ du′

�
¨

u,u

a 
|u′|2 ( a 

|u′| ||a
I−1
2 ∇̂I−1∇̂3α

F ||L2
sc

)||a I−1
2 ∇̂IρF ||L2

sc
du′ du′

�
¨

u,u

a 
|u′|2

(
a2

|u′|2 ||a
I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc

+ ||a I−1
2 ∇̂IρF ||2L2

sc

)
du′ du′

�
ˆ

u

ˆ

u 

a3

|u′|4 ||a
I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc

du′ du′ +
ˆ

u 

a 
|u′|2 (

ˆ

u

||a I−1
2 ∇̂IρF ||2L2

sc
) du′ du′

�1 +
ˆ

u

ˆ

u 

a3

|u′|4 ||a
I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc

du′ du′. (6.100)

Other ill-behaved (but not necessarily borderline) terms include EI
2 , for example, a 

|u| χ̂ · ∇̂I+1ρF ⊂ EI
2 and 

1 
|u|∇̂I−1Ψ1 ⊂ EI

1 among others. These are estimated as follows:

¨

u,u

a2

|u′|2 ‖〈a
I−1
2 ∇̂I−1∇̂3α

F ,
a 
|u′|a

I−1
2 χ̂ · ∇̂IρF 〉‖L1

(sc)(Su′,u′ ) du′ du′

�
¨

u,u

a
5
2

|u′|4 ||a
I−1
2 ∇̂I−1∇̂3α

F ||L2
sc(Su′,u′)

a
1
2

|u′| ||χ̂||L∞
sc(Su′,u′ )||a

I−1
2 ∇̂IρF ||L2

sc(Su′,u′) du′ du′

� 1 

a
1
2

¨

u,u

a3

|u′|4 ||a
I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc(Su′,u′)

du′ du′ +
¨

u,u

a
5
2

|u′|4 ||a
I−1
2 ∇̂IρF ||2L2

sc(Su′,u′)
du′ du′

�
(

1 

a
1
2
YM2 + a

5
2

|u|3YM2

)
� 1, (6.101)

¨

u,u

a2

|u′|2 ‖〈a
I−1
2 ∇̂I−1∇̂3(ρF , σF ), 1 

|u|a
I−1
2 ∇̂I−1∇̂3(ρF , σF )〉‖L1

(sc)(Su′,u′ ) du′ du′

�
¨

u,u

a2

|u′|4 ||a
I−1
2 ∇̂I−1∇̂3(ρF , σF )||2L2

sc(Su′,u′ ) du′ du′

� 1 
|u| sup 

u′∈[u,u∞]

ˆ

H
(0,u)
u′

a2

|u′|2 ‖a
I−1
2 ∇̂I−1(∇̂3(ρF , σF )‖2

L2
(sc)(Su,u′ )du

′ � 1 
|u|YM � 1, (6.102)

ˆ

u,u

a 
|u′|

‖〈a I−1
2 ∇̂I−1Ψ1,

a 
|u′|a

I−1
2 

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3(trχ, χ̂)∇̂J4+1αF 〉‖L1
(sc)(Su′,u′ ) du′ du′

�1 +
ˆ

u,u

a 
|u′|2 ||a

I−1
2 ∇̂I−1Ψ1||L2

sc(Su′,u)||a
I−1
2 ∇̂IαF ||L2

sc(Su′,u) du′ du′
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�1 + YM2[αF ] +
ˆ

u

u ˆ

u∞

a 
|u′|2 ||a

I−1
2 ∇̂I−1Ψ1||2L2

sc(Su′,u) du′du′, (6.103)

ˆ

u,u

a 
|u′| ||〈a

I−1
2 ∇̂I−1Ψ2,

a 
|u′|a

I−1
2 

∑
J1+J2+J3+J4=J

∇J1(η + η)J2∇J3trχ∇J4∇̂3α
F 〉||L1

sc(Su′,u′ ) du′ du′

�1 +
ˆ

u,u

a2

|u′|4
(
||a I−1

2 ∇̂I−1Ψ2||2L2
sc(Su′,u) + ||a I−1

2 ∇̂I−1∇̂3α
F ||2L2

sc(Su′,u′ )

)

�1 +
ˆ

u

ˆ

u 

a3

|u′|5 ||a
I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc(Su,u)du

′du′ + 1 
a

ˆ

u

ˆ

u 

||a I−1
2 ∇̂I−1∇̂3α

F ||2L2
sc(Su′,u)du

′du′

�1, (6.104)
ˆ

u,u

a 
|u′|

||〈a I−1
2 ∇̂I−1Ψ1,

a 
|u′|

∑
J1+J2+J3+J4+J5=J

∇J1(η + η)J2∇J3 t̃rχ∇J4 t̃rχ∇̂J5ρF 〉||L1
sc(Su′,u′ ) du′ du′

�1 +
ˆ

u,u

1 
|u′|3

(
|| a 
|u′|a

I−1
2 ∇̂I−1∇̂3ρ

F ||2L2
sc(Su′,u′ ) + ||a I−1

2 ∇̂I−1ρF ||L2
sc(Su′,u′ )

)
du′du′

�1 +
u ˆ

u∞

1 
|u′|3

uˆ

0 

a2

|u′|2 ||a
I−1
2 ∇̂I−1∇̂3ρ

F ||2L2
sc(Su′,u′ ) + 1 

|u|2YM[αF ]2, (6.105)

where we have used the L2 estimate for the Yang-Mills curvature ρF . We estimate some of the remaining 
terms as follows:

ˆ

u,u

a 
|u′| ||〈a

I−1
2 ∇̂I−1Ψ1, a

I−1
2 a 

|u′|
1 

|u′|2
∑

J1+J2+J3=I−1
∇J1(η + η)J2∇̂J3ρF 〉||L1

sc(Su′,u′ )du
′du′

�1 +
ˆ

u,u

a2

|u′|5
(
||a I−1

2 ∇̂I−1Ψ||2L2
sc(Su′,u′ ) + ||a I−1

2 ∇̂I−1ρF ||L2
sc(Su′,u′ )

)
du′du′

�1 +
u ˆ

u∞

a2

|u′|5

uˆ

0 

||a I−1
2 ∇̂I−1Ψ||2L2

sc(Su′,u′ ) du′ du′ + a2

|u|4YM[αF ]2

�1 +
u ˆ

u∞

a2

|u′|5

uˆ

0 

||a I−1
2 ∇̂I−1Ψ||2L2

sc(Su′,u′ ) du′ du′, (6.106)

ˆ

u,u

aI

|u′| ||〈
a 
|u′| ∇̂

I−1∇̂3α
F ,

a 
|u′|

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇J3χ∇̂J4∇̂3α
F 〉||L1

sc(Su′,u′ )du
′du′

�1 +
ˆ

u,u

a3

|u′|5 ||∇̂
I−1∇̂3α

F ||2L2
sc(Su′,u′ )||χ̂||L∞

sc(Su′,u′ )du
′du′

�1 + a
1
2

|u| sup
u

ˆ

u 

a3

|u′|4 ||∇̂
I−1∇̂3α

F ||2L2
sc(Su′,u′ )||χ̂||L∞

sc(Su′,u′ )du
′, (6.107)
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ˆ

u,u

aI

|u′| ||〈
a 
|u′| ∇̂

I−1∇̂3α
F ,

a 
|u′|

∑
J1+J2+J3+J4=I−1

∇J1(η + η)J2∇̂J3αF ∇̂J4∇̂3α
F 〉||L1

sc(Su′,u′ )du
′du′

�1 +
ˆ

u,u

a3

|u′|5 ||∇̂
I−1∇̂3α

F ||2L2
sc(Su′,u′ )||αF ||L∞

sc(Su′,u′ )du
′du′

�1 + a
1
2

|u| sup
u

ˆ

u 

a3

|u′|4 ||∇̂
I−1∇̂3α

F ||2L2
sc(Su′,u′ )||χ̂||L∞

sc(Su′,u′ )du
′

�1 + a
1
2

|u| sup
u

ˆ

u 

a3

|u′|4 ||∇̂
I−1∇̂3α

F ||2L2
sc(Su′,u′ )||χ̂||L∞

sc(Su′,u′ )du
′. (6.108)

Collecting all the terms and using Grönwall’s inequality, we obtain

ˆ

H
(0,u)
u

‖∇̂I−1( a 
|u| ∇̂3ρ

F ,
a 
|u| ∇̂3σ

F )‖2
L2

(sc)(Su,u′ ) du′ +
u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u′| ∇̂3α

F )‖2
L2

(sc)(Su′,u) du′

�
ˆ

H
(0,u)
u∞

‖∇̂I−1( a 
|u|∞

∇̂3ρ
F ,

a 
|u|∞

∇̂3σ
F )‖2

L2
(sc)(Su∞,u′ ) du′

+
u ˆ

u∞

a 
|u′|2 ‖∇̂

I−1( a 
|u′| ∇̂3α

F )‖2
L2

(sc)(Su′,0)
du′ + 1.

This completes the energy estimates for ∇̂3α
F . �

6.3. Energy estimates for the Weyl/Riemann curvature components

For (Ψ1,Ψ2) ∈
{

(α, βR), (βR, (ρ, σ)), ((ρ, σ), βR), (βR, α)
}

the energy estimates are carried out in Bianchi 
pairs, via the aid of the following proposition:

Proposition 6.9. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), for a Bianchi 
pair (Ψ1,Ψ2) satisfying

∇3∇iΨ1 +
(
i + 1

2 
+ s2(Ψ1)

)
trχ∇iΨ1 −D∇iΨ2 = Pi,

∇4∇iΨ2 − ∗D∇iΨ1 = Qi,

the following holds true:

ˆ

H
(0,u)
u

‖∇iΨ1‖2
L2

(sc)(Su,u′ ) du
′ +

ˆ

H
(u∞,u)
u

a 
|u′|2 ‖∇

iΨ2‖2
L2

(sc)(Su′,u) du
′

�
ˆ

H
(0,u)
u∞

‖∇iΨ1‖2
L2

(sc)(Su∞,u′ ) du
′ +

ˆ

H
(u∞,u)
0

a 
|u′|2 ‖∇

iΨ2‖2
L2

(sc)(Su′,0)
du′

+
¨

Du,u

a 
|u′| ‖∇

iΨ1 · Pi‖L1
(sc)(Su′,u′ ) du′ du′ +

¨

Du,u

a 
|u′| ‖∇

iΨ2 ·Qi‖L1
(sc)(Su′,u′ ) du′ du′.

(6.109)
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With this Proposition as the main tool, we begin with (α, βR).

Proposition 6.10. Under the assumptions of Theorem 1.2 and the bootstrap assumptions (3.1), there holds, 
for all 0 ≤ i ≤ N + 4:

1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u ) + 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
u )

� 1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u∞ ) + 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
0 ) + 1 

a
1
3
.

(6.110)

Proof. We recall the (schematic) Bianchi equations for ∇iα,∇iβR:

∇3∇iα + i + 1
2 

trχ∇iα−D∇iβR

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3+1βR +
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3α

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(ρ, σ, βR)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4+1αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1Yu

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂, trχ)∇̂i4(αF , ρF , σF )∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4∇̂4α

F

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4α

+
∑

i1+i2+i3+i4=i−1
∇i1ψi2+1

g ∇i3trχ∇i4α

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4α := P 1
i + · · · + P 10

i . (6.111)

Similarly, we have

∇4∇iβR − ∗D∇iα =
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(βR, α)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇̂i4Yu∇̂i5αF

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3ψg∇̂i4αF ∇̂i5αF

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4βR

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4βR
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+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5βR := Q1
i + · · · + Q7

i . (6.112)

Applying Proposition 6.9, we have

‖(a 1
2∇)iα‖

L2
(sc)(H

(0,u)
u ) + ‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
u )

�‖(a 1
2∇)iα‖

L2
(sc)(H

(0,u)
u∞ ) + ‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
0 )

+
uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi · (a

1
2∇)iα‖L1

(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iβR‖L1

(sc)(Su′,u′ ) du′ du′.

(6.113)

By Hölder’s inequality, one has

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi · (a

1
2∇)iα‖L1

(sc)(Su′,u′ ) du′ du′

≤
u ˆ

u∞

a 
|u′|2

10 ∑
j=1 

⎛⎝ uˆ

0 

‖a i 
2P j

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ · sup
u′

‖(a 1
2∇)iα‖

L2
(sc)(H

(0,u)
u′ ).

(6.114)

Let us focus on the sum in the above line. For the first three terms, there holds

3 ∑
j=1 

⎛⎝ uˆ

0 

‖a i 
2P j

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� a
1
2 Γ ·R
|u′| .

For the fourth and fifth terms, there holds

⎛⎝ uˆ

0 

‖a i 
2P 4

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

+

⎛⎝ uˆ

0 

‖a i 
2P 5

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� a
1
2 Γ ·M
|u′| .

For the sixth term, there holds

⎛⎝ uˆ

0 

‖a i 
2P 6

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� Γ3.

For the seventh term, there holds

⎛⎝ uˆ

0 

‖a i 
2P 7

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� a
1
2 Γ ·M
|u′| .

For the eighth term, there holds
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⎛⎝ û

0 

‖a i 
2P 8

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� Γ2 + ΓR.

For the ninth and tenth terms, there holds

⎛⎝ uˆ

0 

‖a i 
2P 9

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

+

⎛⎝ uˆ

0 

‖a i 
2P 10

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

� Γ3 + Γ2R.

Putting everything together, there holds

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi(a

1
2∇)iα‖L1

(sc)(Su′,u′ ) du′ du′ � Γ3 + Γ2R + ΓR + 1. (6.115)

Similarly, for the analogous term involving βR, there holds

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iβR‖L1

(sc)(Su′,u′ ) du′ du′

≤
7 ∑

j=1 

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Qj

i‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ · sup
u′

‖(a 1
2∇)iβR‖

L2
(sc)(H

(u∞,u)
u′ ).

(6.116)

We estimate term by term. For the first term, there holds

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q1

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � aΓ(R + Γ)
|u| (6.117)

For the second term, there holds

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q2

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � aΓ(M + Γ)
|u| (6.118)

For the third and fourth terms, there holds

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q3

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ +
u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q4

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

�aΓ(M + Γ)
|u| 

(6.119)

For the fifth term there holds

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q5

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � a
1
2 Γ(R + Γ)

|u| (6.120)
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For the sixth term, we have

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q6

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � aΓ2(R + Γ)
|u|2 (6.121)

For the seventh term, we have

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Q7

i ‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � Γ2(R + Γ)
|u|3 (6.122)

Putting everything together, we have

7 ∑
j=1 

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Qj

i‖2
L2

(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � aΓ(R + M + Γ)
|u| + 1. (6.123)

Combining (6.115) and (6.123), we have

1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u ) + 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
u )

� 1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u∞ ) + 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
0 )

+ 1 

a
1
2

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi · (a

1
2∇)iα‖L1

(sc)(Su′,u′ ) du′ du′

+ 1 

a
1
2

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iβR‖L1

(sc)(Su′,u′ ) du′ du′

� 1 

a
1
2
‖(a 1

2∇)iα‖
L2

(sc)(H
(0,u)
u∞ ) + 1 

a
1
2
‖(a 1

2∇)iβR‖
L2

(sc)(H
(u∞,u)
0 ) + 1 

a
1
3
.

(6.124)

The claim follows. �
We now move on to energy estimates for the remaining pairs (βR, (ρ, σ)), ((ρ, σ), βR) and (βR, α).

Proposition 6.11. Let (Ψ1,Ψ2) ∈
{

(βR, (ρ, σ)), ((ρ, σ), βR), (βR, α)
}
. For 0 ≤ i ≤ N + 4, there holds:

‖(a 1
2∇)iΨ1‖L2

(sc)(H
(0,u)
u ) + ‖(a 1

2∇)iΨ2‖L2
(sc)(H

(u∞,u)
u ) (6.125)

�‖(a 1
2∇)iΨ1‖L2

(sc)(H
(0,u)
u∞ ) + ‖(a 1

2∇)iΨ2‖L2
(sc)(H

(u∞,u)
0 ) + 1 

a
1
3
. (6.126)

Proof. The schematic equations for Ψ1,Ψ2 are:

∇3Ψ1 +
(

1
2 + s2(Ψ1)

)
trχΨ1 −DΨ2 =(ψ, χ̂)Ψ + αF ∇̂Yu + Yu∇̂(αF ,Yu)

+(ψ, χ̂, χ̂, trχ)(αF ,Yu)(αF ,Yu), (6.127)

∇4Ψ2 − ∗DΨ1 = (ψ, χ̂)(Ψu, α) + (αF ,Yu)∇̂(αF ,Yu) + (ψ, χ̂, χ̂, trχ)(αF ,Yu)(αF ,Yu). (6.128)
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Commuting with i angular derivatives, for Ψ1, we have:

∇3∇iΨ1 +
(
i + 1

2 
+ s2(Ψ1)

)
trχ∇iΨ1 −D∇iΨ2

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3+1Ψ2 +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4Ψ

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1Yu +

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4+1(αF ,Yu)

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, t̃rχ)∇i4Ψ1 +

∑
i1+i2+i3+i4=i−1

∇i1ψi2+1
g ∇i3trχ∇i4Ψ1

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4Ψ1

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5Ψ1 := Pi.

(6.129)

Analogously, for Ψ2, we have

∇4∇iΨ2 − ∗D∇iΨ1

=
∑

i1+i2+i3=i−1
∇i1ψi2+1

g ∇i3+1Ψ1 +
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(Ψ, α)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3(αF ,Yu)∇̂i4+1(αF ,Yu)

+
∑

i1+i2+i3+i4+i5=i

∇i1ψi2
g ∇i3(ψg, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)

+
∑

i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(χ̂, trχ)∇i4Ψ2

+
∑

i1+i2+i3+i4=i−2
∇i1ψi2+1

g ∇i3(χ̂, trχ)∇i4Ψ2

+
∑

i1+i2+i3+i4+i5=i−1
∇i1ψi2+1

g ∇̂i3αF ∇̂i4(ρF , σF )∇i5Ψ2 := Qi.

(6.130)

Making use of Proposition 6.9 once again, we arrive at

‖(a 1
2∇)iΨ1‖2

L2
(sc)(H

(0,u)
u )

+ ‖(a 1
2∇)iΨ2‖2

L2
(sc)(H

(u∞,u)
u )

�‖(a 1
2∇)iΨ1‖2

L2
(sc)(H

(0,u)
u∞ )

+ ‖(a 1
2∇)iΨ2‖2

L2
(sc)(H

(u∞,u)
0 )

+
uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi · (a

1
2∇)iΨ1‖L1

(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iΨ2‖L1

(sc)(Su′,u′ ) du′ du′.

(6.131)

For the first spacetime integral in the above, we estimate
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û

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Pi · (a

1
2∇)iΨ1‖L1

(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2Pi‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ ·

⎛⎝ uˆ

0 

‖(a 1
2∇)iΨ1‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′.

(6.132)

For the first term:

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψ2‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′, (6.133)

if i3 + 1 ≥ N + 3, we estimate

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψ2‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

� sup 
0≤u′≤u

u ˆ

u∞

a 
|u′|3 ‖(a

1
2∇)i3+1Ψ2‖L2

(sc)(Su′,u′ )‖(a
1
2 )i1+i2∇i1ψi2+1

g ‖L∞
(sc)(Su′,u′ ) du′

(6.134)

and we can estimate ‖(a 1
2 )i1+i2∇i1ψi2+1

g ‖L∞
(sc)(Su′,u′ ) by |u

′|
a

1
2

using the bootstrap assumption (3.1), to obtain

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψ2‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

� sup 
0≤u′≤u

u ˆ

u∞

a
1
2

|u′|2 ‖(a
1
2∇)i3+1Ψ2‖L2

(sc)(Su′,u′ ) du′ � R

|u| 12
� 1.

(6.135)

If, however, i3+1 ≤ N+2, we can control the corresponding L2
(sc)(S) norm just by the bootstrap assumption 

(3.1) to get the bound

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψ2‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′ � aΓ2

|u|2 � 1. (6.136)

For the rest of the terms, we estimate using the same philosophy as appropriate. There holds

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4Ψ‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

�a
1
2 Γ(R + Γ)

|u| � 1.

(6.137)

Here in particular, when i4 ≥ N + 3, we treat the cases Ψ = Ψu and Ψ = Ψu separately. For the third and 
fourth terms, there holds
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u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1Yu‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

+
u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3Yu∇̂i4+1(αF ,Yu)‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

�Γ(M + Γ)
|u| � 1.

(6.138)

For the fifth term, we have

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2
∑
i 

∇i1ψi2
g ∇i3(ψ, χ̂, χ̂, trχ)∇̂i4(αF ,Yu)∇̂i5(αF ,Yu)‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

� a 
|u|Γ[trχ]Γ[αF ]2 � a 

|u| � 1,

(6.139)

where we have used the improvements Γ[trχ] + Γ[αF ] � 1 from Propositions 4.7 and 4.9. For the sixth and 
seventh terms, we can bound them by one as in previous calculations. For the eighth term, using the fact 
that i− 2 ≤ N + 2 and the improvements from Proposition 4.15 and Proposition 6.10, we arrive at

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i−2

∇i1ψi2+1
g ∇i3(χ̂, trχ)∇i4Ψ1‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

� a 
|u|Γ[trχ]Γ[αF ]2 � a 

|u|Γ[η, η]Γ[trχ]Γ[Ψ1] � a 
|u| ‖(a

1
2∇)i(βR, βR)‖L2

(sc)(Su,u) · 1 · (R[α] + 1)

�(R[α] + 1)2 � 1,

(6.140)

where in the last line we made use of Proposition 6.10. For the final term in Pi, we have

u ˆ

u∞

a 
|u′|2

⎛⎝ uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4+i5=i−1

∇i1ψi2
g ∇̂i3αF ∇̂i4(ρF , σF )∇i5Ψ1‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

du′

� a 
|u| ·

a
1
2 Γ2(R + Γ)

|u|2 � 1.

(6.141)

This completes the estimates for the first spacetime integral in (6.131). For the second and last one, a double 
application of Hölder’s inequality yields

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iΨ2‖L1

(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

⎛⎝ u ˆ

u∞

a 
|u′|2 ‖a

i 
2Qi‖2

L2
(sc)(Su′,u′ ) du′

⎞⎠ 1
2

‖(a 1
2∇)iΨ2‖L2

(sc)(H
(u∞,u)
u′ ) (6.142)

�

⎛⎝ uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2Qi‖2

L2
(sc)(Su′,u′ ) du′ du′

⎞⎠ 1
2
⎛⎝ uˆ

0 

‖(a 1
2∇)iΨ2‖2

L2
(sc)(H

(u∞,u)
u′ )

du′

⎞⎠ 1
2
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�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2Qi‖2

L2
(sc)(Su′,u′ ) du′ du′ + 1

4

uˆ

0 

‖(a 1
2∇)iΨ2‖2

L2
(sc)(H

(u∞,u)
u′ )

du′

Dfine B :=
´ u

0
´ u

u∞
a 

|u′|2 ‖a
i 
2Qi‖2

L2
(sc)(Su′,u′ ) du′ du′. We can then estimate B as follows:

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3=i−1

∇i1ψi2+1
g ∇i3+1Ψ1‖2

L2
(sc)(Su′,u′ ) du′ du′

�
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2ψg∇iΨ1‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2∇ψg∇i−1Ψ1‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2ψg ψg∇i−1Ψ1‖2

L2
(sc)(Su′,u′ ) du′ du′

+
uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3=i−1

i3<i−2

∇i1ψi2+1
g ∇i3+1Ψ1‖2

L2
(sc)(Su′,u′ ) du′ du′

�1,

(6.143)

where in the first three integrals we estimate ψg,∇ψg in L∞
(sc)(Su,u) and ∇iΨ1 in the hypersurface norm 

L2
(sc)(H

(0,u)
u ) and in the last integral, since i − 2 ≤ N + 2, we can estimate ∇iΨ1 in L2

(sc)(Su,u) using the 
bootstrap assumption on the norm 

L. For the second term, we similarly have

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇i3(ψg, χ̂)∇i4(Ψ, α)‖2

L2
(sc)(Su′,u′ ) du′ du′

� (R[α] + 1)2 � 1, (6.144)

where we have used the improvements on χ̂ from Proposition 4.3 and the energy estimate from Proposi
tion 6.10. For the third term, we notice that the worst case is when the term is a i 

2
∑

i1+i2+i3+i4=i ∇i1ψi2
g ∇̂i3× 

αF ∇̂i4+1αF . We therefore estimate

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2

uˆ

0 

‖a i 
2αF ∇̂i+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

+
u ˆ

u∞

a 
|u′|2

uˆ

0 

‖a i 
2

∑
i1+i2+i3+i4=i

i4<i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′.

(6.145)
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When i4 < i, we can control ∇̂i4+1αF using the bootstrap assumption on the 
L norm, hence the second 

integral of (6.145) is bounded above by 1. For the first, we have

u ˆ

u∞

a 
|u′|2

uˆ

0 

‖a i 
2αF ∇̂i+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′

�
u ˆ

u∞

a 
|u′|2

a2Γ[αF ]2

|u′|2

uˆ

0 

1 
a
‖a i 

2 ∇̂i+1αF ‖2
L2

(sc)(Su′,u′ ) du′ du′

�a3Γ[αF ]2M [αF ]2

|u|3 .

(6.146)

We now make use of the improvements given by Proposition 4.9 and the Yang-Mills energy estimate on 
(αF , (ρF , σF )) to deduce that

Γ[αF ]2 � (YM[ρF , σF ] + 1)2 � 1, (6.147)

M [αF ]2 � 1, (6.148)

so that, finally,

uˆ

0 

u ˆ

u∞

a 
|u′|2 ‖a

i 
2

∑
i1+i2+i3+i4=i

∇i1ψi2
g ∇̂i3αF ∇̂i4+1αF ‖2

L2
(sc)(Su′,u′ ) du′ du′ � 1. (6.149)

The rest of the terms can also be bounded above by 1, using the same approach. We finally arrive at an 
estimate of the form

uˆ

0 

u ˆ

u∞

a 
|u′| ‖a

i 
2Qi · (a

1
2∇)iΨ2‖L1

(sc)(Su′,u′ ) du′ du′

�1 + 1
4

uˆ

0 

‖(a 1
2∇)iΨ2‖2

L2
(sc)(H

(u∞,u)
u′ )

du′.

(6.150)

From here, collecting all the terms together and using Proposition 6.3, we arrive at the desired result. �
7. The formation of a trapped surface

As in all trapped surface formation results in the absence of symmetry, the formation argument is an 
ODE argument. It relies heavily, as we shall see, on the estimates obtained during the proof of semi-global 
existence. In this section we prove Theorem 1.3.

Proof. The idea is to obtain estimates for |χ̂|2γ and |αF |2γ,δ. We begin with χ̂. Recall the null structure 
equation

∇3χ̂ + 1
2trχχ̂− 2ωχ̂ = ∇⊗̂η − 1

2trχχ̂ + η⊗̂η. (7.1)

Contracting once with another χ̂ tensor, we obtain
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1
2∇3|χ̂|2γ + 1

2trχ|χ̂|2γ − 2ω|χ̂|2γ = χ̂(∇⊗̂η − 1
2trχχ̂ + η⊗̂η). (7.2)

Using the fact that ω = −1
2Ω−1∇3Ω, we can rewrite the above as

∇3(Ω2|χ̂|2γ) + trχΩ2|χ̂|2γ = 2Ω2χ̂(∇⊗̂η − 1
2trχχ̂ + η⊗̂η). (7.3)

Using ∇3 = 1 
Ω
(

∂
∂u + bA ∂

∂θA

)
, we have

∂

∂u
(Ω2|χ̂|2γ) + Ωtrχ · Ω2|χ̂|2γ = 2Ω3χ̂(∇⊗̂η − 1

2trχχ̂ + η⊗̂η) − bA
∂

∂θA
(Ω2|χ̂|2γ). (7.4)

Substituting

Ωtrχ = Ω
(

trχ + 2 
|u|

)
− (Ω − 1) 2 

|u| −
2 
|u| ,

we have

∂

∂u
(Ω2|χ̂|2γ) − 2 

|u|Ω
2|χ̂|2γ =2Ω3χ̂(∇⊗̂η − 1

2trχχ̂ + η⊗̂η) − bA
∂

∂θA
(Ω2|χ̂|2γ)

−Ω(trχ + 2 
|u| )(Ω

2|χ̂|2γ) + (Ω − 1) · 2 
|u| · (Ω

2|χ̂|2γ).
(7.5)

We therefore have the following equation for χ̂:

∂

∂u

(
|u|2Ω2|χ̂|2γ

)
=2|u|2Ω3χ̂(∇⊗̂η − 1

2trχχ̂ + η⊗̂η) − |u|2bA ∂

∂θA
(Ω2|χ̂|2γ)

− |u|2Ω(trχ + 2 
|u| )(Ω

2|χ̂|2γ) + |u|2(Ω − 1) · 2 
|u| (Ω

2|χ̂|2γ).
(7.6)

For bA, there holds

∂bA

∂u
= −4Ω2ζA, (7.7)

where ζ = 1
2 (η − η). Using the derived estimates on η, η, one can then conclude that

‖bA‖L∞(Su,u) � a
1
2

|u|2 , (7.8)

in the slab of existence. For the right-hand side of (7.6), we can obtain, using the various estimates on the 
Ricci coefficients obtained during the proof of Theorem 1.2, the following bounds:

‖2|u|2Ω3χ̂(∇⊗̂η − 1
2trχχ̂ + η⊗̂η)‖L∞

(sc)(Su,u) ≤
a 

|u′|2 , (7.9)

‖|u|2bA ∂

∂θA
(Ω2|χ̂|2γ)‖L∞

(sc)(Su,u) ≤
a

3
2

|u|2 , (7.10)

‖|u|2Ω(trχ + 2 
|u| )(Ω

2|χ̂|2γ)‖L∞
(sc)(Su,u) ≤

a 
|u′|2 , (7.11)

‖|u|2(Ω − 1) · 2 
|u| (Ω

2|χ̂|2γ)‖L∞
(sc)(Su,u) ≤

a 
|u|2 . (7.12)
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Putting everything together, we have

∣∣ ∂
∂u

(
|u|2Ω2|χ̂|2γ

) ∣∣ � a
3
2

|u|2 � a
7
4

|u|2 . (7.13)

As a consequence, one has

|u|2Ω2|χ̂|2γ(u, u, θ1, θ2) − |u∞|2Ω2|χ̂|2γ(u∞, u, θ1, θ2) ≥ −a
7
4

|u| +
a

7
4

|u∞| . (7.14)

However, our gauge choice was Ω|Hu∞
≡ 1, therefore

|u|2Ω2|χ̂|2γ(u, u, θ1, θ2) ≥ |u∞|2|χ̂|2γ(u∞, u, θ1, θ2) − a
7
4

|u| . (7.15)

Integrating from 0 to 1 with respect to u, we have

1 ˆ

0 

|u|2Ω2|χ̂|2γ(u, u′, θ1, θ2) du′ ≥
1 ˆ

0 

|u∞|2|χ̂|2γ(u∞, u′, θ1, θ2) du′ − a
7
4

|u| . (7.16)

An analogous procedure using the null Yang-Mills equation for αF yields

∣∣ ∂
∂u

(
|u|2Ω2|αF |2γ,δ

) ∣∣ � a
3
2

|u|2 � a
7
4

|u|2 , (7.17)

whence we also get

1 ˆ

0 

|u|2Ω2|αF |2γ,δ(u, u′, θ1, θ2) du′ ≥
1 ˆ

0 

|u∞|2|αF |2γ,δ(u∞, u′, θ1, θ2) du′ − a
7
4

|u| . (7.18)

Indeed, consider the equation

∇̂3α
F + 1

2trχαF = ∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF (7.19)

and contract with αF to get

1
2∇̂3|αF |2γ,δ + 1

2trχ|αF |2γ,δ − 2ω|αF |2γ,δ = αF (∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF ). (7.20)

As before, we obtain

∂

∂u

(
|u|2Ω2|αF |2γ,δ

)
=

2|u|2Ω3αF (∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF ) − |u|2bA ∂

∂θA
(
|u|2Ω2|αF |2γ,δ

)
−|u|2Ω

(
trχ + 2 

|u|

)
(Ω2|αF |2γ,δ) + |u|2(Ω − 1) 2 

|u| (Ω
2|αF |2γ,δ).

(7.21)

Using the bounds obtained in the preceding sections, there holds
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‖2|u|2Ω3αF (∇̂ρF +
∗∇̂σF − 2 ∗ησF + 2ηρF + 2ωαF − χ̂ · αF )‖L∞

(sc)(Su,u) ≤
a 

|u|2 + a2

|u|3 , (7.22)

‖|u|2bA ∂

∂θA
(
|u|2Ω2|αF |2γ,δ

)
‖L∞

(sc)(Su,u) ≤
a

3
2

|u|2 , (7.23)

‖|u|2Ω
(

trχ + 2 
|u|

)
(Ω2|αF |2γ,δ)‖L∞

(sc)(Su,u) ≤
a 

|u|2 , (7.24)

‖|u|2(Ω − 1) 2 
|u| (Ω

2|αF |2γ,δ)‖L∞
(sc)(Su,u) ≤

a 
|u|2 . (7.25)

Equations (7.22)-(7.25) yield (7.17) and (7.18). Combining (7.16) and (7.18), we conclude that

1 ˆ

0 

|u|2Ω2 (|χ̂|2γ + |αF |2γ,δ
)
(u, u′, θ1, θ2) du′

≥
1 ˆ

0 

|u∞|2Ω2 (|χ̂|2γ + |αF |2γ,δ
)
(u∞, u′, θ1, θ2) du′ − 2a 7

4

|u| ≥ a− 2a 7
4

|u| ≥ a− 8a
7
4

a 
≥ 7a

8 
,

(7.26)

uniformly for u ∈ [u∞,−a/4]. Pick u = −a/4. Then (7.26) yields

(−a

4 
)2

1 ˆ

0 

(
|χ̂|2γ + |αF |2γ,δ

)
(−a

4 
, u′, θ1, θ2) du′

≥6
7

1 ˆ

0 

(−a

4 
)2Ω2 (|χ̂|2γ + |αF |2γ,δ

)
(u, u′, θ1, θ2) du′ ≥ 6

7 · 7a
8 

≥ 3a
4 
,

(7.27)

where we have made use of the bound ‖Ω − 1‖L∞(Su,u) � 1 
a , for a sufficiently large. This implies

1 ˆ

0 

(
|χ̂|2γ + |αF |2γ,δ

)
(−a

4 
, u′, θ1, θ2) du′ ≥ 3a

4 
· 16
a2 = 12

a 
. (7.28)

Consider now the equation

∇4trχ + 1
2(trχ)2 = −|χ̂|2γ − 2ωtrχ− |αF |2γ,δ. (7.29)

This can be rewritten, using ω = −1
2∇4(logΩ), as

∇4trχ + 1
2(trχ)2 = −|χ̂|2γ + 1 

Ω∇4Ω · trχ− |αF |2γ,δ, (7.30)

which rewrites as

∇4(Ω−1trχ) = Ω−1 (∇4trχ− Ω−1∇4Ωtrχ
)

= Ω−1
(
−1

2(trχ)2 − |χ̂|2γ − |αF |2γ,δ
)
. (7.31)

Finally, using the fact that e4 = Ω−1 ∂
∂u , we arrive at the equation

∂

∂u
(Ω−1trχ) = 1

2(trχ)2 − |χ̂|2γ − |αF |2γ,δ. (7.32)
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Since at u = 0 the initial data are Minkowskian, we have

(Ω−1trχ)(−a

4 
, 0, θ1, θ2) = 1−1 · 2 

a
4 

= 8 
a
. (7.33)

Integrating (7.32), we obtain

(Ω−1trχ)(−a

4 
, 1, θ1, θ2) ≤ (Ω−1trχ)(−a

4 
, 0, θ1, θ2) −

1 ˆ

0 

|χ̂|2γ + |αF |2γ,δ(−
a

4 
, u′, θ1, θ2) du′

≤ 8 
a
− 12

a 
< 0.

(7.34)

Notice that the above bound holds pointwise on the sphere S−a
4 ,1. Finally, recall the bound

‖trχ + 2 
|u| ‖L∞(Su,u) ≤

1 
|u|2 . (7.35)

As a result,

trχ(−a

4 
, 1, θ1, θ2) < 0, (7.36)

for all (θ1, θ2) ∈ S2. The bounds (7.34) and (7.36) finally imply that the sphere S−a
4 ,1 is trapped, which 

was what we wanted. �
8. Concluding remarks

We conclude with a few brief remarks. The first one we wish to make is that, given the fact that all 
preceding estimates are independent of u∞, one can take (carefully) the limit u∞ → ∞ and thus obtain 
a trapped surface formation criterion from past null ifinity. In that case, the present result could be 
interpreted as a formation of trapped surfaces due to the focusing of an amalgamation of Yang-Mills waves 
and gravitational waves. Secondly, going back to the statement of Theorem 1.2, we see that conditions 
(1) and (2) are formally independent. This means that, in principle, both χ̂ and (αF )PQ can contribute 
equally to the largeness of the data. As a consequence, our result implies that in a spherically symmetric 
spacetime (χ̂ = 0) the mere presence of Yang-Mills ``radiation'' is enough to form a trapped surface, as 
long as this radiation is, of course, suitably large. Also, since we noticed in the work of [26] that Yang
Mills fields can counterbalance the gravitational attraction to yield regular solutions, it would be natural to 
investigate the precise mathematical condition on the Yang-Mills fields that would lead to a ‘non-trapping’ 
scenario. Finally, we note that many subsequent problems naturally arise, for example the formation of 
apparent horizons for the Einstein-Yang-Mills system as well as trapped surface formation questions for 
different matter models. Important examples of such models are the Einstein-Klein-Gordon system and 
more ambitiously the Einstein-Euler system, which promises to be the most mathematically difficult, due 
to the possible formation of shocks and the breakdown of spacetime regularity before trapped surfaces have 
a chance to form. We intend to investigate these issues in the future.

Data availability

The authors of this text cofirm that all data related to this work are openly available at https://
arxiv.org/pdf/2302.06915.pdf.

https://arxiv.org/pdf/2302.06915.pdf
https://arxiv.org/pdf/2302.06915.pdf
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