Mass for the LARGE and for the small

CMSA General Relativity seminar

Tin Yau TSANG

SL Math

3" Dec, 2024.

Tin Yau TSANG Energy and Geometry



© Introduction

@ Positive mass theorem (L)
@ Quasilocal mass (S)

Q Positive mass theorem (XL)
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Curvatures |

Let p € (M", g). Scalar curvature R reflects volume. For small ¢,

Volg(B-(p)) R(p)
7\/0;“(86) =1- CES) 2)52 + O(c*).
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Curvatures |

Let p € (M", g). Scalar curvature R reflects volume. For small ¢,

Volg(B:(p)) R(p)
7\/0;“(86) =1- 600+ 2)52 + O(c*).
i,e. ifR>0

Volg(B-(p)) < Volg,, (B:).
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Curvatures I

Let "1 be a closed hypersurface in (M", g), let {X;} be a
smooth family of surfaces such that ¥y = 2. Mean curvature H
reflects the change of area with unit speed v,

d
dt’t_oArea(Zt):/zH.
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Curvatures I

Let "1 be a closed hypersurface in (M", g), let {X;} be a
smooth family of surfaces such that ¥y = 2. Mean curvature H
reflects the change of area with unit speed v,

d
dt’t_oArea(Zt):/zH.

Hence, both the ambient space and the direction matter.

Tin Yau TSANG Energy and Geometry



Initial data sets

Given an initial data set (M,g,k), where
@ M: an n-dimensional manifold,
@ g: a Riemannian metric,

@ k: a symmetric (0,2)-tensor.
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Initial data sets

Given an initial data set (M,g,k), where
@ M: an n-dimensional manifold,
@ g: a Riemannian metric,
@ k: a symmetric (0,2)-tensor.

. : : —ntl _
Cauchy problem is to construct a Lorentzian manifold (I\/In+ , 8)

such that
@ g satisfies the Einstein Equation

_ 1—
Gu (=R — EREgW) =T,

@ there exists an isometric embedding (M, g) C (M, g),
© k is the second fundamental form of M with respect to M.
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Notations

Let (M", g) be a Riemannian manifold and ¥"~! C M" be a
2-sided submanifold.

Q@ 2nd fundamental form: h(X,Y) = g(VxN,Y) for
X,Y € TY, where N is the normal of ¥ with respect to

(M, g);
@ Mean curvature: H = trgh;

© X is called a minimal surface if H=0 on X;
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Notations

Let (M", g) be a Riemannian manifold and ¥"~! C M" be a
2-sided submanifold.

Q@ 2nd fundamental form: h(X,Y) = g(VxN,Y) for
X,Y € TY, where N is the normal of ¥ with respect to
(M. g);

@ Mean curvature: H = trgh;

© X is called a minimal surface if H=0 on ¥;
© If k is taken into consideration, ¥ is called

® a marginally outer trapped surface (MOTS) if H+ trsk =0
ony,

@ a marginally inner trapped surface (MITS) if H — trek =0 on
2.
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Notations

Let (M", g) be a Riemannian manifold and ¥"~! C M" be a
2-sided submanifold.

Q@ 2nd fundamental form: h(X,Y) = g(VxN,Y) for

X,Y € TY, where N is the normal of ¥ with respect to
(M, g);
@ Mean curvature: H = trgh;

© X is called a minimal surface if H=0 on ¥;
© If k is taken into consideration, ¥ is called

® a marginally outer trapped surface (MOTS) if H+ trsk =0
ony,

@ a marginally inner trapped surface (MITS) if H — trek =0 on
2.

@ 7 = k — (trgk)g is called the conjugate momentum tensor.
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Energy Density

Definition
Given an initial data set (M, g, k), the mass density j and the
current density J are defined by

©=Too|m,
J:To.‘M.

Dominant energy condition (DEC) is satisfied if 1 > |J|.
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Energy Density

Definition
Given an initial data set (M, g, k), the mass density . and the
current density J are defined by

1
p = Goo :E(Rg - |k|§ + (trgk)2),
J= GO-’M :divgk = d(trgk)

=divg.

Dominant energy condition (DEC) is satisfied if 1 > |J|.
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Asymptotical Flatness

An initial data set (M, g, k) is asymptotically flat if

O there is a compact set K C M and a coordinate chart (x')
such that
M\ K=R"\ B

for some closed ball B C R", under which as |x| — oo,
g — g,k — 0.

@ 1, J € LY(M).
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ADM energy-momentum vector

For asymptotically flat (M, g, k), the ADM energy E and the
ADM momentum P can be defined as

n
E=r——=— i o I/l dHr1
2(n— 1 Ywn—1 300 /|X| . Idz_:l(gu,l gii )V dHg

S

Pi:(n—lwn 1r|l)no10/x rZWU dHy ", i = e

The integrals are computed in the asymptotically flat coordinates,
Q=

@ 7 ' is the (n — 1)-dimensional Hausdorff measure and

IXI

© wp_1 is the volume of the standard unit sphere in R".
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ADM energy-momentum vector

For asymptotically flat (M, g, k), the ADM energy E and the
ADM momentum P can be defined as

n
E=r——=— i o I/l dHr1
2(n— 1 Ywn—1 300 /|X| . Idz_:l(gu,l gii )V dHg

S

Pi:(n—lwn 1r|l)no10/x rZWU dHy ", i = e

The integrals are computed in the asymptotically flat coordinates,
Q=

@ 7 ' is the (n — 1)-dimensional Hausdorff measure and

IXI

© wp_1 is the volume of the standard unit sphere in R".

Bartnik and Chrusciel independently proved the definition is
independent of the choice of A.F. coordinates.

Tin Yau TSANG Energy and Geometry



Positive Mass Theorem

Theorem

Let (M3, g, k) be an asymptotically flat initial data set. If the
dominant energy condition (1 > |J|g) is satisfied, then

E>|P],
where (E, P) is the ADM energy — momentum vector of (M, g, k).

IfFE=|P

, then E = |P| = 0 and (M, g, k) is a slice of R3!.
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E >0,

If E =0, then (M, g) is diffeomorphic to R3.
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E>0,
If E =0, then (M, g) is diffeomorphic to R3.

@ (R*\C,gyj = (1+ 557)";).
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E>0,
If E =0, then (M, g) is diffeomorphic to R3.

@ (R*\C,gyj = (1+ 557)";).
Q@ R, =0.
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E>0,
If E =0, then (M, g) is diffeomorphic to R3.

@ (R*\C,gyj = (1+ 557)";).
Q@ R, =0.
Q E(g)=M
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E>0,
If E =0, then (M, g) is diffeomorphic to R3.

@ (R*\C,gyj = (1+ 557)";).
Q@ R, =0.
@ E(g) = M, but note that M can be arbitrary!
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Positive Mass Theorem

Let (M3, g) be an asymptotically flat manifold with Ry > 0, then
E>0,
If E =0, then (M, g) is diffeomorphic to R3.

@ (R*\C,gyj = (1+ 557)";).
Q@ R, =0.
@ E(g) = M, but note that M can be arbitrary!

Schoen-Yau, Witten, Bartnik, Jezierski-Kijowski, Huisken-limanen,
Eichmair-Huang-Lee-Schoen, Y. Li, Bray-Kazaras-Khuri-Stern,
Hirsch-Kazaras-Khuri, Agostinani-Mazzieri-Oronzio, Miao...
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Schoen-Yau Proof |: Area minimisers

© By density theorem, we can further assume g is with Ry > 0
outside a compact set and asymptotically Schwarzschild, i.e.

e B o
g = (1+ 5r0)"5 + 0%(x17?)

with Ry > 0 on {|x| > C} for some C >> 1.
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Schoen-Yau Proof |: Area minimisers

© By density theorem, we can further assume g is with Ry > 0
outside a compact set and asymptotically Schwarzschild, i.e.

e B o
g = (1+ 5r0)"5 + 0%(x17?)

with Ry > 0 on {|x| > C} for some C >> 1.
@ Assume on the contrary that E < 0, with respect to 03,

_ E _
Hpxazpy =4(1+ O(|x| 1))[—5|X| 3| po=ny + O(Ix7%)]
=—2E|x|3A+0(x| %) >0

if A>>1.
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Schoen-Yau Proof |: Area minimisers

© By density theorem, we can further assume g is with Ry > 0
outside a compact set and asymptotically Schwarzschild, i.e.

e B o
g = (1+ 5r0)"5 + 0%(x17?)

with Ry > 0 on {|x| > C} for some C >> 1.
@ Assume on the contrary that E < 0, with respect to 03,

_ E _
Hpxazpy =4(1+ O(|x| 1))[—5|X| 3| po=ny + O(Ix7%)]
=—2E|x|3A+0(x| %) >0

if A>>1.
Similarly, Hy,s—_ay < 0. These planes thus form barriers.
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Schoen-Yau Proof |: Area minimisers

© By geometric measure theory, one can obtain an area
minimising surface, which is asymptotic to a horizontal plane.
@ Stability and Gauss equation implies for all ¢ € C(X),

1
/ Vg2 - 5 (Rm — Ry + |h[?) ¢2dvoly >0. (1)
>
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Schoen-Yau Proof |: Area minimisers

© By geometric measure theory, one can obtain an area
minimising surface, which is asymptotic to a horizontal plane.
@ Stability and Gauss equation implies for all ¢ € C(X),

/\vw (Rm — Rs + |h?) ¢?dvoly > 0. (1)

@ By logarithmic cut-off trick (“take ¢y =1"), we have

1 1
/ —Rsdvoly > / Ry + |h|2dV01): > 0. (2)
x 2 2 Js
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Schoen-Yau Proof |: Area minimisers

© By geometric measure theory, one can obtain an area
minimising surface, which is asymptotic to a horizontal plane.

@ Stability and Gauss equation implies for all ¢ € C(X),

/\vw (Rm — Rs + |h?) ¢?dvoly > 0. (1)

@ By logarithmic cut-off trick (“take ¢y =1"), we have

1 1
/ —Rsdvoly > / Ry + |h|2dV01): > 0. (2)
x 2 2 Js

@ On the other hand, the total geodesic curvature of
Y N{|x| =r} — 2w as r — oco. Hence, by Gauss-Bonnet
Theorem [ %devolz = 0. Contradiction.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, 11 > |Jg|. E
almost the same.

© Considering the model case, a spacelike slice in Minkowski
space with f being the height. W.L.O.G, f — 0.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, 11 > |Jg|. E
almost the same.

© Considering the model case, a spacelike slice in Minkowski
space with f being the height. W.L.O.G, f — 0.

@ & = g+ df? is the metric for the shadow.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, 11 > |Jg|. E
almost the same.

© Considering the model case, a spacelike slice in Minkowski
space with f being the height. W.L.O.G, f — 0.

@ & = g+ df? is the metric for the shadow.
© If the shadow has £ >0, then E > 0.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, 11 > |Jg|. E
almost the same.

© Considering the model case, a spacelike slice in Minkowski
space with f being the height. W.L.O.G, f — 0.

@ & = g+ df? is the metric for the shadow.
© If the shadow has £ >0, then E > 0.

@ ldeally, we want to solve f such that the graph would have
second fundamental form the same as k.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, p1 > |Jg|. E
almost unchanged.

@ Solve for the trace instead, Hgraphr = trgraphrK in M x R.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, p1 > |Jg|. E
almost unchanged.

@ Solve for the trace instead, Hgraphr = trgraphrK in M x R.
Q@ R +2divgX > 2|X[3.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, p1 > |Jg|. E
almost unchanged.

@ Solve for the trace instead, Hgraphr = trgraphrK in M x R.
; 2

Q Ré —+ 2dIV§X > 2|X|é.

© The solution to the equation may blow up!!!
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, p1 > |Jg|. E
almost unchanged.

@ Solve for the trace instead, Hgraphr = trgraphrK in M x R.
; 2

Q Ré —+ 2dIV§X > 2|X|é.

© The solution to the equation may blow up!!!

@ When it blows up, it must be on the apparent horizons.
):B C X AH.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, i > |Jg|. E
almost unchanged.

@ When it blows up, it must be on the apparent horizons.
ZB C X AH.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, i > |Jg|. E
almost unchanged.

@ When it blows up, it must be on the apparent horizons.
ZB C X AH.

@ 1 > |J|g implies that ¥ 3 is positive Yamabe, i.e.
Al(fAzé + %Rzé) > 0.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, i > |Jg|. E
almost unchanged.

@ When it blows up, it must be on the apparent horizons.
ZB C X AH.

@ 1 > |J|g implies that ¥ 3 is positive Yamabe, i.e.
Al(fAzé + %Rzé) > 0.

© One can explicitly closes up the cylinder > 5 x R to obtain
an AF manifold (M, g) with Rz > 0 while E is close to £.
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Schoen-Yau Proof |I: the Jang equation

Recall (M, g — geuc, k — 0). By density theorem, i > |Jg|. E
almost unchanged.

@ When it blows up, it must be on the apparent horizons.
ZB C X AH.

@ 1 > |J|g implies that ¥ 3 is positive Yamabe, i.e.
Al(fAzé + %Rzé) > 0.

© One can explicitly closes up the cylinder > 5 x R to obtain
an AF manifold (M, g) with Rz > 0 while E is close to £.

@ E > 0 by the Riemannian PMT.
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Witten Proof: Dirac operator

Theorem

Let (M, g) be an asymptotically flat and spin manifold. If Rz > 0,
then there exists asymptotically constant harmonic spinor
(Dy = 0) such that

1
e E z/ IVY[> + Ry
M 4
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Localisation of mass

For (X2, g), we have Gauss-Bonnet Theorem

/ZK+/62H:2WX(2).
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Localisation of mass

For (X2, g), we have Gauss-Bonnet Theorem

/ZK+/82H:2WX(2).

Assuming ¥2 =2 D?, rearranging,

/K_27r—/ /@—/ /4;0—/ K,
X ox ox ox

where kg is the geodesic curvature of a length preserving
embedding of OX into R2.
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Localisation of mass

For (X2, g), we have Gauss-Bonnet Theorem

/ZK+/82H:2WX(2).

Assuming ¥2 =2 D?, rearranging,

/K_27r—/ /@—/ /4;0—/ K,
X ox ox ox

where kg is the geodesic curvature of a length preserving
embedding of OX into R2.
If K> 0, then fazmo—mzo.
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Localisation of mass

For (X2, g), we have Gauss-Bonnet Theorem

/ZK+/82H:2WX(2).

Assuming ¥2 =2 D?, rearranging,

/K_27r—/ /@—/ /4;0—/ K,
X ox ox ox

where kg is the geodesic curvature of a length preserving
embedding of OX into R2.
If K> 0, then fazmo—mzo.

What happens in higher dimensions?
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Quasilocal mass

General relativity is different from Newtonian mechanics, “local”
mass cannot be defined.
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Quasilocal mass

General relativity is different from Newtonian mechanics, “local”
mass cannot be defined.

By Hamiltonian formulation with the choice of V =1, W = 6
Brown-York defined a quasilocal mass as follows.

Definition (Brown-York mass)

Let (2", g) be a compact Riemannian manifold with smooth
boundary 02. If 92 can be isometrically embedded into R", then

" = =D oo

where H and Hy respectively denote the mean curvature of g and
ZEuc With respect to the outward pointing normal.

Ho — H dA,
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Hamiltonian formulation

Let (27, g, k) be a compact initial data set with boundary ¥.

A spacetime (Q"1, g) with boundary ¥ can be constructed by
infinitesimally deforming the initial data set (2, g, k, ¥)
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Hamiltonian formulation

Let (27, g, k) be a compact initial data set with boundary ¥.

A spacetime (Q"1, g) with boundary ¥ can be constructed by
infinitesimally deforming the initial data set (2, g,k,X) in a
transversal, timelike direction 9; = VA + W, where

© V is the lapse function,
@ 1 is the timelike unit normal of Q in Q, and
@ W ¢ T is the shift vector.
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Hamiltonian formulation

Further assume that Q meets ¥ orthogonally. The purely
gravitational contribution H,, to the total Hamiltonian at the
slice Q is given by

() Hgrae (V, W) = /Q WV + (4, W) - /z (HV — (v, W)),

where H is the mean curvature of ¥ with respect to v, the outward
normal of €, and 7 is the conjugate momentum tensor.
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Hamiltonian formulation

Further assume that Q meets ¥ orthogonally. The purely
gravitational contribution H,, to the total Hamiltonian at the
slice Q is given by

c(mHgrav(V, W) = /(MV + (J,W)) — /(HV — (v, W)),
Q p
where H is the mean curvature of ¥ with respect to v, the outward

normal of €, and 7 is the conjugate momentum tensor.
In particular, if k =0,

c(n)Hg,av(l,G)/ ;Rg—/;H.

Q
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Hamiltonian formulation

The purely gravitational contribution Hg, to the total
Hamiltonian at the slice Q is given by

c(n)Hgra(V, W) = /

(uV + (W) — /(HV — (v, W)).
Q

JX

c(nyHEE (VW) = /Q (UV + (4, W) — /z (HV — 2 (1, W)).
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Quasilocal mass

By Hamiltonian formulation, Wang-Yau defined a quasilocal mass
with the choice of V = /14 |V>7]2, W = —V*T.

Definition (Wang-Yau mass, cf. Kijowski-Liu-Yau mass)

Let ¥ C L be a spacelike 2 surfaces which bounds a compact
spacelike surface. If ¥ has a shadow ¥ which can be isometrically
embedded into R® ¢ R3!, then

87mey(2)

mf[/ / inf —\/1 4 |VE7|2(H, e3) vr, €1, €3) dA]
|nf[/T /lnf(HV—w(W e3)) dA],

where H. and H respectively denote the mean curvature of
Y. C (R3, geye) and T with respect to the outward pointing
normal and e3.
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Quasilocal mass

By Hamiltonian formulation, there could be a more direct
comparison with a choice of a null-vector, i.e. “(V, W) =(1,1)".

Definition (T)
Let (27, g, k) be a compact initial data set with smooth boundary
0S2. If OS2 can be isometrically embedded into R", then

1

W(X) = RS

/ Ho — (H — [n(-,v)]) dA,
o0

where H and Hy respectively denote the mean curvature with
respect to the outward pointing normal of g and gg,c.
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Quasilocal mass

Question:

@ Is it a “reasonable” mass?
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Quasilocal mass

Question:

@ Is it a “reasonable” mass?

Theorem (Shi-Tam 02)

Let (2", g) be a compact Riemannian (spin) manifold with smooth
boundary ¥~ := 09. If

Q@ H>0o0nx,

@ X can be isometrically embedded into R" as a strictly convex
hypersurface, and
Q@ R, >0inQ,

then
1

(n=1)IS"=Y Jaq

Moreover, if n =3, lim,_,.ompy(S,) = E.

mBy(Q) = Ho — HdA > 0.
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|dea of proof

© X can be isometrically embedded into R"” as a strictly convex
hypersurface. (For n=3, Pogorelov, Nirenberg. )

@ Hence, the flat metric on the exterior can be expressed as
dp® + p’gs, p € [1,00).
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|dea of proof

© X can be isometrically embedded into R"” as a strictly convex
hypersurface. (For n=3, Pogorelov, Nirenberg. )

@ Hence, the flat metric on the exterior can be expressed as
dp? + pPgs, p € [1,00).

@ Look for u(p)?dp® + p?gs =: ggst such that Rg., =0,
u(1) = o and lim, o0 u(p) = 1.
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|dea of proof

© X can be isometrically embedded into R"” as a strictly convex
hypersurface. (For n=3, Pogorelov, Nirenberg. )

@ Hence, the flat metric on the exterior can be expressed as
dp? + pPgs, p € [1,00).

@ Look for u(p)?dp® + p?gs =: ggst such that Rg., =0,
u(1) = o and lim, o0 u(p) = 1.

Q Qp): fz HO(1 — 1) is monotonically decreasing in p. Note
that Q(1) — may (@) and lim e Q(p) = Egeer-
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|dea of proof

o

o

2 can be isometrically embedded into R" as a strictly convex
hypersurface. (For n=3, Pogorelov, Nirenberg. )

Hence, the flat metric on the exterior can be expressed as
dp? + pPgs, p € [1,00).

Look for u(p)?dp? + p?gs =: ggsT such that Rg,.; =0,
u(l) = % and lim,_ u(p) = 1.

Q(p) : fz HO(1 — 1) is monotonically decreasing in p. Note
that Q(1) = may () and limy e Q) = Eges
(QU Meyxt, g U ggsT) has a corner along 01Q. (cf. Miao)
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Quasilocal mass

One also wants to show Kijowski-Liu-Yau mass and Wang-Yau
mass under certain condition.

Q p=|Jg

Q H> ’trzk|.
The Jang equation is used to reduce to usual time symmetric case.
Then use spinor (recall: Rg + 2divg X > 2|X|?) on
Bartnik-Shi-Tam construction.
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Quasilocal mass

One also wants to show Kijowski-Liu-Yau mass and Wang-Yau
mass under certain condition.

Q 1=

Q H> ’trzk’.
The Jang equation is used to reduce to usual time symmetric case.
Then use spinor (recall: Rg + 2divg X > 2|X|?) on
Bartnik-Shi-Tam construction.

What if there is an apparent horizon (potential blow-ups of graph)
within? Is it positive Yamabe?
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Quasilocal mass

One also wants to show Kijowski-Liu-Yau mass and Wang-Yau
mass under certain condition.

Q 1=

Q H> ’trzk’.
The Jang equation is used to reduce to usual time symmetric case.
Then use spinor (recall: Rg + 2divg X > 2|X|?) on
Bartnik-Shi-Tam construction.

What if there is an apparent horizon (potential blow-ups of graph)
within? Is it positive Yamabe?

@ Unfortunately, we cannot always get energy as we like.
(Corvino, Corvino-Huang, e.g. Miao, cf. Schoen-Yau, EHLS)
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Quasilocal mass

One also wants to show Kijowski-Liu-Yau mass and Wang-Yau
mass under certain condition.

Q 1=

Q H> ’trzk’.
The Jang equation is used to reduce to usual time symmetric case.
Then use spinor (recall: Rg + 2divg X > 2|X|?) on
Bartnik-Shi-Tam construction.

What if there is an apparent horizon (potential blow-ups of graph)
within? Is it positive Yamabe?

@ Unfortunately, we cannot always get energy as we like.
(Corvino, Corvino-Huang, e.g. Miao, cf. Schoen-Yau, EHLS)

@ May not capture the positivity of a Schwarzschild spacetime.
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PMT with corners

Theorem (T)

If(Q3,g_,k_) and (M3\ Q, g+, ky) satisfy the following:
O (g_,k ),(gr, ki) are C2x Cl upto X := 09,
@ (g, ky) is asymptotically flat,

© g_, g+ Lipschitz across ¥, and
Q Hy(M,Z) =0,
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PMT with corners

Theorem (T)

If(Q3,g_,k_) and (M3\ Q, g+, ky) satisfy the following:
O (g_,k ),(gr, ki) are C2x Cl upto X := 09,
@ (g, ky) is asymptotically flat,

© g_, g+ Lipschitz across ¥, and
Q H,(M,Z) =0,
then there exists a spacetime harmonic coordinate u such that

1 2
g(E — |P|) 2/ VYU L vl + (4, V) dv
2 /mz |V

+/(H_ — H)|Vul — (r— — 7 )(Vu, ) dA.
pN

If u>|J|g, H- — Hy > |n_ — 4 (-,v)| and E = |P| =0, then M
is topologically R3 and can be isometrically embedded into R3!.
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Solution |

Theorem (T)

Let (Q", g, k) be a compact initial data set with smooth boundary
Y =0 If

Q@ H—|n(-,v)| >0 on X (boundary strict DEC),

@ X can be isometrically embedded into R" as a strictly convex
hypersurface, and

Q@ 1—|Jg>0inQ,

Q Hx(Q3,Z) =0 or Q" is spin.

@  contains apparent horizons.
then

W(E) = (n—11)|S"1] /BQ Ho — (H — |(-,v)]) dA > O.
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Solution Il: Get asymptotics on the product

Andersson-Yau-Zhao:

@ Existence of spinors by weighted space (Parker-Taubes,
Bartnik)

@ If the MOTS s strictly stable, then by Metzger, Yu, X5 x R
has an explicit asymptotics.

© Design weighted space carefully.
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Solution I1I: XL Positive mass theorem

IfiM, g) is compete with an asymptotically flat end £ and Ry > 0,
then E(E) > 0.
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Solution I1I: XL Positive mass theorem

IfiM, g) is compete with an asymptotically flat end £ and Ry > 0,
then E(E) > 0.

@ Comes from Schoen-Yau Liouville theorem for conformally flat
manifolds.
@ Different approaches and strategies:

® Lesourd-Unger-Yau, Lee-Lesourd-Unger (soap bubbles)

@ Cecchini-Ziedler (spinor)

© Chen-Liu-Shi-Zhu, Zhu (reduction to Geroch conjecture with
completeness)
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Solution I1I: XL Positive mass theorem

Based on Wang-Yau and Cecchini-Ziedler, we have

Theorem (T)

IAM, g) is compete with corners and an asymptotically flat end £,
and satisfies Ry + 2divg X > 2|X
then E(E) > 0.

2
g’
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Solution I1I: XL Positive mass theorem

Based on Wang-Yau and Cecchini-Ziedler, we have

Theorem (T)

IAM, g) is compete with corners and an asymptotically flat end £,
and satisfies Ry + 2divg X > 2|X
then E(E) > 0.

2
g’

Key: A Harnack inequality in Schoen-Yau's analysis of the Jang
equation showed that the Jang graph is complete.
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Solution I1I: XL Positive mass theorem

Based on Wang-Yau and Cecchini-Ziedler, we have

Theorem (T)

IAM, g) is compete with corners and an asymptotically flat end £,
and satisfies Ry + 2divg X > 2|X
then E(E) > 0.

2
g’

Key: A Harnack inequality in Schoen-Yau's analysis of the Jang
equation showed that the Jang graph is complete.

Apply this onto (M = J U&gsT,8 = & U ggsT), done!
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Solution I1I: XL Positive mass theorem

Based on Wang-Yau and Cecchini-Ziedler, we have

Theorem (T)

IAM, g) is compete with corners and an asymptotically flat end £,
and satisfies Ry + 2divg X > 2|X
then E(E) > 0.

2
g’

Key: A Harnack inequality in Schoen-Yau's analysis of the Jang
equation showed that the Jang graph is complete.

Apply this onto (M = J U&gsT,8 = & U ggsT), done!

Note: With Cecchini-Lesourd-Ziedler, one can discuss W on
complete spin initial data sets.
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|dea of proof

Key: construct a suitable function h for the barrier on exhaustion
M;.
J

1
cnE(8)+I1Brtl[f2ny = 2uwuizwjﬁ/ ehxrw12+/ [0,
M; aM;

where
@ B, =D + hey-,
Q@ 0 = 3(Rg +2divg X — 2|X|2) + h> — |Vh|?,
(5] nh = 5(X,1/>—I—h.

Corollary
Weighted positive mass theorem (X = V'f) (Baudalf-Ozuch) and

positive mass theorem with electric fields (X = E)
(Gibbons-Hawking-Horowitz-Perry) with arbitrary complete ends.
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THANK YOU!!
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Boundary and interior geometry

For (X2, g), we have Gauss Bonnet Theorem

/ZK+/62H:2WX(2).

If (X,g) has K >0, then [, r is bounded.
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Boundary and interior geometry

For (X2, g), we have Gauss Bonnet Theorem

/ZK+/62H:2WX(2).

If (X,g) has K >0, then [, r is bounded.
Or,
if K >>1 ([yx K >> 1), then (X, g) cannot admit K > 0.
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Boundary and interior geometry

For (X2, g), we have Gauss Bonnet Theorem

/ZK+/62H:2WX(2).

If (X,g) has K >0, then [, r is bounded.
Or,
if K >>1 ([yx K >> 1), then (X, g) cannot admit K > 0.

Q: What about higher dimensions?
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Gromov fill-in conjecture

Conjecture (Gromov)

Let (M, g) be a compact Riemannian manifold with scalar
curvature R > o. Then there exists N depending only on o and the
intrinsic geometry of (OM, g|1(am)) such that

/ H <A,
oM

where H is the mean curvature of the boundary OM in (M, g) with
respect to the outward unit normal vector.
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Recall: Hamiltonian formulation

The purely gravitational contribution Hg.,, to the total
Hamiltonian at the slice Q is given by

) Hgm VW) = [ (nV 5 (1) = [[(HV = (o ).
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Bartnik data set and Fill-in

(=1 4,0, H, B) is called a spacetime Bartnik data set (Dsg),

@ (X,v,a) is an oriented closed null-cobordant initial data set.
@ H is a smooth function on ¥.
© pisalformon TL.
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Bartnik data set and Fill-in

(=1 4,0, H, B) is called a spacetime Bartnik data set (Dsg),

Q (X,7,a) is an oriented closed null-cobordant initial data set.
@ H is a smooth function on X.
© pisalformon TL.

A compact initial data set (Q", g, k) is called a fill-in of Dsg if
there is an isometry ¢ : ("1, ~) — (0%, glaq) such that

Q ¢"Hgy = H, where Hq is the mean curvature of 9S2 to g with
respect to the outward unit normal v,

Q ¢'trsok = trsa, and

@ ¢ (k(v,-) = 5.
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Non-existence of NNSC Fill-in

Theorem (Shi-Wang-Wei-Zhu)

For3<n<7andk >5, let v be a smooth metric isotopic to Vstq
in M,’;SC(S” 1). Then there exists a constant hy = ho(7y) such that
(S"1,~, H) admits no fill-in of nonnegative scalar curvature
whenever H > 0 and [, 1 Hd, > ho.

Theorem (Shi-Wang-Wei)

Let 3< n<7 and X" ! be a closed manifold which can be
smoothly embedded into R". For any metric v on ¥, there is a
constant Co(X,y) depending only on (X,) such that for any
smooth function H on ¥ satisfying H > Co(X,~), (X,~, H) admits
no fill-in of nonnegative scalar curvature.
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Non-existence of NNSC Fill-in

Theorem (Shi-Wang-Wei)

Let Q" be a compact n-dimensional manifold with boundary .
Then any metric 7y on ¥ can be extended to a Riemannian metric
g on ) with positive scalar curvature.

Theorem (Miao)

Let Y"~! be the boundary of some compact n-dimensional
manifold Q2. Given any Riemannian metric -y on ¥, there exists a
constant Co = Co(y, Q) such that, if ming H > Cy, there do not
exist NNSC fill-ins of (X,~, H).
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Extended Gromov's conjecture

Conjecture

Let (M, g, k) be a compact initial data set satisfying 1 — |J|g > 0.
Then there exists N depending only on o and g|1(amy and k| 1(am)
such that

/ H = |r(-0)] < A,
oM

where H is the mean curvature of the boundary OM in (M, g) with
respect to the outward unit normal vector.
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Non-existence of DEC Fill-in

Theorem (T)

Let Dsg := (X2,v,a, H, B) be a spacetime Bartnik data set where
Y"1 can be smoothly embedded into R3 and ~ is smooth. There
exists a constant Co = Co(X,~y) > 0 such that if

H_fZC()a

where f ;=\ /(trza)? + |B]2 = ¢*(|7(-, v)|), then Dsg cannot

admit a fill-in satisfying the dominant energy condition.
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Non-existence of DEC Fill-in

Theorem (T)

Let Dsg := (X2,v,a, H, B) be a spacetime Bartnik data set where
Y"1 can be smoothly embedded into R3 and ~ is smooth. There
exists a constant Cy = Co(X,~y) > 0 such that if

H_fZC()a

where f ;=\ /(trsa)? + |B]2 = ¢* (|7 (-, v)
admit a fill-in satisfying the dominant energy condition.

), then Dsg cannot

Built upon Cecchini-Lesourd-Ziedler, fill-ins can be complete
non-compact or with an energy shield. (cf. Lee-Lesourd-Unger).
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Non-existence of DEC Fill-in

Theorem (T)

Let Dsg := (X2,v,a, H, B) be a spacetime Bartnik data set where
Y"1 can be smoothly embedded into R3 and ~ is smooth. There
exists a constant Cy = Co(X,~y) > 0 such that if

H_fZC()a

where f ;=\ /(trsa)? + |B]2 = ¢* (|7 (-, v)
admit a fill-in satisfying the dominant energy condition.

), then Dsg cannot

Built upon Cecchini-Lesourd-Ziedler, fill-ins can be complete
non-compact or with an energy shield. (cf. Lee-Lesourd-Unger).

Raulot: 1st eigenvalue estimate of the Dirac operator to establish
non-existence of DEC spin compact fill-in.
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Energy and Geometry

@ CO characterisation of dominant energy condition
@ Boundary and interior geometry

© Localised mass

Q@ ADM mass
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Sketch of proof: cf. Shi-Wang-Wei

@ Let F: Y"1 < R" denote an embedding. There exists a
Ao > 0 such that v := )\%F*(gEuc) > ~, where gg,c is the
Euclidean metric on R”.
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Sketch of proof: cf. Shi-Wang-Wei

@ Let F: Y"1 < R" denote an embedding. There exists a
Ao > 0 such that v := )\%F*(gEuc) > ~, where gg,c is the
Euclidean metric on R”.

@ Let h denote the mean curvature of ~1 with respect to the
outward normal in R”. Denote the unbounded region of R”
outside \oF(X) by M.
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Sketch of proof: cf. Shi-Wang-Wei

@ Let F: Y"1 < R" denote an embedding. There exists a
Ao > 0 such that v := )\%F*(gEuc) > ~, where gg,c is the
Euclidean metric on R”.

@ Let h denote the mean curvature of ~1 with respect to the
outward normal in R”. Denote the unbounded region of R”
outside \oF(X) by M.

© By Shi-Wang-Wei Lemma 2.1, we know that there exists a
cobordism (X x [0,1],8) and ho, h1 € C*°(X) such that

0 Zlsxqoy =7 and &lsx1y =M,

@ With respect to g and the outward normal, the mean
curvature of ¥ x {0} and X x {1} are respectively hy and hy,

®@ h > h and

(%) Rg > 0.
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Sketch of proof: cf. Shi-Wang-Wei

@ Pick Co = max(—hp). Assume on the contrary that there
exists (€2, g, k) be a fill-in of (X,~, «, H,3), where
H—f > Cy. Then glue 9 to X x [0, 1] along X x {0} and
further glue X x [0, 1] along X x {1} to M.
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Sketch of proof: cf. Shi-Wang-Wei

@ Pick Co = max(—hp). Assume on the contrary that there
exists (€2, g, k) be a fill-in of (X,~, «, H,3), where
H—f > Cy. Then glue 9 to X x [0, 1] along X x {0} and
further glue X x [0, 1] along X x {1} to M.

@ Altogether, we have an A.F. initial data set with a flat end
and hence with Eapy = 0. Across the corners ~ x {0} and
Y x {1}, we respectively have H — (—hg) — f > 0 and
hy — h > 0. Since (2, g, k) satisfies DEC, Eapym > 0.
Contradiction arises.
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Connection with Spacetime PMT

With Lohkamp's construction of Rg > 0 island. (cf. Schoen-Yau
17)

Theorem (Li)

Dihedral rigidity implies the Riemannian positive mass theorem.
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Connection with Spacetime PMT

With Lohkamp's construction of Rg > 0 island. (cf. Schoen-Yau
17)

Theorem (Li)

Dihedral rigidity implies the Riemannian positive mass theorem.

With Lohkamp's construction of (p — |J|g) > 0 island.

Proposition (T)

Dihedral rigidity implies the spacetime positive mass theorem.
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Alternative proof of SPMT in dimension 3

© Assume on the contrary, E < |P|. Furthermore, by
Christodoulou and O'Murchadha’s boost argument, w.lo.g.
E < 0 < |P|. Following Lohkamp's argument, one can
construct a (ji — |J|z) > O-island (M, &, k), i.e. there exists a
non-empty open set U C M with compact closure such that
@ ji—|Jjz>00nU, and
@ (M\ U, k)= (R"\ B/(0), geuc. 0)-
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Alternative proof of SPMT in dimension 3

© Assume on the contrary, E < |P|. Furthermore, by
Christodoulou and O'Murchadha’s boost argument, w.lo.g.
E < 0 < |P|. Following Lohkamp's argument, one can

construct a (ji — |J|z) > O-island (M, &, k), i.e. there exists a
non-empty open set U C M with compact closure such that
o ﬂ—\]|g>00n U, and
@ (M\U.g k)= (R"\ B(0), geuc, 0).

@ Now, the construction of the generalised exterior region
(Hirsch-Kazaras-Khuri, Andersson-Dahl-Galloway-Pollack
(Eichmair-Huang-Lee-Schoen 16, Schoen-Yau 81) ) can be
carried out on (M, g, k). In particular, there exists (M,g, l?)
with boundary M composed of MOTS and MITS such that
Ho(M,OM,Z) = 0.
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Alternative proof of SPMT in dimension 3

© Moreover, there exists a non-empty open set U c M with
compact closure such that

\ >OonU
9( \U,8,k) = (M\ U,&,k) = (R"\ B(0), geuc, 0)-
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Alternative proof of SPMT in dimension 3

© Moreover, there exists a non-empty open set U c M with
compact closure such that

A—‘j|g>00n 0,
@ (M\U,g k)= (M\U,g k) = (R"\ B,(0), 8euc; 0)-

@ Then, let P3 be a cube. As aforementioned, consider a large
scaling of P such that OP can be isometrically embedded into
(M\ U, &,k) and encloses . Let Q denote the region in M
bounded by AP. Hence, we have Hx({, M, Z) = 0.
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Alternative proof of SPMT in dimension 3

© Moreover, there exists a non-empty open set U c M with
compact closure such that

i 0 on 0,

@ (M\U,g k)= (M\U,g k) = (R"\ B,(0), 8euc; 0)-

@ Then, let P3 be a cube. As aforementioned, consider a large
scaling of P such that OP can be isometrically embedded into
(M\ U, &,k) and encloses . Let Q denote the region in M
bounded by AP. Hence, we have Hx({, M, Z) = 0.

© By controlling the normal derivative, we can control the sign
of the extra boundary integral. i = |J|z = 0. Contradiction.
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Charged initial data sets

For a charged initial data set (M, g, &), where £ is a divergence
free electric field. By considering charged harmonic functions
proposed by Bray-Hirsch-Kazaras-Khuri-Zhang,

Au—(E,Vu)y =0,

the ideas can be applied.
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Energy and Geometry

@ CO characterisation of dominant energy condition
@ Boundary and interior geometry

© Localised mass

Q@ ADM mass
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THANK YOU!!l
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