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Seismic anisotropy, the variation of seismic wave speed with direction, is an extremely important

physical phenomena. When a certain type of seismic wave (shear wave) propagates in an anisotropic

medium, the component polarized parallel to the fast direction (along which the speed is higher)

begins to lead and the component polarized to the slow direction lags behind (analogous to the

optical birefringence). This observation of seismic anisotropy may be used to infer several physical

properties of the medium through which these waves are propagating. Fortunately, Earth’s upper

mantle shows significant seismic anisotropy due to preferred crystallographic orientation of the con-

stituent minerals. Therefore, it can provide crucial information regarding the convective flow and

stress patterns in the upper mantle. To be more precise, seismic anisotropy can shed light on detail

inner working of several geodynamic processes which are inherently anisotropic in nature and there-

fore insensitive to isotropic seismology.

Owing to its simplicity, the classical ray theory based formulation is widely used to infer anisotropic

structures of the upper mantle. However, due to the lack of vertical resolution of infinite frequency

ray theory based methods and its numerous other shortcomings even in the simplified studies as-

suming isotropy, it is undesirable to use a ray theory based method in a fully anisotropic framework.

The major portion of this thesis is devoted to developing anisotropy tomography method in a per-

turbative framework where the ‘finite-frequency’ or the full ‘wave’ feature is taken into account.

Such technique is proven to be a substantial improvement in terms of localization of the anisotropy

of upper mantle. After benchmarking, it is applied to infer the anisotropic structures beneath the

High Lava Plains of Oregon and as such was able to provide an avenue for reconciling apparently

contradictory constraints on anisotropic structures from di↵erent measurements.

In the last part of the thesis, we briefly discuss a technique (slightly tangential to the main theme of

anisotropy however seems to enjoy a connection at a more fundamental level) we develop to obtain

an e↵ective description of the physical properties of a general heterogeneous medium (including pure

randomness). This is motivated by the fact that when propagating through small heterogeneities,

seismic waves naturally average the elastic properties of the medium and therefore only an e↵ective

physics is realized.
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Introduction

Elastic waves generated by Earthquakes are one of the most powerful tools to scan the Earth’s

interior. They provide us access to the topology and geometry of the structures and the spatial

distribution of the mechanical properties of the interior of the Earth. As a whole, they lead to a bet-

ter understanding of the geodynamic processes of the planet. Since the beginning, Seismology, the

study of these elastic waves, has provided a tremendous amount of important information regarding

the structure of the Earth. A few of such contributions include identification of the layered structure

and composition of the Earth [1], delineating several anomalies at di↵erent depths [2,3,4]. With the

progressing computational technology, it generated a high-resolution image of important tectonic

phenomena such as plate subduction, etc and not to mention its impact on the industrial aspects.

Most of the first-order structure of Earth’s interior is obtained by so-called isotropic tomography

which assumes that the medium is only heterogeneous. However, to delve into the detailed working

of some important geodynamic processes such as discerning the overall patterns of mantle convec-

tion, detail of subduction dynamics, continental deformation, flow at the base of the mantle, etc.

one needs to break the assumption of the isotropy. This is mainly because these physical processes

are intrinsically anisotropic and therefore not detected by the isotropic tomography.

The study of seismic anisotropy essentially deals with the directional variation of the elastic wave

speed. Such dependence is caused by the aforementioned physical processes. Earth’s upper mantle

shows significant seismic anisotropy due to the preferred crystallographic orientation of the con-

stituent minerals [5]. Therefore, it can provide crucial information regarding the flow and stress

patterns in the upper mantle. Experimental studies revealed the simple shear to be the most domi-

nant mode of deformation in the upper mantle. Under the action of simple shear, the [1 0 0] axis of

A type olivine aligns parallel to the slip direction, while the other two directions ([0 1 0] and [0 0 1])

tend to remain perpendicular to the slip direction [6]. Therefore, delineation of the directional vari-

ation of the elastic property (which controls the speed of the associated elastic waves) would seem

to help one to unfold the detailed mechanism of the associated physical processes. Despite this

fairly straightforward plan of attack, one is met with few obstructions while dealing with anisotropy.
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Firstly, the theoretical study of wave propagation through a general anisotropic medium is slightly

complicated compared to the purely isotropic case primarily due to the increase in the number of in-

dependent elasticity constants. Secondly, with the increase in the number of elasticity constants, the

number of unknowns that are to be estimated in the tomography problem increases. This in turn

necessitates the required number of observed data. Therefore, an observational limitation arises.

Lastly, the introduction of anisotropy introduces strong non-linearity in the associated ‘inversion’

process making it extremely di�cult to uniquely determine the model parameters. These last two

problems are the most challenging ones since these are practical issues and in most cases di�cult to

overcome. Therefore, one needs to improve the theoretical study since that is the only thing under

our control.

A common method for upper mantle anisotropy is to measure shear-wave splitting parameters (de-

lay time and fast direction) [15, 29, 34]. However, the interpretation is not straightforward, because

splitting measurements represent an integration of structure along the ray path. The high delay time

may yield several interpretations in terms of strength of anisotropy: a thin highly anisotropic layer

or a thick layer of weak anisotropy. In addition to being non-unique in terms of strength, the details

causing anisotropy (LPO or SPO in presence of melt) may not be understood clearly. To avoid

such ambiguity of interpretations, therefore, a tomographic approach that allows for localization of

anisotropy is desirable. Secondly, such interpretation is dependent on the ray theory description of

wave propagation, which in the context of shear wave propagation through the upper mantle is a

rather crude assumption. This is primarily because such a geometric optical description of the wave

propagation is valid in the regime where the frequency is high. To be precise, such approximation

holds when the frequency (f) and the travel-time (T ) satisfies a relation of the type fT � 1 (simply

as a consequence of the phase space uncertainty). For SKS waves traveling through the upper man-

tle, this entity is of the order of 10 and therefore one needs to address the ‘finite frequency e↵ect.

Besides, since the ray paths are one-dimensional, one needs in principle an infinite number of rays

to completely sample a higher dimensional heterogeneity (dimension � 2). Another severe problem

with the geometrical optics assumption is the generation of infinite strain at caustics (the volumetric

strain ⇥ :=div u, u being the displacement field, diverges) which is unphysical. This is precisely a

consequence of the non-renormalizability of the elasticity theory at the level of very low wavelengths

(�) in the presence of complicated (possibly random) heterogeneity. The propagator diverges at low

wavelength as O( 1
�3 ). Notice that even though the geometric optical calculations are suitable for

several applications in the context of EM wave propagation, one needs to remember that EM theory

is not non-renormalizable like elasticity in the presence of complex heterogeneity.
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In order to address these issues, we want to develop a self-consistent theory that addresses the

underlying physics fairly accurately while yielding a better result from a practical point of view

(i.e., able to resolve structures using a reasonable amount of observations). To avoid the ambiguity

associated with the classical ray theory, we implement the so-called finite frequency tomography

originally developed by [7] in the context of isotropic tomography. This approach was later general-

ized to the anisotropic framework by [8]. Building on previous work on finite frequency shear wave

splitting intensity tomography [8, 9, 10], here we develop a framework for tomographic inversion of

SKS splitting intensity measurements from dense seismic networks, with a new parametrization of

anisotropy and a model space search approach. The model space search approach rather than a

linearized inversion is utilized to address the non-linearity associated with the anisotropy. The prob-

lem of ‘under-sampling of heterogeneity’ associated with the ray theory-based tomography problem

is circumvent using the finite frequency sensitivity kernels which sample the first few Fresnel zones.

The use of overlapping kernels enhances the robustness of the model estimation substantially. In the

first chapter of this thesis, we address the theoretical and computational detail of our study of finite

frequency SKS splitting intensity tomography along with several synthetic examples to benchmark

it. In the second chapter, we move on to applying this theory to real data associated with the

High Lava Plain of Oregon, USA. A particular reason for choosing this data set is the availability

of a fairly dense seismic network along with fairly good azimuthal coverage. Using the inversion

results coming from two dense arrays of stations, we set a possible connection between the observed

anisotropy and geodynamic processes associated with this particular geophysical setting.

Even though this finite frequency SKS splitting intensity tomography advances the anisotropy to-

mography up to a certain degree, one would ideally require further constraints. This is primarily

because the shallow to upper-middle part of the model remains unresolved. After all, the sensitivity

kernels do not have su�cient overlap in this portion. Therefore, we need additional constraints

which are likely to improve the model. As it happens, we do have the surface waves which are

sensitive to the anisotropy and have control over the depth resolution within the upper mantle. In

a suitable sense, surface waves possess the ability to scan several depths in a telescopic manner. In

order to take advantage of this property of the surface waves, we couple the SKS splitting intensity

tomography with the surface wave phase velocity tomography in the sense of a ‘joint’ inversion. The

third chapter deals with the theoretical framework of this study as well as an application to the

High Lava Plain of Oregon (HLP).

Lastly, in the fourth and last chapter of the thesis, we develop a theory that is slightly tangential

to the main theme of seismic anisotropy. However, it seems to enjoy a connection with the tomog-
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raphy (possibly anisotropic) at a more fundamental and deeper level. We shortly describe such a

connection. This involves an e↵ective field theory (EFT) approach to address the physics of wave

propagation in heterogeneous (possibly random) media, their homogenization, and the occurrence

of possible critical phenomena. The occurrence of critical phenomena is quite common in a range

of physical systems. Roughly the critical phenomena occur when there are two competing forces

present which nullify each other. Therefore, if one starts with a heterogeneous medium that has

a degree of randomness as well as a correlation, then the wavefield passing through the medium

responds accordingly; it may be localized or may be correlated over a large distance displaying an

‘order’ depending on the relative strengths of the random and correlated heterogeneities. Wave prop-

agation (or simply elastostatic deformations) in these heterogeneous media is by itself an extremely

rich topic and we only address a quite small fraction. Often it is important to obtain an e↵ective

homogeneous description of these heterogeneous media that respects the underlying physics. This

is physically relevant and important because of the following fact. Consider the heterogeneities

present in the mantle. They do have a large range of length scales (few mm to few km) and when

seismic waves propagate through such a heterogeneous medium, a multitude of processes occur at

a wide range of length scales. However, the observations we make on the surface are e↵ective ones

since the seismic waves have limited spectra. Therefore it is necessary to develop an e↵ective the-

ory of heterogeneous medium which is to be incorporated appropriately while performing seismic

tomography. Secondly, the critical phenomena are relevant in the current context because it is scale

invariant. The complex processes associated with each length scale combine to yield an e↵ective

scale-invariant phenomena where the system acquires a certain level of ‘order’. In summary, we de-

velop a homogenization technique of heterogeneous medium (including purely random medium) and

describe possible critical phenomena occurring in complex elastic systems containing purely random

and correlated heterogeneity. We discuss a potential application of this critical phenomena to the

Earthquake theory.
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Chapter 1

A model space search approach to finite-frequency SKS splitting intensity tomography

in a reduced parameter space

1.1 Introduction

Relating shear wave splitting observations to anisotropic structure in the Earth’s interior is a classical

problem in seismology [11,12,13,14]. Shear wave splitting arises when shear waves travel through an

anisotropic medium, and refers to the phase lead of the quasi-shear wave component polarized in the

fast direction with respect to the component polarized in the slow direction. Observations of shear

wave splitting (or other wave phenomena that reflect anisotropy) are important in understanding

various geodynamic phenomena, such as overall patterns of mantle convection [15, 16], subduction

dynamics [17,18,19,20], oceanic spreading centers and continental rift systems [21,22,23], continental

deformation [24,25], and flow at the base of the mantle [26, 27,28].

A commonly used method to infer upper mantle anisotropy - and therefore upper mantle flow

patterns - is to measure shear wave splitting parameters (fast direction, �, and delay time, dt),

typically for phases such as SKS that have been refracted through the outer core [29]. However,

the interpretation of SKS splitting measurements is not straightforward, because they represent an

integration of anisotropic structure along the ray path. Large delay times, for example, may yield

several interpretations in terms of strength of anisotropy (a thin highly anisotropic layer vs. a thick

layer with weak anisotropy). Similarly, in the presence of multiple anisotropic layers, the apparent

fast direction reflects a complicated (and non-commutative) [12,30] combination of layer parameters,

and isolating the depth of di↵erent anisotropic regions is a major challenge.

To lessen the ambiguity of shear wave splitting interpretation, a tomographic approach that

allows for the localization of anisotropy is desirable. However, tomographic inversion for anisotropic

structure is a daunting task, since 21 parameters are needed to describe the most general form of

anisotropy, and such a large parameter space does not allow for a tightly constrained tomographic
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inversion given limited data. Furthermore, the inverse problem for anisotropy is highly non-linear, as

the sensitivities of splitting observations to anisotropy depend on the starting model used to compute

them [31]. Finally, shear wave splitting tomography is further complicated by the measurements

themselves, which are challenging for noisy data [32], resulting in much smaller data sets than

traditional traveltime tomography. The measurement problem can be somewhat ameliorated by

making measurements of the splitting intensity [33] rather than the traditionally estimated splitting

parameters (�, dt), as this quantity can be more robustly estimated from noisy data [32,34] and has

the advantage of being commutative along the ray path [8, 30, 33].

Substantial e↵ort has been devoted to developing theoretical frameworks and practical strategies

for inverting shear wave splitting data for anisotropic structure, much of it in the context of finite-

frequency sensitivity kernels that relate model perturbations to splitting observations [8,9,10,35,36].

However, there have only been a few published examples of the application of splitting tomography

to actual data sets to study mantle anisotropy. [31] applied a ray theoretical framework to invert

for anisotropic structure in a subduction zone setting, taking advantage of seismicity within the

subducting slab to provide ray coverage for local S phases; this approach was also applied by [37].

[38] used data from dense seismic networks in southern California to apply finite-frequency SKS

splitting tomography, producing a model of lateral and depth variations of anisotropy parameters.

Lin et al. (2014a) applied a full-wave approach to the computation of sensitivities and a multiscale

parameterization to the inversion of a similar dataset from southern California, based on insights

from full-wave modeling of SKS phases (Lin et al. 2014b).

While these tomographic approaches have enabled substantial progress in understanding the 3D

distribution of seismic anisotropy in well-sampled regions, they all share a significant limitation

in that the inversion strategy is based on a linearization around a background model, which may

result in bias in the model estimation. Sensitivity kernels for anisotropic structure depend strongly

on the background model used to calculate them, and are substantially di↵erent for heterogeneous

anisotropic starting models than for the homogeneous ones that are often used to calculate them

[9]. Because of this limitation, the implementation of a model space search approach to shear

wave splitting is desirable; such an approach, while computationally intensive, avoids the explicit

linearization of a highly nonlinear inverse problem, and yields constraints on the ranges of model

parameters allowed by the observations [39].

Building on previous work on finite frequency shear wave splitting intensity tomography [8,9,10],

here we develop a framework for tomographic inversion of SKS splitting intensity measurements

from dense seismic networks, with a new parameterization of anisotropy and a model space search
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approach. We reparameterize the full elasticity tensor based on insights from olivine elasticity

and fabric development, reducing the number of parameters to three (a measure of anisotropy

strength, plus the dip and azimuth of the fast symmetry axis). We compute Born-approximation

finite frequency sensitivity kernels relating model perturbations to splitting intensity, allowing us

to sample the first few Fresnel zones of sensitivity instead of assuming sensitivity along an infinite

frequency ray. This finite frequency approach allows us to obtain overlapping sensitivity kernels for

observations at adjacent stations, even for nearly vertically propagating SKS waves. We implement a

Markov chain Monte Carlo (McMC) technique to sample model space and obtain a most likely model

for anisotropic structure, and sample the resulting probability distributions for various anisotropic

parameters.

The structure of the paper is as follows. We begin with a development of the theoretical for-

mulation necessary for the finite-frequency anisotropy tomography problem in a three-dimensional,

Cartesian geometry, building on previous work by [8] and [9]. We discuss a simplified parameteriza-

tion for anisotropy based on elasticity and fabric development in olivine. We then test our forward

formulation against various analytical solutions for the behavior of splitting intensity observations

for simple anisotropic models. Next, we develop and implement an McMC approach to probing

parameter space, and perform inversion tests with synthetic data sets to evaluate computational

cost and infer the resolving power of our algorithm for synthetic models with multiple anisotropic

layers. Finally, we discuss the prospects for implementation of our tomography strategy to actual

SKS splitting data sets.

1.2 Theoretical formulation of sensitivity kernels

Equation of motion for the infinitesimal displacement along with the constitutive relation for linear

elasticity lead to the wave equation

⇢
@2u

@t2
= r · (C : ru), (1.1)

where u, C, and ⇢ are the displacement, elasticity tensor, and density, respectively. Given the initial

displacement and velocity (i.e., the Cauchy data), equation (1.1) has a unique time evolution (in

C0(I ⇢ R;W 1,2⇥L2(V ⇢ R
3)), which may be computed using Green’s function [40]. Computation

of the Green’s function (G) involves the solution of the following inhomogeneous partial di↵erential

equations [41]

⇢@2
t
G = r · [C : rG] + I�(r� rs)�(t� ts), (1.2)
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where I, rs, and ts are the identity operator, seismic source location, and source time, respectively.

To focus on anisotropic tomography, we express the wave related entities as first order perturba-

tions from the background isotropic reference state:

u = u0 + ✏�u, (1.3)

⌃ = ⌃0 + ✏�, (1.4)

C = CIso + ✏�C, (1.5)

where [u0,⌃0,CIso], [�u,�, �C], and ✏ represent the isotropic reference state, the perturbed state,

and the perturbation parameter, respectively. Subtracting the isotropic reference state and neglect-

ing the advection term from the total derivative and higher order terms (O(✏2)) leads to

⇢
@2�u

@t2
= r · (CIso : r�u) +r · (�C : ru0) (1.6)

which resembles the equation of the motion of the unperturbed state, with r · (�C : ru0) being the

source term (forcing term). Therefore, we may now invoke the same Green’s function in order to

compute the perturbed displacement field. However, before doing so, we transform the entities to

the frequency domain for convenience in computation

g(t) =
1

2⇡

Z 1

�1
(

Z 1

�1
g(t

0
)e�◆!t

0

dt
0
)e◆!td!, (1.7)

where ! is the angular frequency. Here, we assume that g 2 L1(R) i.e.,
R1
�1 |g(t)|dt < 1 with R

being the real line in order to guarantee the existence of Fourier transform of Dirac’s delta function

(absolutely integrable, but not square integrable). Under such transformation, elliptic equations

defining the perturbed state may be written as

�⇢!2�u = r · (CIso : r�u) +r · (�C : ru0), (1.8)

and existence of its solutions is well established [42]. The eigenfrequency spectrum is unique and may

be computed as follows. Taking dot product of both sides of equation (1.8) by �u 2 W 1,2(V )�{0} and

integrating over the spatial domain and assuming that the perturbation vanishes on the boundary
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of the manifold (if it has a boundary), we obtain the following expression for !:

!2 =

R
V
(r�u : CIso : r�u+r�u : �C : ru0) dVR

V
⇢|�u|2dV

, (1.9)

which guarantees the existence of the solution of equation (1.8) given that the numerator is positive.

We may write the solution in the frequency domain in terms of the Green’s function as follows

�u(!) =

Z

⌦
G · (r · (�C : ru0))dV, (1.10)

which may further be simplified

�u =

Z

⌦
r · (G · (�C : ru0))dV �

Z

⌦
(�C : ru0) : rGdV, (1.11)

=

Z

@⌦
(G · (�C : ru0)) · ndS �

Z

⌦
(�C : ru0) : rGdV, (1.12)

= �
Z

⌦
(�C : ru0) : rGdV,

where we have assumed that the perturbation vanishes on the boundary. Now we move on to use

the expressions of the useful entities to obtain the observables of seismic anisotropy.

In a general, three dimensional elastic continuum, three body waves exist: one primary wave

(P) and two shear waves (S). In an isotropic medium, SO(3) symmetry of the elasticity tensor

forces the eigenspectrum of the wave operator (equation 1.8) to be degenerate. In other words, both

the shear waves (SV and SH) travel with the same speed. However, in the presence of anisotropic

scatterer, SO(3) symmetry is broken and therefore, the degeneracy is lost; two shear waves have

di↵erent speeds. Thus, a phase delay between two such shear wave phases provides an observational

constraint on the anisotropic properties of the medium.

In this study we consider the SKS phase. The SKS phase is generated from a P to S conversion at

the core-mantle boundary and therefore, it is supposed to be radially polarized (that is, polarization

in the source-receiver plane) in an isotropic medium. The presence of anisotropy in the mantle,

however, can transfer energy from the radial part to the transverse part of the wave displacement

field via scattering leading to a non-zero amplitude of the transverse component. Thus, we may use

this scattered transverse amplitude as a measure to describe shear wave splitting. Following [33],

shear wave splitting intensity(S) is defined as

S(r, rs) = 2
Re
R
◆!�uT (r, rs;!)u⇤R

0 (r, rs;!)d!R
!2|uR

0 (r, rs;!)|2d!
, (1.13)
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where �uT and uR

0 are the transverse and radial components of the displacement, respectively. Using

this particular measure of anisotropic characteristic of the SKS wave form, we construct an integral

map between the anisotropic perturbation to the elasticity tensor and the physical observable such

as the one we have just defined. Now we move on to compute the integral kernels relating the derived

observable (splitting intensity) and the unknown anisotropic scatterers.

Let us denote the unit vectors in the radial and transverse directions by r̂ and t̂, respectively.

Here r̂ is the particle displacement direction (not to be confused with the radial direction in spherical

polar co-ordinate system) associated with the SKS waves polarized in the radial plane (source-station

plane). Then the transverse component of the scattered wave field is �u · t̂, which may be written

in the following form using equation (3.7)

�uT = �u · t̂ = �(

Z

⌦
(�C : ru0) : rGdV ) · t̂, (1.14)

= �
Z

⌦
((�C : ru0) : rG) · t̂dV, (1.15)

= �
Z

⌦
t̂ · (ru0 ⌦rG) :: �CdV. (1.16)

We may neglect the perturbation to the radial component, as such perturbation has only second

order e↵ect on the splitting intensity. This could be seen immediately from equation (2.1) if one

were to consider the perturbation to the radial component i.e., uR = uR

0 + �uR: the contribution of

such perturbation takes the form �uT �u⇤R, which is clearly second order and thus may be neglected.

Under such assumption, the radial component is written as

uR

0 = u0 · r̂. (1.17)

Now that we have obtained each component required to compute the splitting intensity, we may

substitute equations (1.16) and (1.17) into equation (2.1)

S(r, rs) = �2
Re
R
◆!
�R

⌦ t̂ · (ru0 ⌦rG) :: �CdV
�
(u0 · r̂)⇤d!R

!2|(u0 · r̂)|2d!
, (1.18)

= �2

R
⌦ Re

�R
◆!(u0 · r̂)⇤t̂ · (ru0 ⌦rG)d!

�
:: �CdVR

!2|(u0 · r̂)|2d!
, (1.19)

=

Z

⌦
K :: �CdV, (1.20)

where the sensitivity kernel K, which relates perturbations in �c to splitting observation S, is given
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as follows

K = �2
Re
�R
◆!(u0 · r̂)⇤t̂ · (ru0 ⌦rG)d!

�
R
!2|(u0 · r̂)|2d!

. (1.21)

Here, ‘⌦’ represents tensor product operation on vector bundles (tensors are treated as sections of

vector bundles). In deriving the previous equation, we have considered the fact that in purely elastic

medium, the elasticity tensor is independent of frequency.

In order to calculate the sensitivity kernels, we need the Green’s function. For a homogeneous,

isotropic wave speed model, the Green’s functions can be solved analytically [41]. However, for a

velocity structure that varies with depth, a semi-analytical technique such as a propagator matrix

method works well [43, 44, 45]. In our case, we experimented with two di↵erent methods for ap-

proximating the Green’s function in the kernel computation. First, we used analytical solutions

for the Green’s function for a single-layer model, using average isotropic P and S wave speeds for

the upper mantle (cp = 7.9 km s�1 and cs=4.4 km s�1 [46]). Second, we implemented the semi-

analytical propagator matrix technique for a depth-dependent vertical velocity profile (ak135) [47].

In the propagator matrix technique, the fields are expanded in the Fourier series in the horizontal

direction (no horizontal variation of seismic wave speed), and the frequency domain wave equation

is converted to a set of ordinary di↵erential equations in z. Further details can be found in [41]. In

our kernel computations presented in the paper, we used the propagator matrix technique applied to

the depth dependent velocity model ak135; because it is a semi-analytical technique, is very e�cient

and allows for exploration of the model space with reasonable number of iterations. We point out,

however, that because the variations in isotropic wave speed within the upper mantle are not dra-

matic, the di↵erences between our propagator matrix computations for the Green’s functions in a

depth-dependent velocity model and the analytical Green’s function for a homogeneous, single-layer

model are slight. We compared kernels using the two di↵erent methods of computing the Green’s

function, and found that they were nearly identical.

1.3 Parameterization

Once we have derived the expression for the sensitivity kernels (equation 24), in theory we may

invert equation (23) to obtain the full anisotropic perturbation of the elastic medium given the

splitting intensity (S). However, such an inversion would involve solving for each independent elastic

constant in a fourth-rank tensor (21 in the most general case), which represents an impractically large

number of unknown parameters given the limitations of observational data sets. If the symmetry

of anisotropy is known or assumed, then the number of independent parameters is reduced (for
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Figure 1.1: (A) Variation of the three dimensionless Thomsen parameters (✏, �, �) with the strength
parameter �, (B) Correlation between ✏ and �, (C) Correlation between ✏ and �, (D) Correlation
between � and �. Our parameterization scheme uses � instead of the Thomsen parameters to define
the strength of upper mantle anisotropy, taking advantage of the linear relationships between � and
✏, �, and �.

example, for an olivine crystal with orthorhombic symmetry, the number of independent elastic

constants is 9; in practice, this is still too large a number for an anisotropic tomography problem).

In previous work, [8] suggested a vectorial tomography which employs a linear inversion technique

in order to estimate three Thomsen’s anisotropy parameters (✏, �, and �). These three dimensionless

parameters are defined as follows for hexagonal anisotropy (for the case in which anisotropy is weak

i.e., ||�c||Lp << ||Ciso||Lp , for some p � 1) [48]

✏ =
c11 � c33
2⇢↵2

, (1.22)

� =
c13 � c33 + 2c44

⇢↵2
, (1.23)

� =
c66 � c44
2⇢�2

, (1.24)

where ⇢, ↵, and � are the density, isotropic P, and isotropic S wave speed, respectively. Together

with the orientation of the symmetry axis in space (dip angle from the horizontal, ✓, and azimuth

from north, �), in this formulation there are a total of five parameters to invert, and additional

simplifications are needed to reduce this number. Because typical shear wave splitting data sets
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cannot recover all five parameters simultaneously without producing a bias towards some parameters,

such additional simplifications are necessary for our problem.

Our approach is to reparameterize the strength of anisotropy using insights from mineral physics,

specifically experimental and observational constraints on the development of crystallographic pre-

ferred orientation (CPO) in olivine aggregates. Seismic anisotropy of the upper mantle is thought to

be mainly controlled by this mechanism [6]; furthermore, olivine aggregates that have been deformed

to high strains develop CPO such that the elasticity of textured aggregates has a geometry (though

not a strength) that is generally similar to the elasticity of single-crystal olivine [6]. We therefore

assume that olivine aggregates in the upper mantle will exhibit behavior characteristic of a linear

mixture of two endmembers: an isotropic equivalent, in which the individual grains are randomly

oriented, and a perfectly aligned aggregate, in which all grains exhibit the same (preferred) orien-

tation and the elasticity is equivalent to a single crystal of olivine. In this scheme, the strength of

anisotropy can be described with a single parameter that varies from 0 (random alignment) to 1

(complete alignment). We further assume that the elasticity of the aligned olivine endmember can

be well described by a hexagonal approximation to the actual (orthorhombic) symmetry, an assump-

tion that is justified by the elastic characteristics of single-crystal olivine, along with experimental

results on deformation of polycrystalline olivine aggregates [6].

Our goal is to obtain a hexagonal equivalent of the orthorhombic olivine tensor. There are

several ways of doing so; one way is to use the projection method described in [49]. An alternative

(but conceptually equivalent) method to obtain the hexagonal part of the orthorhombic tensor is to

rotate about the [100] (fast) olivine axis and average the elements of the elasticity tensor describing

the intermediate and slow velocities, as described below. We have tested both schemes and they

yield virtually identical results; results shown in this paper were obtained using the latter approach.

We carry out hexagonal averaging of the elasticity tensor from the lower (orthorhombic) symmetry

class by taking the angular average of each of the three sets (c11, c22), (c44, c55), and (c13, c23). This

averaging scheme utilizes the fact that elements of each set do not di↵er substantially from each

other (that is, the orthorhombic symmetry is weak on the plane perpendicular to the c axis). The

spherical harmonic averaging is done using

C11hexagonal =

P1
l=0

R 2⇡
0 (C11orthorhombic(�) + C22orthorhombic(�))Pl(cos�)d�

2
P1

l=0

R 2⇡
0 Pl(cos�)d�

, (1.25)

where Pl’s are the ordinary Legendre polynomials and � is angle of rotation about c axis. Similarly,

other sets ((C44, C55) and (C13, C23)) may also be averaged to obtain the hexagonal equivalence. Fol-
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lowing homogeneous stress approximation (Reuss average; [50]), the elastic constants of the mixture

Cij may be expressed as

Cij = �Cijsingle + (1� �)CijIsotropic, (1.26)

where � is the fraction of pure hexagonal crystal present in the mixture. This formulation uses the

technique of [49] in order to extract the isotropic part of the elasticity tensor from the full olivine

anisotropic tensor. Using this particular approximation, we may compute the three Thomsen’s

parameters based on equations (1.22)-(1.24) and note their evolution as a function of � (Fig. 1.1).

When the mixture consists of completely aligned crystals (� = 1), the Thomsen’s parameters are that

of (hexagonally averaged) olivine, and for the purely isotropic crystal (� = 0), they are identically

zero.

We checked whether the Thomsen parameters that we computed for the hexagonally averaged

crystal are close to those presented in [51]. This comparison is imperfect, however, because [51]

used an aggregate of olivine and enstatite, rather than the pure olivine aggregate that we use in

our work. The values for the Thomsen parameters in our work are therefore not identical, but

they are similar. Thomsen’s parameters (✏, �, �) vary linearly with �, as shown in Figure 1.1(a).

Figure 1.1(b),c, and d show the correlation between the Thomsen parameters. We also considered

the correlations among di↵erent Thomsen parameters, both for our result and the one presented

in [51], and again the relationships were generally similar. Because in our approach we used a linear

mixture between the isotropic and (hexagonal) anisotropic crystals, a linear correlation between the

anisotropy parameters is expected, and this is indeed what is observed.

Using equations (1.20), (1.21), (1.22-1.24), and (1.26) we may obtain the following simplified

equation relating the splitting intensity and the ‘strength’ of anisotropy

S(r) =

Z

⌦
K�(r, ✓,�; rs)�(rs)d

3
rs, (1.27)

where K� is the corresponding sensitivity kernel, which is itself a non-linear function of the orien-

tation parameters (✓,�). One important thing is to note is that the equation (2.2) is only valid

under the assumptions made previously; for the case of relatively weak anisotropy due to CPO

of olivine in the upper mantle, this equation yields a good approximation for the relationship be-

tween anisotropic model perturbations and the splitting intensity S. Under these conditions, we can

represent the anisotropic geometry and strength with three parameters (✓,�,�), instead of the 21

independent parameters needed for the most general case of anisotropy.
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1.4 Examples and properties of sensitivity kernels

The strong dependence of the sensitivity kernel on the background model is an important issue

in shear wave splitting tomography [9], and this dependence makes the linearization of the inverse

problem di�cult, as discussed in section 5. In this section, we explore the behavior of sensitivity

kernels and provide some simple examples of their strong dependence on the background model.

The kernel behavior is illustrated via figures that show the variation of the sensitivity in the model

space as functions of the background model properties (azimuth and dip of the symmetry axes of

the anisotropic medium). In addition to representing linear maps between the model space and the

splitting intensity observable, sensitivity kernels provide insights into the first-order behavior of the

wavefield in the anisotropic medium.

We choose the power spectrum of the incoming SKS wave to be similar to that of [9], i.e.,

|uR

0 (!)|2 =
!2⌧2

4⇡
e�

!
2
⌧
2

8⇡2 , (1.28)

where ⌧ is the characteristic period of the wave, which is taken to be 10 s for SKS phase. The integral

over the frequency in equation (1.21) is performed over the frequency range of 0.02�0.125 Hz which

is the same as used by [9] and typical for SKS splitting studies [29]. We approximate the spectrum

as the second derivative of a Gaussian; this is reasonable for SKS-type phases where the records have

been deconvolved from the radial component waveform [33, 34]. With this choice of unperturbed

wave spectrum, we compute the sensitivity kernels with di↵erent background anisotropic model.

The kernels are computed on a fine grid ((5 km)3 box) for two di↵erent cases: (a) variation of the

dip of the symmetry axis, and (b) variation of the azimuth of the symmetry axis. The incoming

polarization direction is kept constant in both of these cases. The width of the maximum sensitivity

zone is calculated as ⇡
p
�L, where � and L are the characteristic wavelength and the propagation

distance respectively. In our case, with the characteristic period of 10 s and approximate propagation

distance of 400 km, we find the width of the maximum sensitivity zone to be ⇡ 300 km. However,

the nature of the sensitivity varies with each cases discussed below.

We compute a series of sensitivity kernels for di↵erent values of the azimuth of the symmetry

axis (�) while the dip (✓ = 0o) and the incoming polarization direction (↵ = 0o) are kept fixed.

The anisotropic perturbation is homogeneous in nature. The spatial distribution of the sensitivity

is not substantially modified with the variation of azimuth (�) of horizontal symmetry axis. Figure

1.2(B) and (C) show near symmetric sensitivity kernels corresponding to � = 30o, and � = 60o,
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Figure 1.2: Sensitivity kernel examples: 2-D slice along the plane of propagation. Plots show
behavior of the sensitivity kernels at di↵erent values of the azimuth of the symmetry axis (�)
while the dip of the symmetry axis (⇥ = 00), and the incoming polarization direction (↵ = 00)
remain fixed. (A) symmetry axis is parallel to the polarization direction (� = 00): the kernel is
perfectly antisymmetric leading to a zero splitting intensity for a homogeneous anisotropic model,
(B) � = 300:, (C) � = 600: symmetric kernel, and (D) symmetry axis is perpendicular to the
polarization direction (� = 900): trivially zero sensitivity kernel yielding zero splitting intensity for
arbitrary spatial distribution of anisotropic strength. Unit of the sensitivity is m�3s.
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Figure 1.3: Sensitivity kernel examples: 2-D slice along the plane of propagation. Plots show
behavior of the sensitivity kernels at di↵erent values of the dip of the symmetry axis (⇥), while the
azimuth of the symmetry axis (� = 450) and the polarization of the incoming wave (↵ = 00) are
kept fixed. (A) 2D slice through a 3D sensitivity kernel for a model with a horizontal symmetry
axis (⇥ = 00): almost fully symmetric kernel and thus sensitivity is evenly distributed, (B) tilted
symmetry axis (⇥ = 300), (C) ⇥ = 600, and (D) vertical symmetry axis (⇥ = 900): perfectly
antisymmetric sensitivity kernel yielding zero splitting intensity for homogeneous anisotropic model.
Unit of the sensitivity is m�3s.

respectively. However, the end member cases of � = 0o (polarization is parallel to the symmetry

axis) and � = 90o (polarization is perpendicular to the symmetry axis) are quite interesting. While

the latter corresponds to a trivial sensitivity kernel (Figure 1.2(D)) leading to a zero splitting as

expected, the former still has a non-trivial but perfectly antisymmetric nature (Figure 1.2(A)),

leading to a zero splitting intensity while integrated.

Figure (1.3) shows the variation of the sensitivity kernel with di↵erent values of the dip of the

symmetry axis while the incoming polarization direction (↵ = 0o) and the azimuth of the symmetry

(� = 45o) are fixed. The presence of the inclined symmetry axis causes an uneven spatial distribution

of the sensitivity, as expected (Fig. 1.3(B) and (C)). The striking property of the sensitivity kernel is
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the non-triviality even when the propagation direction is parallel to the symmetry axis (Fig. 1.3(D)).

Such a physical scenario should lead to a zero splitting intensity and the perfect antisymmetry of

the sensitivity kernel (Fig. 1.3(D)) confirms this well known result [13, 29, 33]. This non-trivial

antisymmetry of the sensitivity kernel is a remarkable property and it may help us to understand

the underlying physics in more details.

The kernel examples shown in Figures (1.2)-(1.3), which show the sensitivity for a range of an-

gles between the fast direction and the incoming polarization direction, illustrate some interesting

and subtle features for the case in which the initial polarization (equivalent to the backazimuth

for SKS waves) is aligned either parallel or perpendicular to the fast axis of the medium. For the

case in which the wave propagation direction (i.e., the wave vector k) is parallel to the symmetry

axis, we would observe a zero splitting intensity [13, 29, 33]. Zero splitting intensity may also be

obtained in di↵erent scenarios, such as symmetry axis being parallel or perpendicular to the polar-

ization direction. Therefore, each of these three cases predicts the same observation (zero splitting

intensity). However, the sensitivity kernels in Figure (1.2) illustrate that interactions of waves with

the anisotropic perturbations corresponding to these three di↵erent cases are di↵erent. In case of a

trivial sensitivity kernel (Figure 1.2(D)), the constructive and destructive interferences cancel each

other in either side of the vertical ray-path. However, in the case of a perfectly antisymmetric ker-

nel (Figure. 1.3(D) and Figure 1.2(A)), the opposite wave phases accumulate in both sides of the

raypath with opposite polarity and thus, the sensitivity is non-vanishing. Therefore, in such special

case, the finite frequency approach would be able to sense the anisotropic perturbation even if the

observable is zero (corresponds to a non-trivial solution to the system of linear equations described

by equation (2.2)). Such di↵erent interactions lead to ambiguous interpretations while ordinary ray

theory is employed, because of the integration of the structure along the ray path. However, using

a tomographic approach, we may be able to delineate the three distinct cases.

We may explain the importance of the non-trivial sensitivity kernel yielding zero sensitivity in

tomography by invoking a simple concept of linear maps. We provide here a simplified description

of the concept, and interested readers may consult [53] for more involved concepts of linear maps

and quotient spaces. We may write the equation (2.2) as a linear map between the model space X

(containing all possible anisotropic perturbations) and space of observable Y (all possible splitting

intensity in this case), i.e.,  : X ! Y , where  is the linear operator
R
V
dV KX . In case of a

trivial sensitivity kernel  (x) = 0, 8x 2 X i.e., both sides of the equation (2.2) are identically zero

and thus, one cannot estimate the model parameters at all. However, zero splitting intensity may
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Figure 1.4: Behavior of sensitivity kernels against analytical solutions. We compute splitting in-
tensity by integrating the sensitivity kernels (2.2) for a series of event backazimuths for a model
with single layer of horizontal anisotropy. Kernel predictions (dots) are plotted against the pre-
dicted splitting intensity from analytical solutions (line) with a horizontal symmetry axis (1.29) as
a function of (A) incoming polarization back-azimuth (↵) of the wave at di↵erent azimuth of the
symmetry axis (�). The variation of splitting intensity as a function of dip of the symmetry at (B)
di↵erent azimuths of the symmetry axis. In (B), maximum splitting is obtained at ✓ ⇡ 450 consistent
with the result of [52]. The starting model used for these computations has Thomsen parameters of
✏ = 0.03, � = 0.04, and � = 0.01 (corresponding to � = 0.1, Figure 1.1) and with a layer thickness
of 400 km.

also be obtained by integrating the perfectly antisymmetric kernels with a heterogeneous strength

of anisotropy (in other words, if the strength of the anisotropy is distributed in such a way that

the integration of equation (2.2) yields zero). Mathematically, in this case, we get a non-trivial

anisotropic perturbation which consists the kernel of linear operator  (kernel of a map is given as

follows:  : X ! Y , the kernel of  is the subset of X for which Y vanishes i.e., kernel( )={x 2

X| (x) = 0}). In the splitting measurements, the null data (zero splitting intensity) are neglected.

However, we do not know a-priori the orientation of the symmetry axis (we wish to know this), and

ray theory does not distinguish between these di↵erent situations in which the splitting intensities

turn out to be zero. Thus, in ray theory, we eventually neglect a part of the model space or just

resolve the quotient space X/ker( ). In our method, whenever sensitivity kernel is non-trivial,

kernel of sensitivity kernel is estimated uniquely. Thus, the method overcomes the disadvantage of

neglecting a portion of model space.

In order to benchmark our framework for computing sensitivity kernels, we compare our pre-

dictions for splitting intensity observations with known (ray theoretical) solutions for simple model

cases, such as that of a single anisotropic layer with a horizontal symmetry axis. When the sym-

metry axis is horizontal, simple analytical solutions exist [33] and we compare our solution with
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such limiting cases. Specifically, for the case of a single horizontal layer of anisotropy, the splitting

intensity is predicted to vary as:

S = �t sin(2(↵� �)), (1.29)

where �t, ↵, and � are the delay time, incoming polarization back-azimuth, and azimuth of the

symmetry axis, respectively. We compute sensitivity kernels for a series of initial polarization direc-

tions for a simple, single layer model and predict splitting intensities by integrating over the model

volume. Figure 1.4(A) and (B) show these modeled splitting intensities, along with predictions

from equation (1.29), demonstrating that our kernels capture the expected behavior for the simplest

models well. Specifically, we predict sinusoidal behavior of the splitting intensity with backazimuth,

as predicted by [33]. We also compute predicted splitting intensities for homogeneous models with

a non-horizontal horizontal symmetry axis to demonstrate the e↵ect of a tilted symmetry axis (Fig.

1.4(C), (D)). These figures show that the splitting intensity maximum corresponds to a dip of 450,

consistent with the results of [52].

1.5 Inversion Strategy: Model space search approach

We have discussed in the previous section the non-linear relation between the splitting intensity

and the anisotropy parameters (✓,�) through the sensitivity kernel examples. Thus, any attempt

in linearizing such parameters would severely bias the model estimation. The application of a non-

linear search which does not rely on the starting model becomes desirable. Therefore, our inversion

strategy invokes a model space search technique based on a Markov chain Monte Carlo sampling

algorithm. It is an e�cient model space search technique based on Bayes’ theorem and Markov

process. Bayes’ theorem describes how to update the probabilities of hypotheses given the evidence,

and follows simply from the axioms of conditional probability. Let us assume that we have a data

vector d which is given or observed, and several models can reproduce this data within di↵erent

error limits. Therefore, we may construct a conditional probability: given the data d, what is the

probability that a particular model m would satisfy it? The probability of the assumed model

m satisfying the given data d is the conditional probability P (m/d). Clearly, if this conditional

probability is high enough, we may assert that the model fit is reasonably good. Now, from Bayes’

theorem, we may write the following identity

P (m/d) =
P (d/m)P (m)P
m
P (d/m)P (m)

, (1.30)
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where P (d/m) is the probability of achieving the given data with the chosen model parameter m,

and P (m) is probability of the model parameter m to exist. The denominator describes the total

conditional probability of observing this particular data. Clearly, if we choose the model parameters

from the physically plausible set, then P (m) is identically 1, and 0 if it is chosen from outside of

the set. Bayes’ theorem is applied in conjunction with the Markov process, which states that in a

sequence of N events, the outcome of ith event depends only on the outcome of (i � 1)th event.

Following these two basic notions, several sampling algorithms have been developed, including the

Metropolis-Hastings algorithm, the Gibbs sampling algorithm, and several adaptive algorithms. We

implement the Gibbs sampling technique [54], which allows us to sample the models with higher

probability e�ciently. Such technique does not involve the concept of a starting model, as the model

space is sampled randomly following a particular probability distribution. The details of the Gibbs

algorithm are not presented here, as it has been extensively applied in computational physics [55,56],

computational chemistry [57], and geophysics [58, 59, 60]. The misfit is chosen to be the ordinary

Euclidean distance between the observed data and synthetic data produced by the chosen model

sets weighted with the squared data error vector:

E2 =
NX

i=1

(di � fi(m))2

2�2
i

(1.31)

where �i is the data error vector. The Bayesian likelihood function P (d/m) is just the Gaussian

distribution (adopted in accordance with the central limit theorem):

P (d/m) = exp(�E2). (1.32)

In our approach, we avoid the Metropolis-Hastings algorithm, as the convergence of such algorithm

is extremely sensitive to the step size of the random jump. Gibbs sampling, on the other hand, has

an advantage of sampling all misfit wells (or, correspondingly, probability hills) [59]. However, in

problems such as tomographic inversions, it is extremely di�cult to resolve small scale features as

the number of parameters increases. In such cases, inversion becomes computationally expensive

(for example, three parameters defined at each spatial point leads to a total of 300 parameters with

a grid size of 50 km⇥ 50 km ⇥ 50 in a 500 km⇥500 km⇥50 km domain) and thus the Markov chain

requires larger number of iteration to converge. The power of our approach, and the number of

parameters that can reasonably be resolved, thus depend on the available computational resources.

We will discuss the advantages and limitations of model space search technique in the following
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Figure 1.5: (A) The station distribution is shown on the horizontal plane (blue dots); the average
station spacing is roughly 100 km. (B) The station distribution of the dense high lava plain seismic
network. (C) Azimuthal distribution of the randomly chosen 20 seismic events. (D) Synthetic
splitting intensity as a function of azimuth of the events for a particular station.

sections using the results of resolution tests.

1.6 Synthetic tests

In this section, we provide several examples of synthetic tests to show how well our method can

handle di↵erent anisotropic scenarios. We start with the simplest model (a single homogeneous

layer of anisotropy) and increase the complexity thereby increasing size of the parameter space.

This sequential increase in complexity in our resolution tests helps us to illustrate the possible length

scales and size of the parameter space which can be resolved with confidence. In this study we restrict

ourselves to a grid based parametrization (discrete). There are other possible parameterizations as

well. One such possibility would be representing the anisotropic strength by linear combination of

basis functions in proper function space (e.g., L2 orthonormal basis) and solving for the coe�cients.

Such alternative parameterization will be explored in future work. A summary of the specifications

for each resolution test presented in this paper can be found in Table 1.
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Table 1.1: A summary of the specifications for each resolution tests presented in this paper
Test
num-
ber

Type of vari-
ability

Station con-
figuration

Parameters
varied

Grid size Type/size of input
anomalies

Figure
number

1 one layer random �, ✓,� ⇡8002 ⇥ 400 km3 single layer 1.6
2 2D (lateral) random � ⇡2002 ⇥ 400 km3 ⇡400 km checker-

board
1.9(A)

3 2D (lateral) HLP � ⇡1002 ⇥ 400 km3 ⇡400 km checker-
board

1.10(A)

4 2D (lateral) HLP �,� ⇡2002 ⇥ 400 km3 ⇡400 km checker-
board

1.12(A)

5 2D (lateral) HLP � ⇡502 ⇥ 400 km3 ⇡100 km spike 1.14(A)
6 2D (vertical) HLP � ⇡502 ⇥ 400 km3 ⇡50 km checker-

board
1.14(B)

7 Fully 3D random � ⇡2002⇥200 km3 ⇡4002⇥200 km3

checkerboard
1.9(B),(C),(D)

8 Fully 3D HLP � ⇡2002 ⇥ 100 km3 ⇡4002 ⇥ 200 km3

checkerboard
1.10(B),(C),(D)

9 Fully 3D HLP �,� ⇡2002 ⇥ 100 km3 ⇡4002 ⇥ 200 km3

checkerboard
1.12(B)

1.6.1 Single layer case

A single layer model is our simplest scenario, but it is important in order to understand the under-

lying complexity of the data-model parameter relation. We need to estimate three parameters: the

strength of anisotropy (�), the dip (✓), and the azimuth (�) of the symmetry axis. We choose a

physical domain with size ⇡800 km⇥ 800 km (in the horizontal dimensions) ⇥400 km (in the vertical

dimension) (Fig. 1.5(A)), designed to be typical of a regional anisotropy inversion. We generate a

set of 25 randomly distributed station locations (Figure 1.5), and compute a synthetic data set of

splitting intensities using an azimuthally random distribution of 20 sources and a starting model

with parameters (� = 0.1, ✓ = 450(0.7854 rad),� = 300(0.5236 rad)). We use this set of synthetic

splitting intensities (see example in Figure 1.5(D)) as the input for our inverse model (i.e., to invert

equation (2.2) for (�, ✓,�)). Using this input model, we ran a model space search for a total of 8000

iterations (length of the Markov chain); this number of iterations was chosen after a series of tests

to investigate how many iterations were needed for the algorithm to converge. For this single-layer

test in which all three parameters were allowed to vary, the sensitivity kernels were re-computed at

each step for each candidate starting model; the inversion thus comes at a non-trivial computational

cost, despite the small number of parameters. This particular initial test ran for 6 hours on a laptop

computer with 8 cores.

The results of our initial single-layer recovery test are shown in Figure 1.6, which shows the
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Figure 1.6: Single layer inversion result. The input model consists of a single layer of anisotropy
with � = 0.1, ✓ = 0.52 rad (300), and � = 0.78 rad (450). (A) 2-D section of the normalized
squared misfit (colours) and the points (red dots) sampled by the MCMC inversion algorithm. The
yellow dot corresponds to the location of the true input model. (B) The posterior distribution of
the strength parameter � with a mean (�̄) of 0.1075 and standard deviation (�) of 0.0277. (C)
The posterior distribution of the dip of the symmetry axis (✓) with a mean of 0.4419 (25.40) and
standard deviation of 0.1658 (9.50). (D) The posterior distribution of the azimuth of the symmetry
axis (�) with a mean of 0.7933 (45.45270) and standard deviation (�) of 0.1152 (6.60).
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misfit function for a fixed � (projection of the 3-D error hyper-surface onto � = constant plane is

used in order to represent graphically) and the points sampled by the MCMC algorithm. The shape

of the ”valley” of misfit indicates that multiple choices of ✓ (dip of the symmetry axis) explain the

data equally well. The posterior distribution also shows that the maximally sampled points may not

correspond to the actual dip (✓) (Fig. 1.6(C)). However, the anisotropy strength (�) and the azimuth

of the symmetry axis (�) are extremely well resolved (Fig. 1.6 (B) & (C)) for the single-layer case.

Despite the fact that splitting intensity depends on the strength of anisotropy (�) in a linear fash-

ion (equation (2.2)), the non-zero covariance among parameters makes a non-linear search crucial,

even for a hypothetical inversion cases in which � is the only parameter of interest. These parameter

covariances are demonstrated in Figure 1.7(B), which shows a power law relation ✓ ⇡ 0.1��1.8 be-

tween � and ✓ when � is small (within a few standard deviations from the original value of 0.1).This

demonstrates that the presence of a dipping symmetry axis impedes the convergence of the model

space search algorithm, as well as presenting a source of non-uniqueness in the inversion. We em-

phasize that our inability to constrain the dip of the symmetry axis in our synthetic test is not

unique to our study and is not a consequence of our model space search approach; rather, it is due

to our use of nearly vertically propagating SKS waves. On the other hand, the resolved azimuth (�)

is insensitive to (that is, does not trade o↵ with) the strength (�) and the dip of the symmetry axis

(✓) (fig. 1.7(C) & (D)). This implies that SKS splitting observations can distinguish variability in

� from variability in other parameters, and furthermore suggests that strong constraints on � can

be achieved very fast through the McMC technique. In many geophysical studies of anisotropy, a

horizontal symmetry axis is either suggested by the data or (more commonly) assumed. Therefore,

we suggest a strategy that assumes a horizontal symmetry axis the most appropriate configuration

for many problems; if this is assumed, our approach can e↵ectively provide a robust estimation of

the strength of the anisotropy and the fast axis direction for simple models.

The test shown in Figure 1.6, like most of the test cases we present in our paper, was carried out

with noise-free synthetic data. In order to investigate the e↵ect of random noise on our inversion

scheme, we carried out a second version of the single-layer test with the same parameters describing

the input model, but with Gaussian-distributed noise (standard deviation of 0.1) applied to the

synthetic splitting intensity observations. For noisy data, it is necessary to run the McMC algorithm

for a larger number of iterations to achieve convergence; for the example shown in Figure 8, we ran

the algorithm for 12000 iterations (12000 vs. 8000 for Figure 6). Even with a larger number of

iterations, this test demonstrates that the McMC algorithm demonstrates output with a greater
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Figure 1.7: Estimation of tradeo↵s among parameters. (A) McMC sampled dip (✓) is plotted against
the MCMC sampled strength (�), clearly showing a correlation and thus a parameter tradeo↵. (B)
The nearly horizontal trend between the MCMC sampled azimuth (�) and the MCMC sampled
strength (�) depicts that the former is insensitive to the later, and (C) similar trend is observed
between MCMC sampled azimuth (�) and the MCMC sampled dip (�).

uncertainty than that of noise-free data, as expected. For this test, we found that the most likely

model for the strength parameter � is somewhat di↵erent (0.129), from the input strength (0.1),

with larger uncertainty than for the corresponding noise-free case. This test demonstrates that even

for modest amounts of noise, the convergence of the McMC algorithm will be slower, which can

represent a practical limitation for real data.

1.6.2 Fully heterogeneous case with 3D structure

Next we perform a series of synthetic inversion tests with increasing model complexity, including

lateral heterogeneities in the anisotropic strength parameter �. For the first set of these tests, we

focus on input models that allow for lateral variations in �, but not in �; in all of our subsequent

tests, the dip parameter is fixed at zero, such that the symmetry axis is horizontal. Initially, we

choose an input model with four distinct blocks within the model domain (2⇥2⇥1) with alternating

strength � (i.e., two subsequent blocks have di↵erent strength). Each block of this input model is

of size ⇡ 350 ⇥ 350 ⇥ 400 km3. Using this initial model, we compute a series of splitting intensities

with the station-source distribution same as that used in our one-layer test (Section 6.1). For this

series of tests, we parameterize the model space with a grid size of ⇡ 200 ⇥ 200 ⇥ 400 km3 i.e., 16

blocks model (4⇥ 4⇥ 1).

Figure 1.9(A) shows the retrieved anisotropic strength and the posterior distribution correspond-

ing to the best and worst resolved grid for this checkerboard test (with 4 input blocks). Our result

suggests that the distribution of stations greatly a↵ects the resolution. In this particular test, the

22



0 0.2 0.4 0.6 0.8 1

% Single crystal ( )

0

500

1000

1500

C
o

u
n

t

0 50 100 150

Azimuth of the symmetry axis ( ) [deg]

0

200

400

600

800

1000

C
o

u
n

t

10 20 30 40 50

Dip of the symmetry axis ( ) [deg]

0

20

40

60

80
C

o
u

n
t

0 100 200 300

Azimuth of the source ( ) [deg]

-1

-0.5

0

0.5

1

1.5

S
p

li
tt

in
g

 I
n

te
n

s
it

y

Input
Inversion output

(A) (B)

(C) (D)

Figure 1.8: Single layer inversion result with Gaussian-distributed (standard deviation of 0.1) noisy
input data. The input model consists of a single layer of anisotropy with � = 0.1, ✓ = 300, and
� =450. (A) Synthetic splitting intensity as a function of azimuth of the events for a particular
station (blue dots with error bar) and the splitting intensity computed using the most likely model
obtained from McMC algorithm (red dots). (B) The posterior distribution of the strength parameter
� with a mean (�̄) of 0.1291 and standard deviation (�) of 0.1086. (C) The posterior distribution
of the azimuth of the symmetry axis (�) with a mean of 460 and standard deviation (�) of 90. (D)
The posterior bimodal distribution for the dip of the symmetry axis (✓).
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average station spacing of ⇡ 100 km yields a fairly good resolution for the chosen grid size, but

there is variability: grid blocks that happen to have good station sampling are well resolved (see

”best resolved” histogram in Figure 1.9(A)), while grid blocks with few stations that happen to be

located along the edges of the block are poorly resolved. This is demonstrated by a similar test

that has the same input model but a di↵erent (and much denser) station distribution. In addition

to our tests with a random spatial distribution of 25 stations, we also carried out resolution tests

using the actual station locations of the dense High Lava Plains seismic network [61, 62], which

operated Oregon, Nevada, and Idaho (USA) between 2006-2009. Specifically, we used the identi-

cal station configuration as [61], which incorporated HLP stations as well as surrounding USArray

Transportable Array stations and the nearby Wallowa Mountains array. The station distribution

for this synthetic experiment (Figure 1.5(B)) is irregular, with station spacing as fine as 10-15 km

along the dense HLP lines (oriented WNW-ENE and N-S) but as coarse as 70 km in the portions

of the model domain that are sampled mainly by TA stations. We carried out a test with the same

input model as that shown in Figure 1.9(A), but with a finer grid parameterization (8 ⇥ 8 ⇥ 1).

The results of this test are shown in Figure 1.10(A), which presents the input-output pattern along

with the station distribution and the posterior distribution corresponding to the best and worst

resolved grid. As with the random station distribution, this test makes it clear that regions of the

model with poor station sampling yield highly uncertain parameter estimates, while model blocks

with good station sampling are well resolved (compare best-resolved and worst-resolved posterior

distributions in Figure 1.10(A)).

The tests shown in Figures 1.9(A) and 1.10(A) only involved variability in the strength parameter

in the input model; however, it is desirable to carry out inversions for � and � simultaneously. In

Figure 1.12(A), we show the results of such a synthetic test, in which we vary both � and �, keeping

✓ = 0, with a 4⇥4⇥1 block model; the total number of parameters is thus 16⇥2 = 32. The station

distribution is again taken to be the that of the HLP experiment and surrounding stations, following

[61]. The input-output model is presented in Figure 1.12(A). As in other laterally heterogeneous cases

(Figures 1.9(A) and 1.9(A)), grid blocks with a dense station distribution (number of station� 4)

are resolved fairly well, while grid blocks devoid of stations do not produce any constrained result.

This is shown in detail in Figure 1.13, which presents the posterior distribution of the symmetry

axis azimuth (�) for four di↵erent grid blocks in the inversion, some of which are well constrained

and others of which are poorly constrained.
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Figure 1.9: Results of checkerboard resolution tests with several di↵erent input model configurations
for a random station configuration. The station locations are shown by white dots. In each of these
tests, the strength parameter (�) is varied while keeping ✓ = 0, and � = 450. (A) Horizontal slice
of input-output model and the posterior distributions of the 4⇥ 4⇥ 1 checkerboard test in a model
domain of ⇡ 700⇥700⇥400 km3, (B) horizontal slice of Input-output model at z = 100 km and the
posterior distributions of the 4⇥4⇥2 checkerboard test in a model domain of ⇡ 700⇥700⇥400 km3,
(C) horizontal slice of Input-output model at z = 300 km and the posterior distributions of the
4⇥ 4⇥ 2 checkerboard test in a model domain of ⇡ 700⇥ 700⇥ 400 km3, and (D) vertical slice of
the input output model at y = 100 km and the posterior distributions of the 4⇥ 4⇥ 2 checkerboard
test in a model domain of ⇡ 700⇥ 700⇥ 400 km3. The best and worst resolutions correspond to the
grids for which the inversion algorithm yields outcomes closest to the input model.
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Figure 1.10: Results of the checkerboard tests with several di↵erent input model configurations for
the HLP station geometry. The station locations are shown by white dots. In all of these tests, the
strength parameter (�) is varied while keeping ✓ = 0, and � = 450. (A) Horizontal slice of Input-
output model and the posterior distributions of the 8⇥8⇥1 checkerboard test in a model domain of
⇡ 700⇥ 700⇥ 400 km3, (B) horizontal slice of Input-output model at z = 50 km and the posterior
distributions of the 4 ⇥ 4 ⇥ 4 checkerboard test in a model domain of ⇡ 700 ⇥ 700 ⇥ 400 km3, (C)
horizontal slice of Input-output model at z = 250 km and the posterior distributions of the 4⇥ 4⇥ 4
checkerboard test in a model domain of ⇡ 700⇥ 700⇥ 400 km3, and (D) vertical slice of the input
output model at y = 100 km and the posterior distributions of the 4 ⇥ 4 ⇥ 4 checkerboard test in
a model domain of ⇡ 700⇥ 700⇥ 400 km3. The best and worst resolutions correspond to the grids
for which the inversion algorithm yields outcomes closest to the input model
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Figure 1.11: Actual (synthetic) and predicted observations for selected sensitivity tests. Correspon-
dence between the predicted (using the most likely model from the output of MCMC algorithm) and
the actual (using the chosen input model) splitting intensities for (A) single layer model; number of
parameters being 3, (B) model with 4⇥ 4⇥ 1 blocks in a model domain of ⇡ 700⇥ 700⇥ 400 km3;
number of parameters being 4 ⇥ 4 = 16, (C) model with 4 ⇥ 4 ⇥ 2 blocks in a model domain of
⇡ 700⇥ 700⇥ 400 km3; number of parameters being 4⇥ 4⇥ 2 = 32, and (D)model with 4⇥ 4⇥ 4
blocks in a model domain of ⇡ 700⇥700⇥400 km3; number of parameters being 4⇥4⇥4 = 64. The
solid line represents the exact one-one correspondence between the actual and predicted splitting
intensities i.e., exact model fit. An increase in the number of model parameters (A through D)
increases the deviation of the predicted data from the one-one correspondence.

Our last depth-independent recovery test consists of a spike test, in which two distinct highly

anisotropic anomalies of dimension 150 km⇥200 km inserted in the model space, and we explore

how well the algorithm can recover them. For this test, ✓ and � are kept constant, with ✓ = 0 and

� = 450), and only � is varied in the input model. The HLP station configuration is used. Figure

1.14(A) presents the input-output model with a 8 ⇥ 8 ⇥ 1 model grid parameterization (note that

we plot the most likely model result given by the McMC algorithm after smoothing). Because both

”spike” anomalies were inserted in the model in regions with dense station spacing, the algorithm

correctly identifies the input model parameters. This test shows that a dense seismic network can

easily resolve single-layered structures with lateral dimension of 150 km, and the finer grid resolution

suggests that structures on the length scale of ⇡50 km can be resolved.
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1.6.3 Totally heterogeneous case

In this section, we present synthetic tests with input models that include vertical heterogeneity in

addition to the lateral heterogeneity. These fully heterogeneous cases illustrate a key advantage

of moving to a tomographic approach in SKS splitting studies. In traditional shear wave splitting

studies, which measure and interpret the fast splitting direction and splitting delay time (�, dt),

there is little or no depth resolution, as splitting is a path-integrated measurement and SKS phases

propagate nearly vertically. In our approach, however, the finite width of the sensitivity kernels

enables us to obtain depth constraints, even with nearly vertical SKS phases, as long as the station

configuration is dense enough to yield overlapping sensitivity kernels. For these tests with depth-

dependent starting models, we implement a series of two-layer input models, involving the same

number of horizontal blocks as in previous tests. First we implement a test with a total number of

32 blocks (i.e., 4 ⇥ 4 ⇥ 2) with the randomly generated station distribution; we vary the strength

parameter (�) while keeping ✓ (0) and � (450) fixed. Figure 1.9(B) and (C) presents the results of

this test in map view (showing the horizontal resolution) at two di↵erent depths (z = 100 km and

z = 300 km), while Figure 1.9(D) presents the input-output model of a vertical section, illustrating

the vertical resolution. We find that the horizontal resolution deteriorates with increasing depth

(compare Figures 1.9(B) and 1.9(C)); this is a consequence of the decaying strength of sensitivity

kernel with depth (⇡ 1
ra

for some a > 0), as shown in Figures 1.2 and 1.3.

We repeated this multiple-layer model test a four-layer input model; in this test the total number

of model parameters is 64 (4⇥4⇥4). For this increased amount of model complexity, we use the dense

HLP station distribution. The results of this test are shown in Figure 1.10(B) and (C), which show

the horizontal resolution at two di↵erent depths, and in Figure 1.10(D), which presents the resolution

of the vertical section. This test demonstrates that for a dense station configuration, finite-frequency

SKS splitting tomography is capable of resolving depth-dependent anisotropic structure throughout

the upper mantle, and the vertical resolution length scale is roughly 100 km (the thickness of the

layers in the four-layer input model). This increased vertical resolution is a crucial advantage to

SKS splitting tomography, as opposed to traditional SKS splitting analysis.

In our final depth-dependent case, we consider two cases involving a 2-D inversion for depth-

dependent anisotropic structure along the WNW-ENE dense line of stations of the HLP experiment

(station spacing along this line is roughly 10 km on average). Because of the reduction in dimensions

(of physical domain) from three to two, we choose a finer input model for this test (16 ⇥ 16). The
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Figure 1.12: Results of checkerboard recovery tests for input models that vary the fast axis orienta-
tion. A(I) Spatial distribution of the azimuth of the symmetry axis used as input while only lateral
variation is considered in an one layer model of 700⇥ 700⇥ 400 km3. High: 800 or 1.35 rad , Low:
450 or 0.78 rad, A(II) recovered spatial distribution of the azimuth with a 4 ⇥ 4 ⇥ 1 checkerboard
test. Unit of the angle is given in radian here. The red circles denote the station locations. (B)(I)
Spatial distribution of the azimuth of the symmetry axis used as input while only vertical variation
is considered in a 2-D section below densely distributed stations. High: 800 or 1.35 rad, Low: 450

or 0.78 rad, B(II) recovered spatial distribution of the azimuth. Unit of the angle is given in radian
here.
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number of parameters is therefore 16 ⇥ 16 = 256, with input anomalies with length scale of 50

km both laterally and with depth. Our pattern of input anomalies involves a checkerboard pattern

in �, with the other parameters fixed (✓ = 0 and � = 450). Figure 1.14(B) shows the input and

output models, demonstrating the potential for a dense line of stations such as that included in the

HLP experiment to resolve depth-dependent anisotropic structure in the upper mantle. We also

performed a similar test with simultaneous variation of � and � at ✓ = 0 (i.e., horizontal axis of

symmetry) in the input model. However, due to the increased number of unknown parameters, we

used a coarser grid in our model space parameterization (total number of blocks 4⇥ 4; total number

of parameters 16 ⇥ 2). Figure 1.12(B) shows the input-output pattern of � for this 2-D, depth

dependent inversion. Taken together, our two synthetic 2D inversions for depth-dependent structure

show that structure is generally well-resolved to a depth of approximately 100-150 km. This may be

explained by the properties of the sensitivity kernels; specifically, the strength of the kernel decays

with the depth and the maximum power of the kernels is confined within the first 100-150 km depth

range. As a consequence, we expect that the resolution is best within the region where kernel holds

its maximum power. However, the observations contain at least some information about anisotropic

structure down to the base of the mantle.

1.6.4 A note on model agreement and number of parameters

The results of our synthetic tests, shown in Figures 1.9-1.14, show the input and output models as

well as selected views of the posterior distribution for some parameters, helping us to understand

the quality of the resolution for di↵erent cases. A direct comparison of input-output models and

posterior distributions among di↵erent synthetic tests is di�cult, however, because the inverse prob-

lem is configured di↵erently across di↵erent tests. A di↵erent view of the inversion scheme’s success

comes from a comparison between the (synthetic) splitting intensity observations computed using

the input model, and the set of predicted splitting intensities generated from the output of the inver-

sion (that is, from the most likely model). Figure 1.11 shows the actual synthetic splitting intensity

(using input model) and the predicted splitting intensity (using output model of inversion) for a

suite of resolution tests of increasing complexity. This demonstrates a reasonable correspondence

between the predicted and actual values of the model outputs for the aforementioned calculations,

showing that our inversion scheme is capable of identifying models that are consistent with the

synthetic ”observations”, even for fairly complex cases. However, the deviation from the one to one

correspondence depicts the extent of failure to fit the model exactly. Figure 1.11 shows that the
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Figure 1.13: Posterior distributions of the recovered azimuth (�) of the symmetry axis. This corre-
sponds to 4 ⇥ 4 ⇥ 1 checkerboard test in a model domain of 700 ⇥ 700 ⇥ 400 km3 and � and � are
varied simultaneously; total number of parameters being 4⇥4⇥2 = 32 with ✓ = 0. Red dots denote
the station locations. This test demonstrates that the input is well resolved where station coverage
is good, and poorly resolved where it is sparse.
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Figure 1.14: Results of the sensitivity tests using the HLP station configuration, with two di↵erent
input model configurations. In both of these tests, the strength parameter (�) is varied while keeping
✓ = 0, and � = 450. (A) Horizontal slice of input-output model of the two block spike test in a
physical domain of ⇡ 800⇥ 800⇥ 400 km3. The inversion is performed on 8⇥ 8 horizontal grids and
output is smoothed. The station locations are denoted by yellow dots. (B) 2-D input-output model
of the 8⇥ 8 checkerboard test in a physical domain of ⇡ 700⇥ 400 km2 along the dense linear array
of the HLP experiment. This test demonstrates the promise of 2D splitting intensity tomography
for dense linear arrays (station spacing of 10-15 km in this example). X and Y denote N-S and E-W
distance, respectively. Z denotes depth.

32



deviation from one-to-one correspondence increases with increasing number of unknown parameters

in the inversion. This highlights a limitation of the model space search approach in the case of large

number of parameters or a highly complex model.

1.7 Discussion

The theoretical and practical framework for the forward and inverse problem associated with anisotropy

tomography with SKS observations developed here highlights both the promise and the challenge

of SKS splitting tomography. In our implementation, the size of the parameter space (in general 21

parameters for a homogeneous, general anisotropic model) is reduced to three based on the results

from mineral physics regarding the elasticity and fabric development in olivine, the dominant min-

eral in the upper mantle. This parameterization scheme addresses one of the major challenges in

shear wave splitting tomography, namely the unrealistically large number of parameters needed to

describe anisotropy. Our implementation of finite-frequency theory enables us to address another of

the major challenges, namely how to achieve the overlapping sensitivity for nearly vertically prop-

agating SKS waves (see also [8]). In our implementation, we achieve satisfactory depth resolution

shallower than roughly 100-150 km depth, which lessens the ambiguity of traditional shear wave

splitting interpretation.

Our implementation also addresses a third great challenge of anisotropy tomography, namely that the

non-linear relation between the observed splitting intensity and the anisotropy parameters (�, ✓,�)

of the underlying medium results in a bias in the model estimation while implementing an inversion

strategy based on a linearization around a background model. Sensitivity kernels for anisotropic

structure depend strongly on the background model used to calculate them, and are substantially

di↵erent for heterogeneous anisotropic starting models than for the homogeneous ones that are often

used to calculate them [9]. Our technique based on a model space search accounts for this non-linear

nature of the sensitivity kernels, and is able to resolve two parameters (namely the strength of

anisotropy, �, and the azimuth of the symmetry axis, �) with generally high confidence. In contrast,

the uncertainty in estimating the dip parameter (✓) is much higher, due to the use of only (nearly)

vertically propagating SKS waves. This challenge may be ameliorated by using teleseismic direct

S waves [34] in conjunction with SKS/SKKS phases; in this case, however, contamination from

anisotropy near the earthquake source is a concern [63].

The synthetic tests presented in this paper demonstrate that the quality of the resolution is greatly
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a↵ected by the station configuration. This limitation is a general aspect of the seismic tomography

inverse problem; however, given the complexity associated with anisotropic tomography, including

the large dimensionality of the parameter space and the non-linearity issue, the station geometry is

particularly crucial. Specifically, the presence of overlapping sensitivity kernels in the tomography

problem is essential to provide confidence on the estimated model parameters. Our sensitivity tests

demonstrate that with a dense station configuration, such as that obtained by the High Lava Plains

(HLP) experiment (average station spacing 10-15 km in its densest portions), anisotropic structure

in the upper mantle may be resolved at a length scale of roughly 50 km with teleseismic SKS waves

in a 2D inversion (Figure 1.14(B)).

Our analysis also underscores the importance of a deep understanding of links between seismic

anisotropy and mantle geodynamic processes. The orientation of the symmetry axis is closely re-

lated to the flow velocity field, but the relationship depends on the type of olivine fabric (i.e., A, B,

C, D, and E) as well as the strain geometry. For example, under the application of simple shear, the

[100] axis of A type olivine is parallel to the shear direction [5,6]; however, the details of fabric devel-

opment are di↵erent for other fabric types. Therefore, the interpretation of the seismic anisotropy

to infer mantle geodynamic processes critically hinges not only on the results from experimental

mineral physics but also on the ability to resolve the details of seismic anisotropy at depth with a

tomographic approach.

The results of the resolution tests for depth-dependent models presented in this study highlight the

potential for constraining the depth distribution of anisotropy in the upper mantle, a particularly

exciting avenue for future application of SKS splitting intensity tomography to actual data. We il-

lustrate this potential by discussing results from the High Lava Plains SKS splitting data set, which

was presented in [61] and [62]. These authors documented striking variability in SKS splitting delay

times along the HLP dense line (see Figure 6 of [62]), with an increase in measured delay times from

1.5 sec to 2.5 sec across a lateral distance of 200 km. This lateral variability in delay times was

interpreted to represent small-scale lateral variability in the thickness of the anisotropic layer, the

strength of olivine LPO in the upper mantle, or the presence of partial melt (in a shape preferred

orientation, or SPO) in the shallowest upper mantle. Each of these possible scenarios would have

important implications for the structure and dynamics of the High Lava Plains region, and for the

origin of anomalous, young volcanism in the Cascades backarc [61]. However, because SKS splitting

observations themselves do not constrain the depth distribution of the anisotropy, [61] were unable

to distinguish among the three di↵erent possible models for the lateral variations in delay times.

The resolution test shown in Figure 12B, which was constructed using the station distribution of
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the HLP experiment, points to a resolution of this outstanding problem, as it demonstrates that

finite-frequency SKS splitting tomography applied to the HLP data set can resolve depth-dependent

anisotropic structure in the upper mantle beneath this region.

1.8 Summary and outlook

Here we have developed and presented a theoretical and practical framework for the application

of finite-frequency SKS splitting tomography with a sharply reduced number of parameters. Our

approach relies on a Markov chain Monte Carlo with Gibbs sampling algorithm to explore parameter

space. Our strategies for parameterizing the problem, calculating sensitivity kernels, and searching

parameter space allow us to ameliorate some of the well-known challenges inherent in the inversion

of shear wave splitting observations for anisotropic structure. These challenges include the large

number of parameters needed to describe anisotropy, the di�culty of obtaining overlapping sensitiv-

ity zones (crossing rays, for the ray theoretical case) for nearly vertically propagating SKS phases,

and the highly nonlinear nature of the inversion, in which the sensitivity kernels strongly depend on

the starting model. We have benchmarked our sensitivity kernel computations against well-known

analytical solutions for simple models, demonstrating that our parameterization and kernel compu-

tations are valid. We carried out a suite of synthetic tests for input models of varying complexity

to establish the e↵ectiveness of our approach, to explore tradeo↵s among di↵erent parameters, and

investigate the length scale of structure that can reasonably be resolved by our approach. We find

that SKS phases are not well suited to constraining the dip of the symmetry axis, consistent with

previous work, but that the strength and azimuth of the anisotropy can be reliably constrained for

a series of increasingly complex input models. A test of resolution for a two-dimensional inversion

along a dense linear array of stations (using the station configuration from the High Lava Plains

experiment in the Pacific Northwest USA) shows that structure in the upper mantle (depths up to

150 km) can be reliably retrieved at length scales of 50 km.

The synthetic experiments and proof of concept presented in this paper pave the way for fu-

ture applications of our method to actual SKS splitting datasets, which have only been used in

tomographic inversions in a few previous studies that have focused on Southern California [32, 64].

Based on our results, the implementation of two-dimensional inversions along dense linear arrays is

particularly likely to be successful, given their relatively modest computational requirements. Given

the substantial increase in availability of data from dense broadband seismic deployments since the

mid-2000s, when the early papers developing the theory underpinning finite-frequency SKS splitting
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tomography were published [8,9,10,35], the time is right for substantial progress on the application

of SKS splitting tomography to real data. We are currently implementing our approach to data

from the HLP SKS splitting data set [61,62], and other recently deployed experiments that include

dense linear arrays represent obvious candidates for future work (e.g., the PULSE and CAUGHT

experiments in South America; [65]; [25]). Broadband seismic experiments with dense station spac-

ing within North America that were enabled by the recently completed EarthScope USArray data

gathering e↵ort also represent prime targets for future application of our technique. Examples in-

clude the SPREE [66], OIINK [67], and NELE [68] experiments in the mid-continent, as well as the

SESAME [69], MAGIC [70], and QM-III [71] experiments in eastern North America.
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Chapter 2

Strong seismic anisotropy in the deep upper mantle beneath the Cascadia backarc:

Constraints from probabilistic finite-frequency SKS splitting intensity tomography

2.1 Introduction

Located in the tectonically active western United States [72], the High Lava Plains (HLP) of Oregon

stands out as a distinctive feature of the Cascadia subduction zone backarc (Figure 1). Notable

characteristics of the HLP include bimodal volcanism over the past ⇠12 Ma, encompassing both age-

progressive rhyolitic volcanism and basaltic volcanism that is widespread in space and time [73,74,75].

Notably, the spatiotemporal progression of the rhyolites is oblique to plate motion, and volcanism in

the HLP is contemporaneous with, but in a di↵erent geometry than, the Yellowstone/Snake River

Plain trend to the west [73, 75]. Several hypotheses have been proposed to explain the origin and

evolution of volcanic trends in the Cascadia backarc [76,77]. These include models that emphasize the

e↵ect of a deep mantle plume that impinged on the western North American lithosphere around 17

Ma [77,78,79], those that invoke the rollback, steepening, tearing, and/or fragmentation of the Juan

de Fuca slab at depth [76,80,81], those that appeal to lithospheric delamination as a main driver for

volcanism [82,83], and those that foreground the e↵ect of preexisting lithospheric structures [84]. In

order to discriminate among these di↵erent hypotheses, a thorough understanding of the present-day

mantle flow field, and the driving forces for that flow, is necessary [85].

Over the past decade, a wealth of geophysical observations has become available for the Cascadia

backarc region, including those collected as part of the EarthScope USArray e↵ort (including the

Transportable Array, or TA) and those that resulted from the interdisciplinary High Lava Plains

Project. Taken together, these data sets have yielded new insights into the structure and dynamics

of the crust and upper mantle beneath the HLP, and include analyses based on SKS splitting

[61, 62, 86, 87], body wave tomography [88, 89], surface wave tomography [62, 90, 91], ambient noise

tomography [90], receiver function analysis [92], and scattered wave imaging [93]. One of the most
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striking geophysical characteristics of the HLP is the strong seismic anisotropy in the upper mantle

beneath the region. Specifically, SKS splitting with delay times of up to ⇠ 2.5 s has been documented

beneath the region [61,62,86]; these delay times are among the highest documented in western North

America [87] or in any continental region worldwide. Evidence for relatively strong anisotropy in

the upper mantle also comes from surface wave analysis [62, 94].

While the particularly strong upper mantle anisotropy beneath the HLP is notable, its inter-

pretation remains ambiguous, largely due to the path-integrated nature of SKS splitting measure-

ments and the challenges inherent in reconciling SKS splitting and surface wave-based measures

of anisotropy [62]. Nearly vertically propagating SKS waves, when interpreted in a ray theoretical

framework, have little or no depth resolution, leading to ambiguity in their physical interpreta-

tion [18]. (In some cases indirect inferences can be made based on a spatial coherency argument;

e.g., [95]). Large splitting delay times, for example, may yield several di↵erent interpretations in

terms of the strength and mechanism for anisotropy (i.e., a thin highly anisotropic layer vs. a

thicker layer with weaker anisotropy). Similarly, in the presence of multiple layers of anisotropy

with varying geometries, individual apparent fast direction measurements reflect a complicated (and

non-commutative) combination of layer parameters [96], and isolating the depth extent of di↵erent

anisotropic layers is a major challenge. In the context of the scientific questions underpinning the

study of the origin and evolution of the HLP, the depth distribution of upper mantle anisotropy is

a crucial question. [61] proposed several di↵erent scenarios that could explain the spatial variability

in delay times observed beneath the HLP, variously invoking strong anisotropy in the uppermost

mantle due to aligned partial melt, variations in the thickness of the anisotropic layer, or locally

enhanced strength of lattice preferred orientation (LPO) in olivine. Discriminating among these

scenarios is vital for our understanding of present-day mantle flow beneath the HLP region; further-

more, given that isotropic tomography models are biased in the presence of strong anisotropy [97],

detailed knowledge of the depth distribution of anisotropy is necessary to obtain accurate images of

upper mantle structure.

Substantial e↵ort has been devoted to developing theoretical frameworks and practical strategies

for inverting SKS splitting observations for anisotropic structure, much of it in the context of finite-

frequency sensitivity kernels that relate model perturbations to splitting observations [8,9,10,35,38,

64]. While these tomographic approaches have enabled progress in understanding the 3D distribution

of seismic anisotropy in a few well-sampled regions, they all share a significant limitation in that

the inversion strategy is based on linearization around a starting model, which may bias the model

estimation. Furthermore, shear wave splitting tomography has only been applied to actual data sets

38



in a very few regions, including subduction zones that have abundant seismicity that can be sampled

with local S waves [31] and regions with exceptionally dense station coverage that can be sampled

with SKS waves in a finite-frequency framework [38,64].

Here we present an application of a model space search approach to finite frequency SKS splitting

tomography, developed by [98], to the densely sampled HLP region of the Cascadia backarc. The

station spacing of the broadband HLP array, which included over 100 stations, is approximately

10-15 km in its densest portions, allowing us to produce a robust model for upper mantle anisotropy

beneath the HLP that is well resolved both laterally and with depth. We reprocessed data from the

HLP array and USArray TA stations to obtain high-quality measurements of splitting intensity [33],

which were used as input into our probabilistic inversion. The resulting models allow us to distinguish

among the di↵erent scenarios proposed by [61].

2.2 Probabilistic finite frequency SKS splitting intensity tomography: Methodology

We implement the model space search technique for SKS splitting intensity tomography in a finite

frequency framework developed by [98]. Here we briefly describe our methodology; a more detailed

description of the underlying theory is contained in the online Supplementary Information, and a

full explanation of the method is contained in [98]. Due to the nearly vertical propagation of SKS

phases, the application of finite frequency theory is necessary in SKS splitting tomography [8]. In

this framework, the superposition of multiple finite-frequency sensitivity kernels of adjacent stations

provides a means of localizing structure. We rely on observations of the splitting intensity [33], a

measure of the amount of energy on the transverse component waveform; in the absence of shear

wave splitting, the SKS phase will be radially polarized. Following [33], shear wave splitting intensity

(S) is defined as

S(r) = 2
Re
R
◆!�uT (r,!)u⇤R

0 (r,!)d!R
!2|uR

0 (r;!)|2d!
, (2.1)

where �uT , uR

0 , !, and r are the transverse and radial component of the displacement, angular

frequency, and station locations, respectively.

Our parameterization of anisotropy uses insights from experimental and observational constraints

on lattice preferred orientation (LPO) in olivine aggregates, thought to be primarily responsible for

seismic anisotropy in the upper mantle [6]. We assume that olivine aggregates can be represented

as a linear mixture of two endmembers: an isotropic equivalent, in which the individual grains

are randomly oriented, and a perfectly aligned aggregate, in which the elasticity is equivalent to

a single crystal of olivine. In this scheme, the strength of anisotropy can be represented with a
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Figure 2.1: General tectonic setting and geographic features of the Cascadia subduction zone. Back-
ground colors show topography (onshore) and bathymetry (o↵shore); Holocene volcanoes are marked
with red triangles (Smithsonian Global Volcanism Program; volcano.si.edu). Thin black lines show
the outlines of US states (Washington, Oregon, California, Idaho, and Nevada are marked with two-
letter abbreviations). The North American (NA) and Juan de Fuca Plates are marked. Thick black
arrows show absolute motion of the major plates in a hotspot reference frame, and thick blue arrow
shows the relative motion (convergence direction) between the Juan de Fuca and North American
plates. The vertical contours represent the depths of the Juan de Fuca plate varying between 20 and
410 km with an interval of 15 km (Slab 2.0 model, [99]). Dashed boxes represent the regions under
study, with black lines representing the location of the dense lines of the HLP seismic experiment.
The box oriented NW-SE roughly corresponds to the location of the High Lava Plains province. Plate
motion directions and rates (shown) were calculated using the UNAVCO plate motion calculator
(https://www.unavco.org/dxdt/model).
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parameter (�) that varies from 0 (random alignment) to 1 (complete alignment). We further assume

that the elasticity of the perfectly aligned olivine endmember can be well described by a hexagonal

approximation.

Using this parameterization, we established the following relation between the splitting intensity

and the anisotropy parameters [98]:

S(r) =

Z

⌦
K�(r, ✓,�; r

0
)�(r

0
)d3r

0
, (2.2)

where K� is the corresponding sensitivity kernel, which is itself a non-linear function of the orien-

tation parameters (✓,�). Here, ✓ and � represent the dip and the azimuth of the symmetry axis

of the anisotropy. We do not require sensitivity kernels for the orientation parameters ✓ and � as

we do not perform a linearized inversion. Instead, the sensitivity kernel for the strength parame-

ter depends on ✓ and � and therefore, with each iteration the sensitivity kernel is updated as one

moves through parameter space. Examples of sensitivity kernels are shown in Figure 2. There is a

strong non-linear relationship between the splitting intensity and the anisotropy parameters (✓, �).

Rather than constructing a linearized inversion, then, our inversion strategy invokes a Markov chain

Monte Carlo search technique based on the adaptive Gibbs sampling algorithm. Such a technique

satisfies the requirement that the outcome does not depend on the starting model, as the model

space is sampled randomly following the particular probability distribution. In order to represent

the most likely model from our probability distributions, we rely on an ensemble average [100] which

is suitable for multimodal distributions.

2.3 Data and Measurements

The High Lava Plains project and the EarthScope USArray Transportable Array (TA) provide

a wealth of broadband seismic data in and around the HLP region. Between the HLP and TA

deployments, there are 137 densely distributed broadband stations in the region, operated between

2006 and 2009. The HLP station configuration consists of two dense lines surrounded by a “cloud” of

stations (Figure 3). The first line spans from southwest Idaho to northwest Oregon, ending just to the

west of the Cascades Range. This line follows the time-progressive track in rhyolitic volcanism [75].

The second dense line is aligned almost N-S from Basin and Range extension (south) through HLP

volcanism to the accreted terranes of Oregon’s Blue Mountains (Fig. 2.3a). The average spacing

between each station along the dense lines is approximately 10�15 km, appropriate for our analysis.
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Figure 2.2: Sensitivity kernel examples showing a 2-D slice along the plane of wave propagation.
Plots show the behavior of the sensitivity kernels for the anisotropy strength at di↵erent values of
the azimuth of the symmetry axis (�) while the dip of the symmetry axis (✓ = 00), and the incoming
polarization direction (↵ = 00) remain fixed. (A) Symmetry axis is parallel to the polarization
direction (� = 00): the kernel is perfectly antisymmetric, leading to a zero splitting intensity for
a homogeneous anisotropic model. (B) � = 300, (C) � = 600. For these examples the kernels
are symmetric. (D) Symmetry axis is perpendicular to the polarization direction (� = 900): the
sensitivity kernel is trivially zero, yielding zero splitting intensity for arbitrary spatial distribution
of anisotropic strength. Unit of the sensitivity is m�2s. The frequency range associated with the
computation of these kernels is 0.04-0.125 Hz.
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Figure 2.3: (A) The station distribution used in this study, shown by the red dots. The two dense
arrays are marked as AB and CD. The star indicates the location of station ID005, shown in panel
D. (B) Map of events used. (C) An example of the SKS split phase (in the red time window)
observed at the station ID005. The blue trace in the top panel represents the radial component of
the SKS waveform while the blue trace in the bottom panel shows the transverse component. The
red dotted line is the time derivative of the radial component. The red lines indicate a selection of
the multiple time windows automatically chosen by the splitting algorithm, as described by Reiss
and Rumpker (2017). (D) The splitting intensity data plotted as a function of the backazimuth of
the events observed at station ID005. The red bars denote the observed measurements while the
blue line is the best fit of a sin(2✓) curve to this observed data. Black star on (A) indicates the
position of the station ID005.
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Shear wave splitting measurements are a routine procedure in the study of seismic anisotropy.

SKS splitting parameters (fast directions and delay times) for stations of the HLP experiment and

nearby TA stations have been measured previously by [61] and [62]. In our analysis we require

measurements of splitting intensity, a scalar entity obtained by computing zero-lag cross-correlation

between the transverse component and the time di↵erentiated radial component of the seismogram.

Therefore, we reprocessed the HLP and TA datasets using the Split-Racer software, recently de-

veloped by [101]. Split-Racer estimates splitting intensity and associated errors and allows rapid

processing of a large number of waveforms.

We processed and measured approximately 2000 waveforms with high quality SKS phases. We

selected events of magnitude Mw � 6 located at epicentral distances between 900 and 1300. An

event map is shown in Figure 2.3. Each station has recorded approximately 20 high quality events

on average during the specified time interval. We applied a bandpass filter to retain energy at

periods between 8 and 25 s, and visually examined the horizontal components of the SKS waveform

to retain waveforms with a high signal to noise ratio (SNR > 2.5) and with a transverse component

that takes the shape of the time derivative of the vertical component. After the quality checks, we

obtained 1292 robust SKS splitting intensity measurements which were found to be exceptionally

high quality. Examples of an SKS splitting intensity measurement and the splitting intensity curve

for station ID005 are presented in Figure 2.3. Additional examples of splitting intensity curves for

HLP stations are shown in Supplementary Figure S1.

2.4 Results

Here we present the results from our two 2-D inversions along the dense lines of the HLP experiment

(Figure 2.3). These two inversions were carried out separately; given the computational limitations

of a model space search approach, a 2-D inversion approach is tractable [98]. A check of the

consistency between the two models at the intersection point is discussed in section 4.3, which also

presents a pseudo-3D model for the region based on the 2-D inversions. We restrict our attention

to the inversion of the strength parameter (�) and the azimuth of the fast axis (�); we assume that

the symmetry axis is horizontal. Providing a reasonable constraint on the dip (✓) of the fast axis

is unlikely due to the fact that the SKS wave propagation direction is nearly vertical, as discussed

in [98]. In addition, we restrict the anisotropy strength to be less than 10%, a reasonable upper

limit for most of the upper mantle.
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Figure 2.4: Most likely model for the NW-SE line (labeled AB on Figure 2). The spatial domain
vertical section is discretized by 50 km ⇥ 50 km grids. The image is obtained after smoothing
the original 50⇥ 50 km2 discretized model for visual presentation. (A) Spatial distribution of the
anisotropy strength, showing strong anisotropy in the deep upper mantle. Considerable spatial
variation is observed, with anisotropy values ranging from 1% to 7%. (B) The spatial distribution
of the fast axis azimuth, which shows only limited variation. The vertical dashed line shows the
intersection of the arrays AB and CD (see Figure 2). The inclined dashed line shows the intersection
of the subducting Juan de Fuca slab with the vertical section passing through NW-SE line, from
the Slab 2 model of [99]. (C) Histogram showing the posterior distribution of anisotropy strength,
corresponding to a well-resolved grid node marked by the dot on (A). (D) Histogram showing the
posterior distribution of fast axis orientation corresponding to well-resolved grid node marked by
the dot on (B).

45



0 2 4 6 8 10

% Anisotropy

0

1000

2000

3000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

500

1000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

500

1000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

1000

2000

3000

4000
C

o
u

n
t

-200 -100 0 100 200 300 400

Lateral distance [km]

0

100

200

300

400

D
e

p
th

 [
k

m
]

1 2 3 4 5 6 7

0 2 4 6 8 10

% Anisotropy

0

500

1000

1500

2000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

1000

2000

3000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

1000

2000

3000

C
o

u
n

t

0 2 4 6 8 10

% Anisotropy

0

1000

2000

3000

C
o

u
n

t

Figure 2.5: Posterior distributions of the most likely recovered model for anisotropy strength along
the NW-SE line, shown in Figure 4a. These demonstrate that the shallow part of the model
(< 50 km) is poorly constrained, whereas the deeper parts, with considerable overlapping of the
sensitivity kernels, yield a fairly good resolution.

2.4.1 Anisotropy model of the NW-SE array

Striking lateral variations in SKS splitting delay times were measured along the NW-SE trending

dense line of the HLP experiment, along with more modest variations in measured fast directions.

The highest delay times (up to ⇠2.5 s) are roughly in the central portion of the transect ( [62]; see

their Figure 6). This variability suggests variation in the strength of anisotropy beneath the HLP,

laterally and/or with depth, but previous investigations have left the depth range of this variability

ambiguous.

Our preferred inversion was carried out with a cell size of 50 km⇥50 km, based on previous

work [98] and on resolution considerations that are discussed in Section 5. A total of 822 splitting

measurements from 63 stations were used as the input for our inversion and convergence was attained

after approximately 140,000 iterations (a total of 256,000 iterations were performed). While we solve

for anisotropy parameters throughout the model domain, down to a depth of 400 km, our focus is

on the depth range between 50-400 km, as resolution tests show that the shallow portion of our

model is not well resolved. Because our tomographic approach is probabilistic, we obtain posterior

probability distributions for each parameter for each grid point, rather than a single estimate. We

present our models by plotting the most likely parameter values (that is, the values that were most
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heavily sampled by the Markov chain, as expressed by the value of the ensemble average), along

with histograms showing the probability distributions for selected portions of the model. A full set

of histograms for regions throughout the model space are shown in Supplementary Figures S2-S3;

similar figures for the N-S model (discussed in section 4.2) are shown in Supplementary Figures

S4-S5.

Our model for the NW-SE dense line, shown in Figure 2.4, reveals intriguing variations in both

the strength of anisotropy (plotted as % anisotropy in Figure 2.4a) and, to a lesser extent, the fast

direction orientation (plotted as azimuth from N in Figure 2.4b). Anisotropy strength ranges from

relatively weak values (⇠1-2 %) up to a maximum of⇠8%, while fast directions exhibit comparatively

weak variability (values ranging from ⇠ 600 to 1050 east of north). The model features include

anisotropy that is relatively uniform (with a strength of ⇠4-5 % and a fast direction that is close to

E-W) in the uppermost mantle (depths between 50-100 km). Between 100-200 km depth, anisotropy

is surprisingly weak, with values of ⇠2 %, and fast orientations that range from ⇠700 in the NW to

⇠950 in the SE. Below 200 km, there is considerably stronger anisotropy, with values of ⇠6-8% in

the 300-400 km depth range. For the most part, the region of strong anisotropy in the deep upper

mantle lies above the slab surface (Figure 4a). In the 200-300 km depth range, there is notable

variation in both fast directions and delay times, with a region in the central portion of the array

that exhibits stronger anisotropy, and a counterclockwise rotation in fast axis orientation, compared

to the adjacent regions.

While Figure 4 shows the most likely model for anisotropy beneath the NW-SE line, it is crucial

to understand the character of the probability distributions for anisotropy parameters in order to

appreciate how well constrained di↵erent portions of the model are. We have examined these distri-

butions for our entire model space (Supplementary Figures S2-S3), and illustrate selected histograms

for the anisotropy strength parameter in Figure 2.5. As expected, our model is poorly resolved in

the shallowest part (above 50 km); in this depth range we do not achieve overlapping sensitivity ker-

nels with the station density available, and we therefore do not interpret this portion of the model.

Elsewhere, the histograms reveal that the distributions are much tighter, and parameters are much

better constrained. In particular, both in the depth range associated with weak anisotropy (100-200

km) and in the deeper portions with strikingly strong anisotropy (300-400 km), the histograms of

model parameters show that they are generally tightly constrained by the observations.
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2.4.2 Anisotropy model of the N-S array

A total of 470 splitting measurements from 47 stations were used as the input for our inversion

beneath the N-S line (corresponding to the line CD in Figure 3a) and convergence is attained after

approximately 140,000 iterations (a total of 256,000 iterations were performed). As with the NW-SE

line, we used a grid spacing of 50 km x 50 km. Again as with the NW-SE line, this line cuts across

the region of particularly large splitting delay times identified by [61] and [62], so we expect to see

lateral and/or depth variations in anisotropy strength in our model. This expectation is borne out by

the model in Figure 6, which exhibits strong anisotropy in the deep upper mantle (200-400km depth

range) in the central portion of the model, with weaker anisotropy in this depth range at the edges.

Furthermore, in the asthenospheric upper mantle (depth range 100-200 km), there are dramatic

lateral variations in anisotropy strength. We document a region of strong anisotropy located just to

the south of the crossing point between the NW-SE and N-S dense lines. Interestingly, this region

of locally strong anisotropy (⇠7 %) is juxtaposed with a region of much weaker anisotropy (⇠2 %)

in the same depth range just to the north. The strong anisotropy in the 100-200 km depth range

coincides geographically with a region of particularly high delay times documented by [61], suggesting

that constructive interference between anisotropy layers at di↵erent depths may contribute to the

particularly large �t observed in the central portion of the HLP.

Our model for the spatial variability in fast axis orientations shows more consistent layering

than the corresponding model for the NW-SE line (Figure 4b), but as with the NW-SE model, the

actual variability in orientations is relatively minor. We see fast directions that are nearly E-W in

the shallower portions of the model (depths shallower than 200 km). In the deeper portions of the

model, the most likely fast axis orientations are rotated slightly counterclockwise from the shallower

portions (⇠700-800 east of north); however, the di↵erence is slight, and is likely not dramatic enough

to cause strong variability in apparent splitting parameters with backazimuth at most azimuthal

ranges [96]. This is consistent with the observation that apparent splitting parameters generally do

not vary with backaziuth at HLP stations (e.g., [62]; see their Figure 2).

2.4.3 Consistency checks and a pseudo-3D model

Because we have carried out two separate 2D inversions, a natural check on our results is to compare

the variation in anisotropy parameters with depth at the point at which the two models cross.

Of course, the two models are not completely independent, in the sense that a portion of the
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Figure 2.6: Most likely model for the N-S line (labeled CD on Figure 2). The spatial domain
vertical section is discretized by 50 km ⇥ 50 km grids. The image is obtained after smoothing
the original 50⇥ 50 km2 discretized model for visual presentation. (A) Spatial distribution of the
anisotropy strength showing strong anisotropy in the deep upper mantle, as well as a localized strong
shallow (100-200 km) anisotropy feature, between 0 and 100 km. Considerable spatial variation is
observed, with anisotropy values ranging from 1% to 7%. (B) The spatial distribution of the fast
axis azimuth, which shows only limited variation. The horizontal dashed line shows the intersection
of the subducting Juan de Fuca slab with the vertical section passing through N-S line, from the
Slab 2 model of [99]. The vertical dashed line shows the intersection of the arrays AB and CD (see
Figure 3)(C) Histogram showing the posterior distribution of anisotropy strength, corresponding to a
well-resolved grid node marked by the dot on (A). (D) Histogram showing the posterior distribution
of fast axis orientation corresponding to well-resolved grid node marked by the dot on (B).
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Figure 2.7: Comparison of the (A) strength of anisotropy and the (B) fast axis orientation between
the results obtained from two di↵erent 2D inversions (corresponding to the NW-SE (blue curves)
and N-S (red curves) arrays) at the intersection point. Panels (C) and (D) show a pseudo 3-D
representation of the (C) strength and (D) orientation parameter, with the orientations of each line
shown.

splitting intensity observations were included in both inversions; specifically, data from 13 stations,

representing a total of 119 measurements, were used in both inversions. Still, a consistency check

between the two independent inversions is useful; while we do not expect the most likely models at

the crossing point to be identical, we do expect them to be generally consistent. As Figure 2.7 shows,

this expectation is borne out, particularly for the anisotropy strength parameter, which shows an

excellent match for both models. The models for fast axis orientation are not quite as consistent,

but they do show generally similar behavior, with orientations near 800-900 in the shallow upper

mantle and a slight counterclockwise rotation in the deep upper mantle. At depths below 200 km,

the two models diverge somewhat, with di↵erences in the most likely fast axis orientation of up to

200.

Another way to visualize our tomography results is through the construction of a pseudo-3D

model, which merges the two 2D models in the appropriate geographic reference frame (Figure 7).

This view of our most likely models again demonstrates the major features of our images, particularly
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the pervasive strong anisotropy in the deep upper mantle and the relatively weak anisotropy at

shallower depths (100-200 km), with the exception of a region in the southern portion of the N-S

line. This view also illustrates the generally good match between the models at their intersection

point.

Finally, we visualize our most likely models in map view using a series of stick diagrams (Figure

2.8), which employ a common convention for representing anisotropy, with bars whose orientations

correspond to the fast axis orientation and whose lengths correspond to the strength of anisotropy.

We show the variation in anisotropy parameters for depth slices at 100 km, 200 km, 300 km, and 400

km. These maps again demonstrate the significant variation in strength of anisotropy with depth,

with the deep upper mantle (300 km and 400 km depth slices) generally exhibiting considerably

stronger anisotropy than the shallower upper mantle. The region of strong anisotropy in the central

and southern portion of the study area at relatively shallow depths (100 km and 200 km depth

slices) is particularly prominent. The fast axis orientations, in contrast, do not vary dramatically

across our study region, either laterally or with depth. This is consistent with previous suggestions

that the mantle flow field beneath the Cascadia backarc is generally simple, and may be controlled

by the rollback of the Cascadia slab [76,85,102].

2.5 Resolution tests

As with any tomographic inversion, the question of resolution is paramount in the interpretation

of the results. Given the challenges inherent in resolving anisotropy in tomographic inversions,

particularly for nearly vertically propagating SKS phases [8, 9], it is important to evaluate how

well our anisotropy models are resolved, and to restrict our interpretations to robust features that

are well-resolved and required by the observations. A series of resolution tests for synthetic data

sets was presented in [98]; many of these tests were aimed at highly simplified scenarios, but a

subset of them used the actual HLP experiment station configuration as an example of a plausible

real-world data set. These previous tests demonstrated that the HLP station configuration should

allow for the resolution of anisotropic structure on length scales of ⇠50 km in most portions of the

model, although there is little or no resolution of structure shallower than ⇠ 50 km depth. Here we

build on the tests presented in [98], using the actual distribution of stations and events represented

in our splitting intensity data set (rather than a synthetic, random distribution of earthquakes

over all azimuths). We use our input model to create a synthetic data set of splitting intensity

“observations” by computing sensitivity kernels for each event-station pair in our real data set, as
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Figure 2.8: Diagram of the anisotropy strength and fast axis orientation (from our most likely
models) in map view along the two dense lines at di↵erent depths. The length of the bar is scaled
to anisotropy strength, while the orientation of each bar shows the local orientation of fast axis. (A)
At depth 100 km: the models exhibit generally relatively weak anisotropy (less than 2%) beneath
most of the study region, although there is a region of locally stronger anisotropy just to the south
of the crossing point between the two lines.. (B) At depth 200 km: models exhibit relatively weak
anisotropy ⇠2%, again with generally uniform fast axis orientation. An exception is the region of
notably strong anisotropy (up to 6%) just to the south of the crossing point of the two lines. (C)
At depth 300 km: models exhibit stronger anisotropy with maximum anisotropy reaching up to 5%.
The fast axis orientation along the NW-SE array varies from 700 in the NW to ⇠ 900 in the SE,
while it remains almost uniform along the N-S line. (D) At depth 400 km: Both models exhibit
strong anisotropy throughout, up to 7%. The fast axis orientation along the NW-SE line changes
from ⇠ 800 in the NW to ⇠ 950 in the SE. It also varies somewhat along the N-S line, from 650 in
the south to ⇠900 in the north. Thick black arrow shows the relative motion (convergence direction)
between the Juan de Fuca and North American plates.
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Figure 2.9: Results of checkerboard resolution test. Input model is shown in the top central panel,
while the bottom central panel shows the most likely recovered model, and the histograms show
posterior distributions of the recovered strength of anisotropy at selected points in the model. The
input pattern corresponds to a 100⇥100 km2 checkerboard of alternating strong and weak anisotropy
in a model domain of 600⇥400 km2 with 50 km grid spacing. We only solve for strength �; the
other parameters are held fixed with ✓ = 0 and � = 800. This test demonstrates that the input is
well resolved in portions of the model domain where the sensitivity kernels overlap. As expected,
the shallow part of the model lacks such overlap and remains unresolved. Note that here we show
values of the strength parameter �, which takes values between 0 and 1, instead of % anisotropy.

described in section 2, and integrating those kernels over the model volume, according to equation

(2.2).

We first perform a checkerboard test, shown in Figure 2.9, with input anomalies that are 100

km square. Additional histograms showing probability distributions throughout the model space for

this test are shown in Figure S6. Because our preferred models themselves tend to exhibit variations

on a spatial length scale of about 100 km (Figures 2.4 and 2.6), this is a reasonable choice for an

input pattern. Because most of the variability in our recovered models is in anisotropy strength,

with little variability in the fast axis orientation, in this test we hold � fixed at a reasonable average

value of 800. We calculate synthetic splitting intensity values for the input pattern and then use

these values in the inversion scheme. The results of this test reveal several interesting properties of

our inversion scheme. First, as expected, we observe significant smearing in the shallowest part of

the model (depth < 50 km), and the posterior distributions for these grid nodes are spread widely

throughout parameter space. This is due to the lack of substantial overlap among the sensitivity
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kernels at shallow depths, and is limited by the station spacing in the experiment. At depths greater

than 50 km, however, the resolution test successfully recovers each of the grids of the input pattern

with su�cient accuracy. As in any tomographic inversion, there is some smearing of structure, and

the posterior distributions do show some spread in their values. Nevertheless, this test demonstrates

that our inversion scheme is capable of resolving anisotropic structure at depth, even using only

(nearly) vertically propagating SKS waves.

In the second test, shown in Figure 2.10, we carry out a recovery test, in which we use the most

likely model from our actual inversion (in this case, beneath the NW-SE line) as an input pattern.

We calculate synthetic splitting intensity values for this most likely model, and invert those synthetic

data using the same grid parameterization (50 x 50 km) as in the actual inversion. The results of this

test show that the output model strongly resembles the input model in its first-order characteristics,

although there are some di↵erences in the detail. The synthetic inversion successfully reproduces

the major features, including the relatively weak anisotropy in the 100-200 km depth range, and

the particularly strong anisotropy in the deep upper mantle (particularly in the SE portion of the

model). Moreover, histograms that show the posterior probability distributions for selected grid

points (Figure 10) show that these major features are generally well resolved.

Because SKS kernels have their maximum sensitivity in the depth range extending down to

roughly 300 km (Figure 2), the question of how well our observations constrain structure in the

deepest portions of the model is particularly crucial. As shown by the resolution tests in Figures 9

and 10 and Supplementary Figure S6, the inversion does retrieve structure in the 300-400 km depth

range, although the amplitude is imperfectly estimated. We note that there are some tradeo↵s

in our inversion between anisotropy in the shallowest part of the model (shallower than 50 km,

where we e↵ectively have no resolution) and anisotropy in the deepest part of the model. One

question, then, is whether the strong anisotropy that we image in the deepest parts of the model

might actually reside in the shallowest part of the model, where we have poor resolution. We argue

that this scenario is highly unlikely, because surface wave phase velocity maps at the periods that

have maximum sensitivity in this shallow depth range do not show strong azimuthal anisotropy

(Wagner and Long, 2013). This argument, together with the resolution tests presented here, give

us confidence that the first-order features of our most likely models for anisotropy strength beneath

the HLP - namely, the strong anisotropy in the deep upper mantle, the relatively weak anisotropy

between 100-200 km depth beneath the NW-SE line, and the locally strong anisotropy anomaly

between 100-200 km depth beneath the southern portion of the N-S line - are in fact required by

the data and well-resolved by the inversion, and can be interpreted in terms of physical processes.
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Figure 2.10: Results of the recovery resolution test. Top middle panel shows the input model
(the most likely model achieved from the inversion along the NW-SE line) for anisotropy strength
(in %, represented by the color bar). The central panel shows the most likely recovered model.
Bottom middle panel shows the correspondence between input (the synthetic splitting intensity
values calculated for the input model) and output (splitting intensity values predicted for the most
likely output model) splitting intensities. In general, the recovered model reproduced the input
splitting intensity values well. Other panels show posterior distributions of the recovered anisotropy
strength at selected points of the model (indicated by arrows), plotted as histograms.

2.6 Discussion

2.6.1 Probabilistic finite-frequency SKS splitting intensity tomography: Proof of concept

We have presented a first practical application of probabilistic finite-frequency splitting intensity

tomography to the Cascadia backarc region. This densely distributed seismic network yields a

generally robust model for upper mantle anisotropy at depths between 50-400 km. The resolution

tests (Figures 2.9 and 2.10) show that SKS splitting intensity data collected during a temporary

broadband deployment are capable of constraining depth-dependent anisotropy in the upper mantle.

This provides an exciting new avenue for the interpretation of SKS splitting datasets, and builds on

the few previous studies that have applied finite-frequency SKS splitting tomography approaches to

actual data [38,64]

One caveat to the successful application of probabilistic finite-frequency SKS splitting intensity

tomography presented here is that the HLP splitting data set is one that displays significant variabil-

ity in observed splitting delay times, but much less in observed fast splitting directions ( [61], [62]).
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This makes this set of observations an easier target for our tomographic approach, since the tomog-

raphy problem for anisotropy strength (for the case in which the anisotropy geometry varies little)

is more nearly linear than the corresponding problem in which both the strength and geometry of

anisotropy varies widely. Work to apply our analysis approach to datasets for which we expect both

the geometry and strength of anisotropy to vary substantially is ongoing.

2.6.2 Tectonic implications

A key finding from this work is that SKS splitting intensity observations beneath the HLP prefer

models that include strong anisotropy (up to ⇠6-8 %) in the deep upper mantle (200-400 km depth

range) beneath much of the Cascadia backarc. This finding contradicts the simplest expectations

that might be formed from visual inspection of the traditionally measured SKS splitting parameters,

as discussed in [61]. Variations in shear wave splitting behavior over short length scales are often

interpreted to require variations in anisotropy at shallow depths, based on an argument that invokes

overlapping Fresnel zones [95]. However, our work shows that the generally smooth variations in

measured �t across the HLP stations (e.g., Figure 6 in [62]) can result from the integrated e↵ects

of anisotropic layers with di↵erent strengths, including (in this case) a layer of strong anisotropy in

the deep upper mantle. Specifically, the particularly large delay times beneath the central part of

the HLP study area result from the combined e↵ect of strong anisotropy in the deep upper mantle

and a localized region of strong anisotropy in the 100-200 km depth range evident in the N-S model

(Figure 6).

This finding has implications for discriminating among the di↵erent scenarios proposed as possible

explanations for the large SKS splitting delay times beneath the HLP. [61] discussed three possible

explanations for the �t values (and their spatial variability): a particularly thick anisotropic layer(s)

beneath the region, particularly strong olivine LPO (perhaps due to specific deformation conditions

in terms of temperature or water content), or a contribution from shape preferred orientation of

partial melt in the uppermost mantle. Based on the models presented in this paper, the last of

these three possibilities can be e↵ectively ruled out: there is no evidence in our models for strong

anisotropy in the shallow depth ranges at which partial melt may be present, and instead our

inversions prefer models that include strong anisotropy in the deep upper mantle. While the large

delay times beneath the HLP do likely reflect the constructive interference of multiple layers of

anisotropy over several depth ranges, our finding that strong (⇠ 6 � 8% anisotropy) is required in

much of the deep upper mantle, and in a localized region of the asthenospheric upper mantle along

the N-S line, is consistent with the earlier suggestion by [61] that particularly strong olivine LPO
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may be present. What is surprising, however, is the extent to which this strong LPO is forming in

the deep upper mantle.

What do our models imply for our understanding of the tectonic evolution of the HLP and the

Cascadia backarc more generally? First, our finding of generally E-W fast axis orientations, with

little variability in the geometry of anisotropy, is consistent with previous suggestions that the flow

field beneath the Cascadia backarc is generally simple, and likely controlled by rollback subduction

of the Juan de Fuca slab (e.g., Druken et al., 2011; Long et al., 2012; Long, 2016), perhaps in

combination with other factors [103]. A comparison between our anisotropy models and isotropic

velocity models for the same region derived from tomography [88] does not demonstrate any striking

correlations between anisotropy strength and shear wave velocity (Supplementary Figure S7), as

might be expected if the strength of olivine LPO was controlled by a factor such as temperature.

The region of strong anisotropy in the asthenospheric upper mantle evident along the N-S line (Figure

6) corresponds roughly to the location of the Steens Mountain basalts (which are contemporaneous

with the ⇠16 Myr old Columbia River basalts; see [61], and references therein) and the Holocene

volcanic activity of Diamond Craters (Figure 1). This possible spatial relationship is suggestive,

but its nature remains obscure, given that our model has ruled out the possibility that anisotropy

strength is controlled by variations in aligned partial melt in the shallowest upper mantle.

2.6.3 Pervasive anisotropy in the deep upper mantle beneath the Cascadia backarc

Our finding of strong anisotropy, and by inference strong olivine LPO, in the deep upper mantle

(200-400 km depth) beneath the Cascadia backarc region has potentially important implications.

Numerous studies on the rheology and deformation of the upper mantle [6,104] have suggested that

olivine LPO is the primary mechanism for generating seismic anisotropy. However, there are indirect

arguments, mainly based on previous observations of generally weaker anisotropy at depths greater

than 200 km, that deformation in this depth range may be dominated by di↵usion creep, rather

than the dislocation glide that is necessary to form LPO (e.g. Karato & Wu, 1993). Our finding

of strong anisotropy in the deep upper mantle implies that there is, in fact, strong olivine LPO in

this depth range, at least locally. This in turn suggests that the deep upper mantle is deforming

in the dislocation glide regime, or, alternatively, that olivine LPO is being generated via a di↵erent

mechanism at these depths. [105] recently proposed that di↵usion creep may produce LPO in the

upper mantle, although this idea remains controversial.

Recent results on deformation of olivine at relatively high pressure conditions may shed additional

light on possible mechanisms for strong anisotropy in the deep upper mantle. Couvy et al. (2004)
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and Ohuchi and Irifune (2013) presented experimental evidence for the formation of olivine LPO at

the pressures associated with the deep upper mantle; in particular, Ohuchi and Irifune (2013) argued

for the development of A-type olivine fabric under water-rich conditions. More recently, Masuti et

al. (2019) carried out deformation experiments on olivine single crystals and found evidence for

the development of C-type olivine fabric under water-rich conditions, although their experiments

were carried out at lower pressures than those of Ohuchi and Irifune (2013). Given the geodynamic

setting of our model in a subduction zone backarc, it is plausible that deformation is taking place

under water-rich conditions, and we can envision a few possible scenarios that are consistent with

our model. For the most part, the strong anisotropy in the deep upper mantle in our model is

located above the slab surface (Figure 4). If A-type olivine LPO dominates, as suggested by Ohuchi

and Irifune (2013), then strong azimuthal anisotropy would suggest dominantly horizontal shearing

(with a generally E-W shear direction). On the other hand, if C-type olivine LPO dominates, as

suggested by Masuti et al. (2019), then a component of upwelling flow may align olivine C axes

nearly vertically, producing strong azimuthal anisotropy. Geodynamic modeling results for the HLP

region (Druken et al., 2011; Long et al., 2012) do suggest a component of upwelling associated with

the rollback and steepening of the Cascadia slab, although significant horizontal flow is present as

well.

2.6.4 Implications for reconciling surface wave and SKS constraints on anisotropy

An interesting aspect of our model is that it can be compared with models based on independent

constraints, namely surface wave dispersion measurements. We are particularly interested in com-

parisons with the models of Yuan and Romanowicz (2010) and [106] for the western U.S., because

these models are based on joint inversion and/or interpretation of surface wave data and station-

averaged SKS splitting measurements, and the surface wave model of Wagner and Long (2013),

because that model was based on measurements made at HLP stations.

The model of Yuan & Romanowicz (2010) covers the entire western U.S. and has relatively coarse

(⇠250 km) lateral resolution; we focus our comparison on the region beneath the HLP itself. This

model features multiple layers of anisotropy beneath this region, with fast directions that vary from

NE-SW fast directions in the shallow upper mantle (⇠70-100 km depth) to more nearly NW-SE

fast directions in the mid-upper mantle (⇠200-250 km) to nearly E-W fast directions in the deepest

upper mantle (⇠350-400 km). This model features relatively strong anisotropy in the deepest upper

mantle, in that the anisotropy strength here is comparable to the anisotropy strength at shallower

depths, but it is considerably weaker than in our preferred model (⇠2-3 % vs. up to ⇠6-8 %).
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This di↵erence may reflect the fact that the model of Yuan & Romanowicz (2010) is based on

a regularized inversion that may underestimate amplitudes, or it may be a consequence of their

coarser lateral resolution. Interestingly, a comparison of models obtained by Yuan & Romanowicz

(2010) (see their Figure 7) that include only surface waveform constraints vs. those that include

both surface waveforms and SKS splitting shows that when the SKS measurements are included,

anisotropy in the deeper portions of the model (150 to 500 km depth) beneath the HLP is stronger

and has a more nearly E-W fast direction. Furthermore, when a model is produced based only

on surface waveforms, it strongly underpredicts the SKS splitting delay times. This is generally

consistent with the inference from our study that the SKS observations themselves require a major

contribution from anisotropy in the deep upper mantle. The agreement between our model and

that of Yuan & Romanowicz (2010) is only partial, however, as our model does not include the

considerable variability in fast axis orientations that is exhibited in the Yuan & Romanowicz (2010)

model beneath the HLP.

The model of Lin et al. (2011), based on a combination of ambient noise and event-based surface

waves, does not extend into the deep upper mantle, but at asthenospheric depths the model shows

generally E-W fast directions, consistent with our model. At crustal depths (at which our model

does not have resolution), the Lin et al. (2011) model shows relatively weak (⇠ 2%) and variable

anisotropy. Lin et al. (2011) predicted SKS splitting fast directions and delay times based on their

model; their predictions for the HLP region match the fast direction observations, but substantially

underpredict the delay times (predicted times of up to ⇠ 1.2 s vs. observed times of up to ⇠ 2.5 s).

Our finding of a substantial contribution to SKS splitting from anisotropy in the deep upper mantle

is therefore consistent with the predictions of the Lin et al. (2011) model.

Our model provides an avenue for reconciling what had been thought of apparently contradictory

constraints on upper mantle anisotropy provided by surface wave and SKS splitting observations

made at stations of the HLP experiment. Wagner & Long (2013) presented azimuthally anisotropic

phase velocity maps based on surface wave dispersion measurements and a major focus of this paper

was the apparently contradictory views of upper mantle anisotropy provided by the di↵erent types

of data. The surface wave phase velocities, which have little or no sensitivity at depths greater

than ⇠250 km, showed generally uniform fast orientations beneath the HLP with modest anisotropy

strengths (values of up to ⇠2.5 %). Wagner & Long (2013) found that the anisotropy strengths

suggested by the phase velocity maps were much smaller than needed to explain the SKS splitting

delay times if all the anisotropy was distributed in the upper ⇠200 km of the mantle; furthermore,

they argued that a strong contribution from crustal anisotropy (shallower than ⇠50 km) would have
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strongly a↵ected the phase velocities at 33 and 40 s period, which was not observed. Wagner &

Long (2013) left the resolution of this discrepancy to future work, and the model presented here

now resolves the apparent paradox. Our preferred model for anisotropy beneath the HLP invokes

strong anisotropy in the deep upper mantle, at a depth range that is beyond the sensitivity of the

observations (at periods up to 143 s) used in the Wagner & Long (2013) surface wave model. The

presence of deep upper mantle anisotropy can explain the apparent discrepancy between surface

wave and SKS splitting constraints documented by Wagner & Long (2013).

2.7 Summary

We have presented a pseudo-3D model for the distribution of seismic anisotropy beneath the High

Lava Plains of Oregon and its surrounding region in the backarc of the Cascadia subduction zone.

This model was obtained in the framework of a probabilistic, finite-frequency SKS splitting intensity

tomography approach applied to a data set of newly processed SKS splitting intensity measurements

for stations of the HLP broadband array. The dense station spacing of this array allowed us to resolve

anisotropic structure, at length scales of ⇠50 km, in the depth range between 50-400 km. We found

evidence for strong seismic anisotropy in the deep upper mantle beneath the Cascadia backarc, with

generally weaker anisotropy in the 100-200 km depth range (with some local exceptions). There

is little variability in the fast axis orientations, consistent with previous suggestions of a relatively

simple mantle flow field. This finding is consistent with the idea of mantle flow beneath the Cascadia

backarc that is driven by rollback subduction, as suggested by previous workers, and with the

presence of lateral variations in olivine LPO strength within that simple flow field. Resolution

tests demonstrate that our method is capable of resolving anisotropic structure throughout the

model domain, and posterior probability distributions provide a sense for uncertainties in the model

parameter estimations. Our finding of strong anisotropy in the deep upper mantle beneath the

HLP helps to reconcile previously conflicting views of upper mantle anisotropy from surface wave

constraints and SKS splitting data, and may suggest that deep upper mantle anisotropy is more

important to the interpretation of shear wave splitting data sets than is often thought.
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Chapter 3

Finite frequency coupled SKS-Rayleigh wave anisotropy tomography

3.1 Introduction

Discerning the anisotropic structure of the Earth’s interior via seismological observation is a classical

problem of geophysics [11, 12, 13, 14]. Whereas the isotropic wave speed tomography provides with

crucial information regarding the structure of Earth’s interior, it is, in a broader sense, unable to yield

information about physically interesting deformation processes which are intrinsically anisotropic in

nature. Examples include understanding overall patterns of mantle convection [15, 16], subduction

dynamics [17,18,19,20], oceanic spreading centers and continental rift systems [21,22,23], continental

deformation [24,25], and flow at the base of the mantle [26, 27,28].

Therefore, one requires to study the response of di↵erent seismic waves to anisotropic pertur-

bations. A commonly used method to infer upper mantle anisotropy - and therefore upper mantle

flow patterns - is to measure shear wave splitting parameters (fast direction, �, and delay time,

dt), typically for phases such as SKS that have been refracted through the outer core. However,

the interpretation of SKS splitting measurements is not straightforward, because they represent an

integration of anisotropic structure along the ray path. Large delay times, for example, may yield

several interpretations in terms of strength of anisotropy (a thin highly anisotropic layer vs. a thick

layer with weak anisotropy). Similarly, in the presence of multiple anisotropic layers, the apparent

fast direction reflects a complicated (and non-commutative) combination of layer parameters, and

isolating the depth of di↵erent anisotropic regions is a major challenge.

To lessen the ambiguity of shear wave splitting interpretation, a tomographic approach that al-

lows for the localization of anisotropy is desirable. However, tomographic inversion for anisotropic

structure is a daunting task, since 21 parameters are needed to describe the most general form of

anisotropy, and such a large parameter space does not allow for a tightly constrained tomographic

inversion given limited data. Furthermore, the inverse problem for anisotropy is highly non-linear,
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as the sensitivities of splitting observations to anisotropy depend on the starting model used to com-

pute them. Finally, shear wave splitting tomography is further complicated by the measurements

themselves, which are challenging for noisy data, resulting in much smaller data sets than tradi-

tional traveltime tomography. The measurement problem can be somewhat ameliorated by making

measurements of the splitting intensity rather than the traditionally estimated splitting parameters

(�, dt), as this quantity can be more robustly estimated from noisy data and has the advantage of

being commutative along the ray path.

Substantial e↵ort has been devoted to developing theoretical frameworks and practical strategies

for inverting shear wave splitting data for anisotropic structure, much of it in the context of finite-

frequency sensitivity kernels that relate model perturbations to splitting observations. However,

there have only been a few published examples of the application of splitting tomography to actual

data sets to study mantle anisotropy. Built on the work of [98], where a SKS splitting intensity

tomography technique in a finite frequency setting was developed and subsequently tested in [107]

by applying to the HLP data set, we incorporate a secondary constraint namely the Rayleigh waves.

In the presence of anisotropy, the Rayleigh waves scatter and produces quasi-Rayleigh modes which

in turn cause the perturbation to the phase velocity in the obvious sense. In addition, surface waves

are very e↵ective at constraining the shallow structures due to their telescopic property, that is, their

frequency dependent depth sensitivity (even sensitivity of body waves do depend on the frequency,

but, for surface waves it is stronger). Surface waves can therefore be an ideal candidate to provide a

second constraint to our SKS splitting intensity tomography. We develop a joint inversion technique

by coupling the SKS and Rayleigh waves (at a range of frequencies). Importantly, in order to assure

a true coupling, we add an additional term which mixes the parameters suitably. This e↵ectively

constructs a search algorithm in the tensor product parameter space (between the surface waves

degrees of freedom and SKS degrees of freedom) instead in a direct sum parameter space. Several

resolution tests prove the robustness of the inversion scheme. Our inversion results for HLP data

set suggests strong anisotropy at the deeper part while the shallow portion is dominated by weak

anisotropy. This result is in agreement with the result of [107] for the deeper part where both results

suggest strong anisotropy. However, [107] could not constrain the shallow part and that is the sole

reason we wanted to study the problem from a ’joint’ inversion perspective where Rayleigh waves

provided extra constraint.
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3.2 Theoretical Formulation

Anisotropic study of the surface waves goes back to the seminal paper [7], where a virial type

argument in conjunction with tensor harmonic decomposition of relevant tensor fields were employed

to obtain an azimuthal dependence of the phase velocity for both Rayleigh and Love waves in the

regime of linear perturbation theory. Following this study, numerous studies have been performed

over the years depicting a substantial progress in the field. In the current context though we are

interested in utilizing the surface wave information as a constraint to the finite frequency splitting

intensity tomography problem using SKS waves. Since, the SKS waves are not able to resolve the

shallow structure (. 50 km), a secondary constrain is necessary and surface wave is such a possible

candidate. We will focus on the Rayleigh (quasi-) wave throughout. The fundamental equations

describing the elastic wave propagation are as follows

eij =
1

2
(riuj +rjui),⌃ij = Ckl

ij
ekl, ⇢(x)

d2ui

dt2
= rj⌃

j

i
. (3.1)

Here u, e,⌃, C, ⇢ denote the displacement field, the strain tensor field, the stress tensor field, the

elasticity tensor field, and the medium density, respectively. For convenience, we prefer to work in

the frequency domain since at the linear level di↵erent modes are essentially decoupled from each

other. In the Fourier domain, the equation of motion yields

rj(C
ijklrkul) = �!2ui, (3.2)

where ! is the frequency and since we are interested in purely elastic problem, Cijkls are time

independent. Let us now briefly describe the exact theoretical calculations we want to perform.

Inspecting equation (3.2), one naive guess would be to obtain a variational expression for the fre-

quency !. This is motivated by the fact that the structure of the equation suggests ! may be treated

as a Lagrange multiplier. However, there are few subtleties one needs to address carefully in order

to obtain a correct variational expression for the frequency. We will freeze ! and establish that

each such ! yields a weak solution of the equation of interest (3.2). In other words, there exists a

! 2 R such that 8v 2 H1
c
(R3) (this is nothing but the space of vector fields which along with its

first derivatives are square integrable and the the vector fields are compactly supported i.e., vanishes
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beyond some open set), the following holds

Z

R3

Cijklriujrkvld
3x = !2

Z

R3

uivid
3x, (3.3)

where the norm ||.||H1(R3) is defined as ||v||H1 :=
�R

R3 Cijklrivjrkvld3x
�1/2

, since C is positive

definite and point-wise finite. Existence of a solution which along with its first derivative are square

integrable is essentially equivalent to the existence of the following entity

inf
n
||u||2

H1(R3)|u 2 H1(R3), ||u||L2 = 1
o
. (3.4)

How do we guarantee that this infimum is even attained in L2? From standard Sobolev embedding

theorem, we of course know that the space H1(R3) is continuously embedded in L2(R3). However,

in order for this infimum to exist, we need a compact embedding. Compact embedding essentially

guarantees that if we choose a minimizing sequence of functions, then after passing to a suitable

sub-sequence, convergence is attained. But, H1 embeds into L2 compactly if and only if the vector

field ui is compactly supported. We therefore, impose the restriction that ui of interest is compact

supported. This is physically reasonable since the surface wave amplitude does exhibit decay with

depth and it is fair to consider that such amplitude vanishes after some finite depth. Standard

Lagrange multiplier technique yields a variational expression for !

!2 =

R
T2⇥[0,d] C

ijkl(riuj)⇤rkuld3xR
T2⇥[0,d] |u|2d3x

=

R
T2⇥[0,d] C

ijkle⇤
ij
ekld3xR

T2⇥[0,d] |u|2d3x
(3.5)

Here, T2 indicates the periodicity in the horizontal direction and ⇤ denotes the complex conjugate

operation. Vertical extent is limited to d for compactness. Now that we have related the frequency

! to the the elasticity Cijkl of the medium, we may perturb this equation (to first order) to yield

the observable-model relation. Perturbation to the phase velocity c2(k) = !(k)2

k2 may be computed

as

�c(k) =
c(k)

2!2
�!2(k) (3.6)

which, together with the perturbation of equation (3.5) yields

�c(k) =
c(k)

2!2

R
d

0 �C
ijkle⇤

ij
ekldxdydz

R
d

0 ⇢(x, z)|u|2dxdydz
. (3.7)
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Under the assumption of the horizontal periodicity, the displacement may be written explicitly as

follows

u = (⇠(z) cos ✓, ⇠(z) sin ✓, ◆⌘(z))e◆(k cos ✓x+k sin ✓y), (3.8)

✓ being the polarization direction in a suitable coordinate system. Substituting the displacement

(3.8) into equation (3.7) and integrating out the horizontal degrees of freedom, one immediately

obtains

�c(k, ✓) =
c(k)

2!2

R
d

0 �C
ijkl(z)[B(z, ✓)]ij [B(z, ✓)]kldz

R
d

0 (⇠
2 + ⌘2)dz

, (3.9)

along the dispersion curves. Here B is a 2-tensor involving strain components evaluated by integrat-

ing out the horizontal degrees of freedom. Now let is write down the perturbations to the elasticity

tensor for Hexagonal symmetry explicitly in order to implement the parameterization of our choice

�Cijkl = 2⇢↵2✏(sisjsksl � �ijsksl � �klsisj) + ⇢↵2�(�ijsksl + �klsisj � 2sisjsksl) (3.10)

+2⇢�2�(2�ijsksl + 2�klsisj � �iksjsl � �ilsjsk � �jksisl � �jlsisk),

where s = (cos�, sin�, 0) and � being the azimuth of the symmetry axis in the same coordinate

system chosen above. Notice that we are primarily interested in the azimuthal anisotropy and

therefore turned o↵ the ‘dip’ of symmetry axis. Here the parametrization we are interested in is as

follows

Cµ⌫ = �Cµ⌫

single
+ (1� �)Cµ⌫

isotropic
(3.11)

which would write ✏, �, and � in terms of � in the expression of �Cijkl. Using this parameterization,

the observable-model relation may be written as follows

�c(k, ✓)

c(k)
=

1

2!2(k)

Z
d

0
K(✓, z;�)�(z)dz, (3.12)

where �c(k,✓)
c(k) , �, and K(✓, z;�) are the perturbation to the phase velocity, the strength of anisotropy,

and the sensitivity kernel, respectively. Here ✓ is simply the polarization of the incoming wave, while

� is the usual backazimuth of the symmetry axis. Similar calculations for the SKS phase may be

performed to obtain the relevant sensitivity kernel. However, since we have already described it
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in [98] in detail, we do not wish to repeat the same. Nevertheless, note an important point worth

mentioning. The unperturbed displacement field is required for both the surface waves and the SKS

waves in order to compute respective sensitivity kernel (for surface wave such calculation is required

even at a more basic level to yield the dispersion relation). In order to calculate the sensitivity

kernels, we need the Green’s function. For a homogeneous, isotropic wave speed model, the Green’s

functions can be solved analytically [41]. However, for a velocity structure that varies with depth,

a semi-analytical technique such as a propagator matrix method works well [43, 44, 45]. Since at

the level of anisotropy, the e↵ect of first order lateral heterogeneity is inconsequential, we simply

consider the layered model ak135 [47] for the seismic wave speed. In such a layered settings, the

implementation of a semi-analytical technique namely the propagator matrix technique becomes

most useful. In the propagator matrix technique, the fields are expanded in the Fourier series in the

horizontal direction (no horizontal variation of seismic wave speed), and the frequency domain wave

equation is converted to a set of ordinary di↵erential equations in z. Further details can be found

in [41]. In our kernel computations presented in the paper, we used the propagator matrix technique

applied to the depth dependent velocity model ak135; because it is a semi-analytical technique, is

very e�cient and allows for exploration of the model space with reasonable number of iterations.

Here we avoid describing the parameterization in detail since, it is exactly the same as the one used

in [98]. One subtlety of course would be the validity of such parameterization in the case of surface

waves since, we are primarily interested in constraining the anisotropy information of the shallow

parts. Another possible objection would be the validity of the first order perturbation theory we are

implementing to yield anisotropy structures. This is associated to the fact the larger deformation

gradient associated to the shallow part (. 100km) might be responsible for the creation of large

anisotropy falling beyond the regime of linear perturbation theory. However, these questions at one

hand are theoretical in a sense that we need to develop a large data perturbation theory and on the

other hand experimental in a sense that the precise deformation pattern and associated anisotropy

need to be addressed carefully. We ignore such complexities all together and stick to the regime of

linear perturbation theory and the simple parameterization developed in [98].
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3.2.1 Kernel Examples

The sensitivity kernels play an important role in obtaining the data via forward calculations as

evident from the basic equations

Ssurface(k, ✓) =

Z
d

0
K(�, z; ✓, k)�(z)dz, (3.13)

SSKS(x) =

Z

D

K(�, x
0
)�(x

0
)dx

0
. (3.14)

Surface waves do provide a good depth resolution via telescopic sampling at a number of frequen-

cies. This is precisely reflected in the expression of observable-model relation via sensitivity kernel.

Simultaneously, the SKS waves through their overlapping kernel provide a robust resolution for a

reasonable depth range. Therefore, one would naturally hope that both of these waves combined

would yield a better depth resolution almost through the whole upper mantle. Since, sensitivity

kernels are the ones controlling the depth resolution, their spatial structure would essentially be

informative in a sense that they would provide a rough indication whether the model in a particular

spatial location is well resolved or not. Strong (and overlapping for SKS phase) sensitivity kernel

roughly correlates with good resolution.

In this section, we explore the behavior of sensitivity kernels and provide some simple examples of

their strong dependence on the background model. The kernel behavior is illustrated via figures

that show the variation of the sensitivity in the model space as functions of the background model

properties (azimuth and dip of the symmetry axes of the anisotropic medium).

We choose the power spectrum of the incoming SKS wave to be similar to that of [9], i.e.,

|uR

0 (!)|2 =
!2⌧2

4⇡
e�

!
2
⌧
2

8⇡2 , (3.15)

where ⌧ is the characteristic period of the wave, which is taken to be 10 s for SKS phase. The integral

over the frequency in equation (1.21) is performed over the frequency range of 0.02�0.125 Hz which

is the same as used by [9] and typical for SKS splitting studies [29]. We approximate the spectrum

as the second derivative of a Gaussian; this is reasonable for SKS-type phases where the records have

been deconvolved from the radial component waveform [33, 34]. With this choice of unperturbed

wave spectrum, we compute the sensitivity kernels with di↵erent background anisotropic model.

The kernels are computed on a fine grid ((5 km)3 box) for two di↵erent cases: (a) variation of the

dip of the symmetry axis, and (b) variation of the azimuth of the symmetry axis. The incoming
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polarization direction is kept constant in both of these cases. The width of the maximum sensitivity

zone is calculated as ⇡
p
�L, where � and L are the characteristic wavelength and the propagation

distance respectively. In our case, with the characteristic period of 10 s and approximate propagation

distance of 400 km, we find the width of the maximum sensitivity zone to be ⇡ 300 km. However,

the nature of the sensitivity varies with each cases discussed below.

We compute a series of sensitivity kernels for di↵erent values of the azimuth of the symmetry

axis (�) while the dip (✓ = 0o) and the incoming polarization direction (↵ = 0o) are kept fixed.

The anisotropic perturbation is homogeneous in nature. The spatial distribution of the sensitivity

is not substantially modified with the variation of azimuth (�) of horizontal symmetry axis. Figure

1.2(B) and (C) show near symmetric sensitivity kernels corresponding to � = 30o, and � = 60o,

respectively. However, the end member cases of � = 0o (polarization is parallel to the symmetry

axis) and � = 90o (polarization is perpendicular to the symmetry axis) are quite interesting. While

the latter corresponds to a trivial sensitivity kernel (Figure 1.2(D)) leading to a zero splitting as

expected, the former still has a non-trivial but perfectly antisymmetric nature (Figure 1.2(A)),

leading to a zero splitting intensity while integrated.

Figure (1.3) shows the variation of the sensitivity kernel with di↵erent values of the dip of the

symmetry axis while the incoming polarization direction (↵ = 0o) and the azimuth of the symmetry

(� = 45o) are fixed. The presence of the inclined symmetry axis causes an uneven spatial distribution

of the sensitivity, as expected (Fig. 1.3(B) and (C)). The striking property of the sensitivity kernel is

the non-triviality even when the propagation direction is parallel to the symmetry axis (Fig. 1.3(D)).

Such a physical scenario should lead to a zero splitting intensity and the perfect antisymmetry of

the sensitivity kernel (Fig. 1.3(D)) confirms this well known result [13, 29, 33]. This non-trivial

antisymmetry of the sensitivity kernel is a remarkable property and it may help us to understand

the underlying physics in more details.

Surface wave sensitivity kernel is extremely sensitive to the frequency. Naturally, at low frequen-

cies the depth of sensitivity is higher compared to high frequency. We present the sensitivity kernels

corresponding to the fundamental mode as well as the first overtone. Fig. 3.1 and Fig. 3.2 show

several examples of sensitivity kernels at di↵erent frequencies corresponding to fundamental mode

and first overtone. The overlap of several maximum amplitudes is expected to produce a higher

resolution. Note the the maximum amplitudes are primarily restricted to the shallow part of the

model. This leads to the expectation that we might be able to resolve the shallow part better. Note

that even though we show kernels for higher overtones, in the actual inversion strategy, we only use
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Figure 3.1: Surface wave sensitivity kernels for di↵erent four frequencies and for l = 0 and l = 1.
The scale is normalized for visualization.
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Figure 3.2: Surface wave sensitivity kernels corresponding to four di↵erent frequencies and for l =
1, 2. The scale is normalized for visualization.

69



the fundamental mode since the data we use corresponds to the fundamental mode only. Since the

figures are self explanatory, we do not spend much time describing the kernel and these are much

simpler in a sense due to their one dimensional nature.

3.2.2 Inversion Strategy

Our inversion strategy invokes a model space search technique based on a Markov chain Monte

Carlo sampling algorithm. It is an e�cient model space search technique based on Bayes’ theorem

and Markov process. Bayes’ theorem describes how to update the probabilities of hypotheses given

the evidence, and follows simply from the axioms of conditional probability. Let us assume that we

have a data vector d which is given or observed, and several models can reproduce this data within

di↵erent error limits. Therefore, we may construct a conditional probability: given the data d, what

is the probability that a particular model m would satisfy it? The probability of the assumed model

m satisfying the given data d is the conditional probability P (m/d). Clearly, if this conditional

probability is high enough, we may assert that the model fit is reasonably good. Now, from Bayes’

theorem, we may write the following identity

P (m/d) =
P (d/m)P (m)P
m
P (d/m)P (m)

, (3.16)

where P (d/m) is the probability of achieving the given data with the chosen model parameter m,

and P (m) is probability of the model parameter m to exist. The denominator describes the total

conditional probability of observing this particular data. Clearly, if we choose the model parameters

from the physically plausible set, then P (m) is identically 1, and 0 if it is chosen from outside of

the set. Bayes’ theorem is applied in conjunction with the Markov process. The details of the

sampling algorithm is not presented here since, it has been extensively applied in computational

physics [55, 56], computational chemistry [57], and geophysics [58, 59, 60]. The misfit is chosen to

be the ordinary Euclidean distance between the observed data and synthetic data produced by the

chosen model sets weighted with the squared data error vector:

E2 =
NX

i=1

(dSKS

i
� fSKS

i
(mSKS))2

2(�SKS

i
)2

+ ⇣
N

0
X

i=1

(dsurface
i

� fsurface

i
(msurface))2

2(�surface

i
)2

+ ⇠ (3.17)

where �i, ⇣, and ⇠ are the data error vector, a suitable normalization factor, and the coupling term,

respectively. The entities associated to SKS and surface waves are labeled accordingly. Coupling

term ⇠ may be chosen di↵erently. To be consistent with the degree of the free terms, we choose a
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quadratic coupling which is just the average of the matrix norms of

A =
(dSKS � fSKS(mSKS))

(�SKS)

(dsurface � fsurface(msurface))

(�surface)

T

, (3.18)

B =
(dsurface � fsurface(msurface))

(�surface)

(dSKS � fSKS(mSKS))

(�SKS)

T

(3.19)

i.e., ⇠ = 0.5⇣
p
tr(ATA) + tr(BTB). The complete error E2 is written as follows

E2 =
NX

i=1

(dSKS

i
� fSKS

i
(mSKS))2

2(�SKS

i
)2

+ ⇣
N

0
X

i=1

(dsurface
i

� fsurface

i
(msurface))2

2(�surface

i
)2

+ 0.5⇣
q
tr(ATA) + tr(BTB)

(3.20)

with a suitable normalization constant ⇣. The coupling is added in order to make the problem

really “jojnt” inversion. This could be explained simply with an analogy with classical field theory.

Since, E2 is bounded from below, we can pose the problem of finding the most likely model to be

a minimizing problem. The Frechet derivatives of the cost E with respect to the models mSKS

and msurface (assuming they lie in suitable function space setting) yield two di↵erent equations

which would be uncoupled in the absence of the mixing term ⇠. In the language of field theory this

would simply imply that the optimization space in is a direct sum SKS � surface. In reality, we

would want a constraint from the surface waves and therefore, the space should be a product space

SKS⌦surface. The extra term ⇠ precisely takes care of this issue. The Bayesian likelihood function

P (d/m) is just the Gaussian distribution (adopted in accordance with the central limit theorem):

P (d/m) = exp(�E2). (3.21)

Once, we have constructed the associated cost functions, we may simply implement the MCMC

technique to yield the desired model parameters. We do not dwell further on the methodology and

proceed to the resolution tests. However, the physical setting in which we will perform the checker-

board test is real that is the station and event distributions which will be used the checkerboard

test will correspond to that of the High Lava Plains of Oregon.

3.3 Resolution Tests

Before applying the technique to the real data scenario, we want to perform a checkerboard test to

ensure the inversion is stable. This is a routine procedure in any inversion problem especially in
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Figure 3.3: Input and output model corresponding to the checkerboard test of coupled SKS-surface
wave anisotropy tomography. The coupling strength is chosen to be su�ciently high, ⇣ = 0.5. Input
model is represented in the left panel while the right panel shows the most likely recovered model.

seismic tomography problem. In addition, there are inherent challenges associated with the seismic

anisotropy tomography and therefore it is important to evaluate how well our anisotropy models are

resolved, and to restrict our interpretations to robust features that are well-resolved and required

by the observations. In the absence of the additional constraint from surface waves, it is di�cult to

resolve the shallow structures i.e., structures that lie within first ⇠50-100 km. This was explicitly

depicted in [107]. However, if one adds surface waves, the resolution quality is expected to enhance,

especially in the shallow parts of the model. This is primarily due to the fact that the surface waves

have the property of telescopic sampling of di↵erent depths at di↵erent frequencies. The previous

tests demonstrated that the HLP station configuration should allow for the resolution of anisotropic

structure on length scales of ⇠50km in most portions of the model, although there is little or no

resolution of structure shallower than ⇠50km depth. Here we build on the tests presented in [98],

using the actual distribution of stations and events represented in our splitting intensity data set

(rather than a synthetic, random distribution of earth-quakes over all azimuths). We first perform

a checkerboard test, shown in Fig. (3.3) with input anomalies that are ⇠100 km square. Additional

histograms showing probability distributions throughout the model space for this test are shown in

Fig. (3.5). Because our preferred models them-selves tend to exhibit variations on a spatial length

scale of about 100 km (Figs.4 and 6), this is a reasonable choice for an input pattern. Because

most of the variability in our recovered models is in anisotropy strength, with little variability in

the fast axis orientation (and surface wave data is insensitive to variation of �), in this test we hold

� fixed at a reasonable average value of 800. We calculate synthetic splitting intensity values for
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the input pattern and then use these values in the inversion scheme. The results of this test reveal

several interesting properties of our inversion scheme. Remarkably, if we focus on the checkerboard

test where contribution of surface wave is maximum (⇣ = 0.5, the one presented in the figure), it

appears that the shallow part of the model is best resolved along with the deeper part. Therefore,

the resolution depicted by the checkerboard test is better compared to the resolution produced by

SKS contribution alone. This is natural to expect since, the surface wave observations are densely

distributed on the left half of the line where the resolution is best. The resolution of the right part

is much improved compared to pure SKS generated resolution. Of course, we remind ourselves that

the resolution generated by surface waves is of higher quality than pure SKS. This is mostly due to

the fact that the surface wave kernel exhibit extremely strong sensitivity at the shallow portion of

the model, which is even higher than the sensitivity that SKS wave exhibit at the deeper portion.

The deeper parts are resolved solely by means of the SKS waves since surface waves do not have

sensitivity below ⇠200 km. Fig. 3.5 presents the posterior distributions at di↵erent cell blocks of the

checkerboard. Now, we compare the checkerboard test corresponding to coupled SKS-surface wave

inversion to that of pure SKS waves. Striking di↵erence is observed at the shallow portion (i.e. for

depths below 50km). While SKS provided no resolution whatsoever, coupling to the surface waves

does provide a fair constraint for the shallow portions (at least the top left portion). Figure (3.4)

demonstrates the checkerboard test where coupling is set to zero i.e., only SKS waves contribute.

In addition to the checkerboard test for the strength parameter, it is important to perform a

checkerboard test for the orientation of the fast axis. This is simply because we want to confirm

our claim of improved resolution while coupling to surface wave observations. As we have observed

the resolution towards the top left portion of the model is maximum while that of the top right

portion is slightly less. This is indeed confirmed by the checkerboard test for the orientation since

the distribution is bimodal with the di↵erence of heights being small. This is expected since the

shallow part of the model ( 50 km ) is dominantly constrained by the surface wave measurements.

Therefore, in order to obtain a reasonably high resolution, one would require large number of surface

wave measurements (density should be high). The lack of substantial number of surface wave

measurements for the right part of the model indicates a lack of resolution at the shallow portion

(less than or equal to 50 km). The resolution of the deeper portion remains strong since that is

primarily governed by the SKS waves. Figure (3.6) demonstrates the result of the checkerboard test

for the orientation parameter while figure (3.8) does so for the posterior distribution.
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Figure 3.4: Results of checkerboard resolution test with only SKS waves. Input model is shown in
the top central panel, while the bottom central panel shows the most likely recovered model, and the
histograms show posterior distributions of the recovered strength of anisotropy at selected points
in the model. The input pattern corresponds to a 100⇥100 km2 checkerboard of alternating strong
and weak anisotropy in a model domain of 600⇥400 km2 with 50 km grid spacing. We only solve
for strength �; the other parameters are held fixed with ✓ = 0 and � = 800. This test demonstrates
that the input is well resolved in portions of the model domain where the sensitivity kernels overlap.
As expected, the shallow part of the model lacks such overlap and remains unresolved. Note that
here we show values of the strength parameter �, which takes values between 0 and 1, instead of %
anisotropy.
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Figure 3.5: Posterior distribution corresponding to the coupled SKS-surface wave checkerboard test.
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Figure 3.6: Input and output model corresponding to the orientation parameter checkerboard
test of coupled SKS-surface wave anisotropy tomography. The coupling strength is chosen to be
su�ciently high, ⇣ = 0.5. Input model is represented in the left panel while the right panel shows
the most likely recovered model.
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Figure 3.7: The posterior distribution of checkerboard test corresponding to the orientation param-
eter in the coupled SKS-surface wave inversion.

3.4 Application to real data

Once we have a strategy for a self consistent inversion, we proceed to apply the method to the real

data set corresponding to HLP of Oregon. We do not present the synthetic tests here since those

are similar in spirit of the ones performed in the previous chapters. Instead we will validate our

model by means of more robust checkerboard test done in the previous section. After completion

of the synthetic tests, we move towards applying the method to a real data set. Since in [98], we

have exclusively studied the SKS splitting intensity tomography using the High Lava Plain data set,

it is natural to utilize the surface wave constraints to this setting. One would certainly hope that

the resolution in the shallower parts would be improved through the surface wave constraints. The

High Lava Plains project and the EarthScope USArray Trans-portable Array (TA) provide a wealth

of broadband seismic data in and around the HLP region. Between the HLP and TA deployments,

there are 137 densely distributed broadband stations in the region, operated between 2006 and

2009. The HLP station configuration consists of two dense lines surrounded by a ‘cloud’ of stations

(Fig.3). The first line spans from southwest Idaho to northwest Oregon, ending just to the west of

the Cascades Range. This line follows the time-progressive track in rhyolitic volcanism (e.g. Ford
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Figure 3.8: The inversion result of Wagner and Long (2013) which is used as the input data for
our study. This precisely provides the information about the anisotropic contribution to the phase
velocity perturbation of the Rayleigh waves.
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et al., 2013). The second dense line is aligned almost N-S from Basin and Range extension (south)

through HLP volcanism to the accreted terranes of Oregon’s Blue Mountains (Fig.3a). The average

spacing between each station along the dense lines is approximately 10-15km, appropriate for our

analysis. In this analysis, we will only use one dense line: the one that is aligned in the NW-SE

direction. Similar to the pure SKS splitting intensity tomography, we applied a bandpass filter to

retain energy at periods between 8 and 25 s, and visually experimented the horizontal components

of the SKS waveform to retain waveforms with a high signal to noise ratio (SNR>2.5). After the

quality checks, we obtained 804 robust SKS splitting intensity measurements which were found to be

of exceptionally high quality. Since the station and even distributions were shown in chapter two, we

avoid presenting the same data. For the data corresponding to surface waves (quasi-Rayleigh wave

to be precise) , we used the result of Wagner and Long (2013) (see the figure 4 of their paper) for 8

distinct time periods: 33, 50, 61, 77, 58, 66, 77, 81, 100, and 125s. This is done so in order to extract

the anisotropic contribution to the perturbations of the phase velocity. Using the SKS splitting

data and the surface wave data (strength and the direction of anisotropy obtained by Wagner and

Long (2013)), we perform the inversion for a range of suitably defined non-dimensional coupling

parameter ⇣. Here ⇣ = 0 represents pure SKS part only. Therefore, for ⇣ = 0, we retrieve the result

of 2nd chapter. Notice that here we are primarily interested in the strength parameter since the

orientation of the symmetry axis for horizontal scenario does not really a↵ect the surface wave. In

the next section, we describe our inversion results.

3.5 Results and discussions

Here we present the results from our 2-D inversions along the NW-SE oriented dense line of the

HLP experiment (Fig.3.9). A corresponding stick diagram is presented in figure (3.12). Given the

computational limitations of a model space search approach, a 2-D inversion approach is tractable

(Mondal and Long, 2019). In our full joint inversion, even though we let the azimuth of the symmetry

axis � vary, it does not produce a substantial di↵erent inversion result since its variation is only sensed

by SKS waves. However, there seems to be significant change in the strength of anisotropy in the

upper portion of the model i.e., top 50-100 km. As we mentioned previously, SKS waves alone can

not resolve the top 50-100 km of the model and this characteristic was rigorously proven by means of

a series of resolution tests in chapter 1 and 2. Notice a few new features: the left half of the shallow

portion (tp ⇠ 50-100 km) seems to have been well resolved when the surface wave contribution is
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Figure 3.9: Most likely model for the NW-SE line (see chapter 2). The spatial domain vertical
section is discretized by 50km50km grids. The image is obtained after smoothing the original
5050km2discretized model for visual presentation. The exact value of the coupling parameter is
not important only the fact that a large ⇣ corresponds to higher surface waves contribution while
⇣ ⌘ 0 corresponds to no surface wave contribution. This is so because, the value of ⇣ can always be
renormalized. From left top to bottom right in a clockwise manner: (A) ⇣ = 0.5, (B) ⇣ = 0.1 (C)
⇣ = 0.01, (D) ⇣ = 0. ⇣ serves as a normalization so that the relative magnitudes of the two error are
consistent.
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Figure 3.10: Posterior distributions of the strength of the anisotropy corresponding to the most
likely recovered model for anisotropy strength along the NW-SE line, shown in Fig. 3.9. These
demonstrate that the left half of shallow part of the model (<50km) is fairly well constrained while
the right half is still poorly constrained, whereas the deeper parts, with considerable overlapping of
the SKS sensitivity kernels, yield a fairly good resolution. This is so primarily because the density
of measurements for surface waves is higher in the left portion.
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Figure 3.11: Posterior distributions of the fast axis orientation corresponding to the most likely
recovered model for anisotropy strength along the NW-SE line.

strong (i.e., higher ⇣ value e.g., 0.5) and the magnitude of the anisotropy is low in this portion.

Notice a striking di↵erence with the case where only SKS wave is used (the last panel (D) where

⇣ = 0). The top part in the later was completely unconstrained while the middle portion between

100 and 200 km contained low value of anisotropy strength (⇠ 1 � 2%). In the current situation,

the strength at in this 100-200 km depth range (left half of the model) is slightly increased while

its top portion assumes really low anisotropy (⇠ 1 � 2%). The robustness of this weak anisotropy

at the crustal level is supported by the posterior distribution presented in Fig. 3.10. Once we start

decreasing the surface wave strength, the model configuration starts converging (roughly) to the

pure SKS case. The Deeper part of the model exhibits strong anisotropy (⇠ 6%) as expected. This

is not surprising since at depths, the overlap of SKS kernels dominate the surface wave contribution.

This magnitude is comparable to the pure SKS study of Mondal and Long (2020).

As discussed in the introduction, it is extremely important to constrain the upper mantle and crustal

anisotropy. This primarily due to fact that anisotropy provides stronger constraints to understanding

several important geodynamic processes which are intrinsically anisotropic in nature. There have

been several studies addressing the anisotropic structures of the upper mantle. We want to compare
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Figure 3.12: Diagram of the anisotropy strength and fast axis orientation (from our most likely
models) in map view along the one dense lines at di↵erent depths. The length of the bar is scaled to
anisotropy strength, while the orientation of each bar shows the local orientation of fast axis. (A)
At depth 50 km: the models exhibit generally relatively weak anisotropy (less than 2%) beneath
most of the study region, (B) At depth 150 km: models exhibit relatively weak anisotropy ⇠2%,
(C) At depth 250 km: models exhibit stronger anisotropy with maximum anisotropy reaching up to
5%. The fast axis orientation along the NW-SE array varies from 700 in the NW to ⇠ 900 in the
SE(D) At depth 350 km: Both models exhibit strong anisotropy throughout, up to 7%. The fast
axis orientation along the NW-SE line changes from ⇠ 800 in the NW to ⇠ 1000 in the SE. The
black line in the middle corresponds to 3% anisotropy.
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our model with that of Yuan and Romanowicz (2010). While both of these model suggests weaker

anisotropy in the shallow portion, the strength of anisotropy at the deeper level vary substantially

between our model and theirs. Their model features relatively strong anisotropy in the deepest

upper mantle, in that the anisotropy strength here is comparable to the anisotropy strength at

shallower depths, but it is considerably weaker than in our preferred model (⇠2-3%vs. up to ⇠6-

8%). This di↵erence may reflect the fact that the model of Yuan and Romanowicz (2010)is based

on a regularized inversion that may underestimate amplitudes, or it may be a consequence of their

coarser lateral resolution. In addition, we also have the model provided by Wagner and Long (2013)

to us. They have obtained a surface wave tomography model by relating perturbations to the phase

velocity caused by the underlying anisotropy. The surface wave phase velocities, which have little or

no sensitivity at depths greater than ⇠250 km, showed generally uniform fast orientations beneath

the HLP with modest anisotropy strengths (values of up to ⇠2.5%). Wagner and Long (2013) found

that the anisotropy strengths suggested by the phase velocity maps were much smaller than needed

to explain the SKS splitting delay times if all the anisotropy was distributed in the upper ⇠200 km of

the mantle; furthermore, they argued that a strong contribution from crustal anisotropy (shallower

than ⇠50 km) would have strongly a↵ected the phase velocities at 33 and 40 s period, which was

not observed. In the current context, however, we do observe a strongly weak contribution from the

crustal part when the surface wave contribution in the inversion process is maximized. Wagner and

Long (2013) left the resolution of this discrepancy to future work, and the model presented here

now resolves the apparent paradox. Our preferred model for anisotropy beneath the HLP invokes

strong anisotropy in the deep upper mantle, at a depth range that is beyond the sensitivity of the

observations (at periods up to 143 s) used in the Wagner and Long (2013)surface wave model. The

presence of deep upper mantle anisotropy can explain the apparent discrepancy between surface

wave and SKS splitting constraints documented by Wagner and Long (2013).
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Chapter 4

An e↵ective theory for elastic medium with complex heterogeneity

4.1 Introduction

Homogenization of a heterogeneous medium is a classical problem in material science. There have

been a tremendous amount of both theoretical and experimental studies in this sector [108,109,109,

110, 111, 112, 113]. However, its importance in geophysics is no less due to several reasons. One of

the main reasons of course lies in seismology. As we have discussed in the previous two chapters,

the resolution power of seismic tomography is limited. For example, in the context of the anisotropy

tomography, we have observed that the lower bound of the resolvable length scale is of the order of

50 km. However, the size of heterogeneities present in the mantle ranges from tiny (of the order of

few mm) to very large (of the order of km). Therefore, the observations and constructed models are

typically characterized at a large scale primarily due to the fact that the spectra of seismic waves is

limited. Obviously, there is no seismic waves (or associated techniques) throughout the multiverse

that can resolve structures at the level of even few meters length scale. In other words, we clearly

have an e↵ective description of the system that is the low wavelength structures are integrated out in

a suitable sense. When propagating through small heterogeneities, seismic waves naturally average

the elastic properties of the medium. However, the calculations we have performed in the tomography

section or the ones that exist in the literature do not really take into account this smoothing out

e↵ect which can lead to a di↵erent result. This is due to the fact that the tomography problem is

already at the level of perturbation theory and if the e↵ect of the homogenization (or this averaging

process) is of the same order, then we clearly have a serious problem which should be addressed

carefully. In addition, physics of wave propagation in a complex heterogeneous medium is fascinating

by itself. The situation becomes even more interesting if one introduces randomness (spatial). In

reality, Earth’s subsurface is expected to possess a certain degree of randomness as well as correlated

heterogeneities. Therefore, it is clear that in the current seismological context, it is quite important
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to develop an e↵ective media theory. Of course, there are plenty of already existing studies in the

literature. It will be injustice to just name a few. Therefore, we give at least one example from

each field where the homogenization problem is studied in detail. One of the most well known study

is the study by Hashin and Strikman [108]. Their work was concerned with the determination of

elastic moduli of heterogeneous medium by means of an energy technique. It was assumed that the

material may be adequately described by an elastic, homogeneous, and isotropic matrix the moduli

of which are known, in which particles of another elastic homogeneous and isotropic material are

embedded, the moduli of which are also given. One of the important features of this study is that

it is based on the static deformation theory and used the Eshelby’s [114] calculation of elastic field

in an ellipsoidal inclusion. In other words, there are no wave components to it. On the other hand,

for a ’wave’ propagation, the e↵ective moduli is expected to be frequency dependent. Later [111]

derived an e↵ective stress-strain relationship for a representative volume of granular solids based

upon the micro-mechanical methodology and a ’self-consistent’ averaging technique. In addition

to the analytical studies, there have also been a few numerical ones [115] to address this particular

problem. Apart from these ‘physical’ studies, there have been numerous mathematical studies where

the homogenization problem is studied from a PDE perspective. A solid foundation in the realm

of analysis of PDE was developed by Evans through ‘weak compactness’ method [116]. Since then

many similar studies have been performed. However, these mathematical studies are far beyond the

realm of geophysics and we want to construct a theory which is easily tractable. There are examples

of homogenization study in the context of geophysics. We note one particular study by [117] which

is very relevant in the seismological context. Motivated by the recent progress in the e↵ective field

theory (EFT), renormalization group flow, and conformal field theory, we develop a self consistent

theory which addresses several aspects of elastic (elastodynamic to be precise) deformations in a

complex heterogeneous medium. Our results do not depend on the specified external force (stress)

present as it should not. In addition, we can address the dynamical problem meaning including

the frequency e↵ect in a fairly general heterogeneous medium. Since we are using purely analytical

technique, we are restricted to consider either a periodic or an infinite medium and inclusions of

specific (simple) shape. This is due to the fact that we need the Green’s function associated with the

wave operator which can only be calculated analytically for the ideal setting described above. If one

uses computational resources, then our method generalizes to medium with any shape. In addition,

since the answer depends on the Fourier transform of the heterogeneity present, only simple shapes

are allowed due to analytical reason. Once again, if computational resources are utilized, any general

shape of inclusions may be treated as long as they have bounded Fourier transforms. The systematic
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description of the methodology and result is described in the subsequent sections. First we consider a

random heterogeneity (can be drawn from a ‘Gaussian’ distribution) and then specialize to ordinary

heterogeneity that is without any randomness. Our result confirms the reduction of elastic constants

in a purely random medium. The mathematical techniques involved here have similarities with the

BRST method of quantization of the gauge theory [118,119].

4.2 The statement of the problem

Let ⇢ and CIJKL be the density and elasticity tensor of a physical medium which admit the following

decompositions

⇢ = ⇢0 + ⇣(x) (4.1)

CIJKL = CIJKL

0 + ⌘IJKL(x), (4.2)

where (⇢0, CIJKL

0 ) is the homogeneous part and (⇣(x), ⌘IJKL(x)) is the heterogeneity with a proba-

bility function P [⌘]. The type of randomness associated with these heterogeneous parts depends on

the chosen correlation function defined as follows

< ⌘(x)⌘(x
0
) >:=

Z
[d⌘]⌘(x)⌘(x

0
)P [⌘], (4.3)

where [d⌘] denotes the functional integration measure. The displacement field associated with the

elastic waves in this medium at a frequency ! is governed by the following hyperbolic PDE

⇢@2
t
'I � @J(C

IJKL@K'L) = 0 (4.4)

subjected to suitable initial and boundary conditions. For our purpose we will assume that our 3

dimensional medium is either infinite or periodic 3�torus so that the boundary terms drop out. As

mentioned earlier, this is simply done in order to facilitate the analytical calculations. The goal is

to find an e↵ective homogeneous elastic tensor CIJKL

hom
and density ⇢hom which satisfy (for frequency

range of interest)

⇢hom@
2
t
'I

avg
� CIJKL

hom
@J@K'avg L = 0, (4.5)
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where 'I

avg
is a suitably averaged displacement field. This is equivalent to obtaining a homogenized

version of the original wave equation (4.4). We will for the moment focus on the elastic part.

The major di�culty of this problem is as follows. Due to (4.3), original CIJKL will never be

anywhere di↵erentiable. Therefore (4.4) is severely ill defined in the strong sense. Study of Evans

[116] considers a weak formulation and through a series of estimate obtains a compactness result

which yields a homogenization (in the limiting sense). Alternatively, one may invoke to invoke

Ito/Stratonovich technique of stochastic integration to make sense of the equation (4.4). However

such techniques are not straightforward to apply to this tensorial wave equation. We will therefore

utilize a more straightforward QFT/SFT based technique. This is essentially a problem of e↵ective

field theory. This technique is in a sense equivalent to the stochastic integration technique since both

are found to generate additional nonlinear interaction terms. We systematically apply the technique

of e↵ective field theory and renormalization group method to yield an e↵ective description of the

elastic coe�cients as a function of a length scale involved.

4.3 Method

A random medium is a mathematical model of a complex medium. It consists of a family of media

together with a probability distribution over the members of the family. Because of the random

property of the medium, the associated elastic wave field also becomes random and therefore only

certain ‘ensemble’ average is physically meaningful. In addition, since there are two distinct length

scales involved, the physics is certainly scale dependent. In order to obtain a homogenized version

of the wave equation, one needs to derive an e↵ective field theory where the small scale parts of the

wave field are integrated out. This essentially translates to the following. The length scale of the

heterogeneity ranges from very small (compared to the typical elastic waves) to large (comparable

to the wavelength of the typical waves). Therefore, there are complicated processes that occur while

elastic waves propagate through a random medium (or simply elastostatic deformation for that

matter). These include forward scattering, back scattering, multiple scattering and multi-phase

generation etc. However at the level of observation, the short distance phenomena occurring due to

this complex interaction (which would otherwise be absent if random heterogeneity were absent) is

suppressed and only an e↵ective physics is realized due to a finite frequency band of the observed

seismic waves. The question is how to integrate out (average out or smooth out) the small scale

degrees of freedom (fluctuating degrees of freedom so to speak) which respects the theory?

As mentioned in the previous paragraph, we need a ‘partition’ functional or generating functional
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with respect to which the ensemble average (of entities of interest) is to be performed. Therefore, our

first step is to construct such a generating functional from the solution of the the wave equation (4.4).

This generating functional may be expressed as an exponential of a suitable ‘action’ functional of the

‘physical’ displacement field, adjoint displacement field and two non-physical ‘Grassman’ fields. Next

step would be to integrate out the small wavelength modes (the highly fluctuating modes) and obtain

an ‘action’ functional of the large scale e↵ective theory. This is essentially an averaging procedure

to smooth out the short range fluctuations. The wave-number scales which will be integrated out is

essentially [⇤,⇤0]. We will perform all the calculations in terms of ⇤ and ⇤0. For computation of the

practical entities, one may simply set the values of ⇤ and ⇤0 according to the relevance (depending

on the system property). This e↵ective theory is essentially described by

exp(iSeff ) =

Z
[d'k>⇤, d'̃k>⇤, d ̄k>⇤, d k>⇤] exp(iS[', '̃,  ̄, ]), (4.6)

where S will be a suitably defined action functional and Seff is the e↵ective description. The equa-

tion of motion corresponding to this e↵ective action Seff will then coincide with the homogenized

wave equation (4.5) by definition. One may therefore read o↵ the homogenized coe�cients directly.

I addition, we derive a renormalized flow equation for the e↵ective constants as a function of loga-

rithmic length scale parameter l defined by ⇤ = ⇤0e�l. Here 2⇡/⇤0 may be the lower bound of the

length scale of the heterogeneity and [ 2⇡⇤0
, 2⇡
⇤0e

�l ] may be the length scale which we integrate out.

Notice that l is variable here and therefore one may set l according to the characteristic scales of

the observable etc. For example ⇤0e�l could very well be the typical wavelength of observed waves

of interest. This ‘integrating out of large wave-number degrees of freedom’ procedure cannot be

performed exactly and therefore we turn to graph expansion and restrict ourselves up to the level

of 1 loop. However, we note that the series may be completed with a little more e↵ort. 1-loop

approximation is su�cient at the level of perturbations and since ‘loop’ diagrams essentially exhibit

the ‘special’ characteristics of the system (due to randomness). As we shall see later in the chapter,

removal of random characteristics from the perturbations yields only ‘tree’ level contributions. The

plan may be summarized as follows

1. We derive a generating functional associated with this particular system

2. We separate and integrate out large wave-number/ small scale degrees of freedom to yield an

e↵ective description of the physical system. As a result, we obtain e↵ective elastic constants.

3. Finally, we derive a renormalization group flow equations for the modified/e↵ective elastic con-

stants. This allows us to obtain the e↵ective constants at all relevant length scales. We then study a
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Table 4.1: Notation
Variables Notation
Displacement vector field 'I

Adjoint displacement field '̃I

Grassman field  I

Adjoint Grassman field  ̄I

Auxiliary fields JI , J̃I , J̄ I ,J I

Partition Functional Z
Generating functional W
Step function ⇥
Small scale/high wave-number fields '>, '̃>,  ̄>, >

Large scale fields '<, '̃<,  ̄<, <

Action S[', '̃,  ̄, ]
Spatial coordinate x
spatial wave number k
Frequency !
Space of smooth compactly supported functions S
Dimension of space N
Ordinary integral measure on RN dNx, dNk
Functional integral measure [d'], [d'̃], [d ], [d ̄]
Elasticity tensor CIJKL

Density ⇢
Laḿe constants �, µ
Random heterogeneity ⌘, ⇣
Upper bound of the wave number ⇤0

toy model where a possible critical phenomena arises which may have applications to the Earthquake

theory.

4.4 Functional representation of 4.4: derivation of a generating functional

For practical calculations, we will avoid all the mathematical rigor. We will explain the physics as

much as possible. For fully mathematically rigorous treatment of the mathematical structure arising

in this study, [120,121] are su�cient. For RG group flow [122,123] are enough to serve the purpose

(we mostly follow these). We will throughout work on RN , N 2 Z�0. The metric is simply denoted

by gIJ@I ⌦ @J which is simply identity matrix. To be covariantly consistent we denote only gI
J
by

�I
J
. The derivations will be done in a formal level. The Dirac’s distribution is formally defined as

�(x) :=
1

(2⇡)N

Z
eik·xdk, (4.7)

while the Fourier transform is denied as

F(f)(k) :=

Z
f(x)eik·xdx (4.8)
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Due to its distribution property, one may naturally extend this definition of delta to the infinite

dimensional setting. Note that the following elementary identity holds in finite dimension

Z
�(x)dNx = 1. (4.9)

Now let us say that f 2 S, where S is a space of function equipped with suitable norm topology (for

our purpose we will always assume that all the functions involved are C1
0 i.e., smooth with compact

support). On the infinite dimensional setting one may formally define the Dirac’s distribution as

�(f) :=

Z

S
eif̃f [df̃ ] (4.10)

where f̃ 2 S⇤ = S, [df̃ ] is a nonexistent (possibly) Lebesgue measure on S. We call this the

functional integration measure. This formally satisfies

Z

S
�(f)[df ] = 1. (4.11)

Now if G : S ! S, then we have

Z

S
�(G(f))[dG(f)] =

Z

S
�(G(f))�G

�f
[df ]. (4.12)

We will use this basic facts. Let us now consider the main problem. We first transform the equation

(4.4) to the frequency domain i.e., ' ⌘ '(!, x)

�⇢!2'I � @J(C
IJKL@K'L) = 0, (4.13)

where ⇢ and CIJKL are the density and he elasticity tensor of the medium, respectively. This

equation is simply linear elliptic and therefore given the coe�cients are smooth enough, has unique

solution on compact manifold. Under such circumstances, one has unique time evolution given an

initial data. Here we will mainly focus on the physics of propagating wave through the random

medium i.e., we assume that the wave is already generated we are looking at some intermediate time

interval. Now consider the case when we have random heterogeneity in the medium i.e.,

CIJKL = CIJKL

0 + ⌘IJKL(x), ⇢ = ⇢0 + ⇣(x) (4.14)
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Now ⌘IJKL is a nowhere di↵erentiable function and therefore the equation (4.13) does not make

sense. Therefore, we need to invoke special integration technique such as Ito or Stratonovich integra-

tion. However, even such techniques are not applicable in a straightforward sense in the current PDE

setting. Therefore we will utilize the functional integration which has a direct physical significance

as well. First, we assume that all the coe�cients are independent of time (no visco-elasticity here,

however may be important in other physically interesting scenarios such as Earthquake problem)

and work in the frequency domain

�(⇢0 + ⇣)!2'I � @J(C
IJKL@K'L) = 0. (4.15)

For now we assume that the background is homogeneous and therefore we densitize the e.o.m

�(1 +R
0
)!2'I � @J(C

0
IJKL@K'L) = 0. (4.16)

For simplicity, we will omit the dash and simply write CIJKL and R for the densitized coe�cients.

Now in the absence of randomness involved, the solutions trace a curve ! 7! '(!) in the space S.

However, while ⌘ 6= 0, the solution may theoretically span the whole space S. Naturally there is an

‘entropy’ involved in the process. The closest analogy may be any QFT system. At the classical level

the solution of field equation is simply a curve in a suitable function space. However, the quantum

fluctuation introduces a type of ‘randomness’ allowing the system to explore a non measure-zero

portion of the function space (theoretically all of the space). Similarly, in a statistical system, once

away from the zero temperature state, the fluctuation introduces randomness and subsequently an

entropy. Introduction to exploring the function space non-trivially is governed by ~ in QFT while

a similar role is played by the temperature T in the statistical system. Despite few fundamental

di↵erences in physics (one has a property of interference while other does not), the mathematical

foundation is identical (one system is simply related to other by a ⇡/2 rotation on complex plane in

a suitable sense, the so called wick rotation).

Now we systematically construct the partition functional and the generating functional. Let F

be any functional of ' which actually satisfies the equation of motion. The following formal identity

is satisfied by any solution of field equations

F('sol) =

Z
�('� 'sol)F ['][d'] =

Z
F [']�(E('))[det(E)][d'] (4.17)
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where E is the di↵erential operator

E := �!2�IL � @J(C
IJKL@K) (4.18)

For each realization of the random perturbation ⌘, we will have a solution 'sol. Therefore, physically

relevant entities must be an ‘ensemble’ average. The expectation with respect to this ensemble is

given by

< F('sol) >=

R R
F [']�(E('))[det(E)]P [⌘][d'][d⌘]R R
�(E('))[det(E)]P [⌘][d⌘][d']

(4.19)

Therefore the ‘partition functional’ may be defined as the normalization factor

Z :=

Z Z
�(E('))[det(E)]P [⌘][d⌘][d'] (4.20)

Here we note that the partition functional and generating functional are di↵erent. The former one

is a formal notion while the later will be useful in practical calculations. Formally, the probability

of this elastic system to be in a ‘state’ ' may naturally be written as

P ['] :=

R
⌘
�(�!2�IL � @J(CIJKL@K'L)�R!2'I)[det(E)]P (⌘)[d⌘]

R
'

R
⌘
�(�!2�IL � @J(CIJKL@K'L)�R!2'I)[det(E)]P (⌘)[d⌘][d']

and naturally one has

Z

'

P ['][d'] = 1. (4.21)

Here the denominator may be treated as a normalization constant and identified with the ‘partition

functional’ (or generating functional) of this ‘ensemble’. P (⌘) is the distribution function associated

with the random field ⌘. We will assume P (⌘) ⇡ e�
R
⌘
IJKL(x)CRIJKLMNOP (x�x

0
)⌘MNOP (x

0
)dN

xd
N
x
0
,

i.e., the random perturbations ⌘ are drawn from a Gaussian or simply these perturbations are

Gaussian process. In the definition above, we could keep the term involving the density perturbation

R in the integration and carry out the calculations. However, since we are primarily interested in the

⌘ part i.e., the elastic part, we will for now drop this term. But, in general, our technique calculates
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the e↵ective density as well. The partition function may further be evaluated as follows

Z =

Z
�(�!2�IL � @J(C

IJKL@K'L))[det(E)]P (⌘)[d⌘][d'] (4.22)

=

Z Z Z
ei

R
'̃I(�!2

�
IL�@J (CIJKL

@K'L))dN
x[det(E)]P (⌘)[d⌘][d'̃][d']

=

Z Z Z
ei

R
(�!2

'
I
'̃I+C

IJKL
@J '̃I@K'L)dN

x[det(E)]P (⌘)[d⌘][d'][d'̃]

=

Z Z Z
ei

R
(�!2

'
I
'̃I+C

IJKL
@J '̃I@K'L+⌘IJKL

@J '̃I@K'L)dN
x[det(E)]P (⌘)[d⌘][d'][d'̃],

where we have used (4.10), integration by parts and the fact that '̃ 2 S. '̃ may be identified

with the so called adjoint wave field. Alternatively one may absorb the boundary terms by adding

suitable boundary conditions to the e.o.m which are then introduced in the exponential multiplied

by the adjoint field and therefore cancels the extra boundary terms arising from the integration

by parts. Technically this amounts to saying that the Scwartz functions are dense in the space of

functions whose first derivative is square integrable (since the finite energy assumption demands

that the displacement field be in that specific function space). Now how to represent the [det(E)] as

a functional integral? We go back to the gauge theory where Fadeev-Popov ghosts are introduced

to express the Jacobian [124]. In gauge theory this is typically done so at the level of gauge fixing

which takes care of the redundancy present in the theory. In our context, the idea of gauge may

be nonexistent, but, we remind ourselves that we had to introduce the jacobian in order to make

sure that we only consider the fields ' which are solutions of the stochastic di↵erential equation

instead of the whole space. In a suitable sense, this operation is also equivalent to the removal of

redundancy. Therefore, it is not really surprising to see that we need additional ‘non-physical’ ghost

fields. Importantly, the Fadeev-Popov ghosts are Grassman fields and therefore satisfies certain anti-

commuting property. The algebra of these grassman fields is essentially isomorphic to the exterior

algebra of RN i.e.,
L1

k=0

V
k(RN ). These do not have spins only the anti-commuting property. For

a set of Grassman fields (basically spinors) { i}Ni=1, the following are satsified

{ i, j} = 0,

Z
d i = 0,

Z
 id i = 1, {d i, j} = 0, 8i, j. (4.23)

This aforementioned Jacobian determinant appears as a gauge fixing term in quantum gauge theory,

which is then replaced by a Grassman integral. This is precisely due to the following facts. Note
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the following remarkable property of the Gaussian integration of the spinors

Z
exp

✓
i

Z
 ̄i(x)Mij(x, y) j(y)d

NxdNy

◆
[d ̄][d ] = det(Mij(x, y))

contrary to the ‘bosonic’ fields ', '̃ which satisfies (formally)

Z
exp

✓
i

Z
'̃i(x)Mij(x, y)'j(y)d

NxdNy

◆
[d'̃][d'] ⇡ 1

det(Mij(x, y))
(4.24)

Introducing the spinors, the partition functional reads

Z =

Z Z Z Z
ei

R
(�!2

'
I
'̃I+C

IJKL
@J '̃I@K'L+⌘IJKL

@J '̃I@K'L)dN
x (4.25)

ei
R
 ̄

I(�!2
�IL�@J (CI

JK
L@K)) L

d
N
xP (⌘)[d ̄][d ][d⌘][d'][d'̃].

Once again we assume for simplicity that the medium is isotropic. Introducing anisotropy does not

cause any substantial problem, only long monotonous calculations and can be done so without much

trouble. Consider the explicit representation of isotropy

CIJKL = ��IJ�KL + µ(�IK�JL + �IL�JK) (4.26)

which may be written as the background and the random perturbations (simplest case when the

background is homogeneous)

�(x) = �0 +
p
gb⌘b(x), µ(x) = µ0 +

p
gr⌘r(x). (4.27)

Here
p
gb and

p
gr are the strengths of randomness associated to the two Lame parameters. One of

course can directly work with the bulk (K := �+ 2µ
3 ) and the shear modulus. Here we will stick to

� and µ. The perturbed elasticity tensor reads

CIJKL = CIJKL

0 +
p
gb⌘b(x)�

IJ�KL +
p
gr⌘r(x)(�

IK�JL + �IL�JK). (4.28)
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Substituting this expression in the previous integral yields

Z =

Z
exp

✓
i

Z �
�!2'I '̃I + CIJKL

0 @J '̃I@K'L � !2 ̄I I

+CIJKL

0 @J '̄I@K L +
p
gb⌘b(x)(@I '̃

I@J'J + @I  ̄
I@J J)

+
p
gr⌘r(x)(@I '̃

J@J'
I + @I '̃

J@I'J + @I  ̄
J@J 

I + @I  ̄
J@I J)

�
dNx

�

P (⌘b)[d⌘b]P (⌘r)[d⌘r][d ̄][d ][d'][d'̃].

Now consider the probability functionals for ⌘b and ⌘r (the simplest one Gaussian)

P [⌘b] := exp

✓
�
Z
⌘b(x)⇣

�1
b

(x� x
0
)⌘b(x

0
)dNxdNx

0
◆
, P [⌘r] := exp

✓
�
Z
⌘r(x)⇣

�1
r

(x� x
0
)⌘r(x

0
)dNxdNx

0
◆
.

(4.29)

where ⇣b and ⇣r are the correlation functions of ⌘b and ⌘r, respectively i.e.,

⇣b(x, x
0
) =< ⌘b(x)⌘b(x

0
) >, ⇣r(x, x

0
) =< ⌘r(x)⌘r(x

0
) > . (4.30)

The inverse of the correlation function is defined as follows

⇣(x� x
0
)⇣�1(x

0
� x

00
) = �(x� x

00
). (4.31)

For a purely random medium, we have ⇣b(x, x
0
) = 2�(x� x

0
). We may of course consider Gaussian

correlation as well. For generality we consider a general correlation function here. Note that if one

adds a non-trivial correlation in addition to pure randomness i.e., some factor which causes order

in the midst of random behaviour, then in such a competing system, one might observe interesting

physics such as criticality, scale invariance, and perhaps conformal symmetry. This issue might be

important in the context of earthquake since earthquake is conjectured to be a critical phenomena

(a self organized one) [125,126,127,128]. We will focus on these issues later. After substituting these
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particular forms of correlation functions, the partition functional reads

Z =

Z
exp

✓
i

Z �
�!2'I '̃I + CIJKL

0 @J '̃I@K'L � !2 ̄I I

+CIJKL

0 @J '̄I@K L +
p
gb⌘b(x)(@I '̃

I@J'J + @I  ̄
I@J J))

+
p
gr⌘r(x)(@I '̃

J@J'
I + @I '̃

J@I'J + @I  ̄
J@J 

I + @I  ̄
J@I J)

�
dNx

�

exp

✓
�
Z
⌘b(x)⇣

�1
b

(x� x
0
)⌘b(x

0
)dNxdNx

0
◆

exp

✓
�
Z
⌘r(x)⇣

�1
r

(x� x
0
)⌘r(x

0
)dNxdNx

0
◆
[d⌘b][d⌘r][d ̄][d ][d'][d'̃],

from which we need to integrate out the fluctuation part i.e.,

Z Z
exp

✓
i

Z �p
gb⌘b(x)(@I '̃

I@J'J + @I  ̄
I@J J) (4.32)

+
p
gr⌘r(x)(@I '̃

J@J'
I + @I '̃

J@I'J + @I  ̄
J@J 

I + @I  ̄
J@I J)

�
dNx

�

exp

✓
�
Z
⌘b(x)⇣

�1
b

(x� x
0
)⌘b(x

0
)dNxdNx

0
◆

exp

✓
�
Z
⌘r(x)⇣

�1
r

(x� x
0
)⌘r(x

0
)dNxdNx

0
◆
[d⌘b][d⌘r].

Integration of this fluctuation part yields the following expression

exp

✓
�1

4
gb

Z
(@I '̃

I(x)@J'J(x) + @I  ̄
I(x)@J J(x))⇣(x� x

0
)

(4.33)

(@I '̃
I(x

0
)@J'J(x

0
) + @I  ̄

I(x
0
)@J J(x

0
))dNxdNx

0
⌘

exp

✓
�1

4
gr

Z
(@I '̃

J(x)@J'
I(x) + @I '̃

J(x)@I'J(x) + @I  ̄
J(x)@J 

I(x) + @I  ̄
J(x)@I J(x))

⇣r(x� x
0
)(@I '̃

J(x
0
)@J'

I(x
0
) + @I '̃

J(x
0
)@I'J(x

0
) + @I  ̄

J(x
0
)@J 

I(x
0
) + @I  ̄

J(x
0
)@I J(x

0
))

dN (x)dNx
0
⌘

Remarkably, we note that this process yields quartic interaction terms which would otherwise be

also obtainable through Ito calculus but would not be trivial like the present situation. We will

separately consider the case of specific correlation functional. Let us Fourier expand the interaction

Lagrangian. Formally note that the following holds

⇣(x� x
0
) =

Z
⇣(k)eik·(x�x

0
)dNk, ⇣(k) =

1

(2⇡)N

Z
⇣(x)e�ik·xdNx. (4.34)
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Using this partition functional Z, we define the generating functional W as follows

W [J, J̃ ,J , J̄ ] :=

Z Z
eiS! [','̃, ̄, ]+

R
(JI

'I+J̃
I
'̃I+i ̄·J+iJ̄ · )dN

x[d'][d'̃][d ̄][d ] ,

where the formal action functional is defined as

S[', '̃] :=

Z
((�!2'I '̃I + CIJKL

0 @J '̃I@K'L)� !2 ̄I I

+CIJKL

0 @J  ̄I@K L � 1

4i
gb

Z
(@I '̃

I(x)@J'J(x) + @I  ̄
I(x)@J J(x))⇣(x� x

0
)

(@I '̃
I(x

0
)@J'J(x

0
) + @I  ̄

I(x
0
)@J J(x

0
))dNx

0

� 1

4i
gr

Z
(@I '̃

J(x)@J'
I(x) + @I '̃

J(x)@I'J(x) + @I  ̄
J(x)@J 

I(x) + @I  ̄
J(x)@I J(x))

⇣r(x� x
0
)(@I '̃

J(x
0
)@J'

I(x
0
) + @I '̃

J(x
0
)@I'J(x

0
) + @I  ̄

J(x
0
)@J 

I(x
0
) + @I  ̄

J(x
0
)@I J(x

0
))dNx

0
)dNx.

(4.35)

Here the adjoint fields are such that the reality condition is met. The generating functional W is

constructed for practical computations such as ensemble average of entities like ''̃ etc. Here notice

that the partition functional Z is physical whereas the generating functional is introduced so that

we can perform a trick described below. Of course now we can split the action functional into an

exactly solvable system and an interaction part following routine procedure of perturbation theory

S[', '̃,  ̄, ] = S0[', '̃,  ̄, ] + SI [', '̃,  ̄, ]. (4.36)

Utilizing this, we may now observe that the generating functional may be written as

W [J, J̃ ,J , J̄ ] =

Z
exp(iSI) exp(

Z
(i(�!2'I '̃I + CIJKL

0 @J '̃I@K'L) (4.37)

+i(�!2 ̄I I + CIJKL

0 @J  ̄I@K L) + JI'I + iJ̃I '̃I + i ̄ · J + iJ̄ ·  )dNx)).

We call the functionalW as the generating functional simply because, we may ‘generate’ the ensemble
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average and correlation functions using it as follows (and using (4.19) and noting �J(x)
�J(y) = �(x� y))

< 'M (x)'̃N (y) >ensemble=
1

Z

Z
'M (x)'̃N (y) exp(iSI) exp(

Z
(i(�!2'I '̃I (4.38)

+CIJKL

0 @J '̃I@K'L) + i(�!2 ̄I I + CIJKL

0 @J  ̄I@K L))d
Nx))

=
1

W [J, J̃ ,J , J̄ ]

Z
�

�JM

�

i�J̃N
exp(iSI) exp(

Z
(i(�!2'I '̃I + CIJKL

0 @J '̃I@K'L)

+i(�!2 ̄I I + CIJKL

0 @J  ̄I@K L) + JI'I + iJ̃I '̃I + i ̄ · J + iJ̄ ·  )dNx))|
J=J̃=J=J̄=0.

The second line follows due to W [J, J̃ ,J , J̄ ]|
J=J̃=J=J̄=0 = Z. Now in order to evaluate this in-

tegrals, we need the inverse of the linear unperturbed di↵erential operator �!2�IL � CIJKL

0 @J@K ,

which is nothing but the Green’s function of this di↵erential operator. Assuming periodic or asymp-

totically vanishing boundary condition, the Green’s function or the 2-point correlation function is

computed by using the following relation in Fourier domain

(�!2�IL � CIJKL

0 @J@K)GM

L
(x;x

0
) = �IM�(x� x

0
) (4.39)

By substituting CIJKL

0 = �0�IJ�KL + µ0(�IK�JL + �IL�JK) and x
0
= 0, we explicitly obtain the

following form of the 2�point function in the Fourier domain

!GI

J
(k) =

1

�!2 + (�+ 2µ)k2

✓
�I
J
+

(�+ µ)(k2�I
J
� kIkJ))

�!2 + µk2

◆
(4.40)

. This Green function is called 2-point correlation function simply because, the correlation function

of ' and '̃ in the absence of perturbations is simply G i.e.,

< 'I(x)'̃J(x
0
) >Z0=

Z
ieik·(x�x

0
)

�!2 + (�+ 2µ)k2

✓
�I
J
+

(�+ µ)(k2�I
J
� kIkJ))

�!2 + µk2

◆
dNk,

<  ̄I(x) J(x
0
) >Z0=

Z
ieik·(x�x

0
)

�!2 + (�+ 2µ)k2

✓
�I
J
+

(�+ µ)(k2�I
J
� kIkJ))

�!2 + µk2

◆
dNk.

Notice that the dispersion shell must be the pole of the correlation function and corresponds to

the P and S modes (speed
p
�+ 2µ and

p
µ, respectively). We may in fact obtain an explicit
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representation if we introduce the auxiliary fields J, J̃ ,J , J̄ as follows

W [J, J̃ ,J , J̄ ] = exp(iSI [
�

�J
,
�

i�J̃
,
�

i�J ,
�

i�J̃
]) exp(

Z
(i(�!2'I '̃I + CIJKL

0 @J '̃I@K'L)

+i(�!2 ̄I I + CIJKL

0 @J  ̄I@K L) + JI'I + iJ̃I '̃I + i ̄ · J + iJ̄ ·  )dNx))

= exp(iSI [
�

�J
,
�

i�J̃
,
�

i�J ,
�

i�J̃
])W 0[J, J̃ ,J , J̄ )

A simple calculation using the definition of functional derivative �J(x)
�J(y) = �(x� y) confirms it. Now

let us evaluate the W 0 to yield

W 0[J, J̃ ,J , J̄ ] =

Z
exp(

Z
(i(�!2'I '̃I + CIJKL

0 @J '̃I@K'L) (4.41)

+i(�!2 ̄I I + CIJKL

0 @J  ̄I@K L) + JI'I + iJ̃I '̃I + i ̄ · J + iJ̄ ·  )dNx)

=

Z
exp(

Z
i'̃I

⇣
(G�1)IL'L + J̃I

⌘
dNx) exp(

Z
i
�
 ̄I(G

�1)IL L

+ ̄ · J + J̄ ·  
�
dNx) exp(

Z
JI'Id

Nx)

=

Z

'

�
⇣
(G�1)IL'L + J̃I

⌘
exp(

Z
JI'Id

Nx) exp(�i

Z
J̄ IGIJJ JdNx)

= exp(�
Z

JIGIJ J̃
JdNx) exp(�i

Z
J̄ IGIJJ JdNx).

W 0[J, J̃ ,J , J̄ ] = exp(�
Z

JIGIJ J̃
JdNx) exp(�i

Z
J̄ IGIJJ JdNx) , (4.42)

where we have used the definition of the functional Dirac’s distribution and Grassman integration.

Therefore we have the following expression for the full generating functional

W [J, J̃ ,J , J̄ ] = exp(iSI [
�

�J
,
�

i�J̃
,
�

i�J ,
�

i�J̄
])W 0[J, J̃ ,J , J̄ ] (4.43)

= exp(iSI [
�

�J
,
�

i�J̃
,
�

i�J ,
�

i�J̄
]) exp(�

Z
JIGIJ J̃

JdNx)

exp(�i

Z
J̄ IGIJJ JdNx).

W [J, J̃ ,J , J̄ ] = exp(iSI [
�

�J
,
�

i�J̃
,
�

i�J ,
�

i�J̄
]) exp(�

Z
JIGIJ J̃

JdNx) exp(�i

Z
J̄ IGIJJ JdNx) .

Now that we have obtained this explicit form of the generating functional, it is clear that this

is much simpler form i.e., few di↵erential operators acting on exponentials. This will facilitate the
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Figure 4.1: One realization of the Gaussian random medium under study on a grid 80 ⇥ 80. The
laḿe constant � = �0 +

p
g0
b
⌘(x) is plotted here for

p
g0
b
= 0.1 and �0 =< � >= 1.

computation of the correlation functions using graph expansion in the next section. The expectation

of any functional F(', '̃) may now be written as follows

< F(', '̃) >=
1

W [J, J̃ ,J , J̄ ]
F(

�

�J
,
�

i�J̃
)W [J, J̃ ,J , J̄ ]|

J=J̃=J=J̄=0. (4.44)

Once the generating functional is derived, we may perform the necessary calculations. As men-

tioned earlier, we want to integrate out the degrees of freedom associated with the smaller length

scales and obtain an e↵ective theory at a larger length scale. This is executed in two steps: (a)

Mode elimination by integration: in this step the small scale modes are eliminated by integrating

out the large wave numbers. This is also called the course-graining procedure. (b) Re-scaling: in

this step, we re-scale the associated fields suitably. The combination of the mode-elimination step

with the re-scaling step defines now a mapping between the initial constants (the bare constants or

non-homogenized constants) and the e↵ective constants. Here the set of bare constants is essentially

(�0, µ0, g0b , g
0
r
). If the e↵ective constants are denoted as (�

0
, µ

0
, g

0

b
, g

0

r
), then the RG flow R is es-

sentially a semi-group (�
0
, µ

0
, g

0

b
, g

0

r
) = R(�0, µ0, g0b , g

0
r
). The fixed points of this RG transformation
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essentially gives rise to critical phenomena and as we will see towards the end if the fixed points

exist then the property of the fixed points is universal. Typically in a system where two or more

competing forces are present, one may expect critical behaviour. This of course include the well

known Ising model where the competing factors are the randomness associated to temperature and

the order generating external magnetic field. There are of course other strongly nonlinearly inter-

acting systems where no external factor is necessary to yield critical behaviour. In these cases the

non-linearity focuses and defocuses energy through interaction and such system are designated as

systems with self organized criticality (SOC). Starting with the bare constants RG flow essentially

provides good description of the physics at di↵erent scales via modifying the constants. In our case

the constants (�
0
, µ

0
) essentially becomes e↵ective material property while viewing the system at

di↵erent length scales. This analysis will explicitly give us formulas for e↵ective material property

of a random medium for small strength of randomness which is typically the case in physically in-

teresting situations. Clearly in our system, we do not have competing forces present if we let the

perturbations be purely random. However, interesting scenario arises one adds a correlation function

of the type ⇣(x, x
0
) ⇠ a�(x�x

0
)+be�(x�x

0
)2/l2 . This leads to decoherence by a and order generation

by b. Depending on relative values of a and b, these two opposing e↵ects may nullify each other to

yield a critical point where one observes scale invariance (since scales are destroyed at this point).

Let us now carry out the derivation of the e↵ective action. We start with integrating the small

scale modes (or highly fluctuating modes). It is natural to work in the Fourier domain since the

separation of scale is trivial here. Formally we will write the field ' etc. as combinations of low

wave number and high wave number in the Fourier domain as follows

' = '(k)>⇥(|k|� ⇤) + '(k)<⇥(�|k|+ ⇤), '̃ = '̃(k)>⇥(|k|� ⇤) + '̃(k)<⇥(�|k|+ ⇤), (4.45)

 =  (k)>⇥(|k|� ⇤) +  (k)<⇥(�|k|+ ⇤),  ̄ =  ̄(k)>⇥(|k|� ⇤) +  ̄(k)<⇥(�|k|+ ⇤). (4.46)

This may be slightly questionable since this partition of unity is sharp. In a more rigorous way to

do this is to replace the step function by Scwartz functions i.e., one write the fields as follows

' = '(k)>�(|k|/⇤) + '(k)<(1� �(|k|/⇤)), (4.47)

where �(|k|/⇤) is a Scwartz function with the scale ⇤ i.e., �(|k|/⇤) = 1 for |k| > 2⇤ and �(|k|/⇤) = 0

for |k| < 1
2⇤. This is simply an application of a proper filter to the displacement fields.
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4.5 Mode Elimination: Course graining

Our aim is to integrate out the momenta lying in the interval [⇤,⇤0] i.e., roughly the length scale

[ 1
⇤0

, 1
⇤ ]. We can not of course integrate the large wave number modes exactly. We will therefore do

it using Feynman diagrams. The action is split into three parts

S = S<⇤('<, '̃<; g
0
b
, g0

r
) + S>⇤('>, '̃>) + Smix('>, '̃>,'<, '̃<). (4.48)

The mixed part will contribute to the e↵ective coupling constants. Before explicitly evaluating the

action, let us first move it in the wave number domain and evaluate term by term. Now ' will

represent '(!, k) and similarly for other variables.

4.5.1 E↵ective Action and graph expansion

Now we delve deeper into the philosophy of the mode elimination. The main points may be summa-

rized as follows. We recall that we have split the displacement fields into higher wavenumber and

lower wavenumber components. The cuto↵ wavenumber is described by the entity ⇤. Now we treat

⇤ as a free parameter i.e., it can vary with the size of the heterogeneities present in the matrix. We

want to integrate out all the processes whose characteristic length scale is between the length scale

of the heterogeneities and that of the system we are considering (e.g., a cubic matrix of size L).

This is simply because the events occurring at a length scale less that of the size of heterogeneities

present is not important from physical perspective. Recall the definition of the partition function

Z =

Z
exp(iS[', '̃, ,  ̄; coupling0])[d'][d'̃][d ̄][d ], (4.49)

where coupling0 are essentially the bare/non-homogenized elastic constants. Now we insert the

spliting (4.45) into S in the above expression and integrate out the modes ('>, '̃>, >,  ̄>). After

integrating out these fields defined on low length scales, the partition function becomes

Z =

Z
exp(iS<⇤[<,<; coupling<])[d'<][d'̃<][d ̄<][d ̄<], (4.50)
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where the e↵ective action S<⇤['<, '̃<; coupling<] is given by the following expression

exp(iS<⇤[<,<; coupling<]) = exp(iS<⇤[<,<; coupling0) (4.51)
Z

exp(iS>⇤[>,>] + iSmix[><])[d'>][d'̃>][d ̄>][d ̄>].

Now we clearly observe that the integrating out or averaging out procedure modifies the bare con-

stants coupling0 by adding extra terms. Previous expression after taking ln yields

iS<⇤[<,<; coupling<] = iS<⇤[<,<; coupling0] (4.52)

+ ln

✓Z
exp(iS>⇤[>,>] + iSmix[><])[d'>][d'̃>][d ̄>][d ̄>]

◆
.

This may be evaluated further

ln

✓Z
exp(iS>⇤['>, '̃>] + iSmix['>, '̃>;'<, '̃<])[d'>][d'̃>][d ̄>][d ̄>]

◆

= ln

✓R
exp(iS>⇤[>,>] + iSmix[><])[d'>][d'̃>][d ̄>][d ̄>]R

exp(iS>⇤[>,>])[d'>][d'̃>][d ̄>][d ̄>]

◆

+ ln

✓Z
exp(iS>⇤[>,>])[d'>][d'̃>][d ̄>][d ̄>]

◆
.

Note here that the term ln
�R

exp(iS>⇤['>, '̃>])[d'>][d'̃>]
�
adds a constant to the e↵ective action

and as such harmless since it can always be absorbed in the normalization constant of the formal

partition function. Now notice an important fact

R
exp(iS>⇤[>,>] + iSmix[><])[d'>][d'̃>][d ̄>][d ̄>]R

exp(iS>⇤['>, '̃>])[d'>][d'̃>][d ̄>][d ̄>]
(4.53)

=< exp(iSmix[><]) >Z>

where Z> is defined as follows

Z> :=

Z
exp(iS>⇤[>,>])[d'>][d'̃>][d ̄>][d ̄>]. (4.54)
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We will only be interested in first few loops (which do not appear if randomness is absent). We

formally expand the series to yield

< exp(iSmix[><]) >Z>
(4.55)

=< 1 + iSmix[><] +
1

2
(iSmix[><])2 � .... >Z>

.

Therefore, we have up to one loop

S<⇤[<,<; coupling<] ⇡ S<⇤[<,<; coupling0] (4.56)

+ ln

✓
1 + i < Smix[><] >Z>

+
1

2
< (iSmix[><])2 >Z>

◆

+ ln

✓Z
exp(iS>⇤[>,>])[d'>][d'̃>][d ̄>][d ̄>]

◆

⇡ S<⇤[<,<; coupling0]+ < Smix[><] >Z>

� 1

2i
< (iSmix[><])2 >Z>

+
1

2i
(< (iSmix[><]) >Z>

)2 + ln(Z>).

In the leading order we only consider the average with respect to the Gaussian part of the small

scale action and therefore

S<⇤[<,<; coupling<] ⇡ S<⇤[<,<; coupling0]+ < Smix[><] >Z0>

� 1

2i
< (iSmix[><])2 >Z0> +

1

2i
(< (iSmix[><]) >Z0>)

2,

where Z0> is the small scale partition function with quadratic principle part only. Notice that due

to the expansion of the ln, each of these terms collected properly only contributes to a connected

diagram i.e., we see that < Smix['>, '̃>;'<, '̃<] >Z0> and � 1
2i < (iSmix['>, '̃>;'<, '̃<])2 >Z0>

+ 1
2i (< (iSmix['>, '̃>;'<, '̃<]) >Z0>)

2 have connected parts only at the level of Feynman dia-

grams. From this e↵ective description of the associated action functional, it is now clear how the

e↵ective elastic constants will be derived. Notice that the term S<⇤[<,<; coupling0] involves the

non-homogenized constants (or simply the constants corresponding to the matrix) roughly in the

following form �0(@')(@'̃). Now, the ‘averaging out’ procedure generates extra frequency and

wavenumber bound ⇤ (and hence length) dependent terms roughly of the form ��(⇤, w)(@'@'̃)

from < Smix[><] >Z0> � 1
2i < (iSmix[><])2 >Z0> + 1

2i (< (iSmix[><]) >Z0>)
2 which encodes the

detailed nonlinear interaction of the complex heterogeneities and the wavefield propagating through

the medium. Therefore the e↵ective constants will simply be of the type �(!,⇤) = �0 + ��(!,⇤).
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Figure 4.2: The one loop contribution to the e↵ective coupling constants � and µ. Notice that
this loop character is purely generated because of the randomness present in the system. This is
in parallel with the QFT or SFT case since the loop only appears as the ‘quantum’ correction to
the classical system. The solid loop and the dashed loop represent the bosonic and grassman parts,
respectively.

Note an important fact that the mixed terms with odd number of small length scale terms do

not contribute at one loop level since Gaussian integral is even. The detail calculations for the

exact expressions for the mixed actions (terms containing both high and low wavenumber parts) are

presented in the appendix. For completeness, we include the complete perturbative series consisting

of multiple loops. We refer to the diagrams (figure 4.3) for a visual illustration.

An extremely important point is that we have the loop contribution only because of the ‘random-

ness’ present in the system. One does not obtain loop contributions if the heterogeneities present in

the matrix are not random. We will see when we study the special case by turning o↵ the random

behaviour of the heterogeneity later that in such cases only ‘tree’ level contribution arises. Now all

we need to do is to collect all the contributions from several diagrams and sum it up. For com-

pactness, we will not write down all the integrals here instead put them in the appendix. Since the

structure of all the integrals associated are more or less same, we will just discuss the property of
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Figure 4.3: The schematics showing how several diagrams arise to contribute to the e↵ective con-
stants. Ideally one should be able to sum up the whole series. But at the perturbative level we only
restrict ourselves up to 1 loop.
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p
g0
b
=
p
g0
r
=

0.1.

one 1-loop integral. One of the loop integrals read

I = �g0
b

Z ⇤0

⇤

kIkJ

�!2 + (�+ 2µ)k2

✓
�IJ +

(�+ µ)(k2�IJ � kIkJ))

�!2 + µk2

◆
dNk (4.57)

= �g0
b

Z ⇤0

⇤

k2

�!2 + (�+ 2µ)k2
dNk.

Notice a few important things that happened here. If we go back to the previous section, we

remember that g0
b
is the strength (squared) of perturbations associated to the dilation (longitudinal

mode). Now physically, we would expect that this pure dilation should not e↵ect the transverse mode.

But in the integral of the first line we have the propagator contributing both to the dilation as well

as transverse part due to the presence of of both poles at k = !/
p
�+ 2µ and k = !/

p
µ. However,

term containing the pole !/
p
µ cancels out due to the fact that kIkJ(k2�IJ � kIkJ) = 0. This is

simply a version of theWard identity in the realm of elastic wave propagation. This should guarantee

that this cancellation property persists at all order of perturbation theory. This is analogous to the

case of QED where the Ward identity assures that the photons do not acquire mass at all order of
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perturbation theory at the quantum level. Now note the second most important thing. We have

mentioned earlier that elastic theory at the nonlinear level is not well behaved, that is, it does not

allow one formulate the theory at the level of very large wavenumber. This should be clear from this

integral. Roughly this integral contributes to the scattering amplitude. Now, if we go all the way

to the infinite wavenumber, we observe that this integral blows up. Now notice the most important

part

Z 1 k2

�!2 + (�+ 2µ)k2
dNk ⇠

Z 1
kN�1dk = 1. (4.58)

There is no way to renormalize this integral since the divergence is polynomial in nature. This is

precisely a characteristics of a non-renormalizable theory. It is not surprising since the ray theory

which is technically a low wavelength approximation generates caustics if the heterogeneity is com-

plex enough. In order to alleviate this problem, we impose an upper bound on the wavenumber

dictated by the lowest length scale of the heterogeneity present. We denote this upper bound by ⇤0.

Therefore the integral we want to finally evaluate is the following

�g0
b

Z ⇤0

⇤

k2

�!2 + (�+ 2µ)k2
dNk. (4.59)

All the calculations are presented in the appendix. Collecting all the contributions, we compute the

e↵ective elastic constants as a function of length scales ⇤,⇤0 (wavenumber scale to be precise) to

be the following

�(⇤,⇤0) = �0 �
5

2
g0
b

Z ⇤0

⇤

⇣(0)k2

�!2 + (�0 + 2µ0)k2
dNk +

4g0
r

N(N + 2)

Z ⇤0

⇤

⇣(k)(�+ µ)k4dNk

(�!2 + (�0 + 2µ0)k2)(�!2 + µk2)

+O(g02
b
, g02

r
)

µ(⇤,⇤0) = µ0 �
3

2
g0
r

Z ⇤0

⇤

⇣(0)k2dNk

�!2 + (�0 + 2µ0)k2
+

4g0
r

N(N + 2)

Z ⇤0

⇤

(�+ µ)⇣(k)k4dNk

(�!2 + (�0 + 2µ0)k2)(�!2 + µ0k2)

�2g0
r

N

Z ⇤0

⇤

⇣(0)k2

�!2 + (�0 + 2µ0)k2
(1 +

(�+ µ)k2

�!2 + µ0k2
) +O(g02

b
, g02

r
).

Now defining ⇤ = ⇤0e�l, for a dimensionless length scale l, we may explicitly evaluate these integrals
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to yield for a purely random heterogeneities, the following e↵ective elastic constants

�(l) = �0 �
10⇡g0

b

�0 + 2µ0

✓
1

3
⇤3
0(1� e�3l) + ↵2⇤0(1� e�l) +

↵3

2
ln

✓
(⇤0 � ↵)(⇤0e�l + ↵)

(⇤0 + ↵)(⇤0e�l � ↵)

◆◆

+
16⇡g0

r

15

�0 + µ0

(�0 + 2µ0)µ0

✓
1

3
⇤3
0(1� e�3l) + �2⇤0(1� e�l) +

�3

2
ln

✓
(⇤0 � �)(⇤0e�l + �)

(⇤0 + �)(⇤0e�l � �)

◆

+ ↵2

✓
⇤0(1� e�l) + (

↵2 + �2

2�
� ↵4

2�(↵2 � �2)
) ln

✓
(⇤0 � �)(⇤0e�l + �)

(⇤0 + �)(⇤0e�l � �)

◆

+
↵3

2(↵2 � �2)
ln

✓
(⇤0 � ↵)(⇤0e�l + ↵)

(⇤0 + ↵)(⇤0e�l � ↵)

◆◆◆
+O((g0

b
)2, (g0

r
)2),

µ(l) = µ0 �
26⇡g0

r

3(�0 + 2µ0)

✓
1

3
⇤3
0(1� e�3l) + ↵2⇤0(1� e�l) +

↵3

2
ln

✓
(⇤0 � ↵)(⇤0e�l + ↵)

(⇤0 + ↵)(⇤0e�l � ↵)

◆◆

�8⇡g0
r
(�0 + µ0)

5µ0(�0 + 2µ0)

✓
1

3
⇤3
0(1� e�3l) + �2⇤0(1� e�l) +

�3

2
ln

✓
(⇤0 � �)(⇤0e�l + �)

(⇤0 + �)(⇤0e�l � �)

◆

+ ↵2

✓
⇤0(1� e�l) + (

↵2 + �2

2�
� ↵4

2�(↵2 � �2)
) ln

✓
(⇤0 � �)(⇤0e�l + �)

(⇤0 + �)(⇤0e�l � �)

◆

+
↵3

2(↵2 � �2)
ln

✓
(⇤0 � ↵)(⇤0e�l + ↵)

(⇤0 + ↵)(⇤0e�l � ↵)

◆◆◆
+O((g0

b
)2, (g0

r
)2),

where ↵2 = !
2

�0+2µ0
, �2 = !

2

µ0
. If we for the moment consider the static case i.e., ! = 0, we have

�(l) = �0 +
16⇡g0

r
�0 + ⇡(16g0

r
� 150g0

b
)µ0

45µ0(�0 + 2µ0)
⇤3
0(1� e�3l), (4.60)

µ(l) = µ0 �
(154µ0 + 24�0)⇡g0r
45µ0(�0 + 2µ0)

⇤3
0(1� e�3l). (4.61)

Here l is the length scale of interest. If one considers an infinite medium, then of course l = 1 and

if one is interested in a periodic lattice, then l would be the lattice size.

In practice, sometimes we want to homogenize certain heterogeneous medium which do not possess

any random nature to it rather complex heterogeneity in terms of shape of the inclusions present

in the matrix. As we mentioned previously, computation of the elastic field within simple shapes

like ellipsoid becomes non-trivial as was depicted in Eshelby’s work [114]. Since homogenization

of heterogeneous medium requires such calculations, it is not really straightforward to homogenize

complex heterogeneous medium where the shape of the inclusions present is arbitrary. However, using

our technique, this essentially amounts to evaluating the Fourier coe�cients (spatial) corresponding

to the shapes present and later evaluating some scattering integrals involving these coe�cients.

Therefore, it is a rather straightforward special case of the current situation where a complete
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random heterogeneity is treated. Of course for arbitrary shapes of the inclusions present, it is quite

di�cult to analytically compute the Fourier coe�cients. But for such cases, one may always use

a bit of computational resources to compute the Fourier coe�cients. As of now our result is valid

at the level of perturbation theory i.e., when the elastic constants of the inclusions di↵er slightly

from that of the matrix. At this level, our result do match with that of Hashin and Strikman

bound [108]. Since the calculations are exactly similar to the present situation we do not include all

the calculations here only the results are shown in the figures (4.5, 4.6).

4.6 RG flow of e↵ective constants

In this section, we systematically derive a system of coupled di↵erential equations for the e↵ec-

tive elastic constants. Given the e↵ective constants at a particular scale, one may obtain the elastic

constant at any other length scale by solving this system. This is in principle similar to the renormal-

ization group flow for the coupling constants for statistical or quantum field theory. One might even

say that our system should resemble such statistical or quantum system mathematically through

the introduction of the stochastic nature. This was already discussed in the the previous sections.

We proceed systematically to derive the di↵erential equations (also know as the expression for the

�� functions) for the re-scaled e↵ective elastic constants. Choosing the usual scaling

k
0
= kb, '

0
I(k

0
) = ⇣�1

b
'I(k), '̃

0
I(k

0
) = ⇣�1

b
'̃I(k), (4.62)

where

b =
⇤0

⇤
, ⇣b = b�','̃

p
Zb, (4.63)

and �','̃ is the scaling dimension of '(k) (or '̃(k); both scaling dimensions are same due to sym-

metry) and

Zb :=
effective coeff. of !2

coeff of !2
= 1. (4.64)

Note that the exact same scaling is also performed for the Grassman fields and therefore we do not

explicitly write them. Note an important fact that Zb can not be obtained using dimensional analysis

and only in this context where we have neglected the contribution from density perturbations, Z is
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1. If write the formal action

S![', '̃] :=

Z ⇤ �
!2'(k) · '̃(�k) + (�+ 2µ)k2'(k) · '̃(�k) (4.65)

+µ(k · '(k))(k · '̃(�k))) dNk + quartic terms

the operator operator dimension of ' and '̃ may be read o↵ to yield (l denotes length scale)

�','̃ =
N + 2

2
since ', '̃ ⇡ l�

N+2
2 . (4.66)

Let us now go back to the large length scale (course grained) e↵ective action in the Fourier domain

to obtain a scaling for the coupling constants. Here we specifically focus on the bosonic part since

the fermionic part yields exactly the same expression.

S<['<, '̃<] =

Z ⇤ �
!2'<(k) · '̃<(�k) + (�< + µ<)k

2'<(k) · '̃<(�k) (4.67)

+µ<(k · '<(k))(k · '̃<(�k))) dNk + grassman terms+ quartic terms

=

Z ⇤0 ⇣
Zb!

2bN+2'<(k
0
) · '̃<(�k

0
) + Zb(�< + µ<)k

02b�2bN+2'<(k
0
) · '̃<(�k

0
)

Zbb
�2bN+2µ<(k

0
· '<(k))(k

0
· '̃<(�k))

⌘
b�NdNk

0
+ grassman+ quartic terms

=

Z ⇤0 ⇣
Zb!

2bN+2'<(k
0
) · '̃<(�k

0
) + Zb(�< + µ<)k

02'<(k
0
) · '̃<(�k

0
)

+Zbµ<(k
0
· '<(k))(k

0
· '̃<(�k))

⌘
dNk

0
+ grassman+ quartic terms.

Comparing powers of k
0

�
0
= Zb�<, µ

0
= Zbµ< (4.68)

We will keep the coe�cients of the kinetic term unchanged which puts a constraint on Zb. However,

since we are not interested in the density part, we simply set it to 1. Therefore we have the equation

for �
0
and µ

0
as follows

�
0
= Zb

 
�0 �

5

2
g0
b

Z ⇤0

⇤

⇣(0)k2

�!2 + (�0 + 2µ0)k2
dNk +

4g0
r

N(N + 2)

Z ⇤0

⇤

⇣(k)(�+ µ)k4dNk

(�!2 + (�0 + 2µ0)k2)(�!2 + µk2)

!
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and

µ
0
= Zb(µ0 �

3

2
g0
r

Z ⇤0

⇤

⇣(0)k2dNk

�!2 + (�0 + 2µ0)k2
+

4g0
r

N(N + 2)

Z ⇤0

⇤

(�+ µ)⇣(k)k4dNk

(�!2 + (�0 + 2µ0)k2)(�!2 + µ0k2)

�2g0
r

N

Z ⇤0

⇤

⇣(0)k2

�!2 + (�0 + 2µ0)k2
(1 +

(�+ µ)k2

�!2 + µ0k2
))

Now let us define the logarithmic length scale l = ln(b). We neglect O(l) term i.e., ⇤ ! ⇤0,

�0 ! �
0
/Zb, µ0 ! µ

0
/Zb, and noting Zb = 1. Now it’s convenient to work with scale-free variables.

Let us re-scale the untouched couplings

!2 7! !2/⇤2
0, g

0

b
= g0

b
⇤N

0 g
0

r
= g0

r
⇤N

0 (4.69)

which yields the following system of coupled di↵erential equations for the e↵ective constants

@l�
0
= �5⇣(0)

2

vol(SN�1)Zbg
0

b

�!2 + (�0 + 2µ0)
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4Zbvol(SN�1)g
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(�
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(�!2 + (�0 + 2µ0))(�!2 + µ0)
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Zbvol(SN�1)g
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�!2 + (�0 + µ0)
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N(N + 2)

4Zbvol(SN�1)g
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(�0 + µ

0
)

(�!2 + (�0 + 2µ0))(�!2 + µ0)

�⇣(0)
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2Zbvol(SN�1)g
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�!2 + µ0 ),

@lg
0

b
= O(g

02
b
, g

02
r
),

@lg
0

r
= O(g

02
r
). (4.70)

A trivial calculation shows that there are no fixed points for N > 1 except for the trivial ones

i.e., for g
0

b
= g

0

r
= 0. This is expected physically since there is no competitive forces present in

the system. In order to make the physics more interesting one may consider a correlation function

⇣ which contains two opposing factor: purely random part and a correlated part and focus on

the renormalization group flow for those part only. In such case, one may hope to find a critical

behaviour i.e., infinite correlation length etc. Such competing cases in a non-conservative setting

(e.g., viscoelastic) may have applications to the earthquake theory since the point of failure of an

earthquake is conjectured to be in a self-organized criticality class [125,126,127,128].
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4.7 Discussion

In this chapter we have developed a theory of homogenization and renormalization group flow of an

elastic medium utilizing technique based on QFT or SFT. As mentioned in the introduction, there

are few advantages to such a field theory approach. Firstly, we work at the level of a suitably defined

’action’ functional (equivalently a Lagrangian) of the theory rather than at the level of equations of

motion. This allows one to handle the boundary conditions in a trivial way. In addition, it provides

us with a self consistent perturbation series for the e↵ective elastic constants of a heterogeneous

medium where the heterogeneity can be of any type as long as it has Fourier transform (i.e., let us

say that L1 bounded for simplicity) at least at the formal level. Secondly, our technique can handle

the frequency e↵ect which is not derivable in a straightforward way while working at the level of

the equations of motion. Of course, physically realistic cases will have this dispersive e↵ect and

therefore is important. One of the main disadvantage of our technique as of now is its perturbative

character i.e., it is not valid if the elastic constants of the inclusions di↵er substantially from that of

the matrix. Our result matches with that of Hashin [108] only in the scenario when the di↵erence

is small. However, with a little more e↵ort one may be able to complete the perturbation series and

obtain convergence (even if one needs to perform re-summation trick). In addition, our technique

can address several interesting physics associated with the wave propagation through the complex

medium. For scattering amplitudes of wave propagation through a random medium, we refer to a

classical study of Aki [129,130,131]. In general, there are numerous studies on this topic addressing

di↵erent aspects of this rich field. Of course, one well known result is that the e↵ective elastic

wave speed reduces in a purely random medium and there are few mathematically rigorous studies

conforming such fact [132]. Our analysis directly confirms such a result as seen from the figure (4.4).

The physical reason for such a behaviour may be addressed by further study. In addition, we can

address the issue of critical phenomena if there are heterogeneities of two di↵erent nature present in

the medium which as we mentioned previously may have applications to the earthquake theory. It

will also be interesting to compare our results of homogenization with the experiments. In a sense,

we are just exploring the tip of the iceberg. This technique is so rich and applied to numerous

branches in physics including condensed matter theory to obtain interesting physical results.
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Chapter 5

Appendix

This chapter concerns with the detailed calculations behind chapter 4. In this section, we show

the systematic calculations of the e↵ective field theory. For obvious reason, we work in the Fourier

domain. Notice the action functional

S[', '̃] :=

Z
((�!2'I '̃I + CIJKL

0 @J '̃I@K'L)� !2 ̄I I

+CIJKL

0 @J  ̄I@K L � 1

4i
gb

Z
(@I '̃

I(x)@J'J(x) + @I  ̄
I(x)@J J(x))⇣(x� x

0
)

(@I '̃
I(x

0
)@J'J(x

0
) + @I  ̄

I(x
0
)@J J(x

0
))dNx

0

� 1

4i
gr

Z
(@I '̃

J(x)@J'
I(x) + @I '̃

J(x)@I'J(x) + @I  ̄
J(x)@J 

I(x) + @I  ̄
J(x)@I J(x))

⇣r(x� x
0
)(@I '̃

J(x
0
)@J'

I(x
0
) + @I '̃

J(x
0
)@I'J(x

0
) + @I  ̄

J(x
0
)@J 

I(x
0
) + @I  ̄

J(x
0
)@I J(x

0
))dNx

0
)dNx.

(5.1)

Using the wavenumber separation

' = '(k)>⇥(|k|� ⇤) + '(k)<⇥(�|k|+ ⇤), '̃ = '̃(k)>⇥(|k|� ⇤) + '̃(k)<⇥(�|k|+ ⇤), (5.2)

 =  (k)>⇥(|k|� ⇤) +  (k)<⇥(�|k|+ ⇤),  ̄ =  ̄(k)>⇥(|k|� ⇤) +  ̄(k)<⇥(�|k|+ ⇤), (5.3)

we explicitly evaluate several terms of the action functional. 1.

�
Z

x

Z

k1,k2

!2'I(k1)'̃(k2) exp(ik1 · x+ ik2 · x)

dNk1d
Nk2d

Nx
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Z

k
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2.
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J@I'J@K '̃

L@K'L)d
Nx (5.7)

= g0
r

Z

k

k1Ik
I

2k3KkK4 '̃
J(k1)'J(k2)'̃

L(k3)'L(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4.
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Now there are mixed terms where vector-Grassman fields appear together. The mixed term is simply

2g0
r
(@I '̃

J@J'
I + @I '̃

J@I'J)(@I  ̄
J@J 

I + @I  ̄
J@I J) (5.8)

= 2g0
r
(@I '̃

J@J'
I@K  ̄

L@L 
K + @I '̃

J@J'
I@K  ̄

L@K L + @I '̃
J@I'J@K  ̄

L@L 
K

+@I '̃
J@I'J@K  ̄

L@K L)

This is so because of the following fact

[', ] = [',  ̄] = ['̃, ] = ['̃,  ̄] = 0 (5.9)

since ' and  live on separate spaces. In the Fourier space, once again we have the following

7.

2g0
b

Z

x

@I '̃
I@J'

J@K  ̄
K@L 

LdNx (5.10)

= 2g0
b

Z

k

k1Ik2Jk3Kk4L'̃
I(k1)'

J(k2) ̄
K(k3) 

L(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

8.

2g0
r

Z

x

@I '̃
J@J'

I@K  ̄
L@L 

KdNx (5.11)

=

Z

k

k1Ik2Jk3Kk4L'̃
J(k1)'

I(k2) ̄
L(k3) 

K(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

9.

2g0
r

Z

x

@I '̃
J@J'

I@K  ̄
L@K Ld

Nx (5.12)

=

Z

k

k1Ik2Jk3Kk4K '̃J(k1)'
I(k2) ̄

L(k3) L(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4
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10.

2g0
r

Z

x

@I '̃
J@I'J@K  ̄

L@L 
KdNx (5.13)

= 2g0
r

Z

k

k1Ik
2Ik3Kk4L'̃

J(k1)'J(k2) ̄
L(k3) 

K(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

11.

2g0
r

Z

x

@I '̃
J@I'J@K  ̄

L@K Ld
Nx (5.14)

= 2g0
r

Z

k

k1Ik
2Ik3Kk4K '̃J(k1)'J(k2) ̄

L(k3) L(k4)⇣(k3 + k4)�(
4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4.

The appearance of � function �(
P

i
ki) will ensure the energy-momentum conservation at a vertex.

The quartic terms exactly same as 1, 2, 3, 4, 5, 6 appears for the spinor fields  and  ̄. We do not write

these terms since they contribute exactly same as the bosonic parts. From here one we will denote

(!, k) simply by k for convenience and �(
P4

i=1 ki). Now we perform the wave number separation

and write it out term by term

1.

Z

k

!2'I(k)'̃I(�k)dNk =

Z

k

!2
�
'I(k)>⇥(|k|� ⇤) + 'I(k)<⇥(�|k|+ ⇤)

�

('̃I(k)>⇥(|k|� ⇤) + '̃I(k)<⇥(�|k|+ ⇤)) dNk

=

Z ⇤0

k=⇤
!2'I

>
(k)'̃I>(�k)dNk +

Z ⇤

k

!2'I

<
(k)'̃I<(�k)dNk

2.

Z

k

CIJKL

0 kIkK'I(k)'̃J(�k)dNk (5.15)

=

Z

k

CIJKL

0 kIkK ('J(k)>⇥(|k|� ⇤) + 'J(k)<⇥(�|k|+ ⇤))

('̃L(k)>⇥(|k|� ⇤) + '̃L(k)<⇥(�|k|+ ⇤)) dNk

=

Z ⇤

k

CIJKL

0 kIkK'J(k)<'̃L(k)<d
Nk +

Z ⇤0

⇤
CIJKL

0 kIkK'J(k)>'̃L(k)>d
Nk
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Now we do the separation of the 4-th order terms. Term-wise

3.

g0
b

Z

k

kI1k
J

2 k
K

3 kL4 '̃I(k1)'J(k2)'̃K(k3)'L(k4)�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

= g0
b

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃I>(k1)'J>(k2)'̃K>(k3)'L>(k4)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
b

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃I<(k1)'J<(k2)'̃K<(k3)'L<(k4) (5.16)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
b

Z ⇤

k

Z ⇤0

⇤
('̃I>(k1)'J<(k2)'̃K>(k3)'L<(k4) + 2'̃I>(k1)'J<(k2)

'̃K<(k3)'L>(k4) + 2'̃I>(k1)'J>(k2)'̃K<(k3)'L<(k4)

+'̃I<(k1)'J>(k2)'̃K<(k3)'L>(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
b

Z ⇤

k

Z ⇤0

⇤
('̃I>(k1)'J<(k2)'̃K<(k3)'L<(k4) +

+'̃I<(k1)'J>(k2)'̃K>(k3)'L>(k4) + '̃I<(k1)'J>(k2)'̃K<(k3)'L<(k4)

+'̃I>(k1)'J<(k2)'̃K>(k3)'L>(k4) + '̃I<(k1)'J<(k2)'̃K>(k3)'L<(k4)

+'̃I>(k1)'J>(k2)'̃K<(k3)'L>(k4) + '̃I<(k1)'J<(k2)'̃K<(k3)'L>(k4)

+'̃I>(k1)'J>(k2)'̃K>(k3)'L<(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

We may observe the following symmetry relation under integration

'̃I>(k1)'J<(k2)'̃K<(k3)'L<(k4)k
I

1k
J

2 k
K

3 kL4 (5.17)

= '̃I<(k1)'J<(k2)'̃K>(k3)'L<(k4)k
I

1k
J

2 k
K

3 kL4

and similar relations hold for other combinations. In a sense the 8 mixed terms with equal number

of high and low component reduce to 4. Therefore The first mixed term yields
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4.

g0
b

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃I>(k1)'J>(k2)'̃K>(k3)'L>(k4) (5.18)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
b

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃I<(k1)'J<(k2)'̃K<(k3)'L<(k4) (5.19)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
b

Z ⇤

k

Z ⇤0

⇤
('̃I>(k1)'J<(k2)'̃K>(k3)'L<(k4) + 2'̃I>(k1)'J<(k2)

'̃K<(k3)'L>(k4) + 2'̃I>(k1)'J>(k2)'̃K<(k3)'L<(k4)

+'̃I<(k1)'J>(k2)'̃K<(k3)'L>(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+2g0
b

Z ⇤

k

Z ⇤0

⇤
('̃I>(k1)'J<(k2)'̃K<(k3)'L<(k4) +

+'̃I<(k1)'J>(k2)'̃K>(k3)'L>(k4) + '̃I<(k1)'J>(k2)'̃K<(k3)'L<(k4)

+'̃I>(k1)'J<(k2)'̃K>(k3)'L>(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4
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Now we focus on the second term

5.

g0
r

Z

k

kI1k
J

2 k
K

3 kL4 '̃J(k1)'I(k2)'̃L(k3)'K(k4)�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

= g0
r

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃J>(k1)'I>(k2)'̃L>(k3)'K>(k4)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
r

Z ⇤0

⇤
kI1k

J

2 k
K

3 kL4 '̃J<(k1)'I<(k2)'̃L<(k3)'K<(k4) (5.20)

�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
r

Z ⇤

k

Z ⇤0

⇤
('̃J>(k1)'I<(k2)'̃L>(k3)'K<(k4) + '̃J<(k1)'I<(k2)

'̃L>(k3)'K>(k4) + '̃J>(k1)'I<(k2)'̃L<(k3)'K>(k4) + '̃J>(k1)'I>(k2)'̃L<(k3)'K<(k4)

+'̃J<(k1)'I>(k2)'̃L>(k3)'K<(k4) + '̃J<(k1)'I>(k2)'̃L<(k3)'K>(k4))

kI1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
r

Z ⇤

k

Z ⇤0

⇤
('̃J>(k1)'I<(k2)'̃L<(k3)'K<(k4) +

+'̃J<(k1)'I>(k2)'̃L>(k3)'K>(k4) + '̃J<(k1)'I>(k2)'̃L<(k3)'K<(k4)

+'̃J>(k1)'I<(k2)'̃L>(k3)'K>(k4) + '̃J<(k1)'I<(k2)'̃L>(k3)'K<(k4)

+'̃J>(k1)'I>(k2)'̃L<(k3)'K>(k4) + '̃J<(k1)'I<(k2)'̃L<(k3)'K>(k4)

+'̃J>(k1)'I>(k2)'̃L>(k3)'K<(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4.
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The third term is evaluated as

6.

2g0
r

Z

k

kI1k
J

2 k
K

3 kK4'̃J(k1)'I(k2)'̃
L(k3)'L(k4)�(

4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

= 2g0
r

Z ⇤0

⇤
kI1k

J

2 k
K

3 kK4'̃J>(k1)'I>(k2)'̃L>(k3)'
L
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4X
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ki)d
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Nk2d
Nk3d

Nk4

+2g0
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⇤
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J

2 k
K
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(k4) (5.21)
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Nk3d
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L
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L
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L
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L
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�

kI1k
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K

3 kK4�(
4X
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Nk3d
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k

Z ⇤0

⇤
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The last bosonic term yields

7.

g0
r
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k

k1Ik
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K
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Z ⇤0

⇤
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(k4) (5.22)
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ki)d
Nk1d

Nk2d
Nk3d

Nk4.

Since the spinor part ( ̄ and  ) produce exactly similar terms at the quartic level, we will not

explicitly write down the terms. However, there are quartic mixed parts which need to be taken

into consideration. However, notice that because of the symmetric nature, we will only need just

one term from each mixed term in the actual calculation.

8.
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Z

k
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9.
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L

>
(k3) 

K

>
(k4)�(
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10.
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L

>
(k3) L>(k4)�(
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Collecting all the terms
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Z ⇤
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The small scale part
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and there are mixed part (the ones that contribute towards e↵ective action at the level of 1-loop).

We will write the mixed part of the action integral later.
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�iSmix[><] = g0
b

Z ⇤

k

Z ⇤0

⇤
('̃I>(k1)'J<(k2)'̃K>(k3)'L<(k4) + 2'̃I>(k1)'J<(k2) (5.23)

'̃K<(k3)'L>(k4) + 2'̃I>(k1)'J>(k2)'̃K<(k3)'L<(k4)

+'̃I<(k1)'J>(k2)'̃K<(k3)'L>(k4)) k
I

1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
r

Z ⇤

k

Z ⇤0

⇤
('̃J>(k1)'I<(k2)'̃L>(k3)'K<(k4) + '̃J<(k1)'I<(k2)

'̃L>(k3)'K>(k4) + '̃J>(k1)'I<(k2)'̃L<(k3)'K>(k4) + '̃J>(k1)'I>(k2)'̃L<(k3)'K<(k4)

+'̃J<(k1)'I>(k2)'̃L>(k3)'K<(k4) + '̃J<(k1)'I>(k2)'̃L<(k3)'K>(k4))

kI1k
J

2 k
K

3 kL4 �(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+2g0
r

Z ⇤

k

Z ⇤0

⇤

�
'̃J>(k1)'I<(k2)'̃L>(k3)'

L

<
(k4) + '̃J<(k1)'I<(k2)

'̃L>(k3)'
L

>
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L

>
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L

<
(k4)

+'̃J<(k1)'I>(k2)'̃L>(k3)'
L

<
(k4) + '̃J<(k1)'I>(k2)'̃L<(k3)'

L

>
(k4)

�

kI1k
J

2 k
K

3 kK4�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+g0
r

Z ⇤

k

Z ⇤0

⇤

�
'̃J

>
(k1)'J<(k2)'̃L>(k3)'

L

<
(k4) + '̃J

<
(k1)'J<(k2)

'̃L>(k3)'
L

>
(k4) + '̃J

>
(k1)'J<(k2)'̃L<(k3)'

L

>
(k4) + '̃J

>
(k1)'J>(k2)'̃L<(k3)'

L

<
(k4)

+'̃J

<
(k1)'J>(k2)'̃L>(k3)'

L

<
(k4) + '̃J

<
(k1)'J>(k2)'̃L<(k3)'

L

>
(k4)

�

kI1kI2k
K

3 kK4�(
4X

i=1

ki)d
Nk1d

Nk2d
Nk3d

Nk4

+2g0
b

Z

k

k1Ik2Jk3Kk4L'̃
I

<
(k1)'

J

<
(k2) ̄

K

>
(k3) 

L

>
(k4)�(

4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

+2g0
r

Z

k

k1Ik2Jk3Kk4L'̃
J

<
(k1)'

I

<
(k2) ̄

L

>
(k3) 

K

>
(k4)�(

4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

+2g0
r

Z

k

k1Ik2Jk3Kk4K '̃J

<
(k1)'

I

<
(k2) ̄

L

>
(k3) L>(k4)�(

4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

+2g0
r

Z

k

k1Ik
2Ik3Kk4L'̃

J

<
(k1)'J<(k2) ̄

L

>
(k3) 

K

>
(k4)�(

4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4

+2g0
r

Z

k

k1Ik
2Ik3Kk4K '̃J

<
(k1)'J<(k2) ̄

L

>
(k3) L>(k4)�(

4X

i=1

ki)

dNk1d
Nk2d

Nk3d
Nk4.
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5.0.1 Graph expansion for the quadratic part

(N.B:- There is a factor ±i✏ in the denominator of the propagator; this is necessary in order for the

integral to converge).

Now consider the quadratic part of the action S> and find the expectation < Smix[><] >Z0> , Z0> =
R
e�S

quad

> [d'>][d'̃>][d ̄>][d ̄>]. We will perform this operation term by term. As an example con-

sider the expectation value of the term g0
b

R ⇤
k

R ⇤0

⇤ �(
P4

i=1 ki)k
I

1k
J

2 k
K

3 kL4 '̃I>(k1)'J>(k2)'̃K<(k3)'L<(k4).

We may compute the expectation value explicitly in the Fourier domain using (4.43)

< g0
b

Z ⇤

k

Z ⇤0

⇤
�(

4X

i=1

ki)k
I

1k
J

2 k
K

3 kL4 '̃I>(k1)'J>(k2)'̃K<(k3)'L<(k4) >Z0>

=
g0
b

W [J, J̃ ,J , J̄ ]

Z ⇤

k

Z ⇤0

⇤
�(

4X

i=1

ki)k
I

1k
J

2 k
K

3 kL4 '̃K<(k3)'L<(k4)
�

JJ(k2)

�

iJ̃I(k1)

exp(�
Z

JI(k)GIJ(k)J̃
J(�k)dNk) exp(�i

Z
J̄ I(k)GIJ(k)J J(�k)dNk)

|
J=J̃=J=J̄=0

Even if we can perform the functional integration at each step, it is most convenient to write down

the propagator rules and use them. The rules read

< '̃M (k1)'N (k2) >= �iGMN (|k1|)�(k1 + k2), < '̃M (k1)'̃N (k2) >= 0, (5.24)

< 'M (k1)'N (k2) >= 0, <  ̄M (k1) N (k2) >= �iGMN (|k1|)�(k1 + k2),

< 'M (k1) ̄M (k1) >= 0, < 'M (k1) M (k1) >= 0,

< '̃M (k1) ̄M (k1) >= 0, < '̃M (k1) M (k1) >= 0.

This rule is essentially quite similar in spirit with that of Yang-Mills theory quantization. Now

it is actually straightforward to compute the expectation term by term. We denote the expecta-

tion with respect to Z0> simply by >. We number the terms according to their sequential appearance
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1.g0
b

4g0
b
< '̃I>(k1)'J<(k2)'̃K<(k3)'L>(k4)k

I

1k
J

2 k
K

3 kL4 >> (5.25)

= �4g0
b

Z ⇤

k

'J<(k2)'̃k<(k3)k
J

2 k
k

3�(k2 + k3)

Z ⇤0

⇤
kIkLGIL(|k|dNk

= �4g0
b

Z ⇤

k

'J<(k2)'̃K<(k3)k
J

2 k
K

3 �(k2 + k3)

Z ⇤0

⇤

⇣(0)k2

�!2 + (�+ 2µ)k2
dNk

2.2g0
r

g0
r
< '̃J<(k1)'I<(k2)'̃L>(k3)'K>(k4)k

I

1k
J

2 k
K

3 kL4 >> (5.26)

= �g0
r

Z ⇤

k
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I

1k
J
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Z ⇤0

⇤
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�!2 + (�+ 2µ)k2

2.3g0
r

g0
r
< '̃J>(k1)'I<(k2)'̃L<(k3)'K>(k4)k

I

1k
J

2 k
K

3 kL4 >> (5.27)

= �g0
r

N

Z ⇤

k

'L

<
(k2)'̃L<(k3)(k2 · k3)�(k2 + k3)

Z ⇤0

⇤

⇣(k)k2

�!2 + (�+ 2µ)k2
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(�+ µ)k2
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)

+
g0
r

N(N + 2)

Z ⇤

k

�
kL2 k

I

3'̃L<(k3)'I<(k2) + kI2k
L

3 '̃L<(k3)'I<(k2)

+(k2 · k3)'I(k2)'̃
I(k3)

�
�(k2 + k3)

Z ⇤0

⇤

⇣(k)(�+ µ)k4dNk

(�!2 + (�+ 2µ)k2)(�!2 + µk2)

2.4g0
r

g0
r
< '̃J>(k1)'I>(k2)'̃L<(k3)'K<(k4)k

I

1k
J

2 k
K

3 kL4 >> (5.28)

= �g0
r
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k

'̃J<(k1)'I<(k2)k
I

1k
J

2

Z ⇤0

⇤

⇣(0)k2dNk

�!2 + (�+ 2µ)k2

2.5g0
r

g0
r
< '̃J<(k1)'I>(k2)'̃L>(k3)'K<(k4)k

I

1k
J

2 k
K

3 kL4 >> (5.29)

= �g0
r

N

Z ⇤

k

'L

<
(k2)'̃L<(k3)(k2 · k3)�(k2 + k3)
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⇤

⇣(k)k2

�!2 + (�+ 2µ)k2
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(�+ µ)k2
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�
kL2 k
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3'̃L<(k3)'I<(k2) + kI2k
L

3 '̃L<(k3)'I<(k2)

+(k2 · k3)'I(k2)'̃
I(k3)

�
�(k2 + k3)

Z ⇤0

⇤

(�+ µ)⇣(k)k4dNk

(�!2 + (�+ 2µ)k2)(�!2 + µk2)
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3.1g0
r

2g0
r
< '̃J>(k1)'I<(k2)'̃L>(k3)'

L

<
(k4)k

I

1k
J

2 k
K

3 kK4 >>= 0 (5.30)

3.2g0
r

2g0
r
< '̃J<(k1)'I<(k2)'̃L>(k3)'

L
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(k4)k
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1k
J

2 k
K

3 kK4 >>

(5.31)
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I

1k
J

2 k
K

3 kK4 >>

(5.32)
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⇤
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J
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J
(|k1|)
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k
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⇤

kIkJ2 k
M

3 kM
�!2 + (�+ 2µ)k2

✓
�L
J
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(�+ µ)k2�L
J
� kLkJ

�!2 + µk2

◆
dNk

Now once again we use the fact of the ‘Gaussian-shell’ integration and so we split k ⌦ k

kIkM =
k2

N
�I
M

+ (kIkM � k2

N
�I
M
) (5.33)

where the trace-less part does not contribute to the integral yielding

�2g0
r
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k

'I<(k2)'̃L<(k3)k
J

2 k
I
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(1 +

(�+ µ)k2

�!2 + µk2
)
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Now split k ⌦ k ⌦ k ⌦ k as follows

kIkMkLkJ =
k4

N(N + 2)

�
�I
M
�L
J
+ �I

J
�L
M

+ gILgMJ

�
+ trace� free part (5.34)
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�I
M
�L
J
'I<(k2)'̃L<(k3)k

J

2 k
M

3 = kL2 k
I

3'̃L<(k3)'I<(k2), (5.35)

�I
J
�L
M
'I<(k2)'̃L<(k3)k

J

2 k
M

3 = kI2k
L

3 '̃L<(k3)'I<(k2),

gILgMJ'I<(k2)'̃L<(k3)k
J

2 k
M

3 = (k2 · k3)'I(k2)'̃
I(k3).

Once again, the trace-free part does not contribute to the integral. The final expression becomes
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4.3g0
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Now the mixed spinor contributions
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5.2
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and similarly other terms for the fermionic part alone.

5.0.2 Quartic part

Now consider the 4th order contributions i.e., the connected part produced by the term � 1
2 <

(Smix['>, '̃>;'<, '̃<])2 >Z0> + 1
2 (< (Smix['>, '̃>;'<, '̃<]) >Z0>)

2. Once again, we need only
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compute few terms (⇠ 100) and rest will follow from symmetry
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Now as usual we choose the upper bound of the momentum k to be ⇤0. Now consider the term
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In the previous integral, because the integration is in the shell k 2 [�⇤0,�⇤] [ [⇤,⇤0], odd powers

of ki1 integrals vanishes. In other words the integrals contributing must have the trace structure only
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Figure 5.1: The one loop contribution to the quartic coupling constants gb and gr. The top and
bottom diagrams represent the commuting and anti-commuting parts, respectively.

Therefore the last term becomes
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Now when traceless-traceless parts collide in the integral as product, they survive. Let us write the
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following
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Once again we only need to worry about the trace part where k81 appears and therefore we only need

to worry about the cross-trace part. Figure (5.1) depicts the diagram for this quartic contribution.
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[35] Noémie Favier and Sébastien Chevrot. Sensitivity kernels for shear wave splitting in transverse

isotropic media. Geophysical Journal International, 153(1):213–228, 2003.
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